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ABSTRACT

The effect of cooperative behavior, both with respect to
pumping and relaxation, on a number of three-level atomic systems —

which are assumed to have a dipole moment at all three transition

TS

frequencies — is analyzed. The atoms are coupled to two cavity modes
resonant at the two intermediate frequencies and pumped coherently
at the highest frequency. For sufficiently strong pumping, three
steady states are shown to exist, the stability of which depends on

the pumping strength and the cavity losses. Transition from one

PO o v RTINS T, I UL KK

steady state to another produces modulated field pulses in both modes,

with the phase of the modulation envelopes as well as the phase of the

fields being synchronized. Conditions for the generation of various
types of pulses are investigated. A generalization that takes into

account pump losses due to atomic reaction is introduced and the

effect of these losses is studied.
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I. Introduction

The operation of a three-level laser depends both on induced emission
at one intermediate frequency and on incoherent relaxation at the other
intermediate frequency. These two processes may be regarded as cooperative
and noncooperative relaxation, respectively, It is the present purpose to
analyze a novel and interesting type of possible behavior — qualitatively
different from conventional laser-type behavior — in which the three-level
atomic systems (hereafter referred to as molecules) undergo cooperative
relaxation at both intermediate frequenciesl. This may be accomplished by

letting molecules for which all three transitions couple to the electro-

magnetic field interact with two (lossy) cavity modes tuned to the two
respective intermediate frequencies. Labeling the three molecular energy
levels in ascending order by hwi , 1 =1, 2, 3, we consider a model in
which N identical Tolecules are coupled to two modes with respective

12° Y23 13 » where w,, = j
lmi - wjl . While such coupling, in accordance with wel?known selection

frequencies w and pumped at frequency w
rules, may be too weak in most atomic systems to produce appreciable
effects, there exist atoms and molecules for which forbidden lines or

overtones are sufficiently strong (such as the OCS moleculez). or for

which two-photon pumping may be possible., The present discussion is not

necessarily restricted to optical or infrared frequencies, but is also

applicable to microwave frequencies. !
In order to exhibit most simply the new features of the present '

system, we introduce the idealizations that the strength of coupling

between molecule and mode depends only on the mode, and that transitions
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other than those due to induced emission are negligible. The former is
used widely in analyses of cooperative phenomenas, and the latter Qill be
discussed further. The formalism to be used is especiallyAsuitable for
cooperative phenomena, and has the additional advantage of being inter-
pretable both quantum mechanically and c1assically4’s. The Hamiltonian

for the complete system is described by the following expressions:

H = Hy+H,+H+H,,
3 t
Ho = %E hwlala1
AT
Hi, = WY,(AAB,5 + BioAy 1) ,
R,
Hy; = 23(AAsB3 + ByshAg 2) ,
H.. = - ih(WALA| - W*A A )
13 1A3 32
-jw.t

= J

-ﬂnjkt
bjk(t) = Bjk(t)e ’

i t -E. (t-t))
(3k) . t jk 1 .
By (1) - Yy, {' de,A (t))A, (t))e , 3 <k,

By (1)

(1.1)

In these relationships, the a}'s and ai's are, quantum mechanicalln

(boson) creation and annihilation operators for molecules in the i'th level,

t 'S
ik
and bjk's are photon creation and annihilation operators for the field in

and classically (complex) harmonic oscillator amplitudes. The b

the jk mode (the mode that resonates at frequency wjk) , the order

P
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of the indices having no significance. ngk) describes the field of the jk
mode in the absence of the molecules. W refers to the pump field. It

is a prescribed constant, and has the dimensions of frequency, with

2|wW| being the Rabi frequency. Description of the effect of the pump field
in a manner similar to that of the mode fields, by a complex amplitude,

would involve the replacement of W by inSBIS . Me integral expression
for Bjk in terms of A; and Ak is a result of the solution of the
equations of motion for the field in terms of the molecular variables,

with gjk being the loss constant of the jk mode4 . (Energy of

the mode uncoupled from the molecules decays as exp(-ZEjkt)] . The
commutation relationships (or Poisson brackets multiplied by i , for classical

[A« A.] = 1 [B- . B..I - 1 (1.2)
1’ i 2 » ?

all other (equal-time) commutators vanishing.

I11. Equations of Motion

The molecular equations of motion that we obtain from the above

Hamiltonian are given by

ot
= * -
A WiAs - 1Y,B1A,
A = - iy..BL.A. - iy. A.B
2 T 7 WozPasfiz = YR B,
As = - WA - iY, A8, . (2.1

DS D ST Gt S S T R i
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One sees immediately that these equations are consistent with the

normalization

ZA,

e ~t

Ai = N, (2.2)

where, as stated previously, N is the number of molecules under
consideration. The normalization condition is equivalent to a statement
concerning the cooperation of the molecules, and implies that we are
considering a situation of maximum molecular cooperation4’s. In the case
of less than maximum cooperation, N may be regarded as a cooperation
number.

We consider only the case of sufficiently damped cavity modes, so that

the mode-fields follow the respective resonant polarizations adiabatically.

The last of Eqs. (1.1) yields for this case
- g0k _ . t
Bjk = Bo 1(ij/£jk)AjAk . (2.3)

In view of the fact that our interest lies in macroscopic — rather than
microscopic — phenomena, the classical description is a good approximation

under most conditionss, and will be used henceforth. All the variables

in the above equations may now be regarded as c-numbers, and Bng) is
to be taken to be zero.
Eliminating the field from the molecular equations of motion, and

setting

= N2 - = Nl
x; = Ai/N , T =Wt, cij = NYij/EijW , (2.4)

one obtains

e
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X! = x, + cox |x |2
3 1271 72 ’
2 2
Xy = epgxy gl ey by Iy (2.5)
x! = - x, -c,,[x |2x
3 1 2372 3

the prime indicating differentiation with respect to 71 . Clearly, the
phase of X, is constant, and is given by its initial value. Noting that

the normalization condition (2.2) now reads,

x, 2 = 1, (2.6)

we eliminate |x2|2 from the atomic equations of motion for X; and X4
to obtain
_— 2 2
Xp o= Xg+cepox(l |xl| - |x3| ) |
(2.7
' 2 2
Xy == xp - epaxgll - xg [T - fxg )

We have here two equations for two complex variables. If these are
known, |x2| can be obtained from Eq. (2.6), with the phase of X, being
its initial phase. Instead of working with two complex variables, it

is convenient to introduce the four real variables

2
’ n3 = Ixsl
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It is seen immediately that

u2 + v2 - 4n.n = 0

W3 : (2.9)

so that only three of these variables are independent. The reason is, of

course, the fact that only the relative phase of X and Xg affects

these variables. The equations of motion for n,, n,, u, v, are obtained

from Eqs. (2.7) in the form

n, = u+ 2c12n1(1-n1-n3) R
' = - - -y -
ng u 2c23n3(1 n, n3) s
(2.10)

' = - - -n -
u 2(n3 nl) + (c12 czs)u(l n, n3) ,

1 - - - -
v (c12 czs)v(l n, n3) .

These equations describe all the physically meaningful quantities

of the present problem, since only the relative phase — rather than the

absolute phase — of the amplitude A1 and A2 (as well as their absolute

values, of course) has physical <significance. Thus, there should be

only three independent (real) quantities that describe the atomic system.

It is useful to note that

2 < 1. (2.11)

The energy in the cavity modes due to the atomic polarization is given by

2
Y
2 _ 12) 2
hw,,|B,,1% = hw12<z;;> N°n, (1-n;-n,) (2.12)




<o et

for the (1.2) cavity, and

Y,2\2
2 _ 23\° 2
hw, B, = hu,, (-,(’——2) N°n, (1-n;-n,) (2.13)

for the (2.3) cavity.

III. Solution of the Equations of Motion

There exist several steady-state solutions of Eqs. (2.10), which we

label for convenience.
Solution Z : >
n, =n,=u=vs=20. (3.1

In this steady-state, the entire atomic population is in the second
energy level. The conditions for stability (in the sense of assymptotic

orbital stabillty6) of this solution are

(c12/023) <1, €1,%3 <1. (3.2)

Solution S :
This solution exists only for
N 2
€12%53 1, (3.3)

and is given by

B

ot AR M bt et e
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-Ye 23

n = [1"(CC) ] ’
1 12723 c12 + c23
c
- 12
n, = [1 - (c,5¢,,) }@] (3.4)
3 12723 c12 + Cyz
. %
'(CI2c23? -1 )
u = -2 = N v=20
12 23
The stability condition for this solution is
(CIZ/CZS) <1. (3.5)
Solution C :
n, =n, =+ =0 =1 3.6
p=Ng=%5, u=0, v=zl. (3.6)

In this steady state, the entire population is evenly distributed
between the first and third level, with none in the second. This
state is similar to that of a two-level-system. In fact, Solution C is
a special case of a class of solutions for which n, +ng= 1 , and which

may be regarded as quasi-steady-state solutions, since n,

0 . We label

these as follows:

Solution P :

nl(’r) = %+ [nl(O) - %-]cos 2T + %-u(O) sin 21 ,
1 ) 1 1 .
ns(r) = 5- [nlLOJ - Eﬂcos 2t - 7-u(0) sin 21 ,
(3.7)
u(t) = u(0) cos 21 - 2[n1(0) - %J sin 21 ,
2 12
v(t) = y(0) = {4n1(0)[1 - nl(O)] - u(0)} .

‘e PO e R L e L T

— -
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It is seen that solution C corresponds to a special choice of initial
conditions in these equations,

The stability of Solution P can be divided into two kinds:
stability with respect to a perturbation that changes one solution into
another of the same class (with n, = 0}, and stability with respect to a
perturbation that changes a solution of this class into one outside the
class (into one for which n2> 0). The first kind of stability does not
depend on ciz and 623 , as can be seen from Eqs. (2.10), which show
that the c-terms vanish for n, + ng =1, and also, that n, + n; remains
constant if it is equal to unity initially. Furthermore, Eqs. (3.7)
show that any perturbation that leaves the system in a condition that can
be an initial condition for a P solution will oscillate periodically.
Thus a small perturbation of the first kind produces only a small change
in the solution, but there exists no return to the original solution. On
the other hand, a perturbation of the second kind, that results in a
reduction of n, + nsoy will be followed by either a return to a P solution
or to a qualitative change in the state. The condition that a P solution

returns to the class of P solutions for an arbitrary perturbation is

expressed by
c:l',,/cz3 1, (3.8)

The regions of the stability of the several types of steady-state (or
quasi-steady-state) solutions in the ¢12s €23 plane are shown in Fig. 1.
The similarity of the figure to a phase diagram is ohvious. If n, is
considered (formally) to be an "order parameter", then tle Cransition S «» I

corresponds to a second-order phase transition, while S «* P and 2Z «» 7D

correspond to first-order phase transitions.
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It should be noted that if v vanishes at any time, it will remain
zero subsequently. From the inequalities (2.11) it follows that if
n, or n, vanishes at any one time, so will v at that particular time,
and, therefore, also subsequently. The solutions for which v =0 form,
thus, a group of solutions which can be studied separately. We proceed
to do so.

One notes, first, that the vanishing of v implies that x, and x

1 3
may be taken to be real, since the initial phase of one atomic amplitude,
say x; , may be chosen arbitrarily, and the choice of xl(O) to be
real together with the vanishing of v(0) requires x3(0) to be real.

Equations (2.7) become, therefore, two equations for two real quantities.

Setting, for simplicity of notation,

Xp =X, Xg=Yy, €12 = € » Cyz = Cy » (3.9)
we can rewrite Eqs. (2.7) as
x' = y + clx(l - xz - y2)
(3.10)
y't = - x - cy(l - x2 - yz).
It is useful to introduce polar coordinates, with
X=7Tcos 0, y =1 sin 6 , : (3.11)
which transform the equations into
r = r(l - rz)(clcosze - czsinze) ,
(3.12)

o' = - 1 - %- (e, - e - r*)sin 260 .
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The steady-state solutions S and Z remain solutions of the present
set of equations, since v = 0 for these solutions. In the present

notation we have, for solution S ,

S P ——-

=1 - (clcz)“/2 , tanb = - (cl/cz)l/‘ , (3.13)
and, for solution Z ,

r = 0. (3.14)
Solution P 1is now a single solution given by

r = 1, B =-T4+0 , (3.15)

(o}

where 60 is an arbitrary constant determined by the initial conditions.

In the terminology of nonlinear equation6, Z and S are singular points,

and P is a limiting cycle. The only steady state in which the cavity modes
are excited is S . As mentioned previously, the total population is in the

middle level in Z , while in P , all the mclecules undergo a Rabi

oscillation between the first and third levels.

The most interesting behavior is exhibited by the time dependent
solutions. A convenient method of discussing the solutions 1is the
consideration of the motion of the point representing a solution along
trajectories in the (x,y) — or (r,0) — plane. Before discussing the

solutions for arbitrary ¢, and €y it is useful to investigate the

1

case ¢, = ¢, = C. For this case, an analytic express:on for the trajcc-

tories along which the point representing the solution travels 1s given by

r2 =1 - K exp(crzsin 26) , {3 1)
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where K 1is a constant of integration determined by‘the initial conditions.
This equation describes a family of closed curves as shown in Fig. 2:
in (a), c=1.5, and in (b), c¢ = 0.5. Each curve corresponds to a
different K. K = 0 corresponds to solution P, K =1 corresponds to
solution Z as well as to the separatrix6 for ¢ > 1 (the dotted curve),
and K = c-lexp(c—l) (for ¢ > 1) corresponds to sclution S, The point
representing the solution moves along the trajectory in a clockwise sense.
We see that all solutions are periodic, except for those corresponding to the
singular points and to the separatrix. The period is of the order of a
Rabi cycle =n/W . It should be noted that on'!y bilinear terms in x and
y have physical significance, so that reflection in the origin leaves
all physical quantities unchanged.

For < # ¢, , one can see from the polar-coordinate form of the
equations of motion that the trajectory of a given solution will spiral
in or spiral out (if the initial state is not a steady state) depending
on whether Cy > €y OT &y > ¢y, approaching the stable steady state
while following roughly the outline of the periodic trajectories of
Fig. 2. Two computer graphs of such solutions are shown in Fig. 3
for the following conditions: (a) ¢, = 1.4, ¢, = 1.6, x(0) = 0.95,

y(0) = 0; (b) ¢y 0.7, ¢y s 0.4, x{0) = 0.05, y(0) = 0.

IV, Cavity Fields

|

The field energy in the modes is given by Eqs. (2.12) and (2.13) .
In the present notation, we have

Y,4\2
2 12 2.2 2
"“12"’12' =z hwlz(r; N xC(1-r%) (4.1

e bk e e

- -—
pr)
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for the energy in the (1,2) mode, and

Y4\2
2 _ 23 2.2 2 (4.2 x
qu23|323| MZS (t;;> N7y~ (1-r7) , ) "t'“.
for the energy in the (2,3) mode. One sees that the fields are modulated 1

as the point representing the solution moves along a spiral, the
modulation frequency being approximately 2W , with a definite phase
relationship being maintained between the modulation envelopes for the
two modes.

A sudden change in W , that is, in the pump strength, for <y < €5 s

which produces a crossing of the curve =1 (see Fig. 1) will

9%
produce a transition from S to 2 (a modulated decay of the field of the ?

two modes) for an increase in pump strength, and produce a transition from ‘

Z to S (a modulated rise of the fields of the two modes) for a decrease
in pump strength. The S * I transition .s .aused by a disappearance y
of S, while the Z * S transition 1> caused by an (assumed) arbitraril
small perturbation of the (unstable) 2 state.

A particularly interesting effect 1s the occurrence of a modulated

pulse in both modes as a result of a Z -+ P transition, when stability

is shifted from 2 to P, or vice versa, by a crossing of the line :
cl = c2 (a line of "bifurcation polnts"b). Such a transition can be

EIZ or &23 , the cavity loss, conceivably by
electronic methods. The Z » P tr: oo ots o teated ir el 3b (for a

produced by a change in

perturbed Z); the P » 2 transition is a spiralling-in fromr = 1 - ¢
to r=0 . Aperiod of revolution along the spiral is approximately 2n/W ,
and the pitch of the spiral near a given r varies as €y - €, - A

P+ S transition is illustrated in Fig. 3a. .

———— o PP &

TR e w
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The only steady~state for which the two modes are excited is the S
state. For the other steady states, the cavity fields vanish. However,
in a transition from one zero-field state to another zero-field state,
such as the transition Z + P illustrated in Fig. 3b, a transient pulse
is excited in both cavities. The pulse in both modes is modulated, with
the phases of the fields and. the modulation envelopes for the two modes
being correlated. The transition P + S will produce a modulated rise
in the fields from zero to the steady-state value corresponding to
the state S , and the transition S +Z or S » P will produce a
modulated decay in the field. It should be noted that a change in pump

strength is represented by a change in the radius vector in the c,,c

1772

plane, the angle being kept .constant.

V. Effect of Lasses in Pump Mode

In the preceding analysis, .the.pump field was considered prescribed.
It is interesting to investigate a situation in which the effect of the
atomicsystem on the pump field is taken explicitly into account. Such an
effect may be considered to be significant when the pump field is
sufficiently weak. In order tc inccrporate this effect into the analysis,
we consider a model in which the pump drives a cavity mode that is coupled
to the (1,3) transition in the same manner as the (1,2) and (2,3) modes
are coupled to the transitions at their respective frequencies. Thus, the
only difference between the formal treatment of the (1,3) mode and the

other two modes should be the inclusion of a prescribed part for the field i

RS = ¥ omoam s -
,._.‘;-,{’ TR Ty ‘7..'“53-;‘1‘0_9‘, £

)
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of the (1,3) mode, that is, the inclusion of a nonvanishing Bo in

expressions such as Eq. (2.3), or the last of Eqs. (l1.1). We therefore

replace H13 in the Hamiltonian of Eqs. (1.1) by
~ + + +
His = hv3(A)AsBy3 * Byshsh)) CRY
with
Y
I L
B13 = B0 i Els AIAS . (5.2)

As mentioned earlier, the relationship between the prescribed effect of
the pump, described by W(|W| being one half the Rabi frequency), and a

complex field amplitude 813 is given by

w iy 48,5 (5.3)
Bo describes the pump field in the absence of the molecules.
The molecular equations of motion can now be written as
o + : +
e R IPLIPLOR
A, = - iy AB iy, B A 5.4
2 = TR By - 1YasBashs (5.4
Ay = - iy .AB iy, A, B
30 7 MistiPis T MastePas

which, after substitution for the fields in terms of the driving field
Bo and the molecular radiation, become, in the present classical

formalism

A

i
i
!
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v Yt 2 2 ~ 2
X xg ¢ xlegp( = Ixy 17 = dxgl) v epqlxg]®T
(5.5)
‘; = - xl - x3[c23(1 - |x1| - |X3' ) + cl3lx1| ] »
- where ?;j is defined as
' Ny, .
~ i
= E——%— (5.6)
[ Y ijo
‘ with
]
W, = Y,5lBl . (5.7)
while T is now defined as Not . We see that the new equations of motion

differ from the previous ones [Eqs. (2.7)] in that W is replaced by Wo

and the ‘213 terms have been added. Far canvenience of notation the

tildes will be suppressed where there is no possihility of confusion. In
terms of the real variables Ny, Mgy U, Vv, the equations become {i
L
nygo= ue2gfe A -my -ng) +cpangl,
ni = -u - 2n3[c23(1 -ny - ns) + c13n1] ,
(5.8)
]
u' = 2(ng - n)) + [(e); = Cpx) (1 - my - ng) ¢+ cya(ng - "1)]u , §
. vio= o [legp mcpgd1 - my mmg) ¢ cglng - npv . ;
|
’ '.
These equations .are mors complicated, of course, than the previous
aquation of mation. As an illustration of this fact, it can be noted i '

% that for the much simpler case €12 * S5 = 0 , that is, in the absence
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of a middle level, the solution of the equations is by no means trivial,

and has been discussed in the literature7. Presently, we investigate only
the steady-state solutions.

Our interest lies in the modification, if any, of the present
effects produced by the reaction of the atoms on the pump. We assume
that this reaction is small compared to the interactions that are res-
ponsible for the effects under present consideration, this smallness

being described quantitatively by

c, <¢c, +¢C

3 < ¢ Ty (5.9)

The absence of reaction to the pump corresponds to Cg = 0 . The steady

state solutions)as derived formally from the equation of motion [Eqs. (4.8)]

t are
;:g Solution Z: 1
{
f n=n =u=v=0. (5.10)
. -1z .
Solution S, for ¢y > 1 and (c1 + c2)(c1c2) > sy only:
c
- 2
n, = [1 - (c;¢,) y&] T e - o
1 172 < + CZ g
.: lﬁ Cl
j n, = [1 - (¢y¢,) ] —0———, (5.11)
3 172 < tcy-cg
(c,c )y& -1
12 ) ]
u=-2c—;—g——_T, v = 0. i
1 2 3 i




Solution C , for °3.i 2 only:

=n =1 = -1 = 1

n = n3 =F,us=-3 c3 R ve=q+_(1- c3 (5.12)
Solution R, for c; > 2 only:

o L.l 4 J1l;1 41

M= 3tz 0-—3)", mg=arzA-—)7,

3 €3
(5.13)
2
u--g—, v = 0.,

There exists, also (as previously), a class of solutions for which

1 ¥ "3 = 1 . We can refer to these as two-level solutions. Solutions C and R

are special, steady state, members of this class. The equations of motion

n

show that these solutions are unaffected by 4 and ¢ and are determined

2 ?
only by Cs - As mentioned above, they have been discussed elsewhere7.

However, the stability of these solutions with respect to a perturbation

that reduces n, + n, does depend on ¢

1 3 1

equations of motion,inciuding the ¢y and ¢, terms, determine this stability.

We will refer to the class of two-level solutions as P solutions, just

and <, in general, since the full

as we did for the case of vanishing Cg -

An analysis of the stability of the present solutions is more

complicated, of course, than the analysis for the case Cy = 0. Ome obtains

the following results.

Stability of Solution Z: ‘
7 .
Z 1is stable for ¢, < <, and €%, <1; it is unstable

otherwise. As far as Z is concerned, the stability conditions are

unaffected by a nonvanishing Cqy -

NI ey
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Stability of Solution S:
S 1is stable for < < <, and unstable for < > c, - While here,

too, the stability condition does not involve ¢, , the conditions for the

3
existence of the solution do involve Cg -
Stability of Solution C:

As in the case of vanishing one can consider two kinds of

C3,

stability here, C belongs to the class of P solution for which n, =0

bl

that is, for which only the first and third levels are populated. It can

be shown7 that, for s < 2, the class of P solutions does not exhibit

either stability (in the sense of assymptotic orbital stabilityG) or
instability; a perturbation that takes one solution of this class into
another remains periodic in time. However, a perturbation that produces

a change in n, (or in n, + n3) will either decay or increase (initially)

1

with time. With respect to such a perturbation, solution C is stable for

c, > c and unstable for ¢, < ¢

1 2 1 The same conditions apply to all

2

members of the class of P solutions for Cy <2.

Stability of solution R:

As stated above, R existsonly for those values of g such that

¢, >2 . For ¢, >c, , R 1is stable. For ¢, < c R 1is stable only

3 1 2 1 2!
-1
for g > (c1 + c2)(c1c2) ﬁ . In other words, in the range of cq such

that

-lﬁ
2 < ¢ (c1 + cz)(czcz) , (5.1

.,A_.-,...,..,._._A,._m ._
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R 1is stable only if < >c It is interesting to note that this

2 ¢
stability condition complements the stability condition for S . For
those values of ¢ and ¢, for which both S and R exist, S is stable
where R is unstable, and vice versa. It should be noted, further, that
for sufficiently weak pumping, R is the only stable state in all
regions of the ¢y» S plane; that is, as the pump becomes sufficiently
weak, only the first and third levels participate in the interaction with
the pump, regardless of the relationship between < and c, -

Atomic relaxation and spontaneous emission have been jignored. ' These
will produce the perturbations of the unstable steady state that result in
some of the transient pulses described above, and perturbation of the
stable steady states. One may reasonably expect that after the beginning
of a transient mode.excitation, the induced emission will become dominant

and other relaxation effects less important.

VI. Summary and Conclusions

Coherently pumped three-level atomic systems coupled to two resonant
cavity modes at the intermediate frequencies have been analyzed by means of
an idealized model. It was shown that tpe system has novel and unusual
features, such as the ability to' generate synchronized pulses at both
frequencies as well as modulated steady-state-oscillation. The nature of the
output can be controlled both by the strength of the pump and by the losses

in the cavities.




The significant idealization used in the present disca<:. = (5
neglect of atomic relaxation other than by coupliug to the mede ., an 4
neglect of spatial effects in the coupling between atoms and field. The:c
idealizations should be eliminated in further theoretical analysis betfore
an experimental investigation of the interesting — and, potentially

useful — effects described above is undertaken.
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