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1. ~ ~ ~ ~ @ Inrdcio - A r-1;.

Imiage p rocessinI g ot Ien req in ries [lie appicatio o(111a t wt di rer isitl,1 vii pe i i t ouel.rtile iii rage. I imig i

dle\ ices tIM all\ scal ile limage altong a one -di iieusionail pa thI. and p roduL ce 11 Streami it' d it. pointIs. lIn Such

cawes, an in termnedilate stt I; tee ks reqir led, to inite rface hevmee thle one-d i merisittral sc anning amid tile applica-

tion oihe(1 t" o dimnitsional operator.

hi [Iliis p.r. tile iliirelilce problemi will hle examined. III particular. \ C Slhall deterriire thle nilnirtiin

'ale reqiried (it thle itrineiate Storage. [or a square irluige tfSi/e ni, 111(1ii aSquare operat itt she Ir'l. tilc

1111u1tilu niNeit toraege is Shorwn to Ile it (m - - 1). [-or ,imai! ,i/e otperatoirs the iri ediate storaige

111.1\ not adlhsata to (lie omerall size of (lhe systemI. For exartple. d ICecitI r'N (1-d irneristont.rl C( 'I

scannler de' eloped b\ teas I listnruents 0(Ilall & A~ktreN . 1979) incorpol)rates thie interniedite ,toige required

for at 3 * 3 ipe rator onl thle Scan ne r chiip itselfI. F or larer operat us, hii %ecie r, tI e siu/e tf tiIle initermvedimat

sti ;ge beet ti ies Sigiicanlt. Fo r example, at reenti CC I ) timoltitlon ii lip cimnstrit te bN I loit es is designed

to support it 26 * 26 operator ( Nudd ,/ Ai. 1979). It is intended ito lie appled to Images of* IWOI~ points on at

Sidle. Inlli ri se tl IrCiteriite storalge of 250M(~ iriage ptoints %Atinld he icqirired. Ill Stil C.ISeS thle Size o'

tile ,Sstclil is derriilted .1r1lrrtst eirely bly (lie rritvriiedimre sioralge reCquierrilerit. ( iikeri tile thceoreticarl lower

bt ti r d onl thle Su e oft Iiis storalge. it is suggested that rrei k I r ds ot linrage is %%ooi rd be req iii ed Ii r s Sterns for

%% Ii chI si ie is r dorinanrit corside ration.

2. t Ising Ir SerpentineU delay line of sie ni (m - - I

A Sinmple m ethlo d for inrlerlIcIing t trie -dir rierislioral sea rier it) a twio dimi erisinal ope raltot is showni in

I Iilu . The enveira C scans tile imalge I.issrnrrrel tot be a SqluareCof t , pointls) rI~o% by row. The intniyiale

in reasr rred bly tile ca*ici nnter C letid in to a1 Set r1I1 pei iCrt eLrN ltiile (S in rirgli re I ), et ti sist inrg of' m? I rows, eaceh

of lellir Iit. IThe se rperi ti e delar linie rs lipped rnlnm I poisitrtiris tin t a re ciii nccted to the tit o-diiiensionarI

opeliato r Ni lt' /C mt) Ilri .idit inn. the re is it di ree t itrie fril tintte Carmelo ia ttN. st that there al- it t uli ol r
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input lilies to NI.

After the first m - I rows have hcn scanned. they fill tile inteited ialc storage S, and the first cohumn

of these rows resides inl thle rightmost colun of S, ready ito be delixered to N11. The scanner thenl reaids floilit

(in. I) inl the image, mnd the first collumn11 Of In points (Point( (1I1) to (110.1)) is trinsei red to NI. Poinlt (n11. )

also cnitcrs the delay linle. shirig cacth poinit ill S bN onCe posit ion. T he pi i i the lhmxer-right ct )rler of S

is dropped from the memory and lost. Wheniew em .i te poinit is flow read b\ thle ,can nlCr, at columnI of in

poits is tranisferred to M. A ftcr hav-ig scanned mi points from the i rn11 row, thle entire lipper-left square of' in 2

poinits resides inl NI, anid the Operator is appl ied to it. WI ei tthe sea if ig ot.the entire im age is ci mplet ed. tile

operator has beeni applied to all (lhe squares of si/c in 2 iii (lhe image.

Thie intermediate storage S inl this scme is required to hold it (tit -I) imiage points. I tic niext section

will establish that this requiremnit cannot be redUced. ken ii ione uses arhitr-mrN scmiliig patternl (e.g., the

image may he div ided int~o sub-blocks, anid each block scannecd anid operated uponi separately), anld arbitrary

intlerconnections betweeni S anid NI (i.e.. NI mray haw access to all tile poinits inl S ).the miiiiniial intermediate

storage would still be n (mn -1)
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3. The minitall imermdizute storage is nl (m - I)

let de sim of'the intemnedimte storage be S. In this part w-e w ish to slio (lat S -> nl (m I).

NMtati,: We shall think ofl'the image as a grid [ I * it stares., n - 2. V-+ich sqt,i1m inl the grid is ,aliso

called a iml inf the image. A two-dimensitonal ope tor of' si/ , fi * m is It iunclioI" i itm-' .111 giiiii ,I Iti. I lhe

ftliction is it) hie Applied to e'eirN Square illf siu i ? 2 
poit it Ill then ii .We sh We " s1, t l 11. h.tie si/¢ if lhihe

olertlhor (m) is ait t1o)1t .ills, fll' it set 1 ot'lloitlls, I ill dellot the nin..bei tf' points in 1).

(k/ifut it ns." Two dis poinits in the im.age are called parI cr. it* the cmi h" ci n e red siii i to% nil> b%

if square of sie in2. l'hat is. their distance in tihe ii age ill eit her tlie ll l' l ll or the it icadl sirectin is

ill most i ptints. Similarly. the partners of' i set I of' poists aie the partl s , lI all thali po ilnts in I'. but nlot

including the points in Wie set P itselfl. 'l'hat is.

part sters(1') >- u pirtners(i) - P'(
it P

Whcn thle scan 1r hias riad k points, k > S. Soille i ifthe k ptintis ar fill lotiger III the ti.g. i id c. 110,

longer he rcti . .d. I ct 1P h the set of points t1it fuse been snned, fitl MCr ito iti Ilh" -.til.i". It Is ltl

dilicill to see that at this stage the paritsners of' 1h set I intist lesid in the iJt te hIW1td " ,t t , tee I lk' ie, at Ns

tht if poinls p and q are partners. then hlere in taSt e xist .s sta.e ,it 1 i Ah Ih 1h 10t1p 111 11 .if e iti tI in e1 d Ie

storage. We Call fIw ohitaill i loier bond oil lit si/e ol' the iii cii nd iite" shli.lstg" I1e. IA I g llt nmber

of' partners of' af set of' k points. We shall estal ishl thle tls ima hi tid onl lie sel i t Ilk tI (C ic IC iiiif .IC tfst i ll

shOwt in Illlt f'or ceriain chi t l.e of' k, the 10 1 her of pa itl iiis is mt l ist 127 (M I

Propii'. oit o i 1: 1 kt b lhe (l Sallest in t .er stnch that k Fl fl this dhoice ofk. ani, set tfk points has

at le.ast n(m - I) partners.

I'rviof,/ *lI Induction on In. the ie t' the to-dini.nsionil Mlrtior. l.'ii I fhe klili httlds, since

tile number ol' patncrs is /ctr. iii prote fhe indhoctiol stel 1 sihll silo% t. Il .111 Iiit:' I / sIe'll. *hell

the si/e of tile operator is incrused fromin ft - NI t itn - M - I. (,sssoni Al I I- ] " ).vlst ol'.u ltiters

is increised by ill Iast i new poin Is. 'lo prose the sndtlititn stefp. lC ,ill Iuse t ithtic s 111g I d 'li IItnI I

" +IQ=i
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IAY'/iivp 1. I el I he tile imlage, anld 11 ai collectiont of' poits inl tile image. A tivighbor of the set 11 is a

pomi inl I - 11 0 it shares an edge or at xcrtex on the grid 'Aith a poill illi P.

I)'ivilmn 2: Inl a glid of suec n. ai set of k poinits is called adm.svII c(anld (ie grid utsd1'is adilissible) if:

n < n for t> 2 (2)
4 4

1 23
it k< n. for n= 2

4 4

( 011? i iii I et 1) he the set ut the k original poi s. and all the ir patie rs tor all ope rato (it sim, NI. When

the tpefal mui Icc ss inl siue to Al [ I, All thle liighbhrs olT j) heci ii s% pa i eis 4t the k originia~l p( iii s.

Io p I c pi op' 51t m I it s% ill he so tbicilnt thereforeie it) slio" th at tilie set I' fIi mSa least ii lie igliWors. Thiis will

tic t ICet goii of01)4 isit ion 2.

iiliot loss of4'55l genecral6 we C1can assoii me1that (tic set P is ad iiissibHe. Si lice 1) C4 ni t s tile k origirial

pol i s. c lear <l 11I1. It' 1111 > nl, then tihe k original poiis ha\,' at least -172 -- k partners.

B ut si iice k + 1, m id Nf j 1lII. it %ou401d (Otlt 4" th at thle k oigii nal p0111 s limse at least n -in

partlne is. Propo~ siIiti n I l I ttin hold foi nh oIi peamor o I si/ Af I - I . and the mduct1101 step woul1 d he

unnecessory.

P'ropo si tion, 2: 111i a grid (if n 12 (cIoilts. ally imissi ble set 4of A po intis Ii, s al least 11 neighbors.

I'rf t4( 13v kiductim i on ii, tile sue li te grid. For it U2 the pit posiliiti tholds. slice Kh I or K =2.

and iii either case there are at leavst 2 neighbors. We iivxt assume thati pioposiui441 2 hold% for n N, and

prinse it for n N + 1.

[lie genleral structure 01 the proof' will lie as tilh4lms. f-or con'emiice oiCrl&renice. (lie A po4ints5 will hc

called tile black poiuits, aid tile remaininig poinits \Nbite. Inl these terns. we "s usli 1( show4 that ii it grid ol'simc

(N - 1)' am% set of A poiits. (N + 1)2 < K < -I(N I ).hasma least N I white necighbors, Io use

the inidtctioni hypothesis we shall prose the followinig claim:
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ProposiionI 3: It is possible to remc a ro% and a column fion the grid ini such a %kai%, that (he resullhing

grid of si/m N 2 will be admissible.

From the inductiol hpothcsis, in ti reducced grid the ect of black points has at least N neighbors. l1he

pio~of will be cuncludcd by showing that when thc missing rom and column are re-introduced, the number of

neighbors of Lhe black set is increased b, at least one.

I'ropos.iliol 3. 1: From an admissible grid of si/c (N 4- 1)2 it is Ipossible to riamoe e a roI and a column, so

that in the remaining grid of size N 2 the number of bhlack points " ill be less than -' N 2 .

l'r ."  I .t a\ -+ de )e t)e fraction o f bl;ick poi ii ts in IIie oligi n I grid. i I i c is. iti i i hfr K of

black points is equal to a,% .1 • (N + 1)2. Similarly, a,\ is the fraction of hlack pxoints in the reduced grid. In

these terms, we assume in proposition 3.1 that 1 < a\ < t . and \%ish to establish that a\ <

ILet B,, denote the total number of black points in row i and column j. 13,, is the (number of black points

in row i) + (the number of black points in ro" j). The difference bctxen B, and [3,j is that if point (ij) is

black, it is counted twice in P, but only olCC e in 11-j. I et 1 E-.,i B ' - I .

I here are a + I (N d- 1)2 black poinlts in die grid, and each one is counted 2(N I) lines in /.

therefore:

13 2(N + 1). a%. I(N -f 1)2 ()

InI each black point is counted one additional time, compared w.ith 11. therefore:

13 1 -ni(N + i) (4)

lhere are (N 4- 1)2 terms IL, contributing ito the sum 1R. thecfore dli teverage co n ribuuion is:

BN- -- ' -- = 2a\ 1 I(N -+ 1) - nv 4 1 5

T here must exist a term/ D', lhat Contributes at least the average contribution. lioposition 3.1 w ill therefore be

satisfied if:

a\ ,(N'- - (2a-, ,(N f 1), < 3N 2 4I
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If'this iiiequillit\ doe.s not hld,. thenl:

OZ\ (N +- 1)' -- (2a\ j (N 1) )-- (1 ) > N 2  (7)

l1,11 thl\ imlplies > Mih i a contradiction, since 1 a0\ < .3

PlvIop .21 III thle codtos fpoosto .1 it i,, possile to rei o~e a row~ ind .itcolumn so that inl

ihlereduced glida >i

Ihei proofI %s III be oilitted. since it is ent~ire aiimlogousN to tile prool'ol priiposition .1.

Commen icit: I hle ro\% id cmi in iichosen illi p roposi t ins 3.1 and 3.2 arc notm necessa ril\ thle Name. If in

proposition 31. 1 a\~ > 11. or it. in) proposition 31.2. (1 < K . then proposition I is, established, P'roposition

3 Ina\ still fail. iwe i to be satisfied W1in proposition 3.1 a\ < miad iii proposition 31.2 a\ It Itis

requlir-ed therefore to Shosm thait inl this case we can still renioe a io%% And a cmihinin such that inl (he rcdticed

grid the set of biack points is admissible.$

I vi thle rows and coinmn chiosen ii i p roposi tion 3. 1 be row i and coiun ii j. ilhe rowms and coliun iChosen

ill prom poimt ion .2 Ill he dciilied rowi m i ad Co lumn ii I et Lus ni iw remove firim the igrid row i and coilIum n I.

Sinice the deflnitionl of an admissible set is siightl\ dillhzient for N z-2, we shaill siman with thle case N > :3. In1

this, c ise. p ropo~i sit ioin 3 wi tild f. il to ibe sa tisfied if ciilier:

i( 41)2 -- 1?a K N (8

CVNi(N 4 ) , N2
4

W\ (N 1- )2* 13m,1 3 N 2  (90)
-4

I C((Ncm-- lefrtcav emla-uleta
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(see tile comment above). [rom () and (10) we conclude that:

Ba - t I 2 00

B', - B&.1 is the dil'rence in tile number o" black points between ro s i and ,, all rcemo ing Ihe lP' colnnin,

hence 83,1 - 13k., K N. Ibis. together Aith (I1). implies N < 2, in contradiction with the asslilliption that

N > 3. We conclude that for N > 3 (,) is impossible, and tie ineqtialilt Q\ I I(N I )2 - Ba ,> N 2

must hold. To include die case N = 2. a similar argUment establishes that aI iN(N j- 1)2 - ,, > N2

must hold for N > 2.

The case in (9) can be handled analogously, yielding

B,. -T ,i > N 2  (12)
2

which again cannot hold for N > 2. 1

In conclusion, the fraction a., satisfies i i\ < j' for N > 3., and i \.,, < , forN - 2. Mhe

set of 'black points in the reduced grid is therelore admissible. I

Poposition 3 has established (lhat a row and at conlin can Be yeml med f'io i (lie origi na grid of si/e

(N + 1)2, resuthing in an admissihle grid of si/e N. F m the induction hypothesis, in the reduced giid the set

of black points has al least N neighbors. ITo show tha tihe set of neighhors in the original grid is larger (h.% at

least one), 'e shall use tie following claim:

'r,,pt-ston 4: proposition 3 ca i be Satisfied by renov ing a rim and at column iitat a e itot ciitely black.

Pr tot,' It is suftlkien Ii slhw that propsititin 3.1 can be satislied with a ro% and a colunimn that contati

at least one white point. We can assu e without loss oif generality that the oiiginial grid contains the it aximal

poi ble number of black points, since if' prip sitio n 3.1 can he satified ("fitI a row anid a co lmn that are

not entic hlack) for a maximaI inniher il' black piints, it can al s be stisfied fIr rids w iti fe cr black

points. For N + I 2m (an even ntmber), (he maximal number of hlack pimt is '(N 1)' I. Ior

..........................
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N + I - , I the maximal number is '(N + 1)2 - We shall e.,.iire the thter cise (the first can be

established analogously).

I et r be the number of completely black rows in the original grid. c the number of completel, black

c IlIIIll'L. We c n Asstm thall r > I, c > 1, since other, ise propo,,ition 4 ll-oes direcl fron p rOposii ion

3. Since (- -iher c < o < must hold. Withimit lo, of gcneralit. %e shall assume

that c < \ fI

I he r hlick ims aid c black coloinirs coit ribte a tital of j
(r + c)(N + 1) - rc (13)

black point,. Ihe number ot'black points in the remaining rows anid cohlmns is therefore:

_(r + c)(N + t) + rc (14)
4 4

This nunber of black points is divided amiong N ± I - c collins, hence the ai\erage per column (denoted

by A) is:
ti(N -+r 1)" - -l - (r +t c)(N +r 1) +t rc

A N _ l -- c___ (5)(N + I -

I here most exist t column which contains at least r + A black points. By rerno ing this column and one of the

black rows we remove at least:

(N+ t) + A+A - 1 (16)

black points. It therefo, e remains to establish that:

3( N + 1)2  
_- 3 _ N + r + A < 3 N 2( 7

Inequility (17) reduces to:

N2  Nc4 -N--2 -c>O (IS)
4 2

I-or c < iicqualoit (0 8) lit ilds, therefore pmpositioi 4 is established. I



Corollary: using thle samie argument, proposition 3.? call he estaiblished "sith at ro%% aind at C011.ij11 that

are not enirely %kh ite. Combining tile tw~o clainls it is stia 1gbhfiwa id t) esta )lislh~ ita r position 3 call be

satisfied by at row and a colunin diat are neither entirely black nor entirely white.

Proposition 5: Tlhe set of black points in die original grid has at least N + I neighbors.

Proof: From propositions 3 and 4. we can renmn ita rov% R and at colunmn C (neither entirel\ black nlor

entirely white) fr-om tie original grid, and obtain an admissible -grid. I roi thc induction hl ithesi , thle set of

black points in the reduced grid has at least N neighbors. We ha\e to slioA thait i\c-jit roducing I? aind C

the number of neighbor; increases by at least one.

Since It and C contain both black and v bite points, they contain at least one "internal neighbor". i.e.. at

white point that borders a black point, where both points are inl R? U C. We shall show that \& itbout tile inter-

nal neighbor the number of neighbors in the original grid is at least N, hence the total numnber of neighbors is

at least N + 1. as required.

If at given point p is at neighbor of the black set inl the redutced grid, it maiitor niii\ not icmaiin a neighbor

when the missing row and column are re-introduced. I .et Ius examl~ine first the case 1hec is not a necighbor

(of the black set in the original grid. fIn this case p) mutst be siirronttded inl (fhe originzil grid b% %khite pointis (,we

Figure 2). In) this configuration, point q in R? becomies at new neighbor. since .it least onle offthe points ab c

must be black. Note that q cannot be anl internal neighbor. (Comment: inl Figure1- 2. point p bordors thie re-

introduced column R?. The argumnent is unchanged % hen it borders C insteaid of!?. [lie case " here p borders

both R? and C requires at slight extension of the argument, which will not be elaborated.)

We e colde that there exists at otie- t 1-01 miappi iig fromu tile neigh bors inl tdie redui ced grid ilo the

- ~~neighbbors in (lie origi nal grid,. id th.itl this niappi og doo esot tinoctlude thle ilic int1l iieigtht r . I he no o b1et

of neighbors in the grid of sue N 4- I is therefore at least N + 1. Ibhis estaJblishes thle inducti )n "tepl In.1

proposition 2. and concltudes thie proof of propositions 2 and 1.3
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bq p

ligmic 2: After c()lLiftI R has beenI 1c-ijilimtiiccid. point 1) i'" fit) Iiigi ticigliliiti of' (lie haick set. All (lie

"pts bI~ aodt'ing p nnNis dieeloi w hite. hnoi to tiL Ic mtilodlictionl of cohlmiwn R . ) mas .1 lieitglhol of,

the lhh, k wet. liiwc if k-&,( mi ohtheli 1)tliIIt% o b, r, 11111I IW hh tk. P4o11 I/ V, lhetel~in d ncihbor ol the black

set.
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4. Re'ducing (lie si/c of lite intermediate storage

I 'he lo wer i (Iii id established inl tile precedinig section inmpl ies ( atitle in eii ed iate 'to rage ImI )I it1 ia

dominant role ill (deteriniing thie suve oid te s\stemnl. I hintermrediate storaige can.mo lte~ i. be reduced 1w

Scanning th mg oetmn ne ipu o examtp ic. tat .i row.s are Scanitned inl pa rf mle). I hle ir sc scan -

path Scans r-o\s I to S. the Second scanls r-ows 2 to S -1 1, etc. I acl imrage p inc rIN scanned il tis. schleme S~

timeN. Uising thle serpientine dela v line of' Sectcion ?. it is possible nlo' to co n nect \ tilies d icc Ily to thle m~o

dimensioinal operator NI. The intermlediate storage S "Il CIIi hn aw e onk\ (mr S) row, s I I. sclicinre gn~es

a simple (hi niugh noi t optimlal. Inl (-ts of (lhe so n mge Sim,) nitet ho if' reducin file suc~ of tile i imed iaie

storage ito n -(in - s), Miere % is the number of timles Cacti point is Scanned. Ill particular. b\ his iitlg S - In

the intermediate storage becomes unnecessary.
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