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Abstract

> This paper is the first in a series of three, which analyze an adaptive

approximate approach for solving (n+l)- dimensional boundary value problems

by replacing them with systems of equations in n-dimensional space. In this

approach the unknown functions of (n+l)- variables are projected onto finite

linear combinations of functions of just n-variables.

This paper shows how the coefficients of these linear combinations can

be chosen optimally. 
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Introduction

Let h w x [-h,h] be a domain i n+l, and let u be the solution

to some elliptic boundary value problem on 9h We wish to find -- in a very

h
effective way -- an approximate solution u satisfying a certain accuracyapproxsaifigacranacay

requirement.

Considering the special structure of h , we expect that uh  can be

approximated well by a linear combination

N

I * (y/h)xj , yE[-h,h]
J=0

*1 N
of N+l functions {xJ 0  on w . Methods built on an assumption of this

type and a projection procedure are widely used in engineering. As an example,

we mention various theories for plates, beams, etc. (cf. [4,11,12]). These

methods are also sometimes associated with the name of L.V. Kantorovich (cf.[10]).

Our goal is to select the family of functions {);- such that

i) The method is optimally accurate when h is small and the data

sufficiently regular.

ii) For arbitrary h and input data the method converges as N -

iii) It is possible to derive an a-posteriori estimate for the error and

this leads to an effective procedure for the selection of N

Another approach, which has also been extensively used in structural mechan-

ics and elsewhere to derive lower dimensional approximating models, is asymptotic

expansion in h (cf. (5,8,9]). We refer to [16] and references therein for

various engineering applications of this approach. It is quite obvious that a method

based on an asymptotic expansion in h does not satisfy the goals stated above. The

validity of an approach of this type is dependent on the smallness of h , while the

actual value of h may simply not be small enough. But even for arbitrarily

small h the approximation can be unsatisfactory because of rough data. (11
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contains an example that shows that even for an extremely thin, simply-supported

polygonal plate, the biharmonic equation is not always a good model for a three-

dimensional plate.

For the model problem analyzed in this paper we restrict ourself to pro-

jection in the energy. We project the solution uh  on elements of the form

N
j o(y/h)x

where {}J is a sequence of functions on [-1,1] The variable y ranges
Y J-0

over [-h,h] and the xj's are arbitrary elements of some linear space (e.g.,

a function space on w ) • The main question addressed here is how to select

the sequence J.0 It has already been stated that one of our goals is to

obtain optimal rate of accuracy for small h . In theorems 3.1 and 4.1 we prove

that this requirement almost uniquely determines the sequence

In a forthcoming paper [15), we study convergence properties of the method

as N- .

The presence of a strong singularity in the data is reflected in the fact

that we must use a relatively high number of functions * (i.e., we must in-

crease N ) . Because such singularities are often localized, it seems appro-

priate to introduce the possibility of using a different N in different parts

of the domain Qh . The a-posteriori error estimation and the problem of how

to design an adaptive algorithm that will produce a good distribution of the N's

was briefly discussed in [14). It will also be given a more detailed treatment

in a forthcoming paper.
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2. Notation and the Model Problem

Let H be a separable Hilbert space with inner product <u,v> and norm

I lull - <uu>l2

A denotes a (possibly unbounded) self adjoint linear operator in H with

domain of definition V(A) . Furthermore we assume that A is a strictly positive-

definite operator, i.e., there exists C > 0 such that

* Vu4E(A): Cllu1l2 < <Au,u>

D(A1  is itself a Hilbert space with the inner product <u,v> +
1/2 1/2

-<A u,A v>

Let M be a self adjoint bounded linear operator in H . M is also

assumed to be a strictly positive-definite operator.

2I denotes an interval on the real line. L (I;H) is then defined as the

set of strongly measurable functions I - H such that I lu(-)II is an element

of L2 (), (cf. [6]). The same goes for L2(I;D(Al/ 2 ))

We also need a Sobolev space of functions with values in H . R (I;H)

denotes the space of functions I - H such that u(')EL (I;H) and

d ()OL 2 (I;H) , W. [21). The derivative here is taken in the distributional

sense. H 1 ) denotes the standard Sobolev space on I

Assume a and b are real valued functions in LC([- ,1]) such that

a 0 < a(y) Vyy4[-,1

bo < b(y) VyE[[-l,1]

for some constants aO >0 b > 0
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ah and bhEL ([-h,h]) are then defined as

ah(y) - a(y/h) VyE[-h,h]

bh(y) - b(y/h) VYE [-h,h]

By ) we denote the differential operator - Ty- (a.h .- )
Let f and g be two arbitrary vectors from H . We consider the fol-

lowing model problem

d hh
P (-)Mu + bh Auh  0 in ]-h,h[

ahdMu -g for y h ,

d u h = f for y = -h

(Other boundary conditions, e.g., Dirichlet conditions, could just as well

have been chosen; we could also consider the inhomogeneous problem. The above

selection was simply made for convenience.)

Before we proceed any further, let us give a simple example.

Example

Let w be a domain in IRn with a Lipschitz boundary. As H we take

L() . Let A be the Friedrichs extension (cf. [13]) of the operator
o1

-div c(x) grad defined on a subspace of HI(w) . (x denotes coordinates in w).

c is a function in L (w) such that 3c o > 0 with c 0< c(x) VxEW

If we take a - b and let M be the operator of multiplication by c(x)

the problem (1) becomes
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div d.h(x,y) grad uh - 0  in w x ]hh

d xy)- uh- g(x) for y -h

dh(x,y) r u -f(x) for y --h

h
u = 0 on 3w x f-h,h]

Here dh~x,y) -b(y/h)*c(x) ,and div and grad are taken with respect

to the n+1 coordinates (xy)

The precise formulation of (1) is

u 46Hlc h];H) nL ([-h,h1; P(A11 )

(2) Bh(u h,v) - <g,v(b)> - fv-)

where 8h denotes the bilinear form

-h -h

1 2 /2d1/ 12

if 'U(-hh];H)flL ([-h,h];V(A' 1 ) is endowed with the natural norm

11jul11 - JIlu(Y)lI2dy + lIA 1/2u(y)lI2dy]
-h -h
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then it is not difficult to prove

Proposition 2.1

There exist CI, C2  (independent of h) such that

(i) I8h(u,v)J < C1JllulllillvIl,
r ~ ~() lllull12 < C  l uul

I-f Yu,vEHI([-h,h];H) nL
2([-h,h];V(A11 2))

Also one has

Proposition 2.2

If x4EH and yoE [-h,h], then

A: v -, <xv()>

is a continuous linear functional on Hl([-h,h];H)

Proof

From the definition of Hl([-h,h];H) it follows that if v(.)EH1 ([-hh];H)

and X is a continuous linear functional on H , then

A (v(')) EHl ([-h,hl) and

h h
[f IX(v(Y)), 2dy + f [_y X(v(Y))12d

,]

-h -h

h h/
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(IIII' is the norm in H')

Hence, with X(') - <x,-> we get

<x,v(-)> EH ([-h,h]) and

h h

[f <x,v(y)>12dy + f dy <x,v(y)>,2dy]1/2

-h -h

h h 1/2

-< lix!! [f llv(Y)12 dy+Jf lid v(Y)1l2dy]
I -h -h

Using this last estimate together with the standard trace theorem, we

finally get that A is a continuous linear functional on H ([-hh];H)

E]
Propositions 2.1 and 2.2 immediately give

Proposition 2.3

The problem (2) has a unique solution.

.I .
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3. The Direct Result

We first define exactly what is meant by a dimensionally reduced solution

M 1to (2) . Let {([ }1.OSH Q-1,1]) be a given sequence of linearly independent

functions.

Definition

Tedimensionally reduced solution h of order N is the projection

h
of u onto the space

Vh J = 0,..,N}

The projection is with respect to the inner product 8h(u,V)

The main result of this section is the next theorem, which suggests a way

of choosing {ip1;.0 . It also gives an estimate of II luh in terms of

powers of h

Let P denote the differential operator

dy ad

-1 dIn the notation of the previous section P = -b PI(T-) . P is considered as

an operator.

L2(Q-1,1])_2 D(P) -, L2([-1,1 )

N(P ) denotes the null space of the operator P 0 < i P I (identity).

It is easy to see that N(Pi)_gH ([-1,1]) for all i



Theorem 3.1

There exists a sequence of linearly independent functions (ij }0 ' with

N(Pi) - span 21-1 i > 1

that has the following property:

For any integer N > 0 and for any given set of vectors

f, gED((AM-I)N) there exists a constant C (independent
N

of h) such that

11[uhu h II Ch2N+1/2
SIu2-uNI I < C

Remarks

The sequence (1J0 depends only on the operator P . It is also clear

that {i} is not uniquely determined by Theorem 3.1. Any other sequence
3 J-0, }i

{ ,O with span {n I i - span { Vi , could have been used.
3 3-0 3 i-a j- i

The rest of this section is devoted to proving Theorem 3.1. To do so we

need a couple of auxiliary results.

By changing variables to (-1,1] and introducing h (y) - uh(y-h) for
nh

-1< y < 1 we transform (2) into the following equation for u

uh CHI([_I, 1] ;H) nL2([-1,1] ;D(A 1 2 )

%,h

(3) Bh(u ,v) - <g,v(1)> - <f,v(-l)>

v Hi1([-1,1];H) nL2([-1,1];D(A1/2
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Here the bilinear form 8h  is given by

1 1(u) h-1 ( a  M1/2du .I/2 dv r A 2  /

a<uM1/2 dha dy' d> dy + h b <AI/2u, A /2v> dy

Now let us define the sequence {*}= 0--HI1[-1,1]) by the following

equations:

For any v il (-l,1])

1J0
(40) ja dy dy dy =0

-1

1 0 1

(4) Ja Xdy dy dy+,v

-1 -1

and for j > 2:

(4J ) a d"' dy dy + boiv dy - 0

-1 - 1

The sequence {)I} oH 1([-1,1]) is defined by the same system of equa-

tions, the only difference being that in the right hand side of (41 ) v(l) is

replaced by v(-l)

Lemma 3.1

Let j denote an integer > 0 •

The equations ()4  0 < j1 j 20 determine the set {j=0 uniquely

up to a constant in z I = , .
210



Proof

It is sufficient to prove the statement for o 0

The case jO - 0 is obvious. We proceed by induction. Hence assume
that the equations (4J ) 0 < J .< j - 1 determine 0 uniquely modulo

a constant in * -i 
JO

Consider the equations (4j) 0 < j < Jo . According to the induction

00 is determined uniquely up to a constant inhypoth~esiLs, cosato-

Choosing v - 1 in equation (4o) we derive the value of -1 b * -1 dy

which means that *0- is completely drmnd dh qain (j)i

Jo-I O-o-i

now nothing but a Neuman problem for - a - and since 1 b - v dy

is equal to the right hand side of equation (4J°), for any constant v , this

has a solution that is unique modulo a constant. This proves that is

determined uniquely by up to a constant.

0

Because of the way the two sequences 0 and are constructed

we also have

Lemma 3.2

For any i > 0

Proof

The lemma is clearly true, if for any i > 0 we can prove the more detailed

statement:
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0 1

and there exists a linear combination P =  + such

that

o 1l1i~span{'j,* }IJ=O Q span{} - N(Pi+l)

The validity of the above statement is easily checked for i - 0 , and we

proceed by induction. That is, we assume the statement to be true for i k > 0.
o 1

From the way *k+l and 'k+l are constructed it follows that

ko ik~ k2)Npkl

*k+l' lk+IE ( • '

and because of the induction hypothesis we then get

N(pk+l)4span*O, 
I 4 lfcO

1

Now, adding the two vectors *0 and we cannot increase the dimen-Now adin th t vctos +I k+l'

sion by more than two. The fact that the codimension of N(pk+l) in N(Pk+ 2

is 2 , together with the strict inclusion

span{* o,* 1 k ONPk+l)

jJ -

hence shows that

span{*o 1 k+l N(Pk+2)spa 9, ,, j= ) jo
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That means we have proven the first part of the extended statement for

i =k+1 .

Concerning the second part we consider the linear combination

0 1ak+2 + k+-2 "

From the construction we know that

1 0 1P(a~k+2 + 6*k+2) = i+I + O~k+I

Together with the induction hypothesis this tells that

01 (k+2)
a* k2 + a* k+2  • .P

0 1 .o 1-k+1On the other hand,04k+2 + B* k+2 cannot be an element of span{*,. ' IJ-O

If so, we would have by application of the operator P that

0 1 o Ilk

ak+1 + B* k+1 4Espan{*,,* iI J-0'

which contradicts the induction hypothesis.

0_ 1° o'1 k+1
This finally proves that a* k+2 + Sqk+ together with spanf "J,,Pi-O

spans all of N(P k+2 )

Thus the second part has been established for i - k+l.

In the proof of Theorem 3. 1 we shall also use the following density result.
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Lemma 3.3

The set V defined as

J

VA-{j v x I JEIr, xjOE(A 1 2) and v1 El(C-1,1]) for 0 j_< J}

is dense in HI([-I,I];H)nL2 (E-l,1;V(AI / 2 )

Proof

The le- is clearly proven if one shows

(M) V is dense in H1 ([-lI];(A 1 /2)) ;

(ii) HI([-1,1);D(AI/2)) is dense in HI([-1,1];H)fL 2([-1,1;D(Al/2))

Let us start with (i). Assume uEVA (I in HI( [-i,I ];V(A 1 2)) ) , that

is,

<A12duA12' >A dy + <Al/ u, A 12x> vdy 01 dy fl

1 1/2
SvEH ([-1,11), xED(A1)

Since A is closed, this yields

1 1
d 1 1/2x. dv 1/2 1/2

<A' Au,A dy + <A u, A x>vdy

-i -1

YvEHI([-1,1), xED(AI/ 2 ), and hence

<A1/2u, A1/2X> - 0 VxEIN(A1 / 2
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or

<u,Ax> = 0 VxeV(A)

Because of the fact that A is invertible, we know that A(D(A)) - H . From

the previous equation we thus get

UM 0

In summary, we have now proven that V1 - 0 . This immediately yields

(i).

To prove (ii), let dEA be the spectral measure of A1/ 2  (cf. [7]).

If uEHI ([-1,1];H) nL2((,l];V(A/)) , then u can be written as

u(y) - dE u(y)

where

A 2dIjE ,u(y) 12 <o(l/2)
- I 0a(A" 2

Now define

rr

uk(y) " J dEAu(y)
C(A1/2) n[O,k]

Obviously uk4EHI([-I,I];V(AI/ 2 )) , and

1

Ji y~(u-uk) 11 dy
-i

! /f d1 lEA _u 12 dy -0
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for k - , because of Lebesque's monotone convergence theorem. In the

same fashion

1I I AZ/2(u-k) 1[ 2dy-

1

- c(A1/ 2) flk,-[

for k + - . That is, we have proven

IIjuulkIII-,- fork-*-

which immediately gives (ii).

i M

Finllywe re-ow ead fo the k -

and span{ 1i a span(qO,* 1 0 Vi >li -a j jJ-o

This is possible because of Lema, 3.2. The chosen this way obviously

have the first property stated in Theorem 3.1



17

For any N > 0 and any pair f,g4EV((AMl1)N) let

S N - h 1+2j (*,o (/h)Ml-(AM -1)i J 1 g 1 (,y/h)M 1 (AM 1)J1 f)

J-0

It is clear that S 2NE h Because of Proposition 2.1, it follows that

there exists a constant C (independent of N and h ) such that

2N

We now estimate

By a change of variables and introduction of the bilinear form 5

follows that

N 1
with 5N- h l 2 (,y)lAli g- ()M (A 1 1 1 ) (and C independent

NI i-a

of N and h)

Let us now consider

N'~h "'h
Bh(u -S N'v)

where v has the form w(y)*x , x4EV(A 1/ and w~l ([ 1-1,1]) .We know that

Sh~u-S V)- w(l) <g,x> -w'(-l) <f,x> -h 8(SNv)
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Concerning the last term we have

( h N h' 2  
-1 (M-1J-1,)

J.0 bO jN

h0 j

Now because of the properties of the sequence *J 0

N h-1+2jh 0 -1 -1 J-10 g,v) -

* h I2 Ja dw dy < (AM-1 )J-lg,x > +N h- 2+ 2j  ady--

-1

1
+ N h 2j  b* wdy < (AM-1)J&*x>

Ji0 -1

1 0
2N * dN4 1 dw (A-l)g Nw(1) <g,x> - h a dy ( ) g,x

Similarly

N
I h-1 +2 S ( -(Ak-)J-f,v).

J-0 h

2N dl~l~ dw

w(-l) <f,x> - h2N a dy <(AM-INf,x >

-1

so that altogether

,% --h .-h , h2N dr N, dv
(u - h aJ d -y-7 dy

-%
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for any v of the form w(y)'x x xEV(A 12) and wOEH ([-1,11) r rN is

given by

-1." 1 -1 N
*j- A )"g - jlA

Now, because of continuity and Leumma 3.3, we get that

--h 'hh 2N f rN dv>d

gh SNPv dy 'y

Using Schwarz's inequality, we see that the right hand side is bounded by

CN h [12(h(v,v)]l/ (C N independent of h).

As a consequence of this it follows that

[B h(u SN~ NP u S N)] C

and hence III~-~ I<CNh
NE
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4. The Inverse Result

In Theorem 3.1 we examined a particular choice of the functions •

The approximation error was of order h2N+1/2 using the 2N+l functions

2N
iJjo

The goal of this section is to prove that the previous choice of functions

was by no means arbitrary. That sequence, or any other sequence {n}0I
2i 2i

with span {n 1 0  span 21 for every i , is the only one that gives

this order of approximation.

We formulate this as

Theorem 4.1

Let N and K be two non-negative integers and f and g two linearly

independent elements of H . Let J.0 be the sequence introduced in
h

Theorem 3.1 and u the solution to (2) of section 2.
K 1

If is a set of elements of H ([-1,1]) with the property that

inf H IuhvIll I °(hmax{2N-3/2-l/
2})

v EWh

where W-h denotes the set
K

K DA1/2 0<
0(y/h)xj I xj E(A _

then

span{ 2 K
.= 1 0 span{ 1 }J 0
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Theorem 4.1 is actually a little stronger than just an inverse of Theorem

3.1. Let N be > 1 . Theorem 3.1 then says that with the 2N+l functions
2N 2+/

i )J~-0 we can obtain an error of order h2N l1 2 . But Theorem 4.1 tells us

that even if we are satisfied with an error of order o(h2N-3/2) , we still

have to use all the functions I 2N

j J-0

Proof

We can, without loss of generality, assume that f, gED((AM-I)N)h, an g y uh* .(MA-I)N uh , f* =(MA-I)N f and
Otherwise we replace uh, f and g by u f =

g* f (MA 1)Ng, which obviously satisfy the assumptions of the theorem.

h ,hDefine SN 'N as in the proof of Theorem 3.1, i.e.,
N'

s1h 0 h-l 2  (01(y/h)N- (AM- 1)-lg - (y/h)M-(AMl-f)

and h Sh yhN sN(y.h)

Then because of Theorem 3.1 and the assumption of this theorem we see that

vhE O_ such that

SIls h - vh~I " ohI 2 N-3/2, -1/2})

By a change of variables, this yields

1
(i) jId(h - vh) 1 2 d. o(hmax{4N-2, 0})

-1

(ii) J IIA/ 2(h - h) 2d =  O(h-v{4 -4 '2 })
-1

The function v has the form

K h v(A1/ 2)
I # (Y)v ~ with C Af or 0<j .1. K
1-0J V
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Now, multiplying (ii) through by h , we get because of the form of ?.h

N
and v that

IIK 2(y)A-1/2,- *(y)A-1 1 2f - h ( y1(y)A vhlIdy-0

for h 0 Since for a fixed K the set

K
0 W(y)x I xjCHI

is closed in L2([-1,1]; H) , we get

*0 (y)A-/2g - *(y)A -/f - 1 0 (y)xj

The fact that f and g are linearly independent implies that so are

-1/2 -1/2
A af and A- g . Hence

0 K
span {* , 1} C span {j.0

This proves Theorem 4.1 for N - 0 . If N > 1 we are not yet finished.

In this case we proceed by induction, i.e., we assume it has been proven that

span {*o , *jj C span K

for 0 < m < N-1

Rearranging (i) and dividing through by h4m +2 we get

1 doj, 0

J d l (A dyll (AM)mf +-Ty -I(MI dy

-1

+ h2 0m-1)( kl H(AMI)JIg MI(A)_I)J-lf)

j10 dy dy
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2z-1 ,d h12 dy -0 for h 0J"O0 dyv.

(Here we use that 4u+2 < 4N-2).

Because of the induction hypothesis we know that

m 1 11 K do

h 2  '" 1  (d!U M (AM ') 9 - f 1iJ M (AM- 1~ f = ~ d

and now, using that for a fixed K the set

* x-oxj

is closed in L2([1,11);H) , we conclude that

0 1
d* M+i -1 -1 m diPIl 1 -1 m K

dy M (AM ) - (A-)m f y

The fact that f and g are linearly independent implies that so are

(A-1)g and -l(AM-l)mf Hence

d*;m+l d~m+l d

dy ' dy E spad- - 0

From the way 0  and 0 are constructed it is easily seen that

span{oJl} = {constant functions}

and this together with the induction hypothesis allows us to conclude that

o 1'm+l Kspan{*j, i} .OKqspan{* } JO
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The induction proof is now finished, and finally we get because of the

definition of {*i 1J.0

2N I N K

span{* j I span{*,* I}0 C span{ j 1J.0spa=n i J J-0

By a slight variation of the preceding arguments we could prove the fol-

lowing version of Theorem 4.1, for the case where f and g are not linearly

independent, e.g., f - a'g .

Theorem 4.2
Let N and K be non-negative integers. Let f -f a'g ,with gCH\{0}.

Let 4 j~juO be the sequence introduced in Theorem 3.1.

If K j}j0 is a set of elements of H1 ([-1,1]) with the property that

inf.II I" °<2N-1/2)
inf hllu h-vII11 O(h 2N1/

v EWK.

then

0 - N j span{ j}jspan{*j a*j }J-O{ }-J-0

~ ~ ~~~~ J1 0| 1 .. ...... ...... "..............."....
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5. Numerical Examples

Consider the problem

div(a grad uh) 0 in ]O,l[x]-h,h[

a h
a -u -g(x) for y -h,

U 0 for x - 0 and x-i

with a(y)= ( fr 'O
fa for y <O

(a+ and a., are two positive constants). This problem clearly falls within

the framework of our model problem. Simply choose

b~y - ~y) a+ for y > 0

b~y)ma~y - a. for y <O

CW ) 1 and

A ~x~ with D(A H2 0,1)fHU,

and H = L2 ([0l,1)

The operator P in this case is given by

-1ld d
P a W-aI

Define {* '1(-l,l]) as follows

. 1n , #1(y) - a y,

-1 1
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and

= a f 2j (t)dt for J > 1
-1

Here t denotes the Legendre polynomial of degree k

It is not difficult to see that with this definition

span{ } = span{ = Vi > 0

where { J}- is the sequence introduced in Theorem 3.1.*1 'J-0

hAs before uN denotes the dimensionally reduced solution of order N

h
UN has the form

h N
uN = J oj(y/h)uj(x)

01 N

with uj4EH(Q0,11) . The vector U = (uj) ..0  is the solution to a two-point

elliptic boundary value problem

2
-h K() U + 1/h L U F

U(0) - U() - 0

The matrix L is diagonal, and the matrix K has a band structure. Both L

and K are independent of h . We solve this problem numerically by expanding

U in its Fourier series, only maintaining a finite number of terms. Since we

are interested in studying the error introduced by the dimensional reduction,

we maintain a very high number of terms. The graphs shown here were computed

using 400 Fourier coefficients. This ensures that the error introduced by
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discretization can be neglected compared to the error introduced by dimen-

sional reduction.

Let us start with the case a+ - a. - 1 and g(x) = ir/4 . Figures 1, 2

and 3 show the energy error as a function of h by dimensional reduction of

order 0, 2 and 4 respectively. (Note that the functions {¢J} =O0form a

basis for the polynomials in this case.) Using interpolation by the K-method

(cf.[3]) we know that g(x)OE(H,D(A))1 /4 ,. An application of Theorem 3.1

hence gives the following conclusions.

i) The energy error is of order h with dimensional reduction

based on 00.

2
ii) The energy error is of order h with dimensional reduction

based on 0, *i and 02

022

iii) The energy error is of order h with dimensional reduction

based on {*j, 0 < J < 41

Figures 1, 2 and 3 illustrate the sharpness of the theoretical results.

Comparing figures 2 and 3 we see that

The requirement f,gEV((Ak-1 )N ) in Theorem 3.1 is essential.

If f and g are not sufficiently smooth, higher order

dimensionally reduced models will not improve the asymptotic

order of approximation as h - 0

Now consider the case where a+ 0 a. . In our computations a+ - 1

a. - 2 and again g(x) - w/4 . Figure 4 compares two different dimensionally

reduced solutions. For one of the dimensionally reduced solutions the poly-

nomials of degree < 2 have been chosen as basis functions in the y-direction.

For the other dimensionally reduced solution the "special" functions 0' $1
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Fig. 1: Energy error xlO 3  as a function of h , using

polynomials of degree - 0 .
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Fig. 2: Energy error xlO6  as a function of h , using

polynomials of degree < 2 .
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Fig. 3: Energy error xlO 7 as a function of h , using

polynomials of degree < 4
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and 0 2 1 introduced earlier in this section, have been used. (Note that the

"special" functions are piecewise polynomials in this case.)

Applying Theorem 3.1 we expect that

The energy error will be of order h2 with dimensional

reduction based on the functions O0P *1 and 02

Since the "special" function 0 is the constant - 1 , which of course is a

polynomial of degree < 2 , we also expect that

The energy error will be of order h with dimensional reduction

based on the polynomials of degree < 2.

From Fig. 4 it is again evident that there is a very good agreement between

the theory and the computational results. Specifically it is seen, by comparing

figures 2 and 4, that

If the dimensional reduction is based on the "special" functions

{* 0 , then the asymptotic behaviour of the energy error is
h

independent of the regularity of the solution u across the line

yaO .

A feature very similar to this is well known for optimally constructed Finite

Element meshes.



33

References

E1] I. Babuska, W. C. Rheinboldt, Mathematical problems of computational
decisions for the finite element method, in "Mathematical aspects of
finite element methods" (I. Galligani, E. Magenes, eds.) Lecture Notes
in Math., vol. 606, pp. 1-26, Springer, 1977.

[2] V. Barbu, Nonlinear semigroups and differential equations in Banach
spaces. Noordhoff, 1976.

[3] J. Bergh, J. L~fstrbm, Interpolation spaces. Springer, 1976.

[4] V. E. Chepiga, On constructing a theory of multilayer anisotropic shells
with prescribed arbitrary accuracy of order hN . Mechanics of Solids
12 (1977), pp.113-20.

[5] P. G. Ciarlet, P. Destuynder, A justification of the two-dimensional
linear plate model. Journal de Mdcanique 18 (1979), pp.315-44.

[6] N. Dunford, J. Schwartz, Linear Operators, Part I. Interscience, 1958.

[7] N. Dunford, J. Schwartz, Linear Operators, Part II. Interscience, 1963.

[8] K. 0. Friedrichs, R. F. Dressler, A boundary layer theory for elastic
plates. Comm. Pure Appl. Math. 14 (1961), pp.1-33.

[9] A. L. Gol'denweizer, Derivation of an approximate theory of bending of a
plate by the method of asymptotic integration of the equations of the
theory of elasticity. Jour. Appl. Math. Mech. 26 (1962), pp. 1000-25 .

[10] L. V. Kantorovich, V. I. Krylov, Approximate methods of higher analysis.
Noordhoff, 1958.

[11] P. M. Naghdi, Handbuch der Physik. Band V a/2, pp.425-640. Springer,
1972.

(12] V. V. Poniatovskii, Theory for plates of medium thickness. Jour. Appl.

Math. Mech. 26 (1962), pp.335-41.

[13] F. Riesz, B. Sz.-Nagy, Functional Analysis. F. Ungar Publ., 1955.

[14] M. Vogelius, Ph.D. Thesis, University of Maryland, Dec. 1979.

[15] M. Vogelius, I. Babu*ka, On a dimensional reduction method. An approxima-
tion result. (to appear).

[16] I. E. Zino, E. A. Tropp, Asymptotic methods in the problems of heat
transfer and thermoelasticity. University of Leningrad Publ., 1978
(in Russian).



The Laboratory for Numerical Analysis is an integral part of the Institute
for Physical Science and Technology of the University of Maryland, under the
general administration of the Director, Institute for Physical Science and
Technology. It has the following goals:

0 To conduct research in the mathematical theory and computational
implementation of numerical analysis and related topics, with emphasis
on the numerical treatment of linear and nonlinear differential equa-
tions and problems in linear and nonlinear algebra.

To help bridge gaps between computational directions in engineering,
physics, etc. and those in the mathematical community.

To provide a limited consulting service in all areas of numerical
mathematics to the University as a whole, and also to government
agencies and industries in the State of Maryland and the Washington
Metropolitan area.

To assist with the education of numerical analysts, especially at the
postdoctoral level, in conjunction with the Interdisciplinary Applied
Mathematics Program and the programs of the Mathematics and Computer
Science Departments. This includes active collaboration with government
agencies such as the National Bureau of Standards.

To be an international center of study and research for foreign students
in numerical mathematics who are supported by foreign governments or
exchange agencies (Fulbright, etc.).

Further information may be obtained from Professor I. Babulka, Chairman,
Laboratory for Numerical Analysis, Institute for Physical Science and
Technology, University of Maryland, College Park, Maryland 20742.

LL

Ii


