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Abstract

_‘~7;> This paper is the first in a series of three, which analyze an adaptive
approximate approach for solving (n+l)- dimensional boundary value problems
by replacing them with systems of equations in n-dimensional space. In this

approach the unknown functions of (u+l)- variables are projected onto finite

linear combinations of functions of just n-variables.
This paper shows how the coefficients of these linear combinations can

be chosen optimally. f::;\
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Introduction

Let ﬂh = 4y X [-h,h] be a domain in IR“+l , and let uh be the solution

I S LTI P

to some elliptic boundary value problem on Qh . We wish to find -~ in a very
effective way -- an approximate solution u:pprox satisfying a certain accuracy
requirement.

h
Considering the special structure of Qh , We expect that u can be

approximated well by a linear combination

3 N
;| T ,(y/m)-x, , y€l-h,h]
2 j=0 3 ]

33=0 1

4
e
- i of M1 functions {x }N on w . Methods built on an assumption of this
i
: type and a projection procedure are widely used in engineering. As an example, §
i
{

we mention various theories for plates, beams, etc. (cf. [4,11,12]). These

Qur goal is to select the family of functions {wj};_o such that

i) The method is optimally accurate when h is small and the data

l

3 methods are also sometimes associated with the name of L.V. Kantorovich (cf.[10]). ‘
§

|

i

sufficiently regular.

ii) For arbitrary h and input data the method converges as N + » .

[ ii1) It is possible to derive an a-posteriori estimate for the error and

this leads to an effective procedure for the selection of N .

[ Another approach, which has also been extensively used in structural mechan-
ics and elsewhere to derive lower dimensional approximating models, is asymptotic
expansion in h (cf. [5,8,9]). We refer to [16] and references therein for

various engineering applications of this approach. It is quite obvious that a method

based on an asymptotic expansion in h does not satisfy the goals stated above. The
validity of an approach of this type is dependent on the smallness of h , while the

actual value of h may simply not be small enough. But even for arbitrarily -

small h the approximation can be unsatisfactory because of rough data. (1]




contains an example that shows that even for an extremely thin, simply-supported
polygonal plate, the biharmonic equation is not always a good model for a three-
dimensional plate.

For the model problem analyzed in this paper we restrict ourself to pro-

jection in the energy. We project the solution uh on elements of the form

)

v, (y/h)x
sé0 1
where {wj};;o is a sequence of functions on [-1,1] . The variable y ranges
over [-h,h] and the xj's are arbitrary elements of some linear space (e.g.,

a function space on w ) . The main question addressed here is how to select

the sequence {wj};_o . It has already been stated that ome of our goals is to

obtain optimal rate of accuracy for small h . In theorems 3.1 and 4.1 we prove

that this requirement almost uniquely determines the sequence {wj}

-]
j=0 °
In a forthcoming paper [15], we study convergence properties of the method

as N+ o=,

The presence of a strong singularity in the data is reflected in the fact
that we must use a relatively high number of functioms 13 (i.e., we must in-
crease N ) . Because such singularities are often localized, it seems appro-
priate to introduce the possibility of using a different N in different parts
of the domain Qh . The a-posteriori error estimation and the problem of how
to design an adaptive algorithm that will produce a good distribution of the N's ,

was briefly discussed in [14]. It will also be given a more detailed treatment

in a forthcoming paper.
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2. Notation and the Model Problem

Let H be a separable Hilbert space with inmer product <u,v> and norm
Hul| = <u,w?/? .

A denotes a (possibly unbounded) self adjoint linear operator in H with
domain of definition 0(A) . Furthermore we assume that A is a strictly positive-

definite operator, i.e., there exists C > 0 such that

£ Vu€D): c||u]]? < <Au,u>

1/2)

D(A is itself a Hilbert space with the inner product <u,v> +

l/zu,A1/2v> .

<A
Let M be a self adjoint bounded linear operator in H . M 1s also

assumed to be a strictly positive-definite operator.

I denotes an interval on the real line. L2(I;H) is then defined as the
set of strongly measurable functions I + H such that ||u(:)|| is an element
of LZ(I), (cf. [6]). The same goes for L2(I;D(A1/2)) .

We also need a Sobolev space of functions with values in H . Hl (I;H)
denotes the space of functions I + H guch that u(')eLz(I;H) and
: ( %u(’)GLZ(I;H) , @f. [2]). The derivative here is taken in the distributional
sense. Hl(I) denotes the standard Sobolev space on I .

Assume a and b are real valued functions in L”([-l,l]) such that

|
' a, <a(y)vy€[-1,1] ,
|

bO i b(Y) VYG["l.l] ’

for some constants a, > 0, bo >0.




a and bhELw([-h,h]) are then defined as

ah(Y) hd a(y/h) VYG ["'h’h] s

bh(y) = b(y/h) Vy€ [-h,h] .

d - 4
By Ph( dy) we denote the differential operator & (::xh dy) .

Let f and g be two arbitrary vectors from H . We consider the fol-
lowing model problem

d h h
Ph(-E)Mu + bh Au in ]-h,h[ ,
a, :—y Muh for y=h,
a, ad;- Muh for y = -h
(Other boundary conditions, e.g., Dirichlet conditions, could just as well
have been chosen; we could also consider the inhomogeneous problem. The above

selection was simply made for convenience.)

Before we proceed any further, let us give a simple example.

Example

Let w be a domain in R" with a Lipschitz boundary. As H we take
Lz(w) . Let A be the Friedrichs extension (cf. [13]) of the operator

)
-div c(x) grad defined on a subspace of Hl(w) . (x denotes coordinates in w).

¢ 1s a function in L”(w) such that 3¢, >0 with ¢  <c(x) Vv x€w

If we take a = b and let M be the operator of multiplication by c(x) ,

the problem (1) becomes




div dh(gz_,y) grad 0 in o x ]-h,h[ ,

4, x,y) % g(x) for y=h,

4 (x,y) f(x) for y=-h ,

0 on 3w x [-h,h] .

Here d, (x,y) = b(y/h)*c(x) , and div and grad are taken with respect

to the n+l coordinates (x,y) .
The precise formulation of (1) is
[ WP €rl((-n,01:#) NL2((-b,h1; DA% |

B (u",v) = <g,v(h)> - <f,v(-h)> ,

| Vv enrt([-h,n];#) NL2([-h,h]; Dal/2))
where Bh denotes the bilinear form

h
1/2 d /2 d 1/2 .
Bh(u,v) = J a, <M / I W Ml I v> dy + v> dy

-h

If Hl([-h,h];H)nLz([-h,h];D(A]‘/z)) is endowed with the natural norm
IR NI

h h

1

el = 1 115 w112y + [ 11aY2ue0) ] 2091
“h ~h

/2
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then it is not difficult to prove : }

Proposition 2.1

There exist Cl, C,y (independent of h) such that

@ B ww| < cilllulll-IIvII],
an  |lalll? < c, 18w

Yu,v €8 ([-h,h];#) NLZ([-h,h];041/ %))

Also one has

Proposition 2.2

If x€H and yoe[-h,h], then

A: v~ <x,v(y,)>

(X3

is a continuous linear functional on Hl([-h,h];H) .
Proof
From the definition of Hl([-h,h];H) it follows that if v(-)éﬂl([-h,h];H)

and ) 1is a continuous linear functional on H , then

A(()) €8 ([-h,h]) and

1 2 14 2, 1}/2
[J [A(v(y)) | dy +J I35 A | dy]
y
-h =h -

T 2. g 2, 1}/2
<[ 1vo % + [ 114 vor %]

Y




(l+1|' 1s the norm in H') .

Hence, with A(*) = <x,-> we get

<x,v(-)> €HL([-h,h]) and

i , By , M2
H |<x,v(y)>|“dy +J I;i; <x,v(y)>| dy]
-h -h

? ¥ 1/2
<[ 1vo e + [ 11 vor11%ar]
-h ~h

Using this last estimate together with the standard trace theorem, we

finally get that A 1is a continuous linear functional on ‘Hl([-ﬁ,h];H)

0

Propositions 2.1 and 2.2 immediately give

Proposition 2.3

The problem (2) has a unique solution.




3. The Direct Result

We first define exactly what is meant by a dimensionally reduced solution
to (2) . Let {wj };_og_ul([-l,ll) be a given sequence of linearly independent
functions.

Definition

The dimensionally reduced solution u: of order N 1is the projection
of uh onto the space

1/2

N
o= (L b omxlxe0at’?,  g=o,..m .

j=0
The projection is with respect to the inner product Bh(u,v) .
The main result of this section is the next theorem, which suggests a way
o h h
of choosing {wj }j-O . It also gives an estimate of |||u -uN| H in terms of
powers of h .

Let P denote the differential operator

In the notation of the previous section P = -b-l Pl(%) .. P 1s considered as

an operator.

12([-1,11) 2 0¢p) » L3([-1,1]) .

N(Pi) denotes the null space of the operator pl , 0<1. PP=1 (identity).

It is easy to see that N(Pi)_C_ Hl([—l,ll) for all {1 .




Theorem 3.1

There exists a sequence of linearly independent functions {wj };-O , with

NEY) = span {wj };,':81 i>1

that has the following property:

For any integer N > 0 and for any given set of vectors
£, gév((AM-l)N) there exists a constant CN (independent

of h) such that

[ uPeuB 1] < cn?/2

Remarks

The sequence {wj }j-O depends only on the operator P . It is also clear

that {wj };so is not uniquely determined by Theorem 3.1. Any other sequence

i i
{nj }j-o , with span {n:i }j=0 span {wj }j-O Vi , could have been used.

The rest of this section is devoted to proving Theorem 3.1. To do so we

need a couple of auxiliary results.
By changing variables to [-1,1] and introducing ?ih(y) = uh(}"h) for

-1 <y <1 we transform (2) into the following equation for o

vhenl(-1,17:1) NLi(C-1,11;0%))

n
(3) B (W",v) = <g,v(1)> - <£,v(-1)>

vverl(C-1,11;#) NL2(C-1,11;0(al/?))
.
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N,
Here the bilinear form Bh is given by

1 1
- 2
%h(u,v) = h 1 J a< Mllz g—;, Mllz %:0 dy + h I b <Al/2u, All v> dy
-1 -1

Now let us define the sequence {y°} ng([-l,ll) by the following

3°3=0
equations:
For any véHl([-l,ﬂ)
1 o
dy
0 0 dv
4 _— =
“ I T °
-1
1 o 1
dy
1 1 dv 0
(47) JaFa;dy+Jb\l)ony=V(l) ’
=1 -1
and for j > 2:
1 dq’o 1
3 1 dv ° =
4°) Jady iy dy+[b¢j_1v dy =0 .
-1 -1
1

The sequence {V };_OQHI([-I,H) is defined by the same system of equa-

j
tions, the only difference being that in the right hand side of (41) v(l) 1is

replaced by v(-1) .

Lemma 3.1

Let jo denote an integer > 0 .

3

The equations (hj) 0<3 < 3, determine the set Wf}j:o uniquely

£ =0,1.

L
up to a constant in wj ’
o

oy




Proof

It is sufficient to prove the statement for £ =o .

The case jo = 0 1is obvious. We proceed by induction. Hence assume
h

that the equations (41) 0<j<j,-1 determine {w§}j:o uniquely modulo

o
a constant in wjo_l

Consider the equatioms @ o £3 213, - According to the induction
o}Jo-l o
373=0 il

]
Choosing v = 1 in equation (4°®) we derive the value of fi b w; -1 dy ,
- o

hypothesis, {y is determined uniquely up to a comstant in

o

3
which means that ¢ is completely determined. The equation 4" is

h g 5
o)
now nothing but a Neuman problem for - jL-a jL-, and since fl b wo v dy
dy = dy 21 jo-l

. 3o
is equal to the right hand side of equation (4 ), for any constant v , this
has a solution that is unique modulo a constant. This proves that w; is

o

determined uniquely by up to a constant.

O

© 1,
Because of the way the two sequences {w;}j.o and {y}} are constructed

3"3=0

we also have

Lemma 3.2

For any 1 >0

N(Pi) ispan{ ‘b; ,‘l’;' };-0¢ N(P1+l) .

Proof

The lemma is clearly true, if for any 1 > 0 we can prove the more detailed

statement:

P P R TR




N(Pi)$span{tp 1}:l $N(Pi+1 ,

and there exists a linear combination V = G¢:+1 + B¢i+1 such

that

span{!l):l J j=o@sp'an{w} = N(Pi+l)

The validity of the above statement is easily checked for 1 = 0 , and we
proceed by induction. That is, we assume the statement to be true for i = k > 0.

From the way *§+1 and ¢i+l are constructed it follows that

2\ o cptl
by Ve ENEEI\NE ’

and because of the induction hypothesis we then get

k+1 o 1,k+1
(P )Stspan{wj,wj}jso .

Now, adding the two vectors ¢§+1 and ¢§+1 , we cannot increase the dimen-

sion by more than two. The fact that the codimension of N(Pk+1) in N(Pk+2)

{8 2 , together with the strict inclusion

span{wj,lbj - 0$~(r“+1 .

hence shows that

span{ w‘j’,w} ‘j‘*%iN(pk*z ]
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That means we have proven the first part of the extended statement for
i = k+l .

Concerning the second part we consider the linear combination
] 1
Wiep * Bltn

From the construction we know that
o 1 0 1l
Ploieyp + Bliyp) = oliyy * Bl

Together with the induction hypothesis this tells that

a0, + By, ENCEEE).
On the other hand,awz+2 + Bwi+2 cannot be an element of Span{w;,w;}gi% .
If so, we would have by application of the operator P that
Mgy + BV €spanlyd,vll5L,
which contradicts the induction hypothesis.
This finally proves that aw§+2 + Bui+2 together with span{w;,w;}gré

spans all of N(Pk+2) .

Thus the second part has been established for i = k+l .

O

In the proof of Theorem 3.1 we shall also use the following density result.

£ i s A b i o e A iR s L Yae ey Rl i i m— oro——
e s vt oS i SRR S - g N Aoy T - ‘ﬂ
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Lemma 3.3
The set V defined as
1/2

) and v, €8([-1,1]) for 0 <3 < J)

J
V-{Z vj xj | JEW, x, €D(aA f

3=0 .

is dense in Hl([-l,ll;H)ﬂLz([-l,ll;D(Allz)

Proof
The lemma is clearly proven if one shows

(11) HY([-1,13;0a2)) is demse in HI([-1,11;H) NL2([-1,13;0(al/2))
1/2

(i) V 1is dense in Hl([-l,l];D(A

Let us start with (i). Assume uGV‘l (£ in Hl( F1,1047"“)) ) , that

is,

1 1
J <A1/2 %’ A1/2x> d_; dy + J <A1/2u, A1/2x> vdy =0
-1 -1

vverl(-1,1), xenal/?)

Since A 1is closed, this yields

1/2 1/2

dy »Edy+J <A7""u, AV x> vdy = 0

1 1
I 4 412,12, dv
-1 -1

Vvéﬂl([-l,ll). XGD(AI/Z), and hence

1/2) , K

1/2

<al/2, z1/2

v =0 \Yx€D(A




<u,Ax> = 0 VYx€D()

Because of the fact that A 1is invertible, we know that A(D(A)) = H . From

the previous equation we thus get
u=90

In summary, we have now proven that V! = 0 . This immediately yields

(1) .

To prove (ii), let dEA be the spectral measure of AI/Z (cf. [7]).

1f uéul([—l,ll;H) ﬂLz([l,ll;D(Allz)) , then u can be written as

u(y) = f dE, u(y)
oal’?)

2] [ um || < =
a2

Now define

uk(y) - I dE, u(y)
a(a¥2) nro,k]

Obviously ukGHI([-l,I];D(Allz)) , and

1
d 2
[114 ety -
-1

|

0 dIIEA:—yullz dy + 0
=1 9(A ) N]k,=
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for k + @ , because of Lebesque's monotone convergence theorem. In the

same fashion

1

I 182w ) || 2y =
-1

12d||EXu||2dy + 0
-1 oal?) nik,=p

for k »- o ., That is, we have proven

e dl] >0 for koo,

which immediately gives (ii).

Finally we are now ready for the

Proof of Theorem 3.1

Choose {wj};_o such that
24-1 i
span{wj}j-o - N Vi>1 ,
21 o 1,1
and span(y, }j_o = span{v],¥;}y, Vi>o .

This is possible because of Lemma 3.2, The wj's chosen this way obviously

have the first property stated in Theorem 3.1 .




I T_—_——_————mr—— s ——
i
{1 17
| For any N > 0 and any pair f,gGD((AM_l)N) let
h 142 §-1 -1,4-1
Zh (w (y/myM Lanh g-wj<y/h>u Law -1y |
j=0

] | ’ It is clear that S» GVZN Because of Proposition 2.1, it follows that

there exists a constant C (independent of N and h ) such that

1 h_h h h_.h
| el 1] < sty NPl < Il
|
|

We now estimate

| 1aP-shi 1]

N
By a change of variables and introduction of the bilinear form Bh it

follows that

" 1/2
[ah-sB1 ]| < crB, @P-sh, 55D

with s Z h 1+25(wj oM T hi-lg - w;(y)u‘l(AM‘l)j'lf) (and C independent
J'o

of N and h ).
Let us now consider

- N
i Bh(gh-g:’v)

1/2)

where v has the form w(y)'x , x€D(A and weﬂl([-l,ll) . We know that

Bh(u -SN.v) = w(l) <g,x> = w(-1) <f,x> - Bh(g:-") . "




Concerning the last term we have

N
§§,v> - jzoh’1+2jgh(wgn'l(AM'l)j'ls.v) -

n
Bh(
¥ o_1e24% ,1-1,, -1 4-1

R Bh(da;}( @ahIle vy .

3=0

Now because of the properties of the sequence {w;};_o

N ~ -
jioh‘l“zi‘sh(w‘j’u’l(m‘*)j'ls,v) .

N L ay°

-242j j dw -1,3-1
1h I 2% @y dy < (AM 7)- “g,x > +
-1

e e [T

1
N
+ Z hzj J bwowdy < (AMfl)jg,x > =
- 3
=0 1,

t'; 1 ayl

1 N+ -
w(l) <g,x> - th a 3y 1 %% dy < (AM 1)Ng,x >
-1

b i L o

Similarly

N ~
) n g ity -
- 3%0

1

2N d‘91]34-1 &
w(~1l) <f,x> - h J a

dy dy

dy < M HVe x>

so that altogether
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1/2) and weﬂl([-l,l]) . r., 1is

for any v of the form w(y)'x, x€D(A N

gliven by
o -1.% 1 -1.N
L '#N_,_I(AM )78 = Vg (AM Yf .

Now, because of continuity and Lemma 3.3, we get that

1
¥ ~h Yh 2N dry 4y
Bh(u =Sy»v) = h I A<y dy

vverl((-1,11;#) nL2(1-1,11;0?))
Using Schwarz's inequality, we see that the right hand side is bounded by

N
c h2N-~l-1/2 1/2

N (B, (v,v)] (Cy independent of h).

As a consequence of this it follows that

“h ~h 2h vz

~ 2N+1/2
sh, w-sm 12 < ¢ nP/

v

and hence || Iuh-S;;[ [ < Cy p2¥1/2




The Inverse Result

In Theorem 3.1 we examined a particular choice of the functions ¢

j L]
The approximation error was of order h2N+1/2 using the 2N+1 functions
2N
}
{wj =0

The goal of this section is to prove that the previous choice of functions

was by no means arbitrary. That sequence, or any other sequence {n }”

37 3=0
}2i span {y }21 for every i , is the only one that gives
j"3=0 1°3=0

this order of approximation.

with span {n
We formulate this as

Theorem 4.1

Let N and K be two non-negative integers and f and g two linearly
independent elements of H . Let {wj};_o be the sequence introduced in
Theorem 3.1 and uh the solution to (2) of section 2.

If {¢j}§;o is a set of elements of Hl([-l,ll) with the property that

inf | l |uh-v| I I - o(hmax{ZN-3/2,-1/2})
v WE

where W; denotes the set

1/2)

K
{Z¢j(y/h)xj | x; €0(a 0<j<K} ,

j=0

then

span{wj}§§0 Saspan{¢j}§;o .




21

Theorem 4.1 is actually a little stronger than just an inverse of Theorem

3.1. Let N be >1 . Theorem 3.1 then says that with the 2N+1 functions
2N+1/2

But Theorem 4.1 tells us
2N-3/2

we can obtain an error of order h

2N
vy Y

that even if we are satisfied with an error of order o¢h

) , we still

have to use all the functions {y, }j-O .

Proof

We can, without loss of generality, assume that f, gGD((AM.l)N)

*
Otherwise we replace uh, f and g by uh

= aH%", £x = eaHNe and

gk = (MA?l)Ng, which obviously satisfy the assumptions of the theorem.

gh as in the proof of Theorem 3.1, i.e.,

Define SN » Sy

N
- Z h-l+2j (¢o

. jty/hm‘l @ HIty o tmntaetyitlsy
j-

S 3

h
N

h h
and gN SN(y-h) .

Then because of Theorem 3.1 and the assumption of this theorem we see that

3 vh€ WI}E such that

‘ 'lls: - Vhlll - o(hmax{ZN-3/2, -1/2})

By a change of variables, this yields

1

(1) j lld—},(?: Sy 2 ay - o nRexl4N-2, O}

-1

1
(11) I ||A1/2(§§ - "\;h>||2dy - o(hmax{au-l.,-z}) .
-1

The function 3h has the form

Z ¢j(y)v » with vgév(Allz) for 0<3 < K .
j=0
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Now, multiplying (ii) through by h2 » we get because of the form of g;

and \'\r'h that

1

K

JH%MIU%-%wmﬂ% —hzogmﬁ”§W®+o
js

-1

for h+ 0. Since for a fixed K the set

{ Zo ¢J(y)x | ijH}

is closed in Lz([—l,ll; H) , we get

-1/2 1/2

o 1 -
VoA g - vg(mAT E = Z ¢,
The fact that £ and g are linearly independent implies that so are

f  and A-l/zg . Hence

A-l/2

span {\bg, w(li} C span {¢j};{=0 .

This proves Theorem 4.1 for N =0 . If N > 1 we are not yet finished.

In this case we proceed by induction, i.e., we assume it has been proven that

span {4 j’ w;'}?_o C span {¢j}K

j=0
for 0 <m < N-1 . .
4mt+2
Rearranging (i) and dividing through by h we get
1 o 1
) dy
_mHl m o+l o -1,,.~1l.m
| —=— ay ( ) 3 M (AM T)f +

-1

i _ awd . dol
+ jXOhZ(J m=1) ¢ -d—;t W a3l © 5 M @Iy -
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o K do
-w LY A M2y -0 for neo .
juo 7 3

(Here we use that 4m+2 < 4N-2).

Because of the induction hypothesis we know that

1
dy K d¢
z h2(_1-1::-—1) (—iM (AM™ )j -—iM-l(AM-l)j—lf) - Z _j_xh ,
=0 dy j=0 97 3

and now, using that for a fixed K the set

K dé
{} —ix x. € H}
420 dy 3

is closed in Lz([l,l]);H) , we conclude that

dw dy K d¢
m+1 m+1 -1 ~l.m - i
Tdy M (AM ) g - “dy MM T)TE jZO dy %y

The fact that f and g are linearly independent implies that so are

Ml )P and M 1AM LH)®f . Hence

1
dy® dy de, K
m+l . —mtl €span{-—l}.
dy dy dy Jno

From the way “’8 and \bé are constructed it is easily seen that

span{wg,wé} = {constant functions} ,

and this together with the induction hypothesis allows us to conclude that

span(y], ;1 ]t Gepants, i o -
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The induction proof is now finished, and finally we get because of the

2N

definition of {wj =0 °

span{wj}§§0 = span{w;,wi}gao S;span{¢j}§=o

O

By a slight variation of the preceding arguments we could prove the fol-
lowing version of Theorem 4.1, for the case where f and g are not linearly

independent, e.g., f = a°g

Theorem 4.2

Let N and K be non-negative integers. Llet f = o’g, with g€H\0}.

Let {wj}j-o be the sequence introduced in Theorem 3.1.
1f {¢j}§;0 is a set of elements of Hl([-l,ll) with the property that

1nfh|||uh-v|l| = O(hZN"l/2

v€WK

)

then

(o] 1,N K
span{wj - awj}j_o,S;Span{¢j}j_o
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5. Numerical Examples

Consider the problem

-
div(a grad uh) =0 4in ]0,1l[x}-h,h[ ,

93 h
83}7!‘ = g(x) for y=h,

3 h
aa—yu = -g(x) for y = -h,

L. " uw =0 for x=0 and x =1,

a

, for y >0

with a(y) = {
a, for y<0 .

(a

- and a, are two positive constants). This problem clearly falls within

the framework of our model problem. Simply choose

a, for y >0
b(y) = a(y) = a, for y <0 .

ce(x) =1 and

3 2 2 01
A=) with () = BX((0,2D) NEY([0,1])

and H = Lz([O,ll) .

The operator P in this case is given by

-14 d

Define {¢j };_OQBI([-I,II) as follows

b =1, 6 =aly,

y
-1
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and

pA
-1

Here Lk denotes the Legendre polynomial of degree k .

It is not difficult to see that with this definition

span{clb__i };30 = span{\pj };_0 Yi>o ,

where {tbj };-0 is the sequence introduced in Theorem 3.1.

As before u.Nh denotes the dimensionally reduced solution of order N .

u;} has the form
h N
uy = jzo¢j(y/h)uj<x) ,

° .
with “j enl([o,l]) + The vector U = (uj);‘_o is the solution to a two-point

elliptic boundary value problem

d2
K@) U+1/BLU=F

u@) =u@a) =o0.

The matrix é is diagonal, and the matrix § has a band structure. Both é
and § are independent of h . We solve this problel;l numerically by expanding
U in its Fourier series, only maintaining a finite number of terms. Since we
are interested in studying the error introduced by the dimensional reduction,

we maintain a very high number of terms. The graphs shown here were computed

using 400 Fourier coefficients. This ensures that the error introduced by
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discretization can be neglected compared to the error introduced by dimen-
sional reduction.

Let us start with the case a, =a = 1 and g(x) = n/4 . Figures 1, 2
and 3 show the energy error as a function of h by dimensional reduction of
order 0, 2 and 4 respectively. (Note that the functions {¢ j };_0 form a
basis for the polynomials in this case.) Using interpolation by the K-method
(cf£.[3]) we icnow that g(x) €(H,D(A))l/4’m. An application of Theorem 3.1

hence gives the following conclusions.

1) The energy error is of order h with dimensional reduction

based on ¢0 .

1i) The energy error is of order hz with dimensional reduction

based on oo, ¢1 and ¢2 .

1ii) The energy error is of order h2 with dimensional reduction

based on {¢j, 0<3<4t .

Figures 1, 2 and 3 illustrate the sharpness of the theoretical results.
Comparing figures 2 and 3 we see that
The requirement £,g€ 0((AM-1)N) in Theorem 3.1 is essential.
If £f and g are not sufficiently smooth, higher order
dimensionally reduced models will not improve the asymptotic
order of approximation as h =+ 0 .
Now consider the case where a, ¥ a, . In our computations a = 1,
a, = 2 and again g(x) = 7/4 . Figure 4 compares two different dimensionally

reduced solutions. For one of the dimensionally reduced solutions the poly-

nomials of degree < 2 have been chosen as basis functions in the y-directionm.

For the other dimensionally reduced solution the "special" functions 00. ¢
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Fig. 1: Energy error x10° as a function of h , using

i

;yl polynomials of degree = 0 ., o
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Fig. 2: Energy error xlO6 as a function of h , using

polynomials of degree < 2.
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Fig. 3: Energy error x107 as a function of h , using

’

polynomials of degree < 4 .
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Fig. 4: Energy errvor xlo5 as a function of h , By
- @— @~ using polynomials of degree < 2,

« ) —— X= using the "aiucial" functions % 01 and ¢, .




and ¢2 » Introduced earlier in this section, have been used. (Note that the
"special" functions are piecewise polynomials in this case.)

Applying Theorem 3.1 we expect that

The energy error will be of order h2 with dimensional

reduction based on the functions ¢0, ¢1 and ¢2 .

Since the "special" function ¢0 is the constant = 1 , which of course is a

polynomial of degree < 2 , we also expect that

The energy error will be of order h with dimensional reduction

based on the polynomials of degree < 2 .

From Fig. 4 it is again evident that there is a very good agreement between
the theory and the computational results. Specifically it is seen, by comparing

figures 2 and 4, that

If the dimensional reduction is based on the "special" functionms

{¢j};-0 , then the asymptotic behaviour of the energy error is

independent of the regularity of the solution uh across the line

y=0.

A feature very similar to this is well known for optimally constructed Finite

Element meshes.
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