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Ahstract: To interfuce between the one-dimensional scanning of an image. and the application of & two-
dimensional operator, an intermedinte storage is required.  For a square muage of size n?, and a square
operator of size 1 the minumum intermediate storage is shown 1o be n-{(m -+ 1). An mterface of this size can
be cemveniently realized by using a serpentine delay line. New kinds of imagers would be required to reduce

ihe size of the intermediate storage below n - (m — 1),
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1. Introduction  |=< . oo )

Image processing often requires the application of a two-dimensional operator over the inage. hnaging
devices usually scan the image along a one-dimensional path. and produce o stream of data points. 1n such
cases. an intermediate storage is required, o interface between the one-dimensional scanning and the applica-
tion of the two-dimensional operator,

I this paper, the interface problem will be examined. Tn particutar, we shatl determine the minimun
size required of the intermediate storage. o asquare image of size n?and a square operator of size m?. the
minitan intermediate storage is shown o be - (- - 1), For small size operators the mtermediate storage
may not add substantially o the overall size of the system. For example. o recent two-dimenstonal CCL)
scanner developed by Fexas Instruments (Hall & Awtrey, 1979) incorporates the intermediaite storage required
for a 3 * 3 operator on the scanner chip itself. For Lirger operators, howeser, the size of the intermediate
storage becomes significant. For example, a recent CCD comvolution chip constructed by Hughes is designed
to support a4 26 % 26 operator (Nudd ef of, 1979, 1tis mtended o be applied o images ot 1000 points on a
side, i which case an intermediate storage of 25000 image ponts would e required. I such cases the size of
the system is determined almost entively by the mtermediate storage reguirement. Given the theoretical lower
bound on the size of this storage, it is suggested that new kinds of unagers would be required lor systems for

which size is a dominant consideration.

2. Lising a serpentine delay line of size n - (m - - 1)
A simple method for interfucing a one-dimensional scanner 10 4 two dimensional operator is shown in
Figare 1. The camnera ¢ scans the inage (assumed 10 be i square of i paints) row by row, The intensity values
measured by the camera are fed intoa serpentime delay Ime (S m Figare D, consisting of e 1 rows, cach

ol length . The serpentine delay hne is tapped o 1 positions that are connected to the two-dimensional

operator M (of size m”). T addition, there is a direct line from the camera to M, so that there are a total of m




input lines to M.

After the first m — 1 rows have been scanned. they hill the intermediate storage S, and the first column
of these rows resides in the rightmost column of S, ready to be delivered to M. The scanner then reads point
(m.1) in the image, and the first column of m points (point (1.1) to (m.1)) is transferred w M. Point (m.1)
also enters the delay line, shifting cach point in 8§ by vne position. ‘The point in the lower-right corner of S
is dropped from the memory and lost. Whenever a new point is now read by the samner, a column of m
points is transferred to M. After having scanned m points from the m! vow. the entire upper-left square of m?
points resides in M, and the operator is applied o it. When the scanning of the eatire inage is completed, the
operator has been applicd to all the squares of size m? in the image.

The intermediate storage S in this scheme is required to hold 2 - (m — 1) image points, The nexi section
will establish that this requircient cannot be reduced. Even il one uses arbitrary scanning pattern (e.g., the
image may be divided into sub-blacks, and cach block scanned and operated upon separately), and arbitrary

interconnections between S and M (i.c.. M may have access to all the points in S), the minimal internnediate

storage would still be n - (m — 1).
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Figure 11 A serpentine defay tine Sowith me ) rows of Jength 2 cach, interfaces a scanner € with the

operator Mof size m2,




X T'he minineal intermediste storageis n - (m — 1)

1 et the size of the intermediate storage be S, In this part we wish o show that § > n - (m - 1).

Nowation: We shall think of the image as a prid of nos 2 squares, n 7> 20 Fach square i the geid s also
called a pernr in the image. A two-dimensional operator of size mex mis a lunction of m? apuments. The
function is to be applied to every square of size m? points in the image. We shalt assutie that the size of the
operator (m) is atmost . Finally, foraset P ot poines, )|} will denote the number of pointsin P,

Definitions: Pwo distinet points in the image are calied parmers it they G be conered simpltancously by
a square of size m2. That is, their distance in the image in cither the horizontal or the verucal direction is
at most m points. Similarly, the partners of a set P of points are the partners of all the points in P, but not
including the points in the set P aself. That is,

pariners(P) = U purtners(s) - P {1)
e P

When the scanner has read K points, k > 8, somie of the kK points are no longer i the storage . and cat no
tonger he retrieved. T et P be the set of points that have been scanned, but are no longer i ihe stotage. 10s not
difficult 1o see that at this stage the partaers of the set P mast reside i the imtermediate storape Phe reason s
that if points p and q are pariners, then there must exista stage at which hoth poand g are w the mtermedate
storage. We can now obtain i lower bound on the size of the intermediate storage by ostunanng the number
of partners of a st of k points, We shall estabish the fower bound on the size of the mtenmeditte staraee by
showing that for a certiin chowe of K, the number of partners is at leistn - (in 1),

Proposinon 121 etk be the smallest integer such that k >~ “,". For this choee of kL any set otk poimts has
sleastn{m — 1) partners.

Proags By mduction on m, the size of the two-dimensional operator. For m bahe clam holds, sinee
the number of partners is 7cro. To prove the indoction step we shabl show that, i an anage ot size i, when

the size of the operator is increased fromm = Meom = M 4 ) Gssammg M) 1= ) he setol partners

is increased by at least n new points. To prove the mduction step. we shail use the tollow g two defimtions
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Defiaen 12100 ] be the image, and P a collection of points in the image. A neighbor of the set P is a ’;
pomtin |- P that shares an edge or a vertex on the grid with a pointin P,
Defininon 20 Tnca grid of size n’. asctofk points is called admissible (and the grid dself is adurissible) if: :
t 3, . 1
-nf < k< -n® forn>2 (2) !
4 4
| 3 . P
4nz_<_k< 4112 forn == ; |

Comment: Fet P be the set of the k oniginal points, and all their parters for an operator of size M. When
the operator mcreases in size o M 1 all the neighbors of P hecome new partners of the & original points.
Fo prove proposition 1t will be suflicient, therefore, to show that the set P2 has at least n neighbors. ‘This wil)
be the goal of proposition 2.

Without loss of generality, we can assume that the set P s admissible. Since P contains the k original
points, clearly W < 1P WHPE = fnd then the k origingd points have at least dn? — k partners.

But since & << '!" AL and > MO Lo would tollow that the & original points have at least n - m

partners. Proposition 1 would theretore hold tor the operator ot size A 4= 1, and the induction step would be
UNACCESSary.
Proposition 2 A a grid of 1? paints, any admissible set of A points has at least n neighbors,

Proof” By induction on n, the size of the gnd. Forne 2 the proposttion holds since K =- 1 or K = 2,

and in either case there are at least 2 neighbors, We next assume that proposition 2 holds for n = N, and

prove st forn = N 4 L.

‘ The general structure of the proof will be as folfows. for convenience of reference, the A points will be

called the black peints, and the remaining points white. Tn these terms, we wish to show that ina grid of size

' (N + 1) any set of K points, YN + 2 <K < HN t 1) hasatleast N | 1 white neighbors, To use

the induction hypothesis we shall prove the following claim:
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Proposition 3: 1Uis possible o remove a row and a column from the grid in such & way, that the resulting
grid of size N2 will be admissible.

From the induction hypothesis, in the reduced grid the set of black points has at least N neighbors. The
proof will be concluded by showing that when the missing row and column are re-introduced, the number of
neighbors of the black set is increased by at feast one.,

Proposition 3.1: From an admissible grid of size (N 4+ 1)? itis possible o remove a row and a column, so
that in the remaining grid of size N the number of black poings will be less than N2,

Proof:  Let as 4y denote the fraction of black points in the originad grid. That is. the nuniber K of
black points is equal o an ¢y - (N + 1)2 Similarly, ax is the fraction of black points in the reduced grid. In
these terms, we assuine in proposition 3.1 that { < ayv ) < 1. and wish to esablish that ay < 4,

I.et B, denote the total number of black points in row i and column j. B3, is the (number of black points
in row 1) + {the number of black points in row j). The difference between B, and [J,J is that if point (i) is
black. it is counted twice in B, , butonly once in 8, . 1ot B = Z,\J HoB,j, B=Y "B,

Ihere are ax 4 (N - 1)? black points in the grid. and cach one is counted 2(N | 1) times in 3.
therefore:

B=2N+1)-ay (N + 1) (3)
In 13 cach black pointis counted one additional time, compared with B, therefore:
B=1DB —ax (N +1)? (4)

There are (N 4 1)2 terms B, , contributing to the sum B, therefore the average comtribution is:

B

(N =2 (VD vy (5)

‘There must exist a term B, that contributes at least the average contribution. Propaosition 3.1 will therefore be

satisfied if

av N+ 1) = Qay (N F 1) —an 1) < N2 (6)




I this inequatity does not hold, then:

av (N F 2= (2ay (N F 1) - ax ) > N2 )

But this mpliesay 41 2> 4 whichis a contradiction. since § <Zav <. 8

Proposinen 3.2: T the conditions of proposition 3.1 1 is possible to remove o fow and a column so that in
the redueed wrid ay > ‘i

[he proot will be omitted. sinee it s entively analogous to the preet of proposition 3.1

Comment: The row and column chosen in propositions 3.1 and 3.2 are not necessarily the same. I in
proposition 3.1, ay > Lo orafl in proposition 3.2, a << 4L then proposition 3 is estabhished. Proposition
3 may sull fail, howeser. to be satisfied if in proposition 31 ax < 4 and in proposition 32 ay 2> 4. 1tis
required therefore 1o show that in this case we can still remove a row and a column such that in the reduced
grid the set of biack points is admissible.

Fet the row and columa chosen in proposition 3.1 be row 7 and column i The row and column chosen
in proposition 3.2 will be denoted row & and column L 1 et us now remove from the grid row ¢ and column £
Since the definition of an adimissidle setis stightly difterent for N == 2, we shall start with the case N 2> 3. In

this case, proposition 3 would fail to be satisfied if cither:

asy |(N { l)2 —_ B,‘ ;<_ ;Nz (8)

or.

an |(N { ])2 - B,[ >_ jNZ (())

et us enamine the first case, We may assume that

. 3.
ax (N 1Y - Bu > N? (10)

oo e eie e

i,




(sve the commient above). From (8) and (10) we conclude that:

By — By > ;N’ (1)

B,; — By is the difference in the number of black points between rows ¢ and A, aller removing the 1" column,
henee By — By < N This. wogether with (11, imphies N << 20 incontradiction with the assumption that
N > 3. We conclude that for N 2> 3(8) is impossible, and the incquality ax  ((N - 1 -~ By > IN?
must hold. To include the case N = 2. a similar argument establishes that a~ .y (N -+ l)’ — B> ‘,N2
must hold for N > 2.

The case in (9) can be handled analogously, yiclding
| I .
B,y — B > 2—N (12)

which again cannot hold for N 2> 2.
In conclusion, the fraction ax satisfies b < ax < 4 forN >3 and ! <av < 1 Htor N - 2. 1he
{ i = [~ !

set of hlack points in the reduced grid is therefore admissible. |

Proposition 3 has established that a row and a column can be removed from the orgmal grid of size
(N + D)2 resulting in an admissible grid of size N From the induction hypothesis, in the reduced grid the set
of black points has at least N acighbors. To show that the set of neighbors in the original grid 15 Larger (by at
least one), we shall use the following claim:

Praposition 4 proposition 3 can be satisfied by removing a row and a column that are not entirely black.

Procf: Wis suflicient to show that proposition L1 can be satisticd with a row and a column that contain
at least one white point. We can assume without loss of generality that the original grid contains the maximal
possible number of black points, since if proposition 3.1 can be satistied (with a row and a column that are
not entirely black) for a maximal number of black points, it can also be satisficd for grids with fewer black

points. For N 4 1 = 2m (an cven number), the maximal number of Back pomtsis SN 1)2 1 tor

——————
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N 1 == 2m -} 1. the maximal numberis 4(N 4 1) — 4. We shall examine the Tatter case (the first can be
established analogously).
et r be the number of completely black rows in the original grid. ¢ the number of completely black

cotumns, We can assume that 7 > 1, ¢ > 1, sinee otherwise propusition 4 followes directls from proposition

N bt \

XoSinceas o< dathere < N orr < !

.;— must hold. Without Toss of generality we shall assume
that e <C \.; '

The r black rows and ¢ black calumns contribute a total of

(r+c(N+1)—rc (13)
black puints. The number of black points in the remaining rows and columns is therefore:

2N 1y (r + )N + 1) + rc ()

4
This number of black points is divided among N 4~ 1 — ¢ columns, heace the average per column (denoted
by A)is:

There must exist @ column which contains at least 7 4 A black points. By removing this column and one of the

black rows we remove at least:

(N+U)+r+4a—1 (16)

Mlack points, It therefo ¢ remains to establish that:

3
SN 1= = (N7 A) < N2 (17)

Inequadity €17) reduces to:

N? Ne

+ N — - 0

g TNy o> (18)

Fore < ; ! inequahty (18) holds, therefore propasition 4 s established.
e _ -

) - " o I" " et _.I"i"». e T LTI
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Corollary: using the same argument, proposition 3.2 can be established with a row and a column that
are not entirely white. Combining the two claims, it is straightforward to establish that propuosition 3 can be

satisfied by a row and a column that are neither entirely black nor entirely white,

Proposition $: “The set of black points in the original grid has at least N -+ 1 neighbors.

Proof:  From propositions 3 and 4, we can remove a row 12 and a column C (neither entirely black nor
entirely white) from the original grid, and obtain an admissibic grid. F'rom the induction hypothesis, the set of
black points in the reduced grid has at lcast N neighbors. We have (o show that by re-introducing £ and C

the number of neighbors increases by at lcast one.

Since I and C contain both black and white points, they contain at Icast one “internal neighbor™. i,
white point that borders a black point. where both points are in R (J €. We shall show that withouwt the inter-
nal neighbor the number of neighbors in the original grid s at least N, henee the total number of neighbors is

atlcast N + 1., as required.

If a given point p is a neighbor of the black sct in the reduced grid. it may or may not remain a neighbor
when the missing row and column are re-introduced. 1.et us examinge first the case where p is nota neighbor
of the black set in the original grid. In this case p must be surrounded in the original arid by white points (see
Figure 2). In this configuration, point ¢ in I? becomes a new neighbor, since at least one of the puints a, b, ¢
must be black. Note that ¢ cannot be an internal neighbor, (Comment: in Figure 2. point p borders the re-
introduced column R. The argument is unchanged when it borders C instead of 1. 1he case where p borders

both R and C requires a slight extension of the argument, which will nut be claborated.)

We conclude that there exists a one-to-ane mapping from the neighbors in the reduced grid into the
neighbors in the original grid. and that this mapping does not include the internal neighbor. Yhe number
of neighbors in the grid of size N 4= 1 is therefore at least N 4 1. This establishes the induction step in

proposition 2, and concludes the proof of propoesitions 2 and 1.

» ‘ - e e e
. ok "
e
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Figure 2o After colunn R has been re-inproduced, point pis no donger o neighbor of the black set. All the
squares hordering g st therefore be white, Prion 1o the re introduction of column R . p was a neighbor of

the hlack sef, hence af feastone o the points a, b, e, mnst be black, Pomt g s theretore o neighbor of the black
1

sct.




4. Reducing the size of the intermediate storage

The lower hound established in the preceding section implies that the intermediate storage may play a
dominant role in determining the size of the system. The intermediate storage can, however, be reduced by
scanning the image more than once. Suppuose, for example, that s rows are scanned in parallel. The fisst scan-
path scans rows 110 s, the second scans rows 2 o s -f 1 e Fach image point s scanned i this scheme s
times. Using the serpentine dekiy line of Section 2, it is possible now 1o connect s lines directly (o the two-
dimensional operator M. The intermediate storage S will then hane ondy (0 8) rows, This scheme gives
a simple (though not optimal, in erms of the storage size) method of reducing the siee of the mtermediate
stofage 1o n - (m — s), where s is the number of times cach pointis scanned, (o particular, by havings - = m

the intermediate storage becomes unnecessary.
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