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1. Introduction and Summary

The failure rate function is one of the most important parameters

in reliability theory. Of the several methods for estimating the fail-

ure rate that have been proposed, those based upon weighting functions

or "kernels" are quite common. These kernels have, among other things,

the following two features:

(I) they are nonnegative, and

(ii) they are absolutely integrable in (-aw);

such kernels are called Ll kernels. Watson and Leadbetter (1964a,

1964b) show that the kernel estimators of the failure rate at some point

x 0 are usually biased; the bias converges to zero as the sample size

increases to infinity.

4Our motivation for undertaking the research reported here is

to explore ways in which we can reduce the bias, and improve upon the

rate of convergence of the mean square error (MSE). Our conclusion is

that if the failure rate function is sufficiently "smooth," and if the

kernel is suitably chosen, then the bias contribution to the asymptotic

MSE can in principle be eliminated to any desired order, and that the

ll .. ....... ...-..... . .. . .""1 -
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rate of convergence of the asymptotic MSE can be brought as close to
-1
n as is desired. However, in order to achieve these properties, the

nonnegativity and/or the absolute integrability restrictions on the

kernels will have to be relaxed.

An interesting (though not surprising) aspect of our work is

that the desired kernels can be constructed by the "generalized jack-

knife" (GJ) method of Gray and Schucany [cf. Schucany and Sommers

(1977)]. Viewed alternatively, this means that if we use the GJ on two

kernel estimators of the failure rate, with each estimator based upon a

nonnegative LI kernel then, this is equivalent to directly producing a

kernel estimator using a kernel not restricted to be nonnegative. Fi-

nally, we conjecture that using the Ci indefinitely is equivalent to

producing a kernel estimator using a kernel which does not satisfy both

(i) and (ii) above. Since kernel estimators are also used in density

estimation, and the estimation of the power spectrum, the above results

should be of a wider interest.

The organization of our paper is as follows. In Section 2 we

present a kernel estimator of the failure rate at x0 , h(n,x0 ) , intro-

duce some notation and terminology, and discuss some general properties

of h(n,xO)

In Section 3 we first prove a theorem (Theorem 3.1) which gives

us the asymptotic bias, and enables us to obtain the asymptotic MSE of

h(n,x) An important result of Section 3 is a "saturation theorem"

(Theorem 3.2). This theorem establishes the fact that if the kernel
used to obtain h(nx 0 ) is nonnegative and absolutely integrable, then

there is a limit beyond which the rate of convergence of the bias and

the MSE does not increase, even if greater smoothness of the failure

rate is assumed. We show that the best possible rate of convergence of

the MSE using a nonnegative kernel is of the order n- 4 /5  [Equation
(3.8)]. Kernels which are not restricted to be nonnegative are next
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introduced [Equation (3.9)]. T1e rate of convergence of the bias of

h(n,x) using such kernels is derived (Theorem 3.3). We conclude

Section 3 by showing that the best possible rate of convergence of the

2m+1
MSE using kernels in A [cf. Equation (3.9)] is of the order nm

In Section 4, we introduce the generalized jackknife procedure,

and review briefly those properties of the procedure that are of interest

to us. We show how the GJ can be used to construct the suitable kernels

which are not restricted to be nonnegative. In particular, we show how

the GJ when used once, can, under certain conditions, produce an estimator

for which the best possible rate of convergence of the MSE is of the
-12113

order n2 . This is a clear improvement over the original kernel

estimators whose rate of convergence of the MSE ie of the order n-4 / 5

We conclude Section 4 by giving some examples.

In Section 5 we concern ourselves with using the generalized

jackknife procedure over and over again, an indefinite number of times.

We show how this procedure enables us to produce estimators for which

-l
the rate of convergence of the MSE can be brought as close to n as

is desired. We give a few examples to illustrate the effect of a suc-

cessive use of the GJ procedure. These examples motivate us to conjec-

ture that the effect of an indefinite use of the GJ effectively leads us

to kernels which are not absolutely integrable. This topic is explored

in greater detail in another paper [Singpurwalla and Wong (1980)].
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2. Kernel Estimates of the Failure Rate

Suppose that the time to failure of a device is a nonnegative

random variable X with an absolutely continuous distribution function

F and a probability density function f . The failure rate at point

xO h(xo) , for F(xO) # 1 , is defined as

h(x0)= .(x (2.1)
0  1 - F(xo) (

Given en ordered sample of n lifetimes X < X < ...(1) < X(2)= <-

X(n)  from F , our objective is to estimate h(x0 ) under some very

general assumptions on F and f

We shall consider the following kernel type estimators originally

proposed by Watson and Leadbetter (1964a, 1964b', and considered more

recently by Rice and Rosenblatt (1976) and Sethuraman and Singpurwalla

(1978).

Definition 2.1: A kernel estimate, h(n,x O) , of the failure

rate h(x) at the point x0 , is defined as

n(X -xh(n,X) = (2.2)0 ~ -- K b(n) n-j+1
~J=l

where K(-) is a Borel function called the ke eZl of the estimator,

and b(n) is a sequence of positive functions of n such that

(i) 3im b(n) 0, and
n-Po

(2.3)
(ii) iim nb(n)

A motivation for these estimates is that if X < X <

X(n) come from an arbitrary distribution F , then the maximum likeli-

hood estimate of f is a discrete distribution with a probability mass



T-415

5

of I/n at X(0) [Grenander (1956)1; an estimate of the failure rate

at X is therefore 1/(n-j) . In order to avoid the infinite at

J n , we change our estimate of the failure rate at X to
0j)

l/(n-j+l) , and smear this quantity out, continuously smoothing accord-

ing to the kernel K(-)

We restrict our consideration to kernels which satisfy the fol-

lowing conditions:

K~x) su (triagular

(Kii) KC-x) - Kx) ,(2.4a)

(iii) f K(x)dx P1 i d

(iv) f IK(x)ldd <(
(v) lira lxKc)l =0

When (iv) above holds, we shall say that KE L1

Examples of some kernels which satisfy (2.4a) and (2.4b) are the

followin|g:

[ K~x) =(rectangular)

0io if 1I > 1

,. I 1 I1 , if 1Il.
i K(x) = (triangular)

10o if 1Il > i

i K(x) - (27r -) 1  e-x 1  (Weierstrass)

1~x - ex (Picard)

1~x (,+x2)e

[ K(x) -1 (Cauchy)

KW (sin
K~x) -2...

2!
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We remark that all the kernels given above are nonnegative.

We shall find it convenient to introduce the following definitions.

Definition 2.2: A sequence of functions {6 (x)} is called a

6-function sequence if 6n (x) can be written in the form

6n(X) b(n) b(n)'

where K(-) is a kernel which satisfies (2.4a) and (2.4b), and b(n)

is a sequence of nonnegative decreasing functions which satisfy (2.3).

Thus (2.2) can be written as

n 6
h(n'X n-~jjul (2.5)

j=l n-j+l

Definition 2.3: For a given 6-function sequence 6n( - ) , a
n

distribution function F is said to be in the class C6 , if for any

fixed x0 , and for any fixed X>0 , there exists a G >0 such that

1 - F(x) < C)' (2.6)

for all Ix-Xo1 > A and for all sufficiently large r.

Note that if the kernel K is bandlimited, that is, if K(x) = 0

for all jxj >C , for some finite real value C>0 , then C is the
6

class of all distribution functions.
SBefore describing the properties of the estimator h(n,x )  we

should indicate a few abbreviations. If a and b are two sequences,
nn

then "a - b " is read a Is asymptotically equivalent to b , and
rd n n n

means that the ratio of a to b has limit one. The notationn n

xix

4.
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"a = o(b" means that the ratio of a to b has limit 0, and

"a = O(b )" means that the absolute value of the ratio is bounded in
ni n

the limit. The terms o(b n) and O(b n ) are frequently used to repre-

sent some unknown fuI'ction of n which has the appropriate property.

The following theorem establishes the asymptotic unbiasedness

and the consistency of the estimator (2.2).

Theorem 2.1 [Watson and Leadbetter (1964a)]: Let {6n (x)} be

a 6-function sequence and let F(x) be a distribution function in C

If h(x) is continuous at x0 , and if F(xO) < 1 , then h(n,xo) given

by (2.2) is an asymptotically unbiased estimator of h(x0 )

Furthermore, if a f6 (x)dx< - and a 0(n) , then
nnn

h(n,x0 ) is consistent with an asymptotic variance

an h(xo)

Var[h(nx 0) h* n l-F(xO ) (2.7)

That is, the variance of h(n,xO) goes to zero at the same rate at

which a /n goes to zero.n

L !.. .. .. ..... .. , ...
4.-,
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3. Rates of Convergence of the Bias and
the Mean Square Errors

In order to compare estimates of h(xO) using different kernels,

we will have to study the rates of convergence of their bias ard their

mean square errors. In general, the rate of decrease of the bias and

the MSE depends on the particular kernel (or the 6 -function sequence)

th: t is chosen. Furthermore, for a given kernel, the rate of conver-

gence improves with the smoothness of the failure rate function h

However, for some kernels (in particular, the nonnegative kernels),

there may be a limit beyond which the rates of convergence do not in-

crease, even if greater smoothness of h is assumed. This phenomenon

is called "saturation" [see Shapiro (1969)].

To see this, we shall first give the following theorem on the

asymptotic bias of h(n,x0 )

Theorem 3.1: Let X1 ,X,,...,X n be a random sample of lifetimes

from an absolutely continuous distribution function F , and probability

density function f ; 0  is a continuity point of the failure rate h

of F and F(xO ) <1 Let h(n,x0) , an estimate of h(x0) , be given

by (2.5). If FEC 6 , and if, for some positive integer m>-l , h Cm

(i.e., h is m times continuously differentiable), lim nbm(n) = ,
6 n-"

I! Vand the kernel K is such that x KEL , then the bias of h(n,x0) is

given by

Bias[h(n,x0 )] = bJ(n) f x K(x)dx + o(b m (n)) (3.1)

.- .4 ..... .. .. "" . ..-
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Proo f

n (X j-xo)

E-~ ~ E n (u 0 ) ud

1 n! -j

n- j+ 6n (UX0 )fX()d-)u Fu) 1fu(-~)~d

n 6 (u-x )h n! u)~(1Fu))-l~u 1du u)n-
JW-1

n 0

I h( 6n (x)u-fh(u) 6 (u)IF(u)u du (.2

Consider the first term of the above expression; note that it can also be

written as

Ih(u) () K ~~~d (x0+ vb(n)) K(v)dv

Using a Taylor's series expansion about x , we can write the first term

of (3.2) as

r m j
JtnI~x +h (x) o(bm(n))] K(v)dv

h(x) + m bj(n) hIv( fJK(v)dv + ob~)I0 j. -l

since hcem and xmKEL 1
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In order to see that the second term of (3.2) is o(bm(n)) , we

choose a X>0 so that F(x0+X)<1 , and h(u) is bounded in

lU-Xo[< X . Then

ID1(U)6n(u-xo)Fn(u)dul <_ fh(u) 6n(U-X0)1 Fn(u)du

16 n (ux0)n
= f f(u) Fn (u)du + f h(u) I6n(u-x0)1 Fn(u)du

lu-x 0 l>x l-F()lux x

in n<GA FndF + const- F (x0 +X) [by (2.6)]

nGl + const (x+X)

Using the above inequality we observe that

1 G Fn (Xo+X)
I fh(u)6n(U-Xo)Fn(u )d til < + const • 0,

bm(n) n (n+l)bm(n) bm (n)

as n ' °w ; thus

fh(U)6 n(U-Xo)Fn(u)du = o(bm(n))

The statement of the theorem follows if we combine our results on the

two terms of (3.2). /

Since K is assumed to be an even function [i.e., K(-x) K(x)],

the bias can be written (more precisely) as

}i t h2k (x 0
2k 0~ 2k o 2 tm)

Bias[h(nx 0)] = [ b (n) (2k)! f xkK(x)dx + A,(m)) (3.3)
k=l(2)

where m = 2t for some positive integer t

j, Note that Theorem 3.1 is valid for all kernels K , nonnegative

or otherwise, which satisfy the conditions of the theorem. In order to

% Q discuss a saturation result for h(n,x0 ) when K is nonnegative, we

look at a special case of (3.1), when m=2 ; that is, when
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(i) x2 K L1

2(ii) lim nb (n) f  , and (3.4)
n-"~

(iii) h c2

we have as a corollary to Theorem 3.1

Theorem 3.2 (pointwise saturation theorem): Let h(n,xO) be

the failure rate estimation of h(xo) given by (2.5); x0  is a con-

tinuity point of the failure rate h. and F(xO)<I . Under conditions

(3.4) and if FEC 6 , then

Bias[h(n,x)] h"(xO)
ltm 2 2 fx K(x)dx . (3.5)
n-W b2(n) 2!

Proof: Follows from 3.1 and the fact that K is even

fxK(x) = 0.

For those kernels K which are nonnegative and satisfy the con-

ditions of Theorem 3.2 (e.g., when K is the rectangular, triangular,

WeLcrstrass, or Picard), fx 2K(x) is alays nonzero. If h"(x0 ) # 0

then the rate of convergence of the bias, according to (3.5), is no

faster than b2 (n) . Thus we conclude that the best possible rate of

* a 2
decrease of the bias of h(n,x0 ) with nonnegative kernels is b (n)

We now consider the mean square error of the estimator h(n,x0 )

:1 under the assumptions of Theorem 3.2. Since

2 h(x 0  2
Bias[h(nxO)] 0 b (n) 21 f x K(x)dx

and the asymptotic variance of h(n,x0 ) given by (2.7) is

"ar 1 6n(x)dx h(x 0 )
Va~hn'o)0 n I-F(x ) '

... .-. .. . . ... . . . .. .. . . . . . . .
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the asymptotic MSE of h(n,xO) is

MSE[h(n,x0) ] = E[(h(n,x 0) - h(x0))2] Varfh(nx 0 )] + Bias
2 [h(n,x0 )]

A2 (x)dx h(x0 ) L h(x 0) ]2
n 1-F(x0 ) 2 K(x)dx

or

MSE[h(nx 0) nb(n) (O) fK 2(v)dv + b2( n ) f fx2K(x)dx 2 . (3.6)

Given h and K , we can, for a fixed value of n , find that

b(n) which minimizes the asymptotic MSE of h(n,x0 ) by solving

2 2b3(n) x 2K(x)dx 1 h(x0) K2(v)dv2! nb 2 (n) l-F(x0 )

We obtain, if h"(x 0 ) j 0 and fx 2K(x)dx # 0

n(x 0) fK2(v)dv 1/5

b~n) 2--2[1"(xo)fx2K(x~dx 12 n 37

For this value of b(n) , we have the optimum value of the MSE,

SEKh(nxl[K dv h x0 ) 14/5[fx2K(x)dx h,(Xo2 -4/5
-2+1) (v'4l-F(x 0 ) 2!

* (3.8)

Based upon (3.7) and (3.8) we conclude that if b(n) - O(n- /5) , then

MSEfi(n,x0)] opt O(n- 4 /5 ) . Thus if the kernel K is restricted to be

nonnegative and if K is an L1  kernel (i.e., KCL ) , then the best

possible rete of convergence of the MSE of h(n,xO) is O(n 4 / 5 )

regardless of the smoothness of h

.4 -- -- . .... .. ...----
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The above results motivate us to consider kernels-which are not

restricted to be nonnegative, and which are not L In Singpurwalla

and Wong (1980) we consider a kernel which is not L and which can

take negative values. However, we shall first show here (Theorem 3.3)

that we can obtain an improvement in the rate of convergence of the MSE

of h(n,x0 ) when K is not restricted to be nonnegative, but is still

an L kernel; although one might think that nonnegative kernels might

provide the best estimates since the failure rates are nonnegative. It

is to be expected that the price that we will have to pay for obtaining

faster rates of convergence of the MSE using such kernels is that the

resulting estimate of the failure rate could be negative at some points.

Let Am  (where m> 2 is a positive integer) be the class of all

real valued Borel measurable bounded functions K (kernels), which sat-

isfy conditions (2.4) and the following condition:

fxJK(x)dx = 0 , for j=l,2,...,m-l (3.9)

All kernels (nonnegative or otherwise) which satisfy (2.4) also

satisfy (3,9) for m= 2; thus A2 is the class of all kernels which

satisfy (2.4). For m>3 , the class A contains no nonnegative func-
lm

tions and its elements will therefore lead to possibly negative failure

rate estimates if KcA is used in estimation. Since K is an even
M

function, KcA -1 implies that KEA for any k-2,3,... thus
2k2k ~o n 23..;tu

the class A need only be defined for an even integer m >1
m

Theorem 3.3: Let X1,X2 ... 9Xn be a random sample of lifetimes

from an absolutely continuous distribution function F , and probability

density function f ; x0  is a continuity point of the failure rate h

of F and F(x0 ) > 1 . Let h(n,x0) be an estimate of h(xO) , given

by (2.5). If Fc C6 , and if, for some positive integer m~l , the

following conditions hold:
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(1.) K E A ,(m
(ii) xmK LI , (3.10a)

(il) fxmK(x) 0,

(iv) Irim nbm (n) =o,

n-),w (3.1Ob)

(v) hCm;

then

h (n) (o

lm- Bias[h(n,x) ! fxmK(x)dx
n- bin (n)

Proof: Analogous to that of Theorem 3.2. but in the light of

conditions (3.10). I/

Thus, the bias of the estimator h(n,xO) based on a kernel K

which satisfies conditions (3.10a) cannot decrease any faster than

bm(n) ; in fact,

Biaslh(nxO)I - bm(n) m(x 0 ) f xuK(x)dx . (3.11)
0 0!

Since the asymptotic variance of h(n,xO) is still of the form
i0

S62 (x)dx h(xO)

n - 0
Vat~~~ 0) n -F~xo

the asymptotic MSE of h(n,x0 ) with KEA m  is

MSE[h(n'XO)] I n h(x0) /K
2 (v)dv + bi(n) ml f xK(x)d 2 (3.12)

Given h and K , we can, for a fixed value of n , find that b(n)

which minimizes the asymptotic MSE of h(n,x) This value is

-. - - -.... . . .-. * .. . ...



T-415

15

______ 2m+l
(x0 ) fK (v)dv 1"1--- xo0) n 2m + l

b__(n)_ 21 n .(3.13)

For this value of b(n) , the optimal value of the MSE is

MSE[I(n, xo)opt

2m 2 2

2v)dv 
h(xn) 

+l 2

2m x0) l2m+J [fxmK(x)dx hm 2m+ (3.14)
-- 2rFl fK 2 ) v l--x0) M! N O)I!

1

Based upon the above results we state that if b(n) O(n 2m) then

2m 2m

HS'h' On2m+l 2m+lMSE[h(n,x opt i.e., MSE[h(n,x0)]op t  0 as n

We contrast this result to our previous result using nonnegative kernels

2m

for which MSE[h(n,x 0)] 0 as n 4 /5 , which is slower than n 2m+l for

m' 3 when using kernels which are not restricted to be nonnegative. We

have proved the following important result.

Thcorein 3.4: Under the conditions of Theorem 3.3, the asymptoti-

cally optimal rate of convergence of the MSE of the failure rate esti-

2m2m+l
mator h(n,x0) is of the order n

I0
:I
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4. The Generalized Jackknife and Kernels in Am

Finding kernels Kc A2 is quite straightforward, since many of

the continuous density functions which are symmetric about 0 satisfy

the conditions of Theorem 3.2. The best possible rate of convergence

of the MSE of h(n,x0 ) based on these kernels is n . However, as

we have seen before, we can obtain estimators with a faster rate of con-

vergence in bias and MSE by using kernels in A , m> 3 . In this event,m t

the bias decreases in the order of bm(n) and the optimal MSE tends to

2m
2m+l

zero as n . Our next objective is to discuss a procedure which

leads us to such kernels.

In this section we shall discuss the generalized jackknife method

[Schucany, Gray, and Owen (1971)] of combining estimators, and show that

thLs procedure, which is typically used to remove the bias and reduce

the MSE, essentially leads us to kernels K which belong to A , m> 3

We shall first give a brief introduction to the generalized jack-

knife method of combining estimators.

Definition 4.1 [Gray and Schucany (1972)]: Let 6 and 02 be

two estimators of 0. Then for any real number R 1 , we define the

g aneraZized jackknife 0 of 0 by

0 1 RO2
- 1 21-R "

A trivial, though important, property of the estimator 6 is

given by the following theorem.

Theorem 4.1 [Gray and Schucany (1972)]: If E(O) -O+b (nO) ,
" bl(n'0)-

J-l,2 , b2(ne) 0 0 , and R b2 (n,O)  1 , then 0 is an unbiased

estimator of 0
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In particular, if the biases of and 2 have the forms

b (n,O) = f (n)b(O) , j-1,2 , then, under the conditions of Theorem 4.1,

the estimator 0 is of the form

fl(n) 
1 2

= 1 f2(n) 2 f2 (n)0l - f1 (n)02  f [f1 (n) f2 (n)

fI(n) f2 (n) f1 (n) 11
f 2(n)  

e
2 e[f (n)f 2 (n)

and E(O) =0.

The idea of Definition 4.1 and Theorem 4.1 can be generalized to

include three or more estimators.

Definition 4.2: Let 0 ..2', k+l be k+1 estimators of 0

based on the same random sample X1,X2, .. X Further, let a

i=1,2,...,k; j=1,2,...,k+l be real numbers such that

1 .1 .... 1

11 12 "'' al,k+l

det . . = A #0•

a akl ak2 . . k,k+l

Thus the generalized jackknife estimator is defined as

01 2 k+l

all1 a 12 .. a l,k+1

det

akl ak2  "' k,k+l
:! -

' A

When the bias in the estimators Ol,.. 1 k+l can be written

as the product of a function of n and a function of 0 , we have the

following result.

.

..

'
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Theorem 4.2: If E(6O) = 0 + fi (n)bi(6) , j1,2,...,k+l

and if

1 1 ... 1

fll(n) f1 2 (n) ... fl,k+l(n)

det • . A #0,

Sfk (n) 2) ... fk,k+l (n)

then E(0) = 0+ BG(n,O) , where

B1  2 Bk+1

f 1 (n) f12 (n) fl,k+l (n)
det

f fkl (n ) f k2(n )  ... f k,k+l (n )

BG(n,O)
A

00

and B j = fij(n)bi(6) j=1,2,.. ,k+l
i=k+1

k
Corollary 4.3: If E(O.) = 0 + [ f..(n)b.(e) , j=1,2,... ,k+l!~~~~L Ioola/ _.

* i=1

then E(O) = .

For a proof of the above results, we refer the reader to Schucany,

Gray, and Owen (1971) or Gray and Schucany (1972). Miller (1974, 1978)

has given an up to date summary of the jackknife and its various applica-

tions.

It is apparent from Theorem 4.1 and Corollary 4.3 that generalized

jackknifing is a way of bias reduction. It is with this thought in mind

that we consider combinations of estimators h(n,xO) based upon different
J0

kernels in A2  (using the generalized jackknife) to arrive at estimators

--**- *. .*'
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of h(xO) which have a smaller bias. It turns out, as we shall soon

see, that the generalized jackknifed estimator of h(x0 ) is precisely

that which we would have obtained by considering a kernel in A M

m >3 . Thus jackknifing kernel estimates of the failure rate based upon

kernels in A2 will produce estimators which have faster rates of con-

vergence of the bias and the mean square error, but which by virtue of

the fact that they could also have been produced by kernels in A

im 3 , may be negative.

Let us consider two estimators of h(x0 ) based on kernels K1
and K2  where K, and K2 belong to A2  (not necessarily to A

m> 3); thus we have

hi(n'xo)=bn) jI l n-j+l K. X i=1,2 (4.1)

The generalized jackknife estimator h(n,x0) of h1  and h2  is

hI(n,x0) - Rh2(n,x0)
"(nx 0 ) 1 R

where R 0 1 is a constant to be determined. If the estimatorsh

and h are such that the conditions of Theorem 3.1 hold for m = 2t >6,
2

then from (3.3)

I

'I
I '
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xh(nx O)-Rh2 (nx O) 1
E [h(n,x 0)h(x0) E [l 11~ -i(x 0)

= _I [Eh(nx) - RE[h2(nx- h(xo]

= t k= h(2k)(x 0 ) b2k ()l(K2k)Y- k I (2k) ! 21)I(K ' k

t h( (x0 ) 2k
- R (2k) b (n)I(K2k)

Sk=l (2)" 22

+ o(b2t(n) + o(b 2t(n)

1 -R b 2k(n)I(K 1 ,2k) - Rb
2k(n)I(K 2k) h(2k)(x 0)

+ o(b2t(n)) + o(b2t(n)) (4.3)

where I(K,q) = fxqK(x)dx . If we set

2
b 1 (n)I(K1 , 2)

b2(n)I(K2 , 2)(

then b2(n)I(Klp2) - Rb 2(n)I(K2) - 0 , and the leading bias term of

,(n,x O ) 0 that is, the term containing h"(x 0) in (4.3), is eliminated.

The estimator h(n,xo) now becomes

......
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h(n, x)

021 1 , (X(o2 I+ 1 1 ( fJ)-o
nX.~

0  b1 (n)I(K,2). 1 1x _____

b1 (n) _I n-j+l k\ b1 (n) I b 2 (n)I(K2 ,2) b2 (n) J.l n- 2 b 2(n)

2 2
b 2(n)I(K,2)

b2 (n)I(K2 ,2)

1 ~ ' X()- b3(n) I(K1, 2) 21 (~)Xo
2 I2

blon b~ 3-~ (b1n) I(KI,2) x o

1 b2(n) 2,2 2

b l(n) J-1 n-j+1 b(n) )'4

where
I(K1 ,2)

K1(u) - 3 (u) I(K2,2) K2 (c(n)u)

K(u) (n) I(K1,2) (4.6)

I(K2,2)

and

C b1 (n)cn b 2 (n)

We can write K(u) aiK (U) - OK2 (c(n)u) where

3 I(KIV2)

IK,\ ,,,and S .e 2\'1 (4.7)

2 I(K12,2) 1 - c2(n) (K12,2)

c"n)c n

I( )2
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Thus, tile gen. alized jackknife which enables us to combine

estimators hi(n,x0 ) based upon kernels K.i , i=1,2 , which belong to

A2  (and not necessarily to A , m.> 3), and by choosing R according
2 m

to (4.4), we have produced an estimator h(n,x0 ) based upon a kernel K.

We clc.lm that KA 4 . To see this, we first note that

I(K,O) = fK(u)du afKl(u)du - rfK2 (c(n)u)du

= Ct -
c(n)

We can now easily verify that K satisfies (2.4). To see that K

satisfies (3.9) for m=4 , it suffices to show that I(K,I) = l(K,2) =

I(K,3) = 0 . Since K1 and K2 are even functions, I(K,1) = l(K,3)

0 . Now,

I(K,2) = fu 2K(u)du = f u2KI(u)du- f u2K2(c(n)u)du

- ad(K1 2 - 3 I(K2,2) = 0
c (n)

The optimal MSE of h(n,x 0 ) with kernel K is given by (3.14),

with m = 4 , as

MSF[h(n,x opt

2____ h(x ) 8/9 [L 4Kud 1/9-,7C fd 0u4 u du h (4) (x 0 ] /

2-4 l--F(xo)J 4, - " n

Note that by choosing R according to (4.4), we have eliminated

the leading bias term of (4.3). We are still at liberty to choose b (n)

and b2 (n) in any manner, provided R 0 1 . Clearly, by choosing b (n)

and b2(n) in such a manner that

b4(n)I(KI,4) - Rb 2 (n)I(K2,4) 0

2 29
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that is

b (n) I(K
2_ I 4)I(K2) (4.8)2 n I(Kl'94)I(K2'2)

we can eliminate the second bias term in (4.3), that is, the term con-

taining h (4)(x )

When (4.4) and (4.8) are used, then the kernel K given in (4.6)

belongs to A6 , since

I(K,4) = fu u)d = fU 4K(u)du - Ofu4 K 2 (c(n)u)du

= alI(K 1 ,4) 5 I(K 2,4)
c (n)

I(KI,2) 3 1 I(K 4)
.2) c (n) 1

I(K2,2 c (n)

S I(K,2 2).. 1 (K(2,2) c2(n)

I(KI14) I(KI, 2) I(KI,4)I(K 2'2) (

I(KI,4) -(K(2,2) I(K2,4)I(KI,2) 1(K2'4)

I(K1,2) 2

1- I(K2 ,2) c (n)

When KEA6 , the asymptotic MSE of h(n,xO) is by (3.12),

MSE[h(nx)] b1 h(x0 ) -2 + -)(n 6 (x ) fu6i(uld "
ibn -F(x0 ) L6! 0 Jl

Given h and K c A6 , we can, for a fixed value of n , find
ii

that b(n) which minimizes the asymptotic MSE of h(n,xO) . This

value is

#.
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I h(x0) ' 1/13
I -~f K (udu

1-F(x 0  -1/13
b(n) n .[()~ 0  ~(~]

The optimal value of the MSE for this choice of b(n) is

MSE[h(nxo)1 opt

'2+l Ffu)du hI 0 ) 112/13 fu 6 (u)du (6) ] 2/13 n-12/13
''1 26 i-~ 0 J L 6! 0 x

Since MSE(h(nxo)op o 0  as n-12113 the estimator h(n,x0 )

has a faster rate of convergence of the MSE than the original estimat-

ors hI(n,x0 ) and h2 (n,xO) , whose MSE's 
- 0 as n-4/5

Thus we have seen how we can form linear combinations of two

estimators, hI  and h2 , based upon kernels in A2  to obtain a new

estimator h with kernel Kc A6 * The new estimator has a smaller

bias than the estimators h and h2 , and has a faster rate of con-

vergence of the MSE.

We close this section by noting that the higher order jackknife

may be used to obtain linear combinations of several kernel estimators,

if this is desired.

4.1 Examples.

b We shall illustrate the material discussed in this section by

considering some specific kernels in A 2 9 and illustrate the nature of

the new kernels (in A4  or A6 ) which are obtained by jackknifing and

an appropriate choice of other constants.

I.).. . . . -. .. L 1

I ...
". l-m i i i
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ftaMpie 4.1: Consider two estimators of h(x0) hi(nx) ,

i-1,2 , based on the uniform kernel U1  and the triangular kernel Al

respectively. That is,

1I I ai
U (x) = , ax ! /2 I

xI a x

and

a(-a(x)) = <xa,.

a 1 Wl
0 IxI>!

-1/ao la1/

Now

I(UlI,2) = fx2 U(x)dx = 1

3a

I(U1,4) = fx 4U (x)dx = 2_
5a2

I(A1 2) = fx2Al(x)dx = 1 and

I(A1,4) = fx4Al(x)dx = 1
i5a

If we choose bl(n) , b2 (n) , and R in such a manner that

2 bI(n) I(A1,4)I(U 1 ,2)c 2(n) =. . ..b (n) I (UI4)I(A,,2) 3

andI

b (n)I(Ul,2) 4

b 2(n)I(Al 2). 3

R -_

Jthen the new kernel 1(3 , given by (4.6), is

A " "
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U W c 3 (n) '2 A, (c(nlx)
U(x) - c3 (n) I(A '2) '2

KI- 2( 1,2) = -3U (x) + 4 1
2 I(U 1 ,2) 1 4 A 1 (1 f3

I(AI, 2)

Note that KFA6  In particular, if we choose CEf=I (in both U1 and

A1 ), then

K 3 W 4 1 - lx ) 1<x< 31 or - j22<x<-l

, elsewhere.

K3(x)

-//2: V31

For the above kernel, the estimator

/x j-x\
b3 (n) jl n-j+l K3 b 3 (n) /

has the asymptotic MSE given by

h(x0 ) 
n

MSE[h3(n, xO) I - (1.6134) n+ 3 (n) qF(x) 6 h  (x

and the optimal MSE is

f h(x0 ) 112/13
MSEhI(nxo) " (.4725) lFx (6)(x 2/3 n-12/13

j3 0,,. opt. T-- -,.. -x 0.
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'xampe 4.2: Consider two estimators of h(xo) , hi(n~x0 )

i1,2 , based on two uniform kernels K1 and K2 having different

bandwidths. That is, for a1 2

K1 2~ K
X i(x) =x a =,

-1 a1  - 2  a2

iu2Ktud 2 f4Ktud 4
Now, l(Ki,2)- f Ki ffid = i/3 , and l(Ki,4) fu Kffui ./5 •

i=1,2 . If we choose, following (4.4),

22 2
b2(n) I(K1,2) bl(n)a1

R b(n) I(K2 92) = 2
b2(n) 2

thc,, the new kernel, given by (4.6), will belong to A4

Furthermore, if in addition to the above, we attempt to choose

2 2
b (n) 2 I(K2,4)I(K1,2) a2

b2 (n) I(K1,4)I(Ka,2) a

.4 then

2- 2- ,b1 (n) a12
R 2

b 2(n) a2

and thus our attempt to obtain a kernel in A fails.
6

*1j
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bl(n)
Suppose that we let - = c(n) = 1 ; then for a >c 2 , the

b2 (n) 1 2

new kernel is, by (4.6),

2

"1
K (x) --

2

Ot1
a2
a 2 -2 -1

(2a1 cci(a 2) (2a2 )1 2 -2 IxL a2

S- 1(2

(2a 1  - a < x <  
or -a <x<-a

2 ( -2 a2  1 = 2
1 - ( 2)

0 otherwise.

For example, if a = 1 and a 2  1/2 , then

I 7I7/6!K(x) = ~ 1'~ 1
- -, <x< l or -1<x <-

-1 -f/2 1/2 1
elsewhere. 0__i__t

! 
-1/6

Using this kernel, the optimal MSE of the estimator converges to zero

-8/9aIS n

I|
:1 ._ ._,,,5 .J ', .. . ,.
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5. Indefinite Jackknifing arid Faster
Rates of Convergeice

Let h (n,x O) be an estimator of h(x O) based on a kernel K

in A2 . For this estimator we know that MSE[hI(nx O) ]opt = O(n -4/5

Assume that hc C , and for some positive real number c j 1 , let

Kl(X) - C3Kl(CX)

K W2(x) 1 (5.1)2 2 "

Note that the general form of K2  is analogous to the kernel K , givenl2

by (4.6). It can be verified that K2 E A4 , since

fK2 (x)dx = 2 [fKl (x) dx - c3fKl(cx)dx]= 12 [1 - c2fKl(u)du] = 11-c 2  1-e 2

t and

fx2K2(x)dx 1]" [fX2K(X)dx - c3fx2K(cx)dx]

1-c21 2--1e [f x2 K (xd u2Ki (u)du]=0

If h2(n,x0 ) is an estimator of h(x0 ) based on the new kernel

K2 , thqn from (3.14) we have MSE[h 2(nxo)]opt = C(n-8/9) Suppose

that now we set

_ K2 (x) - c K2(cx)
K 3(x) 1-c4 (5.2)

then K3 c A6 * If h3(n,xi ) js an estimator of h(x based on K3
~~ A6  h3 (n -1 2 1 b13 )  K

then MSEfh 3(nxo)] (n 1 2 1 3  ; that is, h3(n,xo) has a faster

rate of convergence of the MSE and bias than both h2(n,xO) and

hI(n,xO) •
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If we continue in this manner obtaining a kernel Kkl 6 A2 (k-l)

k >2 , and letting

Kk-l(x) - c2k-lKkl(cx)
Kk(x) = c 2 (k-l) (5.3)

then k.eA 2k . If hk(n,xO) is an estimator of h(x0 ) based on the

2(2k)

kernel k , then we note that MSE[hk(n,x0)]opt = O(n 22k+ The

estimator hk(n,xO) has a faster rate of convergence of the MSE than

the estimators hk-l(n,x0 ),.... h(n,x0 )

If this procedure is continued indefinitely, then the rate of

-l
convergence of the MSE can be brought as close to n as is possible.

That is,

lim MSE[hk(n,x)] = 0(n-)

kk 0 opt

Exacple 5.1: Suppose that we start off with the uniform kernel

U AI r. , l(x) = - , and form a new kernel U2 C A4  using

0 , lxi >1

(5.1). We shall consider the following three values of c

(a) c = .9; we have

(ua ) )  U(x) - c U1(ex) 2

2 C(X 1- 2 U

.7132 I lxku --

1 - o
i

0 elsehre.--1.918 , l<z<- or -.- __x<-l LI Loi

I ="I I
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()n I (a)
The asymptotic MSE of h a)(n,xO) = 1 n 1 (a) (1)-o is2 0 b2(n) J.1 n-j+l 2 b2(n)

HS~~a(lJ (1834 ~h (xo) b4(n) h(4

MSE[h~a)(nXO)] * 41.8334nb2(n) lF(Xo) + [(-.2460) 4! )(Xo

and the optimal MSE is

M a) [_h(xo) ]8/9 [h44)2(x )]2 /9 -8/9MSEth' )(n.o ) op  (.8779) L (:F-xo j  nh40] -

(b) c .5; we have

Ul(X) - c 3U(cx) A(b)

u(b)(x) = 2
2 1.c 2

5833 ,Ix1<

-2 -1 1 1: 2
.1<x<2 or -2<x<1 0

0 , elsewhere.

()n 1Ib)x ()-x
The asymptotic MSE of h b)(nx0) =n u b) (s--o i2 0 b2(n) J1 ;-~ 2 b 2(n)/

MSE(hb)(n,X)] 3472) 1 h(x0 ) [(-.8000 ) h(4)( 0)22 0 2 (" nb2 (n) l-F(xo) +  48000) 4!O

and the optimal MSE is

(.2600 h(x0) 18/9 (h4 )(xo) 21 9 /9
MSE[h2b)(n,x o)optI- (.2600) LIF4xo)j  [h(xo0 n-8 / 9

(c) c .1; we have
] (= -¢3 4 .5045 , Ixl <l

'4 )(x) - . 000 5 , I<x<l or -l0<x<-l

- ~~ (~ -
10 elsewhere.
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The asymptotic MSE of h 2) (1, x) 1 1 () njlU 2c (n) is
b2(n+ 1 /21s

(c) ( 5091) 1 h(x0 ) b (n) h (4)

SE~h2 0(n,XO)] nb2 (n) l-F(xo) + 4! (x0

and the optimal MSE is

(c) ~ ~ h(x0 ) 9S/9r (4) i.) 2 -/
MSE[h c(nx 0 ]opt - (.7470)[_ ) h OT] 2/9 n8/9

Example 5.2: If we jackknife using the kernel in Example 5.1,

case (b), one more time using c= .5 in (5.2), we obtain

.6027 , JxJ<i

U (x) -_ b)(cx) -.1083 , l<x<2 or -2<x<-l

3(1- C 4.0028 , 2<x< 4 or -4<x<-2

0 , elsewhere.

U3

!I ,
!I i

,ii I I i 1 i ,,.

I I

The kernel U3 E A , and the optimal MSE of h 3 (n,x0) has a rate of

convergence of

MSElh 3(n,xo0)lop t 0 O(n7
1 2 / 1 3 ) .
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FxmmpVe 5.3: Let us now consider a triangular kernel A1 c A 2

A (x) {f x , and form a new kernel A2  A4  using (5.1),
,lxl>l

with c= .5 . We have
1.1667- 1.251x1 , xl<l

A2 (x) = .1667 + .08331x1 , 1<x<2 or -2<x<-1

10 9 elsewhere.

1.1667 2

-2 -1 1 2
0x

A I n -X

With this kernel, the estimator h2(n,x) n-j+l A
2 0 b 2(n) :112 (nb2())

has the asymptotic MSE given by

A b h(x(n b4() (4) 1

MSE[hA 1 (.8519) nb (n ) lF(X + 2667) 4! (x2 0 n2 X 0  L41

and the optimal MSE is

thA r h(x O0) 1 8/9r (4) 0)2/9 n-8/9

MS- (~ (.4 522) LlFx, [h (x0) 2/

If we wish to obtain r kernel in A 6  using the triangular kernel

A , we let c .5 in (5.2) and obtain

111
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5 A1.2056 -1.31251xI , ixj I

A3(x) A2 (x)-c A -.2167 + .10971xl , l<x<2 or -2_<x<-l

1-c 1.0056 - .00141x1 , 2 <x__<4 or -4<x<-2

0 ,elsewhere.

A3 A

The rate of the optimal MSE of the estimator h3 (n,xO) based on kernel

A is of order n-12/13
3.

In the following final example, we wish to estimate an exponen-

tial failure rate function at point xo= 1 . To compare estimates using

different kernels, the rates of convergence of the MSE's are computed.

We note that the rate of convergence of the MSE is actually improved if

the kernels used in estimation are not restricted to be nonnegative,

although the resulting theoretical. gain in efficiency may not be

realized unless4 the sample is very large.

xEzanple 5.4: Let the failure rate function be exponential ind

given by

h(x) = ex  O<x<n

That is, for this form of h(x) , the sample {X1,...,X } is from an

extreme value distribution,

F(x) = 1 - expl-exp(x)] , -C<x< .

Thus, for a fixed value of n and for different kernels used in the

k estimation, we have the following result, as given in Table 5.1.
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