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Summary

In this paper a non-iterative method for the numerical generation
of orthogonal curvilinear coordinates for plane annular regions between
two arbitrary smooth closed curves has been developed. The basic generating
equation is the Gaussian equation for an Euclidean space which has been
solved analytically. The method has been applied in many cases and these
test results demonstrate that the proposed method can be readily applied

to a wide variety of problems.
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? The problem of generating orthogonal or non-orthogonal curvilinear

coordinate systems in arbitrary domains is a problem of current interest

Introduction l
4
|
{
3

in many branches of physics and engineering, and particularly in fluid
mechanics and aerodynamics. The idea of generating coordinate meshes
by numerically solving a set of partial differential equations under the i

boundary-geometric data as the boundary conditions arose with the work of

!

al

Winslowl. Later Barfieldz, Chu3, Godunov and ProkopovA, Amsden and Hirt5 k

and Potter and Tuttle6 used this concept in generating coordinate systems j

for particular physical situations. The whole concept has however been 1

used in a much more organized manner by Thompson, Thames and Mastin7 (later
referred to as the TTM method) in developing and coding8 the computer
program for generating non-orthogonal coordinates in a variety of two-

dimensional situations. The user, however, has no control over the A
orthogonality or non-orthogonality of the generated coordinates.

The underlying basis of all the above methods, including that of

Popeg, Stariuslo, Middlecoff and Thomasll, and Mobley and Stewart12 is the

choice of a set of coupled partial differential equations. Two exceptions

to the above are the methods of Eiseman13, whose method is of an algebraic-
geometric nature, and that of Dav1314 which is based on the Schwarz-
Christoffel transformation of the complex variable theory.

In the differential equations method, except for the work of Stariuslo

where a hyperbolic system of equations is used, all other methods rest on

the system of elliptic partial differential equations. The elliptic

—acmne

system is usually a set of Laplace or Poisson equations V2f = -f1 and
Vin = -fz, where £ = const. and n = const. are the coordinate curves with

¢
‘ n = const. on all the boundary curves. Looking a little deeper, one finds
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that these equations provide a set of differential constraints or relations
among the fundamental metric coefficients 811 812 and 8yp¢ The next step

is to interchange the role of dependent and independent variables and then
to solve the coupled system for the Cartesian coordinates x and y. In the
TTM method, the arbitrariness of fl(g,n) and fz(é,n) has been used to control
or redistribute the coordinate lines in the desired regions.

In this paper we develop a new approach based on providing another
relationship among the fundamental metric coefficients which is not based
on any arbitrary assumption. This relationship is provided by the condition
that the coordinates are to be generated in an Euclidean space. The most
natural choice is then to use the Gaussian equation15 for an Euclidean
space, viz., a space of zero curvature. This fundamental equaéion is one
equation in the three unknowns 8110 812 and Byp To close this equation
we can use the simplest elliptic system of two Poisson equations.

The preceding ideas have been tested in the generation of orthogonal
coordinates in the annular region between two arbitrary smooth closed
curves. In the case of orthogonal coordinates (i.e., 819 = 0) the resulting
equations show that 859 is a function of {,n and 811 S° that a single
equation for the determination of 811 = xg + yg is obtained. A general
solution of this equation with 811 = 8,y can be written down in a series form
with the Fourier-coefficients determined from the prescribed values of 811
at the inner and outer boundaries. Further, from the earlier work of Potter
and Tuttle6 we have the result that in the case of orthogonal coordinates
the ratio gu/g22 is a product of functions of ¢ and n. This result can

be used to devise new coordinates ¢~ and n” in which the resulting equation

e AL

~ ——
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is again of the same form as in £ and n. 7Thus the same solution can be used
with a change of variables to provide the solution when 857 # 811> either
with or without coordinate redistribution.

The method developed on the preceding ideas therefore provides a non-
iterative closed form analytic solution for the case of two-dimensional
orthogonal coordinates. The main methodology is detailed in the succeeding

sections. Numerical results of the generated coordinates are shown in

Figures 3-8.




3 Formulation of the Problem

For the purpose of continuity of presentation, we first state the
following well known results: the line element ds in any space is given

by the Riemannian formula

(ds)? dxtdxd (1)

= gij

where the gij's are the covariant components of the fundamental metric

tensor. The choice of the coordinate system (xk) for any space is quite

l arbitrary, viz., any coordinate system can be introduced for reference
purposes, however, the values of gij(xk) and their distributions "in the
small" depend both on the coordinate system and on the intrinsic geometry
of the space in such a manner that the same value of ds is obtained
irrespective of the chosen coordinate system. Further, if in the chosen

space it is possible to introduce a set of rectangular coordinate axes,

then the line element is also given by

\

(ds)® = aijdx‘de (2)

where Sij is the Kronecker delta and (xk) is now a rectangular Cartesian

system. A space in which, in addition to any general coordinate system, the

line element is also obtainable through equation (2), is known as an
Euclidean space.

The preceding ideas can be condensed by introducing the concept of
curvature of the chosen space in which the coordinate system (xk) has been
introduced. If the Riemannian curvature of a space is zero then the space
is said to be Euclidean and it is then possible to introduce rectangular
Cartesian coordinates in this space. Therefore, if a two-dimensional space

is Euclidean then the Riemannian or Gaussian formula expressing the relation




among the gij's for any coordinate system, (while writing x! = ¢, x? = 1),
is given by
/o 12 2
2 8T » BT
o o) m g ) = 0 3)
S h| g1
where F;k are the Christoffel symbols of the second kind defined by
i1 18 O8gy , By By
=78 (—p+—5 - )
9% ox ax

and
= - 2
The main theme of the present paper is the choice of the fundamental

equation (3) for the determination of gij's and then to determine the

rectangular Cartesian coordinates x and y as functions of £ and n.

Determination of x and y

Equation (3) implies that there exists a continuous function a({,n)

such that
o = ﬁ I"lzl
1 811
a = :ﬁE rfz (5)
n 811

where a variable subscript denotes partial differentiation. Based on the

following formulae

= 2 2 = = 2 2
811 = X¢ + Yer B1p = XX + YV Bpp T X + b
1 , 1
rz. =-—=-(xy.. -y, x,,), s, = — (x.y,
11 /g £76¢ £76E 12 g bh

!

.
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it is easy to show by direct substitution that

x‘E = Vgll cos a, yg = -Vgll sin o

|
n
/gll

1
v

x (/g cosa- g, sin a) (7)

(812 cos a+ /E sin CX), yﬂ = 12

Using equations (5) and (7) in the expressions for da, dx and dy, we obtain

the expressions for a, x and y (first obtained by Martinl6).
g .
a=- [ & (r2 de+ T2 _ dn) (8)
g1 11 12

X = f[/gll cos a df + —— (g 5 cos a + Vg sin a)dn] 9)
1 !
y = [(-Vg), sin u di + 7%%; (Vg cos a - g, sin a)dn] (10)

The geometrical interpretation of a is that it is the angle of in-
clination with respect to the x-axis of the tangent to the coordinate line

n = const. directed in the sense of increasing values of the parameter ¢.

The choice of the minus sign in equation (5) is due to the adopted convention

that both ¢ and o be treated as positive in the clockwise sense.

Case of Orthogonal Coordinates

Equation (3) when written in terms of 8 ; and g = g ;8,9 ~ (glz)2

has the form

30 T
gll g an g N
8 1) t
>y 2 %812 1 8 81p 81
Tl = ) =0 (11)
an ot —
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which is an equation in three unknowns, viz., 811° ng and 8yo- Here a
wide range of possibilities are open to express 812 and 8yp as functions
of gll either through algebraic or differential relations. Fortunately,
in the case of orthogonal coordinates this arbitrariness is minimal and
equation (11) can be reduced to a very simple form which can be solved
analytically. The following discussion and analysis pertains only to
orthogonal coordinates.

In the case of orthogonal coordinates, the coefficient gl2 is zero,

i.e.,

819 = XX + Ye¥, = 0 (12)

which is satisfied by the equations

X

n -F y&

n F xg (13)

y
where F(x,y,é,n,x&,yg,xn,yn) > 0 is a continuous function of its arguments.
Let the boundary F2 of a bounded region Q in an Euclidean two-
dimensional space be a simple smooth curve x = x (&), y = y_(&), with a
uniformly turning tangent. In the region ¥, let ms be an annular subregion
bounded by the inner boundary Fl and the outer boundary Fz as shown in

Figure 1. The region Qs is to be mapped onto a rectangular region R in the

in-plane by a transformation with the initial data

x(6yn ) = x (&)
}o coe
- - m
y(&,n ) =y (&) (14)
0 as to have
x = x(5,n)
Ny 1NN
y = y(&,n) (15)
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where ng and n_ are the actual parametri. values associated with the
boundaries Fl and 27 respectively, and x and y are periodic in the ¢-

argument with the period

20 = (16)

m

The set of equations (13) along with the initial data (14) can form a
well-posed initial-value problem for hyperbolic equations if certain
conditions on F are satisfied. It is to be noted that in this case no

boundary data is uc<eded on the curve T This problem has been considered

1
by StariuslO,

Since in this paper the equation for the condition of an Euclidean
space (equation (11)) forms the basis of the proposed method, we expect
to have an elliptic boundary-value problem to be solved under the
Dirichlet conditions. Equation (11) with the substitution 8y = 0 and
on using equations (13) becomes

3 1 3 > 3

g
[c2— oy (Fg )] + o

Fgl1 an

[ 1 =0 17

bn

Y

82 = F gy

g = (Fgll)g (18)

Equation (17) can now be solved as an elliptic boundary-value problem
in gll provided that it can be proved that F is a function of {,n and 811"
These considerations on F will also provide a class of functions from which
F can be chosen in a simple way.

In Reference 10, Starius has proved the following properties of F:
(a) F is an invariant under translation and rotation of the coordinate

axes (x,y). Therefore, if (x,y) is a solution of equations (13), then it

e e et o R s T T TSP EI




can be shown that

a+xcos 6 -~y sin 6 3

»>
[}

b+ x sin 6 + y cos 6

<>
]

is a solution of the equations

=
oY
- -
[N

where a,b and ® are arbitrary constants. These considerations show that F
is not an explicit function of x and y.

(b) On the basis of the results obtained in (a), we have

F(&,n, Xes Yo X yn) = F(¢,n, Xer Yoo X yn)

hence aF _ 0 for all values of 6 including 6

T 6. Evaluating

(g%) , we obtain
6=20
1 3F 3F 9F oF
y, g 22y 2F
Ve ax, e By, In ox, *n dy

This equation shows that F = F(¢,n, g,., &,,), so that F depends on
11 22

xg, xn, yé, Y through 811 and 899 only.

(c) The considerations in (a) and (b) along with equation (18) show that

= 2

11
so that in principle 8y, can be expressed as a function of 811 and con-

sequently F = F(¢,n, ). This proves the contention that in the case

811

of orthogonal coordinates, equation (17) is sufficient for the calculation
( of 8-
The set of functions F > 0 satisfying the conditions (a), (b), and

(¢) enumerated above also contain F = 1 as an element. This choice of F'

*This 1is by no means a restriction, as is demonstrated later.

10
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yields the simplest possible form of the generating equation. With F =1,

equation (17) becomes

2 2
3P L3P _ (19)
3&2 3n2
where
= - 27 _ ok
P =Ain g, 8y = 83, VE=0 (20)

The boundary conditions are

0 <¢g :»Cm
=P (£) at n = N (21)

where the subscripts 8 and = denote the inner and outer boundaries
respectively. The periodicity requirement is that

P(g,n) = P(¢ + 2%, n) (22)
where

20 = ¢ .
°m

A general analytic solution of equation (19) under the conditions (21)

and (22) is
— o nn n‘ﬂ'& nm nm
P(;,n) = a + nK + ﬁ=1 sinh —E'(nw—n)(an cos ——= + b sin ———)/31nh 7
+ % sinh M (¢ cos amé . 4 sin “ng)/51nh i (23)
n=1 £ n L n
where
K = - (24)
K (e, ao)/nw
There is no loss of generality in setting the parametric value "y = 0. The

value n, must be interpreted as the difference between the actual®values at
the outer and inner boundaries. The determination of n_ is of crucial

importance to this work and is discussed in the next section.

& .
*"Refer to the next section.
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1 28 1 2% \
4% T 2% jo PB(g)dg’ % fo Pw(g)dg
24 2%
= l 21!__5_ - 1 nng
a =7 fo Ps(g) cos —= de, bn = E—fo PB(g) sin 0 d¢ >(25)
22 22
-1 nng _ 1 nng
c =3 fo P (8) cos 4=dg, d =3 [ P (£) sin T dg

/

Having determined the coefficients a s bn’ c_ and dn as defined in (25),

n
we can obtain the values of gll from (23) for all values of £ and n. To
find the expression for a we consider equations (5), which for orthogonal
coordinates are

I U S 7

For 89 = 8171° these equations become

1 =
a, =3 - a = - (26)
and on integration yield the exact expression for a.

an
o cosh == (n_-n)

. , I3
a(g,n) = a(g,0) + & (b cos nng o gin W&
n ¢ n 2
n=1 nn r]w
2 sinh
L
cosh nfn
o : né nné
+3 —————— (c_sin 522 = d_ cos "52)
=1 nnmn n '3 n L
n 2 sinh
s
nan_
cosh 2
@
- —————— (b cos & _ 4 sin 9153
=1 nnnw n 2 n [
171 2 sinn
'3
-~ £
-L ‘“""}‘————'(c sin LLLA. d cos 515) Q7N
n=1 nnn_ ' n 1 n )

2 siuh —

Since the line integrals for the determination of x and y (cf. Egs. (9)

and (10)) are independent of the path,viz.,
12
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an (/gll cos ) = 3% (/522 sin a)
2 (Vg,, sin a) = - 2 (Vg,., cos a)
an “'B11 e ‘"8
hence
n
x(&,n) = x(§,0) + fo /Eéz sin a dn (28)
n
y(&,n) = y(g,0) + fo /Ezz cos a dn (29)

The preceding analysis completes the basic development of the subject.

Coordinate Re-Distribution (Contraction)

In order to have the capability of re-distributing the coordinate lines
so as to have a control on the mesh spacings in the desired regions, we
consider a transformation from {({,n) to new coordinates (E,ﬁ). The trans-
formation functions can arbitrarily be selected, but can also be linked in
some manner to the physical field behaviors. For example, in viscous
flow problems the effect of viscosity near a wall can be incorporated in
the transformation functions. Below we proceed without specifying these
functions and then give one example in the section on numerical method.

On transformation from (£,n) to (£,n), the covariant metric coefficients

transform as
815 T By T ¥
13 Tkt 5
s0 that on using the relation 87 = 813 and 817 = 0, we have

- Ao an, o
8. = (92 + @2y,
11 of oF 11

= _ o (9%y2 anyo
iy = (GO + CDYe (30)
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We now introduce the transformation

£ o= $(%)
n = f(n) (31)

where the functions ¢ and f are continuously differentiable and satisfy the

conditions
$(E) =0, £() =0
where ¢ = 0 and n = 0 correspond respectively to P o= Zo and n = ;r. Defining
. (31a)
dé, dn
we have from (30)
gll(&,n) = *‘gll(&,n) (32b)
e Fn = < In TP
8y, (5,1 = g (B, (32¢)
G (324)
= - gll 941 2¢

\~
To obtain the solution in the (E,;) coordinate system, we merely have
to replace ¢ and n by the functions $(%) and ¢(n) respectively in (23) and

(27), while (28) and (29) become

X(E,m = XL ) + [1 By, sin a@,mdn (33a)
n,
I

Y(E,n) = Y(Z,?.O) + [0 £,, cos a(f,mdn (33b)

r.l)‘

It must be noted that on transformation the resulting metric coefficients
g g r al.
811 and g,, are not equ 1

The salient feature of the preceding analysis is that the solution

under the condition 322 = gl1 can be used to obtain the solution for the

case g,, # 811 by coordinate transformation.




Uniqueness Condition on ¢ for Orthogonal Coordinates

Any method for the generation of orthogonal coordinates on the preceding

lines has to be supplemented with a uniqueness condition on the behavior

of . and a method for its selection. The following analysis, besides

covering the above two aspects, also provides a general basis for the

earlier choice F = 1.

For the case of orthogonal coordinstes, equations (7) can also be

expressed in the inverse form as

= COSs L/Vt‘;ll R :‘y = ~-sin ‘g/r'g-{l

;- -

N = (0S8 u/vgz2

33
s

noo= sin a/y 9
X /g,

Writing F = fé;;/gl}, eliminating . between the above equations and then

by cross differentiation, we obtain the following equations:

jx (ux/F) + ’; (gy/p) =0 (34)
K -
X (Pux) + }; (Fny) =0 (3%

. . 6 . .
Following Protter and Tuttle we assume that the f-curves in the xy-plane

are free from sources and sinks. This condition establishes a unique

correspondence between the @ points on each pair of 1 = constant

lines. In the absence of sources or sinks, we have

divigrad vyl = 0 (36)

where (1) is an arbitrary differeatiable function of n, and as such grad

(1) is oriented along the normal to the curve n = const, Using the

cexpressions

. 1
jerad ng = l/o;,;z:l y Vo= » g"

R
R S o
ERE I,




in (36), we obtain

3 Ty = 40 dy
3 (tn ey /8y == 4 / dn
Writing %% = 1/v(n) and denoting the arbitrary function due to integration
as nu(f), we obtain the result

'211755; = % = u(&) v(n) (37
Introducing new variables
£ = fu(e)ds, n” = f ;%%3 (38)
and using (37) in (34) and (35), we get
Vgt = 0 (39)
vi'nt o= 0 (40)

Further using (37) and (33) in the fundamental equation (17), we obtain

3pc a'p”
SRy YR -0 (41)
37 an e
where
P" = in gll
Byy = 8y
Bpp T X Vi By T X H YL

The solution of equation (41) is of the same form as that of c¢quation
(19), viz., (23), and is obtained by replacing & and n by {7 and n’".
However, the important result obtained here is that a generating equation
of the form (19) or (41) must be supplemented with a Laplace equation for

or . respectively. This is the result or the required uniquencss

condition on ¢ for the generation of orthogonal coodinates. The condition

r
|
r
!
]

i
]
[}
]
!




on n°, i.e., equation (40), is implicitly satisfied by the coupled system

of equations (39) and (41) and needs no discussion.

The condition equation v2g = 0 can rigorously be satisfied in all
cases 1f we take £ as the angle traced out in a clockwise sense by the

common radius of the concentric circles in a conformal representation of

the inner and outer boundaries. The numerical scheme for this aspect of

the problem is an iterative one. In place of this elaborate scheme we have

devised another method which is much simpler and non-iterative. Both

of these methods have been discussed in the next section.

L e m e - — = —




Numerical Method of Solution

Based on the formulation of the problem as discussed in the preceeding

sections, we now have a non-iterative algebraic computational problem

which can be handled in a straight forward manner.

However, before solving

a specific problem, it is important first to establish an orthogonal

correspondence between unique points of the inner and outer boundary

curves which are to be connected by a specified number of ¢ = constant

curves, and second to obtain the numerical value of the parametric

difterence n . Two methods for the establishment of x(£) and y(%)

are given below.

Method 1: 1t has been mentioned in equation (20) and later discussed

in the preceeding section that the curves ! = constant in the phvsical xy-

0.

plane must satisfy the Laplace equation V-7,

be satisfivd we can take ¢ as the angle traced out in the clockwise sense
by the common radius of the concentric circles in a conformal representation
of the inner and outer boundary curves as follows,

The tunction 2z = t(z7), which conformally maps the region of the z-

For this condition to

plane exterior to the specified curve € onto the region of the z -plane

exterior to the circle ¢ of radius a, can be represented by a Laurent's

expansion as

2 =2 +p + iq + (p + iq )(;{)n
n=1 n noow

For points on the circumterence of the cirele OF

18




so that

x(£)

P, + (p;*a) cos¢ - q; sin ¢ + §=2 (p, cos ng - 9, sin ng) (43

y(&) = q_ + (p;-a) sing+ q €0s £ + I , (p sin ng + q_ cos ne) (44)
n=

The same form of equations can be written for the outer boundary with

A as the radius of the circle in the conformal plane.

T rk)

Now v = y(x) is known either in functional or tabular form. Thus
starting from an initial guess for x the corresponding ordinates are used

to determine the Fourier coefficients from equation (44) which in turn

__’v_._,___,—A-A..y- <...

determine a new set of abscissae and then the ordinates, and so on. The !
convergence of this iterative method yields x = x(£) and y = y(£) both . 3
for the inner and outer boundaries. Note that after the completion of I:

convergence we have

_ 1 2m . - . . ‘

a = 5 fo [x,(8) cos & -y, (€) sin £]dE (45a) {

and !t
!

b3

A= Zl—n ji" [x (&) cos ¢ =y _(§) sin £]d¢ (45b) ‘

Method II: In lieu of using Method 1, we have obtained equally good i 3
results by proceeding as follows. This method looks to be equivalent to Method I.
The inner and outer boundary data is available to us either in tabular

or functional form as

y = y(x ) (46)

w

g - Y(XB)’ y

We now circumscribe circles around the inner and outer boundary curves. Two

cases arise depending on whether the circles are concentric or nonconcentric.

Case I: If the circumscribed circles are concentric (Fig. 2a), then

we select those sets of ordinates which correspond to the abscissae




xB = rs cos £ and x_ = r. cos { , where rS and r, are the radii of the
circumscribed circles.

Case II: If the circumscribed circles are non-concentric (Fig. 2b),
then we first use the formula for the conformal transformation of non-

concentric to concentric circles (Kober)l7 and choose the abscissae by

using the following equation.

%(8) = [(1 - ¢y cos &) {xL (1 - ¢y cos £) + cy yy sin ¢
+ rL(c cos ¥ - y cos(& - ¢))}
- ¢y sin é{yL(l - ¢y cos §) - ¢y X sin ¢
- rL(c sin ¢ + vy sin(& - P))}]
/(1L -2 cy cos & + c’y?) (47)
where
rL,rs = radii of outer and inner circumscribed circles.

(xL,yL) and (xs,ys) = coordinates of the centers.

bl

K- c 2 + _ 2
4 = (xgmxp) (ygmyy)
y .-y
- _ -1 s "L
" n tan (x X )
s L

211/2
L} ]/2er

c = |(d + r - ré) + {(d + rL - ré) - 4d-r

= ¢cr
t c L

y = 1 tor the outer boundary.

d -
l-t

I
t
y = ot | for the inner boundary

8

The ordinates are now selected corresponding to the set of ahscissae

given by (47).

.
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Determination of Ny

The parametric difference n, is connected in some manner with the i
"modulus" of the domain. Determination of the modulus for annular regions
has been considered by Burbea18 and Gaierlg. In this paper we base the
determination of n_ on the radii a and A in the conformal representation
process described in equations (45), and define it as

n, = (3 (48) g
If Method I is used then A and a are available as parts of the converged
iteration, while if Method II is used, then they are obtained by simple
quadratures applied to equation (45).

Having determined the appropriate x(f) and y(£) both for the inner
and outer boundaries, we first calculate the values of (gll)B and (gll)m
numerically and then of PB(g) and Pm(g). Based on these distributions
the Fourier coefficients an, bn’ Cn and dn are computed by numerical

quadrature through the use of equation (25). Since these values of the

coefficients are independent of the spacings between n = constant lines

the same values are used when a redistribution of n = constant lines is
desired. Substituting the Fourier coefficients in equation (23) we
determine the values of P(%,n) and hence of gll(i,n) for the whole

annular region. A knowledge of P({,n) determines a({,n) through equation

o v T TN AT R e e

(27) and so also the Cartesian coordinates x({,n) and y({,n) through
equations (28) and (29) by numerical quadrature.

A computer program withh the option of redistributing the coordinate
lines in any desired manner has been written and used to genecrate the

orthogonal coordinates for various annular regions as shown in Figures 3-8,

Baaid e S -
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For the example problems we have chosen the following forms of the function

¢ and f of equations (31).

o 22(E-E)
$(E) = ——
gm_go
- nw(ﬁ—ne) k(ng)
£() = ——— (49)
noo—ng K(ﬂw-nﬁ)
so that - -
29, nco - - (n—ﬂ )
A=, 0= — [l+(n~n8)lnl(] K B 50
£ -% - (R~ 50
m "o o 'R K 8
where K > 1 is an arbitrary constant, ¢ = m, and L= Zm, n = Em correspond

respectively to £ = 2% 27 and n = .- We treat E and n as integers so

that Eo =1, Em = IMAX, n_ =1, n JMAX. Since n_ is known from (48),

B (o]
hence by specifying the numerical values to K and JMAX we can create the
desired mesh control in the direction of n. The value of K between 1.05
and 1.1 is quite sufficient20 to have very fine grid spacing near the

inner boundary.

The number of terms to be retained in the series (23) is usually small

for convex inner and outer boundary curves, though we have retained (IMAX-1)/2

number of coefficients in each computation. This number is the optimum

) . . 21 . .
number of terms in a discrete Fourier series having IMAX number of points
in one period. The average computer time for the complete computation on

the UNIVAC 1100/80 for IMAX = 73 and JMAX = 60 field is about 2.75 minutes.
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Summary of Numerical Experimentations !

In the course of this investigation a number of cases of inner and
outer boundary shapes and orientations have been tested through the
developed computer program. The main conclusions are listed below:

(i) The method works very effectively for smooth and convex

boundaries of any shape and orientation (cf. Figures (3)-(5) and
.

(ii) For concave boundaries a method similar to that of Eiseman13
has to be used in the placement of the outer boundary to avoid
intersecting § = constant lines (cf. Fig. 8).

(iii) Sharp turns or corners are not admissible and have to be rounded

to avoid singularities (cf. Fig. 6).
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Comparison with the TTM Method

As discussed in the introduction, the choice of the proposed method

has been motivated by two considerations: (i) to choose a set of equations

Dl b b AR L ALLIA At oo SRS el

which are fundamental to the intrinsic nature of the space in which the

coordinates are sought, and (ii) to minimize the inherent arbitrariness

in the selection of relations among the metric coefficients. It is the

purpose of this section to show that for the case of orthogonal coordinates

the equations of TTM (Ref. 7,20) can be reduced in a simple form which can

also be used to achieve the above two stated purposes. L
The two-dimensional Laplacian of a scalar ¢ of general coordinates £ and

£
/g 13 /g an /g )] G

Introducing the operator

2= p—
D% = 8ypdpe = 28199 * 8110 (52)

in (51) gives another form

. 1 .5 5. 5
vy = = D2y + Vi + p V
¥ 2 D<y wg &+ VT (53)

Writing v = x and then ¢ = y in (53), we recover the equation of TTM,

which are

D?x

-g(xgvzi + an2n)

D%y = -g(y Ve +y vin) (54)
For orthogonal coordinates 81y < 0, so that

2 2
B22%ee * 811%nn T —“(xﬁv £+ xnv "

= _ 2 2
gzzyCg + 811Ynn = g(yt.)V i+ yn\7 n) (55) L
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Also, for orthogonal coordinates, equation (51) gives

e 1 B
Veg 5% (ngzlgll)
811822
2 1 3
ven an ( gll/g22 ) (56
/éllg22

It is immediately concluded from equations (56), that if the generating

system is taken to be

then g11/g2, = K = constant. The choice K = 1 gives the condition for the
Cauchy-Riemann equations. A change of variable such as n” = n//i
achieves the same purpose. In any event, without loss of generality,

equations (55) take the form

"
o

x.. + x
£e nn

>

57

L}
(]

. v
Vel N

It will now be shown that even when the generating system is taken as
v o= -f, G, Vin = -, (),

fl and f, being arbitrary functions. the equations of the form (57) are

again obtained.

Following the results of previous section, that, in the absence of sources

or sinks in either the ¢ or 1 lines, the most general form of gllfng is
Yo o = ;
g,ll/g22 w)v(n)

where 1 and v are arbitrary differentiable functions. Using (56) in (55)

and defining new variables

£ = fu(di, nt o= _dn_ (58)
v{n)
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we obtain

+y ..=0 (59)

where

0

vZgs = 0, V2y~
From the foregoing analysis we conclude that the set of equations (59) are
quite general and capable of generating orthogonal coordinates (as has
earlier been proposed by Popeg),and there is no need to solve a more

difficult and time consuming set of non-~linear equations (55). Further

the method of solving equations (59) follows the same patterns as that of

the proposed method of this paper as discussed before.

N nra i

ween
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Conclusions

A new method for the generation of orthogonal coordinates in two-
dimensional regions has been proposed. The methed shows that much of the
arbitrariness in the choice of relations among the metrical coefficients
can be minimized by the use of the condition of an Euclidean space. The
method can also be used for simply connected regions only by obtaining the
solution of the linear equation (19) under the changed boundary conditions.

|
f
!
!
Besides, the proposed method can also be extended to three-dimensional i
regions. i
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(a) Concentric circumscribed circles C1 and Cy of radii rg, T
respectively with center at the origin. (b) Non-concentric
circumscribed circles C; and C2 of radii r, and r. and centers

at z, and z, respectively. L

Figure 2.
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Figure 3. Confocal ellipses. Semi-major axes 1.48, 5.0, and semi-minor
axes 0.5, 4.802 respectively. Only 38 n = ¢ ’ N
for detail. onst. lines shown




Figure 3. Confocal ellipses. Semi-major axes 1.48, 5.0, and semi-minor
axes 0.5, 4.802 respectively. Omnly 38 n = ’
for detail. i n = const. lines shown
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Figure 4. A blunt body section with elliptical outer boundary.
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; Figure 5. Non-concentric circles: r_ =1, r, = 2.5, z = (0,0), z; _ (1,0)
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Figure 6. Joukowsky's airfoil with slightly rounded trailing edge.
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Figure 7. Non-~concentric ellipses,

Size data same as in Figure 3.
z = (0,0), zL(l,O).
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