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- ABSTRACT

The effect of cooperative behavior, both with respect to

pumping and relaxation, on a number of three-level atomic systems -

which are assumed to have a dipole moment at all three transition

frequencies - is analyzed. The atoms are coupled to two cavity modes

resonant at the two intermediate frequencies and pumped coherently

at the highest frequency. For sufficiently strong pumping, three

steady states are shown to exist, the stability of which depends on

the pumping strength and the cavity losses. Transition from one

steady state to another produces modulated field pulses in both modes,

with the phase of the modulation envelopes as well as the phase of the

fields being synchronized. Conditions for the generation of various

types of pulses are investigated. A generalization that takes into

account pump losses due to atomic reaction is introduced and the

effect of these losses is studied.
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I. Introduction

The operation of a three-level laser depends both on induced emission

at one intermediate frequency and on incoherent relaxation at the other

intermediate frequency. These two processes may be regarded as cooperative

and noncooperative relaxation, respectively. It is the present purpose to

analyze a novel and interesting type of possible behavior - qualitatively

different from conventional laser-type behavior - in which the three-level

atomic systems (hereafter referred to as molecules) undergo cooperative

1
relaxation at both intermediate frequencies . This may be accomplished by

letting molecules for which all three transitions couple to the electro-

magnetic field interact with two (lossy) cavity modes tuned to the two

respective intermediate frequencies. Labeling the three molecular energy

levels in ascending order by hwi , i = 1, 2, 2, we consider a model in

which N identical molecules are coupled to two modes with respective

frequencies w12' W23 and pumped at frequency w13 ' where w

1W. - wI . While such coupling, in accordance with wellnown selectLon
1 3

rules, may be too weak in most atomic systems to produce appreciable

effects, there exist atoms and molecules for which forbidden lines or

overtones are sufficiently strong (such as the OCS molecule 2 ), or for

which two-photon pumping may be possible. The present discussion is not

necessarily restricted to optical or infrared frequencies, but is also

applicable to microwave frequencies.

.f In order to exhibit most simply the new features of the present

system, we introduce the idealizations that the strength of coupling

between molecule and mode depends only on the mode, and that transitions
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other than those due to induced emission are negligible. The former is

used widely in analyses of cooperative phenomena , and the latter will be

discussed further. The formalism to be used is especially suitable for

cooperative phenomena, and has the additional advantage of being inter-

pretable both quantum mechanically and classically4 '. The Hamiltonian

for the complete system is described by the following expressions:

H H 0+ H 12+H 23+H 1Ho H12 H23 H13

Ht
0 hw ia i a

t t t
H12 hY12(A1A 2 B12 + B12A2A1)

t t t
H23 hY 23(A2 323 + B23A3A2)

H = hW A t -W*A3A
13 - hW 1 3 A1)

-iw.t
a.(t) = A.(t)e j ,

-iW jt-ijkt
bjk(t) = Bjk(t)e

Bjk(t) = Bk)(t) - iY f dtlA;(tl)Ak(tl) jk j < kok 0yjk 0 1

(1.)

In these relationships, the a t's and a Is are, quantum mechanically

(boson) creation and annihilation operators for molecules in the i'th level,

and classically (complex) harmonic oscillator amplitudes. The bt Is

and bjk's are photon creation and annihilation operators for the field in

the jk mode (the mode that resonates at frequency wjk) , the order

,A.* '
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of the indices having no significance. B(jk) describes the field of the jk
0

mode in the absence of the molecules. W refers to the pump field. it

is a prescribed constant, and has the dimensions of frequency, with

21W I being the Rabi frequency. Description of the effect of the pump field

in a manner similar to that of the mode fields, by a complex amplitude,

would involve the replacement of W by iy 1 3 B1 3 . 'Il integral expression

for Bjk in terms of A. and Ak  is a result of the solution of the

equations of motion for the field in terms of the molecular variables,

with jk being the loss constant of the jk mode4  (Energy of

the mode uncoupled from the molecules decays as exp(-2Ejkt)] The

commutation relationships (or Poisson brackets multiplied by i , for classical

variables) are

t t
[Ai,A.i = 1 [Bij, Bij] = 1 , (1.2)

all other (equal-time) commutators vanishing.

II. Equations of Motion

The molecular equations of motion that we obtain from the above

Hamiltonian are given by

A = W*A 3  i yI2BI2A2

AY B A - i
2 = - l 23 23 3 iy12A1B1 2

X3 =-WA 1 - iy23A2B2 3 . (2.1)
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One sees immediately that these equations are consistent with the

normalization

LAtA i = N , (2.2)

where, as stated previously, N is the number of molecules under

consideration. The normalization condition is equivalent to a statement

concerning the cooperation of the molecules, and implies that we are

considering a situation of maximum molecular cooperation4'5. In the case

of less than maximum cooperation, N may be regarded as a cooperation

number.

We consider only the case of sufficiently damped cavity modes, so that

the mode-fields follow the respective resonant polarizations adiabatically.

The last of Eqs. (1.1) yields for this case

B B B(jk) _ (2.3))A
jk - i(Yjk/jk)AAk (2.3)

In view of the fact that our interest lies in macroscopic - rather than

microscopic - phenomena, the classical description is a good approximation

5
under most conditions , and will be used henceforth. All the variables
in the above equations may now be regarded as c-numbers, and B (jk) is

0

to be taken to be zero.

Eliminating the field from the molecular equations of motion, and

setting

x= A iN T= Wt , c. = Ny2 A/E W (2.4)
1i i J i,

one obtains

* , ,.

- .,. ,.. . . . . . . ' - .- ,, _ _.t U{ l II "--
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= + C1 2X 1 X2 I
2

12 12

x2  23x2 x3  12 '! X

x3  = 1 - c23 " 2  , 3

the prime indicating differentiation with respect to T . Clearly, the

phase of x2  is constant, and is given by its initial value. Noting that

the normalization condition (2.2) now reads,

lxi
2 = , (2.6)

we eliminate x2 12 from the atomic equations of motion for x and x3

to obtain

x = x3 + C 2xl Ix 1 2 - 1x3 !)
(2.7) 

!
.3

2 
12 1"

x3 =_X1  c23 x3 )1 ix1  _ ix 3 12 )

We have here two equations for two complex variables. If these are

known, Ix21 can be obtained from Eq. (2.6), with the phase of x2  being

its initial phase. Instead of working with two complex variables, it

is convenient to introduce the four real variables

2 2
n - 1X 2  n3 = IA31

u x X 3 + XX , (2.8)

v -i(x* - X3 X)

1 .... .... ... ... ... .. ........ .. . ...... . . .... .... . . ....
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It is seen immediately that

u2 + v2 _ 4n1n 3 = 0, (2.9)

so that only three of these variables are independent. The reason is, of

course, the fact that only the relative phase of x and x affects

these variables. The equations of motion for n1 , n2 , u, v, are obtained

from Eqs. (2.7) in the form

n 1 ' = u + 2c12nI(1-n -n3)

n1 3 ' =- u - 2c23n3 (1-n -n3)
(2.10)

u' 2(n3 -nI) + (c12 - c2 3)u(l-nl-n3) (

V' = (c12 - c2 )v(l -n 1 - n3)

These equations describe all the physically meaningful quantities

of the present problem, since only the relative phase - rather than the

absolute phase - of the amplitude A1 and A2  (as well as their absolute

values, of course) has physics. ignificance. Thus, there should be

only three independent (real) quantities that describe the atomic system.

It is useful to note that

u2 < 4nIn n3  v , nI + n2 < 1 (2.11)

The energy in the cavity modes due to the atomic polarization is given by

j2 ( y\2

hw 1 2 IB12 1 = hw12 (12)2 N2 n2(1-nl-n 3  (2.12)
!I
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for the (1.2) cavity, and

h2 3 fB 2 3 12 = hw2 3(2 3) N2 n2 (l-n,-n3 ) (2.13)

for the (2.3) cavity.

III. Solution of the Equations of Motion

There exist several steady-state solutions of Eqs. (2.10), which we

label for convenience.

Solution Z :

n1 = n2 = u = v = 0 (3.1)

In this steady-state, the entire atomic population is in the second

energy level. The conditions for stability (in the sense of assymptotic

orbital stability 6) of this solution are

(c12/c2 3) < I , c12c2 3 < 1 (3.2)

Solution S

This solution exists only for

c12c23 > 1 (3.3)

and is given by
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(c1 2c23 ] 23 ,

= 1- ('c12 c2 3)
- ] c12 (3.4)

12 c23

nCc 12 c 2 3 ) - 1 C (.

u =- 2 ", v=0. !C1 2 2323

The stability condition for this solution is

(c12/c2 3) < 1 . (3.5)

Solution C

1n= n 3 = -, u =O , v =± 1. (3.6)

In this steady state, the entire population is evenly distributed

between the first and third level, with none in the second. This

state is similar to that of a two-level-system. In fact, Solution C is

a special case of a class of solutions for which nI + n3 = 1, and which

may be regarded as quasi-steady-state solutions, since n2 = 0 . We label

these as follows:

Solution P :

1 ~ 1 1
nl() = + [nl(0) - 2cos 2 + u(0) sin 2T ,

n3 (T) = In 1 (0) - .]cos 2T - -u(0) sin 2r ,

(3.7)

u(T) = u(O) cos 2T - 2[nl(0) - sin 2T

v(T) v(O) = [4nl(0)[l nl(0)] u2(0)}12

-. -,. - . .-... . ___________



It is seen that solution C corresponds to a special choice of initial

conditions in these equations.

The stability of Solution P can be divided into two kinds:

stability with respect to a perturbation that changes one solution into

another of the same class (with n2 = 0), and stability with respect to a

perturbation that changes a solution of this class into one outside the

class (into one for which n2 > 0). The first kind of stability does not

depend on c1 2 and c23 , as can be seen from Eqs. (2.10), which show

that the c-terms vanish for nI + n3 = , and also, that n1 + n3 remains

constant if it is equal to unity initially. Furthermore, Eqs. (3.7)

show that any perturbation that leaves the system in a condition that can

be an initial condition for a P solution will oscillate periodically.

Thus a small perturbation of the first kind produces only a small change

In the solution, but there exists no return to the original solution. On

the other hand, a perturbation of the second kind, that results in a

reduction of n+ n3 # will be followed by either a return to a P solution

or to a qualitative change in the qtate, The condition that a P solution

returns to the class of P solutions for an arbitrary perturbation is

expressed by

c/c23 1 (3.8)

The regions of the stability of the several types of steady-state (or

quasi-steady-state) solutions in the c12, c2 3 plane are shown in Fig. 1.

The similarity of the figure to a phase diagram is obvious. If n 2  is

considered (formally) to be an "order parameter", then tte transition S Z

corresponds to a second-order phase transition, while S + P and Z 1, P

correspond to first-order phase transitions.
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It should be noted that if v vanishes at any time, it will remain

zero subsequently. From the inequalities (2.11) it follows that if

n or n3  vanishes at any one time, so will v at that particular time,

and, therefore, also subsequently. The solutions for which v = 0 form,

thus, a group of solutions which can be studied separately. We proceed

to do so.

One notes, first, that the vanishing of v implies that x1 and x3

may be taken to be real, since the initial phase of one atomic amplitude,

say xI , may be chosen arbitrarily, and the choice of xl(0) to be

real together with the vanishing of v(0) requires x3 (0) to be real.

Equations (2.7) become, therefore, two equations for two real quantities.

Setting, for simplicity of notation,

xI = x , x3 = y , c12 = c I  c2 3 = c2 , (3.9)

we can rewrite Eqs. (2.7) as

x= y + :ix(l - x2 - y2

(3.10)

2 y2.
y' - x - c2Y(l - x 2 _ ).

It is useful to introduce polar coordinates, with

x = r cos , y = r sin0 , (3.11)

which transform the equations into

2 20-si 20
Sr(1 - r2)(c Cos20 - c2sin28)

(3.12)

- 1 - 1 (c - c2 )(1 - r2)sin 26

1 2

_ _ _ _ _ _ _ _ _ _ _ V
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The steady-state solutions S and Z remain solutions of the present

set of equations, since v = 0 for these solutions. In the present

notation we have, for solution S

r 1- (ClCI) tan 0 =- (cI/C2) (3.13)

and, for solution Z

r = 0. (3.14)

Solution P is now a single solution given by

r = 1 , 0
0= - • 8 (3.15)

where 0 is an arbitrary constant determined by the initial conditions.0

In the terminology of nonlinear equation 6, Z and S are singular points,

and P is a limiting cycle. The only steady state in which the cavity modes

are excited is S As mentioned previously, the total population is in the

middle level in Z , while in P , all the molecules undergo a Rabi

oscillation between the first and third levels.

The most interesting behavior is exhibited by the time dependent

solutions. A convenient method of discussing the solutions is the

consideration of the motion of the point representing a solution along

trajectories in the (x,y) - or (r,0) - plane. Before discussing the

solutions for arbitrary c1 and c2 , it is useful to investigate the

case cI = c2 = c . For this case, an analytic expression for the traetc-

tories along which the point representing the solution travels is given by

1 - K exp(cr2sin 20) , (3 it)

r 2 I

-. .- -. -. 1.~.~.~
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where K is a constant of integration determined by the initial conditions.

This equation describes a family of closed curves as shown in Fig. 2:

in (a), c = 1.5, and in (b), c = 0.5. Each curve corresponds to a

different K. K = 0 corresponds to solution P , K = 1 corresponds to

solution Z as well as to the separatrix6 for c >I the dotted curve),
-l hi-1

and K = c exp(c-1) (for c > 1) corresponds to solution S. The point

representing the solution moves along the trajectory in a clockwise sense.

We see that all solutions are periodic, except for those corresponding to the

singular points and to the separatrix. The period is of the order of a

Rabi cycle f/W . It should be noted that 3ny bilLnear terms in x and

y have physical significance, so that reflection in the origin leaves

all physical quantities unchanged.

For c1 $ c2 , one can see from the polar-coordinate form of the

equations of motion that the trajectory of a given solution will spiral

in or spiral out (if the initial state is not a steady state) depending

on whether c2 > c or '>c2 , approaching the stable steady state

while following roughly the outline of the periodic trajectories of

Fig. 2. Two computer graphs of such solutions are shown in Fig. 3

for the following conditions: (a) c, = 1.4, c 2 = 1.6, x(O) = 0.95,

y(O) = 0; (b) c 0.7, c, = 0.4, x(O) - 0.05, y(O) = 0.

IV. Cavity Fields

The field energy in the modes is given by Eqs. (2.12) and (2.13)

In the present notation, we have

1 B2 = h12,,12 .N 2 x 2 (-r 2), (4.1)
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for the energy in the (1,2) mode, and

hw2 31B2 3 1 = h. 23 232 y2 (l-r) , (4.2)

for the energy in the (2,3) mode. One sees that the fields are modulated

as the point representing the solution moves along a spiral, the

modulation frequency being approximately 2W , with a definite phase

relationship being maintained between the modulation envelopes for the

two modes.

A sudden change in W , that is, in the pump strength, for cI < c

which produces a crossing of the curve c Ic2 = I see Fig. 1) will

produce a transition from S to 2 (a modulatc-d decay of the field of the

two modes) for an increase in pump strength, and produce a transition from

Z to S (a modulated rise of the fields of the two modes) for a decrease

in pump strength. he S * 2 transition s aused by a disappearance

of S , while the 2 - S tranSLtion 1, citused by an (assumed) arbitrartl'

small perturbation of the (unstable) 2 ,tte

A particularly interesting effect is the occurrence of a modulated

pulse in both modes as a result of a 2 -- P transition, when stability

is shifted from Z to P , or vice versa, by a crossing of the line

cI a c2  (a line of "bifurcation poLnts" ). Such a transition can be

produced by a change in F 12 or t,23 , the cavity loss, conceivably by

electronic methods. The 2 - P t rT' , .'ited ir ,, 31) (for a

perturbed Z); the P * Z transition is a spr,,lling-in from r = I - c

to r - 0 . A period of revolution along the spiral is approximately 2r/W

and the pitch of the spiral near a given r varies as c1 - c2 ' A

P - S transition is illustrated in Fig. 3a.
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The only steady-state for which the two modes are excited is the S

state. For the other steady states, the cavity fields vanish. However,

in a transition from one zero-field state to another zero-field state,

such as the transition Z + P illustrated in Fig. 3b, a transient pulse

is excited in both cavities. The pulse in both modes is modulated, with

the phases of the fields and..the modulation envelopes for the two modes

being correlated. The transition P - S will produce a modulated rise

in the fields from zero to the steady-state value corresponding to

the state S , and the transition S - Z or S - P will produce a

modulated decay in the field. It should be noted that a change in pump

strength is represented by a change in the radius vector in the cl,c 2

plane, the angle being kept .constant. .

V. Effect of Losses in-ump Mode

In the preceding anal4sLs,_thepump field was considered prescribed.

It is interesting to investigate a situation in which the effect of the

atomic~ystem on the pump field is taken explicitly into account. Such an

effect may be considered to be significant when the pump field is

sufficiently weak. In order tc incorporate this effect into the analysis,

we consider a model in which the pump drives a cavity mode that is coupled

to the (1,3) transition in the same manner as the (1,2) and (2,3) modes

are coupled to the transitions at their respective frequencies. Thus, the

only difference between the formal treatment of the (1,3) mode and the

other two modes should be the inclusion of a prescribed part for the field
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of the (1,3) mode, that is, the inclusion of a nonvanishing B°  in

expressions such as Eq. (2.3), or the last of Eqs. (1.1). We therefore

replace H in the Hamiltonian of Eqs. (1.1) by
13

'O j t t t

H13  = hy13(A1 A3B1 3 + B13A3A 1 )  (5.1)

with

B B 13 AtAA (5.2)
13 0 1 3

As mentioned earlier, the relationship between the prescribed effect of

the pump, described by W(IWI being one half the Rabi frequency), and a

complex field amplitude B13  is given by

W = iy 13 B1 3  (5.3)

B describes the pump field in the absence of the molecules.
0

The molecular equations of motion can now be written as

t t

1 13 _ 13 3 'Y12B12A2 ,

,Y A B YB (5.4)
A2  = 1 iyI 2AIB1 2  iy23 B23A3 , (.4

A3 = iY1AI3 AIB1 3  iY2 3A 2 B23

which, after substitution for the fields in terms of the driving field

B and the molecular radiation, become, in the present classical

formalism

-owl,
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x [2 2 2

(S.5)

x; =_x - X3[ 3(l - 'x31) +C 1 3 1X I

where c.. is defined as

c. = (5.6)

with

0 y 131Bl 01 (5.7)

while T is now defined as W t . We see that the new equations of motion

differ from the previous ones [Eqs. (2.7)] in that W is replaced by W0

and the c terms have been added. For convenience of notation the13

tildes will be suppressed wherAzther is-no. possib.Lity. of confusion. In

terms of the real variables ni, n3, u, v , the equations become

n = u + 2n1[c12 (1 -a, - n3) , c 3n3 ]

n = - u - 2n3 [c2 3 (1 n I - n3 ) + c1 3nn] I

(5.8)

ul = 2(n3  n1) + [(c12 - c 2 3 )(1 - nI - n3) + c13 (n3 - nI)JU

a [(c1 2 - c2 3)(1 - n I - n 3) + c 1 3 (n 3 - n )V

Thes equa2ioas .ae ma&s-ramplicated, of course, than the previous

equa.Lt L.EaQUS. A&., anUllustraton of this fact, it can be noted

that for the mah simpler case i 1 c 2 3 = 0 , that is, in the absence

4 r 
ZIA"
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of a middle level, the solution of the equations is by no means trivial,

and has been discussed in the literature7 . Presently, we investigate only V
the steady-state solutions.

Our interest lies in the modification, if any, of the present

effects produced by the reaction of the atoms on the pump. We assume

that this reaction is small compared to the interactions that are res-

ponsible for the effects under present consideration, this smallness

being described quantitatively by

c3 < c 1 + c2  (5.9)

The absence of reaction to the pump corresponds to c3 =0 . The steady

state solution$)as derived formally from the equation of motion [Eqs. (4.8)]

are

Solution Z:

n1  n3  u =v =0. (5.10)

Solution S, for clc 2 > 1 and (c 1 + c2)(clc 2) > c3  only:

n1 = [ I- (CC 2) /2]  c C 21 2 3

n=[1-(cl C2)-] 1

u= -2 , v=Oc1 + c 2 -c 3  v 0

...........
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Solution C, for c3 < 2 only:

1 1 1 ~~c32)'A (512n 1  n 3  = -, u = c3  , v 4 _ ( 1 - 3 (S .12)

Solution R, for c3 > 2 only:

nl (1 4 , n 1 1 41 f- t- T -( -2- , 3 2 2- ( 2 )

c 3  c 3 (S.13)
2
2 V = 0.C 3

There exists, also (as previously),a class of solutions for which

n + n3 = 1 . We can refer to these as two-level solutions. Solutions C and R

are special, steady state, members of this class. The equations of motion

show that these solutions are unaffected by c1 and .c2 , and are determined

7only by c3 . As mentioned above, they have been discussed elsewhere

However, the stability of these solutions with respect to a perturbation

that reduces n1 + n3  does depend on c1 and c2 , in general, since the full

equations of motionincluding the c1 and c2  terms, determine this stability.

We will refer to the class of two-level solutions as P solutions, just

as we did for the case of vanishing c3

An analysis of the stability of the present solutions is more

complicated, of course, than the analysis for the case c3 = 0. One obtains

the following results.

Stability of Solution Z:

Z is stable for c1 < c2  and cIc 2 < ; it is unstable

otherwise. As far as Z is concerned, the stability conditions are

unaffected by a nonvanishing C3

*1 __ ____1



-21-

Stability of Solution S:

S is stable for c1 < C2  and unstable for c1 > c2 . While here,

too, the stability condition does not involve c3 , the conditions for the

existence of the solution do involve c3

Stability of Solution C:

As in the case of vanishing c3 ,one can consider two kinds of

stability here. C belongs to the class of P solution for which n2 = 0 ,

that is, for which only the first and third levels are populated. It can

be shown that, for c3 < 2 , the class of P solutions does not exhibit

either stability (in the sense of assymptotic orbital stability 6 ) or

instability; a perturbation that takes one solution of this class into

another remains periodic in time. However, a perturbation that produces

a change in n2  (or in nI + n3) will either decay or increase (initially)

with time. With respect to such a perturbation, solution C is stable for

c > c2  and unstable for c1 < c2 . The same conditions apply to all

members of the class of P solutions for c3 < 2

Stability of solution R:

As stated above, R exists only for those values of c3 such that

c3 > 2 . For c1 > c2 , R is stable. For c < c , R is stable only

3 1 21 2

for c3 > (c1 + c2)(clc )  In other words, in the range of c3 such

that

2 < c3 < (c1 + c2)(c2c 2) A, 5.14)

.... - ..-. . . . . . ,, : - - ,.. .j J k
' ' 1 't K
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R is stable orily if c1 > C2 . It is interesting to note that this

stability condition complements the stability condition for S . For

those values of cI and c2  for which both S and R exist, S is stable

where R is unstable, and vice versa. It should be noted, further, that

for sufficiently weak pumping, R is the only stable state in all

regions of the cl, c2 plane; that is, as the pump becomes sufficiently

weak, only the first and third levels participate in the interaction with

the pump, regardless of the relationship between cI and c2 .

Atomic relaxation and spontaneous emission have been ignored. These

will produce the perturbations of the unstable steady state that result in

some of the transient pulses described above, and perturbation of the

stable steady states. One may reasonably expect that after the beginning

of a transient mode-excitation, the induced emission will become dominant

and other relaxation effects less important.

VI. Summary and Conclusions

Coherently pumped three-level atomic systems coupled to two resonant

cavity modes at the intermediate frequencies have been analyzea by means of

an idealized model. It was shown that the system has novel and unusual

features, such as the ability to generate synchronized pulses at both

frequencies as well as modulated steady-state-oscillation. The nature of the

output can be controlled both by the strength of the pump and by the losses

in the cavities.

.~~~- .. . ....
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The significant idealization used in the present Ji['L-- 1

neglect of atomic relaxation other than by coup j ir~g to the i d6 *, ,..

neglect of spatial effects in the coupling between atoms and field. Th, e

idealizations should be eliminated in further theoretical analysis betlu'

an experimental investigation of the interesting- and, potentially

useful -effects described above is undertaken.
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