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The question of the existence of nontrivial time periodic solutions of

autonomous or forced semilinear wave equations has been the object of consider-

R TR ;
able recent interest:{ﬁ] . Thegsepapers study the/]equation “ha: be e Py R

7
(1.1) %t)_ u&x\%-ff(x,u):o, 0< x< §

(or its analogue where f also dependson t in a time periodic fashion)
together with boundary conditions in x and periodicity conditions in t . \In

particular the following result was proved in [11, Theorem 3.37 and Corollary
4.14] :

Theorem1.2: Let fe C([0,£] x R,R) and satisfy

P
€| . o
(fl) f(x,0)=0 and f(x,r) is strictly monotone increasingin r , 8
[]
3
(f,) f(x,r)= o(|r|]) at r=0, = %p
‘rn
_ z|58
(£3) There are constants r >0 and u > 2 such that alg
2|8
2| B
'El;; Q.
al< .
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0< uF(x,r) =rf(x,r)

for |rl =2t and x e [0,£] where
r
P(x.r):j f(x,s)ds .
4]
Then for any T which is a rational multipleof £/ , equation (l.l) possesses

a nontrivial continuous weak solution u satisfying

u(0,t)=0=u(f,t)
(1.3) .

u(x, t+T) = u(x,t)

Furthermore f ¢ Ck implies u ¢ Ck .
As part of the proof of Theorem 1.2, it was shown that the functional

T 2
(1.4) 1(u)=f0fo [32-ul) - Fix,u) axat

defined on the class of functions satisfying (1.3) (and of which (l.1) is
formally the Euler equation) has a positive critical value. Therefore (fl) ,
and the form of I imply that u, #Z0 for the corresponding critical point u .
Thus u 1s nonconstant and must depend explicitly on t . It was further
observed in [1l] (Theorem 5.24 and Remark 5.25) that if g satisfles

(fl ) - (f3 ) the equation

-u__-g{x,u)=0, 0<x<}

(1. 5) Uy <X

together with (1.3)‘ also possesses a nontrivial weak solution. Indeed the
arguments of Theorem 1.2 go through with minor modifications to establish

this fact. However the functional one studies for this case is -




T 2

(1. 6) I(u):foj;) [%(u’f-utz)-G(x.u)] dx dt

where G is the primitive of g . Again the positivity of J(u) for a critical
point u implies u is nonconstant but we can no longer conclude that u
depends explicitly on t . Infactitis known [13,14] thatas a consequence

of (fz) - (f3) » the ordinary differential equation boundary value problem

dzu
1.7 -3 = d(x,u), u(0) = 0 = u(4)
dx

has an unbounded sequence of solutions which can be characterized by the
number of zeros they possessin (0,2) .
Our goal in this paper is to show that if (f3) is strengthened somewhat,

(1.5), (1.3) possesses infinitely many time dependent solutions. More

precisely we will prove:

| AccessioaYor

> GRmkl A -
Theorem 1.8: Let g e C([0,£] X R,R) and suppose g satisfiesTas ]
I — mounced | ]
(f) - (£,) and Justification_f@d

11K AP Fltle.
f, There 1 tant u >0 h that o
( 3) ere is a constant suc a Distribution .

&vailedi 2ty Codeg

0 < uF(x,r) s rf(x,r) Availand/or

Dist. | special

forall r#0. ﬁ |

Thenforany T ¢ £Q thereisa ko ¢« N such that forall k= ko »

(1.5), (1.3) possesses a solution uy which is kT periodicin t and

du
-5% # 0 . Moreover infinitely many of the functions u. are distinct.
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Remark 1.9: We have no estimate for the size of ko and do not know if the

result is false in general for k0 = 1. Note also that since (1.5) is an
autonomous equation with respect to t, whenever u(x,t) 1s a solution,
sois u(x,t+0) forany 0 ¢ R. The above statement about the uk's being'

distinct means in particular that they do not differ by merely a translation in time.

The proof of Theorem 1.8 draws on several resuits from [1l] and ideas
from [12] . For convenience we will take £=w% and T=2w . Choosing

k ¢ N, we seek a solution uy of (1.5) whichis 2wk periodicin t

au
and 'a_tk #0 . Making the change of time scale 7= t/k » the period becomes

Znr again and the problem to be solved is

o -2 =
U“_ k(Uxx+g(x.U))-0, 0<x<n

(1.10) { U©O,7)=0=U,1)

. Ux, 7+2n) = U(x, 1)

with U(x, 1) = u(x,t) .

For the convenience of the reader and to set the stage for a key estimate,
the argument used in [11] to establish the existence of nontrivial solutions of
(1.10) will be sketched quickly. Solutions are obtained by an approximation

argument. To begin (1.10) is modified in two ways. The wave operator

2 2
2 3 - kz 82 possesses an infinite dimensional null space in the class of

oT ax
functions satisfying the boundary and periodicity conditions of (1.10) and given

by

N = span {sin jx sin kjt, sin jx cos kjt | § ¢« IN} .

— e




The fact that N 1is infinite dimensional complicates the analysis of (1.10)

and to introduce some compactness to the problem in N, we perturb (1.10)

by adding a tht term to the left hand side of the equation. Here g >0

and V is the (L2 orthogonal) projectionof U onto N . A second difficulty
in treating (1.10) arises due to the unrestricted rate of growth of g(x,r) as

|r] = ». We get around this by truncating g . More precisely g(x,r) is
replaced by g(x,r) which coincides with g for |r] = K and grows
cubically at « [ll]. Thus (1.10) is replaced by the modified problem

- 2
UTT+BVTT-k(Uxx+gK(x.U))=0, O0<x<nw

(1.11) < U@, T1)=0=U(4, T)

L Ux, T+2n) = U(x, 1)

where g, satisfles (f)), (f,), (?3) with a new constant p = min (p,4) .
Letting GK denote the primitive of Ty » in a formal fashion (1.11)
can be interpreted as the Euler equation arising from the functional

L

2% u
a2)  jwskek) = [ [0 15U -Lv? - BvZ - aux, )] axdr .

Let

E, = span {sin jx sin nt, sinjxcosnt | 0=<j, nsm} .

The strategy pursued in [11] was to find a critical point Uk of 1| £ ®
m

let m—- o, and thenlet p—~0 to geta solution Uk of (1.10) with g

replaced by gy . Then L bounds for U, iIndependent of K show if

we choose K(k) sufficiently large, gK(x,Uk) = g(x,Uk) so (1.10) obtains.
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A separate comparison argument is required to prove that Uk 2O,

The first step in carrying out the details of the above argument involves
obtaining an upper bound Mk for Cmk = I(Umk; k,B,K) with Mk
independentof m, B, and K. For the current problem which also depends
on k, 1itis crucial to know the behavior of Mk as a functionof k. Thus
we will take a closer look at € mk and use a variant of an argument of [12] .

By Lemma 1.13 of [11], Cmk ©an be characterized in a minimax fashion.
We will not write down this characterization explicitly but will note a consequence

of it which in turn provides an upper bound for Set

ka.

® = span {sin jx sinnT1, sinjxcosnt | 0=j, n=m and nl = jzkz}
and
Yy = 3 sin x sin (k-1)t
N2
where a =—— so [yl 2 =1. Set ¥ ,=28 , ®spany, . Thenby

Lemma 1.13 of [11]

(1.13) 0<c, = max J(u;k,pB,K) .
mk ue Y
mk
Inequality (1.13) will lead to a suitable choice for Mk . Note that by (?3)
(or even (f3) ), there are constants ay» ay =2 0 such that

(1.14) Gglx,r) = a |r|* - a,

forall re R, x e [0,n]. Consequently J— -» as u—-o in Yok

(under ||l ,) sothereisapoint 2= Z 2t which the maximum in (1.13)
L

is achieved. Writing




(1.15) z= ||z||LZ (YE + 8¢, )

where € ¢ & ,, ¢l ,=1, and Y2 + & =1 and substituting (1.15)
L

into (1.13) gives

27w 27
2 1 2 2 2
(1.16) k G, (x,2z)dxdt = = (k“z, -z )dxdrt
171 o TN
2 2 27w 2
2 2 2
s%w”k2£ [ Ity - o) axdr < klzl 5 -

Combining (1.14) and (1.16) shows that

2 " 2
(1.17) K* (o lzl _-ag)=klizll ; -
L® L

Applying the Holder inequality yields

(1.18) Izl , =A
L

where A is a constant independentof m, k, 8, K . Hence by (1.13),
(1.18), and the formof J,

(1.19) c_, s Mk

mk

for a constant M independentof m, k, B, K.

Letting m—« and then p-—-0, and formalizing what we have just

shown gives:

Lemma 1.20: Under the hypotheses of Theorem 1.8 (with L=+« and T=2w),

forall k ¢ IN, there exists a solution Uk of (1.10) satisfying




(1.21)

e, = J(U, i k,0,K) = Mk

with M independentof k +K.

au
It remains to show that for all k sufficiently large, —é-tl—‘- £0

and infinitely many of the functions uk( x,t)= Uk(x, 1) are distinct. If
Uk is independent of Tt for any subsequence of k's tendingto o ,
Uk = Uk(x) is a classical solution of {1.7). Thus by (1.21) with K= K(k)

suitably large,

2 dUk 2
(1.22) c, = 2rk A [3|E-| -G(x,U)] dx .
By (1.7),
2
« dU ™
(1.23) f;) l?kl dx=_](; U, (x) g(x, Uy (x)) dx .
Combining (1.21) - (1.23) yields
™ol 4
(1.24) fo [3 U, 9(x,U) - G(x,Uy)] dx—~0

as k— o along this subsequence. Moreover by (T3) .

LI | T 1 1 .
(1.25) .I;) [ U a(x, U ) - G(x,Up)] dxzj; ‘E'E’ng(x'uk) dx .
1 du,
Thus ng(x,Uk)——O in L . From (l1.23) again we conclude that = 0

in 12 which easily implies U, —0 in 1. By (f,), for any

€e>0, thereisa 6§>0 suchthat |r|] = 6§ implles |g(x,r)| = er .
1

Choosing e< <~ and k large enoughsothat ||U. |l =85, (1.23) then
L

shows




du, 2 2 U 2 U 2
(1.26) | dx "2— 5"Uk” 25 rell54i dx “L < | dax " 2 ’

a contradiction. Consequently Uk depends on 1 for all large k .

To prove the second assertion of Theorem 1.8, suppose two functions

Uk(x, T), Uj (x, T) correspond to the same functionof x,t modulo a
translation in time (keeping Remark 1.9 in mind). Thus

Up(%, 7 = Uplx, %)= U(x,B) and Uy(x, ) = Uj(x, ) = U(x,t+0)

for some © € R or Uk(x,'r) = U(x,kT1), Uj(x,-r) = U(x,3jt+0) . Since

U mustbe both 2rk and 2nj periodicin t, letting ¢ denote the
greatest common divisorof j and k, we have j= aj , = gk and

U has period 2n¢ in t. Furthermore

2w g 2
k 2 1..2 2

2r k
kf f [%(U;‘-Utz)-c(x.m] dx dt

k2 k2
= < f f [Z(U - G(x,U)] dxdt = = b

and similarly

al™™
o

(1.28) cj =

Consequently if there were a sequence of solutions Uk of (1.10)
1
corresponding to the same function U (up to a translation in t), by

(1.27) - (1.28) we have
2
i

k
(1.29) ¢ = b

1 _o

and Cp = like klz along this sequence contrary to (1.19). Thus at most
i

Y e
e




finitely many functions Uk(x, T) correspond to the same solution uk(x, t)

of (1.5), (1.3) and infinitely many of the functions uy must be time

dependent solutions of (1.5), (1.3). The proof of Theorem 1.8 is complete.

Remark 1.30. Both the existence assertions from {11} and the arguments given
above use hypothesis (fz) which requires that g vanish more rapidly than
linearly at 0 . However this condition can be weakened. The simplest such
generalization would be to replace g(x,r) by ar +9g(x,r) with g a

constant and for this case we have:

Theorem 1.31: Let g satisfy (fl)’ (fz), (?3) and let o> 0. Then for

all Te £, there exists a k0 ¢ IN such that for all k = ko , the problem

4 - - - -
Uy = U, = au g(x,u)=0 0<x</{
(1.32) ¢ u@,t)=0=u(L,t)
L u(x, t+kT) = u(x,t)
auk
has a continuous weak solution uy whichis kT periodicin t and T Z 0.

Moreover infinitely many of these functions are distinct.

Proof: For convenience we againtake £=w, T=2n . Itwas shownin
{11] that Theorem 1.2 carries over to (1.32) for o > 0 . It is also easy to see
that the argument of Lemma 1.20 will give (1.21) for this setting. Likewise
(1.27) - (1.29) are unaffected by the q term. Thus we get Theorem 1.29
provided that we can show Uk(x, T) dependson 1 for all large k . If not,
the analogues of (1.22) - (1.23) here are

2

du
2 " 1Tk 1 o2

(1.33) ¢ = 2Tk fo (7 |5c| - 3aUg - G(x,U,)] dx
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and
2

r dU ] '

k 2
(1.34) fo || dx= fo (aUyg + U, g(x,U)) dx . f
Thus (1.19), (1.33) - (1.34), and (?3) show that ng(x,Uk)-oo in Ll j

as k—-w asin (1.24) - (1.25). Since

(1.35) lg(x, Ul ;== max lgx, )| + U, gix, u) |l .
KT T osxsw, || =) k kTl

and the right hand side of (1.35) is uniformly bounded in k, it follows from J
2
d“u

(1.7) that the functions zk are uniformly bounded in Ll . The boundary

dx
conditions Uk(O) = 0= Uk(w) imply that there is X, € (0,w) such that

Tx (xk) = 0. Hence

du x d® U, (8)
. *— dg 1
X dg
Xk
which implies that
2
dUu d"u
k k
(1.36) bl s b—t -
dx 7 pe ax® il
dUk "
Thus the functions Uk' Tx are bounded in L and by (1.7) again, so
2
d°vu
are Zk . It follows that a subsequence of U, converges (in ||| ,)
dx C

to a solutlon U of (I.7) as k—«. But (f)) and ||ng(x.Uk)H .
L

as k—o imply U=0.

Next observe that (1.7) can be written as

v
(1.37) U, (x) = fo H(x,y) (a Up(y) + G(y, Up(y) dy




-, Y S T

e

12

where H 1is the Green's function for - —d—z— under the boundary condition
dx

U({0)= 0= U(n) . Dividing (1.37) by ”Uk"cl gives

U, (x) Uply)  G(x,Up(y))
(1.38) -HTJ';T,—1= _{; H(x,y) (aT’—"-—l —“-—'"—')dy
C

By (fz) , the arguments of the integral operator are uniformly bounded in C1 .

Hence since this operator is compact from C1 to C2 , by (fz) again a

subsequence of U,/ [|U. |l | convergeto V satisfying fvi ;=1 and
C C

v
(1.39) V(x) = afo H(x,y) V(y) dy

or equivalently

(1.40) V" = aV O0< x<n: V(0) = 0 = V()
dZ
If o is notan eigenvalue of - - under these boundary conditions
dx

we have a contradiction and the proof is complete. Thus suppose g 1is an

eigenvalue. Consider the eigenvalue problems :

(1.41) -z''=\az, 0<x< 7w z(0)= 0= z(w)

(1.42) -y

p(a+9-(’—f:-‘ﬂ)—)y, 0<x< wm; VY(0)=0=y(m

1 th

- where ¢ is C on {0,n] . Let )xj (resp. p.j(qo)) denote the j
eigenvalue of (1.41) (resp. (1.42)), the eigenvalues being ordered according
to increasing magnitude. As is well known any elgenfunction corresponding

to )‘m or p.m(¢) belongs to




Sm = {g € Cl([O.W],R) | (0) = 0= o(v), ¢ has exactly m-1

zeros in (0,w), and ¢' # 0 atall zerosof ¢ in [O,u]} .

(Indeed the eigenvalues of (1.41) are X\ m> m2 a-l and corresponding eigen- j
functions are multiples of sin mx) . Since g(x, ¢) qfl =0 via (fl) , we
have >‘j = p.j(47) forall je€eIN and ¢ ¢ Cl , ¢ #0 viaa standard
comparison theorem (15, Chapter 6] . By (1.40), 1 is an eigenvalue of
(1.41), say 1= A and Ve Sm . Thus p.m(tp) =1 and since Sm is open
(in the ct topology) and Uk/ i U i 1~V in c! along some subsequence,
C

it follows that U,/ |u || and therefore U, belongsto §_for all large

k k Cl k m

k in this subsequence. Writing (1.7) as %

o dcimiin,

(1.43) -Uk = (a+ )Uk, 0<x<n; Uk(0)= 0= Uk('n) R

1>0 exceptatthe m+1l

we see pm(Uk) =1]1. By (fl) again, g(x.Uk)Uk
zeros of Uk . An examination of the proof of the Sturm Comparison Theorem
{16, p. 208-209] then shows Uy has a zero between each pair of successive

zeros of V. (Consequently Uk €S a contradiction. Thus Theorem 1.31

m+l°?
is established.

Remark 1.44: In [5], Brezis, Coron, and Nirenberg study (l.1), (1.3)

replacing (£3) by
(f  Frf(n-F(r) =plf(n] - Y
and

(f5) f(r)/r - o as |r|] - »
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(and with no analogue of (fz))' If we use (f4) - (f5) with x dependent f
in place of (f3) , it is not difficult to see that the proof of [l11] carries over for
this case as does Lemma 1.20 and (1.27) - (1.29). Thus we obtain a
variant of Theorem 1.8 for this case once it is established that Uk(x, T)
depends on T for large k . To do this, we argue as in the proof of Theorem 1.8.
Assume (fy) holds with y=0. Thenby (1.25) and (f,), [a(x,Upl 8 -0
as k—w . This in turn implies || Ukll o —~ 0 wvia (1.7) and (1.36).
Hence (1.26) again provides a contradiction.

It is also possible for us to drop (tz) and even the requirement that
f(x,0)=0 in (fl) but then a new existence mechanism is required and we shall

not carry out the details here.




(1]

(2]

(3]

[4]

(5]

[é]

; [7]

(8]

(9]

| [10]

15

References

Amann, H., Saddle points and multiple solutions of differential
equations, Math. 2. 169, (1979) 127-166.

Amann, H. and E. Zehnder, Nontrivial solutions for a class of
nonresonance problems and applications to nonlinear differential
equations, preprint.

Bahri, A. and H. Brezis, Periodic solutions of a nonlinear wave
equation, to appear Proc. Roy. Soc. Edinburgh.

Brezis, H. and J. M. Coron, Periodic solutions of nonlinear wave
equations and Hamiltonian systems, preprint.

Brezis, H., J. M. Coron, and L. Nirenberg, Free vibrations for a
nonlinear wave equation and a theorem of P. Rabinowitz, preprint.
Brezis, H. and L. Nirenberg, Characterizations of the ranges of some
nonlinear operators and applications to boundary value problems, Ann.
Sc. Norm. Sup. Pisa, Ser. 4, 5, (1978), 225-326.

Brezis, H. and L. Nirenberg, Forced vibrations for a nonlinear wave
equation, Comm. Pure Appl. Mcth. 31, (1978), 1-30.

Coron, J. M., Resolution de l'équation Au + Bu=f ou A est lin€are
autoadjoint et B déduit d'un potential convexe, to appear Ann. Fac. Sc.
Toulouse.

Mancini, G., Periodic solutions of some semi-linear autonomous wave
equations, Boll. U.M.I. (5), 15-B, (1978), 649-672.

Rabinowitz, P. H., Some minimax theorems and applications to nonlinear
partial differential equations, Nonlinear Analysis: A collection of papers
in honor of Erich H. Rothe, Academic Press, (1978), 161-177.




(1]

[12}

[13]

[14)

[15]

[16]

Rabinowitz, P. H., Free vibrations for a semilinear wave equation,
Comm. Pure Appl. Math. 31, (1978), 31-68.

Rabinowitz, P. H., Subharmonic solutions of a forced wave equation,
to appear Amer. J. Math.

Turner, R. E. L., Superlinear Sturm~Liouville problems, J. Diff. Eq.,
13, (1973), 157-171.

Rabinowitz, P. H., Some aspects of nonlinear eigenvalue problems.
Rocky Mtn. Math. J., 3, (1973), 161-202.

Courant, R. and D. Hilbert, Methods of Mathematical Physics,

V.I., Interscience, (1953).

Coddington, E. A. and N. Levinson, Theory of Ordinary Differential

Equations, McGraw-Hill (1955).







