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On Multichannel (Multivariate) Maximum Entropy Spectral Analysis

C.H. Chen and Chihsung Yen

1. Introduction

The univariate maximum entropy spectral analysis has now been well developed

and applied to many defense research areas such as radar, sonar and geophysics. There

has been some work done to extend the maximum entropy spectral analysis to multivariate

case. Whittle [1] and Robinson [2][3] generalized the Levinson-Durbin recursion to

the multivariate case by fitting both foward and backward autoregressions in a

stepwise fashion. In this thesis, Burg [4] has mentioned about the multichannel case.

However the computer programs for both multichannel and multivariate maximum entropy

spectral analysis were only recently developed successfully. Morf et.al [5] developed

an algorithm for direct estimation of the normalized reflection coefficients from the

observed data for maximum entropy spectral analysis. They also compared the spectral

estimation with the methods of Jones [6], Nuttall [7] and Strand [8], which are more

of a direct extension of Burg's work to the multichannel (multivariate) case. Burg's

algorithm does not generalize directly since the forward and backward autoregression

matrices are not the same in the multivariate case, and the forward and backward one-

step prediction error covariance matrices are different, although they have the same

determinant. In this report, the programs developed by Strand and Jones are applied

to real multichannel data and imagery data in addition to a set of test signals.

The merits of these methods are closely examined. In spite of programming complexity

the multichannel and multivariate maximum entropy spectral analysis will have increased

application as the real data are almost always gathered in several channels. Data

from several channels form a vector for multivariate study.

2. Brief Mathematical Analysis

Let xlx 2,...,x n denote n zero mean vectors of dimension d each. The sample

estimate of covariance sequence for lag j is
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A 1 -

j n ~ t+j t(1

where the prime denotes the transposed vector. The forward and backward predicting

autoregressions of order p are given, respectively, as

A (f) (P)

k=1

A(b) Bk(P)xt+k (2)

k-i

where Akk and Bk are d x d matrices, and can be determined recursively [6] by

making use of the estimated covariance matrix in Eq. (1). The recursion starts with

S ( f ) =  S ( b) =  R 

( 3 )

The one-step forward and backward prediction error covariance matrices are

S f  = (I -A(P) ( p ) (f)
p -p p-1

(4)

S(b) = (I - B(P)A()s(b
)

The forward and backward residuals are, respectively, KTIS -;!?ni&I - -

A P) 
(5)

e- k BP x , t = p+ ,...,n ......

t Bk t+k tp

The recursive equations are then given by Dist

(P) = eP) - A t = p+l,...,n ' I

t t P t-P (6)

(pl) -.8t 
t 

P et+p  
, t

= l..np--

The least 
squares estimates 

for the forward 
and backward 

autoregression 
matrices 

are

p (7)
B(P

) . UW
- I

where U is 
the sum of 

cross products 
of ward and backward 

residuals 
at lag p,
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and V and W are estimates of (n - p)S(b )  (n - respectively,
-p-i

v = 1 0 (P ) )? (9)

t=l t t

n- W ( p - 1)  ( p - I ) ) '

StI pt+p (et+p (10)
t=l

Although the forward and backward autoregression matrices and the prediction error

covariance matrices are different, the multivariate spectra should be identical

when calculated from the forward and backward fits by

S(f) = h[A(f)] - S(f) [A*(f)]-i
p

or by

S(f) = h[B(f)]-i s(b) [B*(f)]-1
p

where

A(f) I - A P) e21 k h f

k=l

B(f) I- BP e- e 2 TIikf

k=l

h is the sampling period and * denotes complex conjugate transpose.

The above approach based on the work of Jones [61 does not guarantee stability

and does not generally produce a non-negative definite spectrum as has been pointed

out by Nuttall [7]. Subsequently, Nuttall [7] and Strand (8] applied a weighted

arithmetic mean error criterion in order to provide model stability and to ensure

positive definite stationary spectra. Another procedure suggested by Morf, et.al.

[5] that also meets the spectral requirements is to compute the spectrum from the

normalized reflection coefficient matrix p. To obtain this matrix, W and V are

factored by using Cholesky decomposition into the product of lower triangular

matrices times their transposes. A new recursive procedure for S and S(b) by
p P

using p in place of Eqs. (4) can then be obtained. Other recursive algorithm has

been proposed [91 for the solution of the normal equations for both single and

multichannel data.
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3. Spectral Analysis of Multichannel Sinusoids

To test his multichannel maximum entropy spectral analysis program. Strand 181

defined a two-channel complex sinusoid with frequency 0.0625 Hz. Each channel con-

tains 128 complex numbers plus a small amount of additive Gaussian noise. Morf, et.

Al. employed the same test signals and demonstrated that their multichannel algorithm

performis better than that of Strand. The complete data set is tabulated in Appendix

I, In our study the data set is considered as four-channel real sinusoids. Fig. 1

is a plot of the first two channels. The computer program developed in our study

is based on the mathematical analysis of the previous section and a subroutine due

to Strand. At 9 lags, our spectral peak value is 2100 as compared to 2000 at the

frequency of 0.0625 11z, obtained by Morf. For 9 lags, Fig. 2a is the spectral plot

in linear scale while Fig. 2b uses the logarithmic scale. In Fig. 2c the upper

photo shows the phase difference while the lower photo is the coherence function

between the two channels. If all four channels are considered simultaneously, the

spectral peaks will be proportionally reduced while the shapes of the spectra remain

almost unchanged.

A-.comparison is also made with the Jones' method by using the computer program

listed in the Appendix of Ref. 6. The optimum order (i.e. the number of lags) is

found to be 7 for the four-channel test data studied. Fig. 3a is the spectral plot

of channels 1 & 2 in linear scale (left) and in logarithmic scale (right). Similarly

Fig. 3b is the spectral plot of channels 3 & 4. Fig. 3c is a plot of phase

* differences between two-channels. Fig. 3d is a plot of coherence functions between

two-channels. Although there is little change in the spectral shapes, the Jones'

method provides much smaller spectral peaks (Note that all figures are normalized

plots). Thus the computer program given in the Appendix provides somewhat better

results than those available in other methods.



-4a-

-o 4

V r 4 t



-4b-

-4J



i- 5-

4. Spectral Analysis of Geophysical Data

A three-channel geophysical data set is provided by Robinson [10] that includes

sunspot numbers, northern light activity and earthquake activity with 100 data points

each. Fig. 4b is the spectral plot of each channel in linear scale, while Fig. 4c is

the same plot in logarithmic scale. Fig. 4d shows the phase differences between two-

channels. The number of lags is 17 which is determined as the optimum order. It is

interesting to note that spectral peak for the sunspot numbers is determined

accurately.

5. Image Segmentation Via Multivariate Spectral Analysis

The use of multivariate autoregressive analysis for texture classification and

segmentation was considered by Gambotto and Gueguen [111. Their segmentation result

however is much to be desired. We have employed the multivariate autoregression

estimation program of Jones [6] on the infrared image as shown in Fig. 5a. A small

area of 64x64 is considered in the computer study. The subimage is processed by

small squares of 2x10 pixels each, making use of the two-channel multivariate

autoregression analysis. Then the mean-square prediction error (defined by F4..4 of

Ref. 11) is computed and compared with a threshold. The idea is that the prediction

error tends to be large for pixels near the object boundary and it is small for

homogeneous region. Segmentation is performed by pixel classification using the

prediction error. The classified result superimposed on the binary image of original

picture is shown in Fig. 5b for orders 4, 5, 6 and 7. These results are acceptable

but not as good as compared with the segmentation using Figher's linear discrimunant

112]. Furthermore the amount of computation required for the multivariate auto-

regression analysis is also much larger. Further study of image analysis using

multivariate autoregression is much needed.
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Appendix I Program MULl (Multi-channel Maximum Entropy Spectral Analysis)

C MUL I
RFAL ET(4, 128), B'(4, 128), IJU(4)
COMMON /B:LKO!EI, BfT
COMMON INDEX
DEFINE FIIE. .7( 128, :9, U, LINE)
READ (6, 20) N, NP, N8PE, NPR'-;, NFRE:

20 FORMAT (5I6)
NOUT = 128
NDAT= 128
DT= 1.

* DO 2 K= 1, NDAI
L INE=K
RFAD (7"1.IN F)UI.J
DlO 3 1-1, N1P
E'r ( I, K) :=UU ( I

* 3 B"r"( I, IK) =IU( 1

2 CONT INUE
END FILE 7
DEFINE FILE 1(16, Z5/6,U. INLIFX)
CALL STRAND(NOLIT, NP, NLIAT, N, DIT, NF'RE., NSPE, NPRS)
CALL EXIT
END

.S.RROLTINE CPRINI (NP, NDAT, 1', P, PP, CN, CNP, CF, CB)

REAL P(4, 4), PP (4, 4). CNF(4, 4), CNP(4, 4), CF(4, 4, 10), i::B(4, 4, 10)

REAL ET (4, 128), 84' (4, 128)
COMMON /BI.KO/ET,"
I 9P 1 :19+1
NI)AT9=NDAT- 19
PRINT 2, 10, 19P1
FORMA' ( IH1,//i RESULTS BEL.OW FOR', I5, L AGS, I. E. MAIRIX
I 'OF BI.O:K DIMIS]:OSI-N", I5, /)

PRINT 6
6 FORMATm.., FORWARD RESIDUAL._- ,60X, BACKWARD REL!IDUALSf .")

DO "! J-1, NDArM9
PRINT 8, (El(K, J), K= I,NP). (Br (K, J), K=1, NP)

7 CONT INUF.
PRINT 19

19 FORMAT'(i/X, " FORWAR1) POWER BEl' OW", 6X, :AC:KWAR1. POWER BFI OW', /)

DO 18 Ir'=,NP
PRINT 8, (P(I, K), K:1,I NP), (PP(I,K-), K=1, NP)

18 CONlININU
PR 1N 3 

3 F IRMAT (/IX, - FORWARD REFLECT C'::-EFF', 60X, BACKWARD REFLECT COEFF

DO 4 I.NP
PRINT 8, (CN(I, K), K=,NP), (CNP(I, K)i , -, NK)

4 CONTINUE
8 FORMAT(IX, 412 b, 10X, ZIE12. 5)

PRINT 69

69 FORMAT(//1X, FORWARD FILTER BEL(IW", 6OX, 'BACKWARD t- ILTER BEI.OW, /'

DO 74 K-=I, I9PI
DO 73 I=I,Ni
PRINT 8, (CF(I, J, K), J=1, NP), (CB( I, .J, K), J=I, NP)

73 CONT I NUE
WRITE(5, 77)

77 FORMAT (//)
74 CONTI NUE

RE'TURN
END

A2



SULBk0UTINId: (MIvNV(A, N1 1)

DL; 20 J=11 N
20 IPIVOT(.J)=()

DO' t5o I: 1, N
AMAX=().
DIO 101 J=1, N
IF (IPIVOT (.J)- Ic.1 H) 3 o 101
DO 11)0 N1
IF (IPIVOf (K) -1 )80. 100, 740

so All 1YB(AMAX)
A12=A:S (A (J, l'))
IF(A1 1. GF. A12'::h(' iC1. 1(00

85 IROW=J
I COLUM=K
AMAX:A(J, K)

100 CONT I NLIE
101 COiNTI NUF

I P I Vc'r ( I COLUM) = I P I VOT ( I OL M )+ 1
1F(IRJW. F-0. IC:OLUM)G,3,) TO 260.
DO~ 200 L-= IN
SWAP=A( IROW, L)
A ( I ROW, L )-A( I'XuI..U1, L)

A 200 A ( ICOLUM, L ) =WAF'
SWA-=B:( IROW)
3( IkOW)=S( ICULLIM)

P3 ( I CCILLM ) =SWAP-
260 INDEX(I, I)--tR('iW

IN)lEX (1, 2) =ICOLUM
PIVOT( I )rA( ICOIUM. I COLL1IM)
A( ICOIM, ICOLUII)=1.
DO :30 1-=l, N

350 A ( I COLUr'l L) =A ( I COL-UM, L) /P I vCI I)
P.:( I .OLUM)=L-:( ICOLUM) /P IVOT ( I
DO 550 L=:1, N
IF(L1. EQ. ICOl-UlM)i3 TO 5530

400 T=A (Li I CCLUM)
A (L.1, ICLLM) =0.
DO 4t-0 L= t, N

450 A (L 1, L) =A (L 1, L) --A ( I COLUM, L)*WT
B (L1I )=)3(L1I ) -8 ( I COLLIM) *T

550COtNT INUE
DO' 710 I=1.N
L=N+1-I
I F ( I NDF X(L, I1). E-Q. I NDE X(L, 2> )GO TO 710
JROW=INDFX(L, 1)
JCOIJUMINDEX (L,:2)
DO 70!5 K:z1, N
%WAF'=A ( K JRCIW)
A (K, .JRCW) =A(. M JCOLUM)
A (K, JCOLk M ) =SWAI-

705 CONT INUE
710 CONTINUE
740 CONTINUE

RFTUHN
END



SUE":ROUT INE S IRAN))'( NcILT, NP, NL'I, , . DT, NI-h', N-iPE, NPRS.)
D IMENS ION E:T (4, 128), FT (4, 121.--) , CF(A, 4, 10), Ch: (4, 4, 10), FPE( 10)
1, E (4, 4), E'(4, 4) , 1'; (4, 4) , P (4f, 4 ), PP (4, 4 ), l01 (4, 4), V 1 (4, 4)

REAL 0.2(4, 4), T1 (4, 4), AA (4, 4), BB it), (C(4, 4)
COMMO2N I NUEX

NPI=N+l
DO~ 11 I=1, NP
Dl0 11 .J= 1. NP
DO 11 V-11 NP1

DO '11, NP
C:E(I I. , 1 )=I.

LDO 22 J=1,NP
DL (.J1,N

DOI 21 K= 1, NODAI
21 p ( 1, J) =P( I, J)+F1, fI,.I *ErF (j, t.-)

P (I,.J )=P (I,*J )/FLL'AI (NDA'Fr
22 Pp(I11 J)=P(I,..J)

CALL AKAlfIK.(P, NP, NLIA-r, 0. , FF'E-, 1,
DO 12 L-2', N

NLIATIvi9.-:=NDAi -IM 1
DO 9 K= 1, NI:iA1119-
EY; 1 =K+ 1
DOi 9 1=1, NP

9 El (I, K) =F1 (1. KPI)

DO 1 11I,NP

E (I, J)=0.
B(1, J)=O.
13(1 j)=0.
DO 2 K=J., NLIATIV19

*E I, J)=E( I, J)--'T I, K) *Er'(,J, F
0 1I, J )::rB 1, .J) +Bg' (I, K() *13 ( W, U-)

2 J ( I, -J):f(I, J)+B*I(I,K)*ErI'J, K)
F( I, J ) := (I1, J ) / FLOAT (N::ATM)
B(I, J)=i( I, J)!FLOAT(NDArIM9.))
G (I, .J)=-2. *(, ( 1, .J)./F'LOATr(NDATM-')
Q(I,J)=P(I, J)
C'2(I,.J)=PF(I,.J)
CALL. I NVERS (1, N',P)
CAL.L I NVFRS (G'2 NP)
CALL ACCUM (NP, AA, 02, V.)
CALL AL.CUM(NP, BB, (1)1, F)
CALL AC;CUM(NP, CC, ?, (3)
CAI.L '3ETCNN(AA, 214, CC, NIP, N
DO 25 1=1, NP
DO 2~5 J=I,NP

00 2", K= 1, NF



25 V(I,J)=Vi(I,.J)-CN(KI)*PP(K,J)
CALL AM 1IM (NF, GNP, Q 1. V I
DO 27 I=1, NP
DO 27 J=I,NP
DO 27 K=.,L
UJ5( I 1, JK) =CF (I 1.J, .- ')

27 0.6(1, .J, K)-:CI( , J, K<)
DOi 4 t'=i.L
INDHX=I.-K-l
DO 4 I=t,NF'
DO 4 J:=1, j'JP
DO 4 P- KK~ , NP
CF ( 1, J, K) =CF( 1, .J, )+(1J6( 1, Kf-K, I H01 X)*I::N(f::K, J)
CB: ( I, J, V' =(.B (1, .J, K:) -U5 (1, t-*K , I NIEX ) CNP fK J)
CONT I NLI
DO 5 K= 1.NLIATti
DO3 I:=I, NP

8 V3 ( 1, 2) =1?.- (I. K)
DO 5 I=., NP
DO 5 i"KK= 1, NP
FT ( I , K ) =FET ( 1, t:',) -iC:N (fI-:K, I) *V3 K 2)

CAI .L ACCUM (NP, VI, PP, CN)
CALL AfCCUM (NP,V3,F-,CNP)
DO 7 1=1. NI-
DO 7 J= 1, NP
DO -" K:~1,lNIP

PIP( I, .I):=P'F( I, .J) -\P (K(, I )*V3 (K, J)

CALL AKAIK(F', NP, ND-A*T. S, FPE, I-)
IF (LMv,1. L-T. NPRS)13 GO T 82
CAL.L CPK1NT (NP, NL'Al, L.1-i, P, PP, Gr, NP, CF, CL-)

82 IF (-M 1. LT. NSPEr:) TO 12
CALL SPECAL (NOIJT, I MlD NDI NP, CF, P, E'PE, Il NFH!j)

12 CONT INUE
RE TUR N
END

SIE:BRUTI NE OE-)-TCNINl(A, B, C, N, (-'N)
REAL A(4,4), E(4, 4),C(4, 4), CN(1, 4), L-')(1),AL-(16, i&)
N2=N*N
DOi 1 I"=1,N
DO I J:1, N
I:I=(I-1)*N+J

CALL KRONPR(A. B, AB, N)
CALL CM INV (AB, N' , BI-)
DO 2 P-ti, N
DO 2 J=1,N
l11( 1-1)*N+J

2 CN ( 1,J):m~t,11)
RETUJRN
F ND



SUBROUTI1.1 1NE .PiEC AL ( Ni uT, P-), NDAr , 1%1P, ('4-, P, FPFL, :'.NI- I-d-
REAL CF(4,4, 10), P(4, 4), FPE(i0),11(4, 4), E(L,4),B(4, 4), G(4, 4)

REAL SS(16,1.23)

CO:MMO:N INLJFX
I 9P 1:Z9+1
oN'3LE=:3. 141592 6.(FLI:JIAI (f\iF RF- ,)
F REQ I = 1. 1(.*FLOAT ( MFREQ~)
DE6REH=360. .. !'(2. *3. 1415'926-)

S=o.

Ci=C::S(ANOLE)
S1=SIN(AN:3LE)
PRINT 2001

2001 FORMAT (.,//I X, ' -* SPFC:II1 $E C:2.2 SPEC3: SPEC44
I PH12 COH12 PH1:3 i:I:'-' PH14 COH14 PH23- C:1H23
2 PH24 CLOH*.-4 F-H34 CO:H34, ./)
DO. 99~ K-1 ,N(.IUT

F RE Q= FLOAI (03 0 *F REQ 1
C2::Cl*C-S1*S
s=C:1*S+lA C
C.=C:2

SN\ 1:0o
DO 90 I=1.,NP
[DO 90 J:=1, 14P

E (1, J)=0.
90 :( I, .J)=O.

DO 91 [.:-1, 19P1
DL, 92 I=1,NP
DO 9,2 J=:[,N-
E ( I, J) -E ( 1, J) +C:N1I*CF(W, I, L)

92 3(I, J)=B( I. J)+SNI*CF(J, I.L)
CN2=cN1*C-SN1*S
SN1=CNI*S+SNI*C
CN1=CN2

91 CONTINUE
DO 9'3 11, NP
DO' 9 J= , NP

93 VI (I, J):-E( I, .J)
CAL.L INVFRS(Vi, NP)
CALL A(::CUM(NP,V .), vi.B)
CALL ACCUM (NP, 0. 13.V3)
DO 9ti 1I-1, NP
DO 953 J=1.NP

CALL INVERS(Q1. NP)
CALL AC CUM ( NP, W3 , E--, V 1
CALL ACCUM(NPC'2,01,V3)
DO 06 1= 1, NP
DO 96 J1,NP

96 02(I,J)=-I*.2(I,J)
CALL ACCUM(NF, VI1, P)
CALL ACCUM(NP. V3. 02.P)



DO :30 -1, NP
DO :30 .J11, NF
B( I, J)=O.
G (I, J)=0.
DO 30 K= I, NP
B ( I, .J) =B (I, .J) +i-V 1 1 , 1: ) 1: 1 (.J, K ) +V'3 (I, K'.) *02!2 W , K:.)

1:0 G ( I , J) =G( 1, J) +V:3( I, K:') *G!1 (J, K) -V 1 1 , f *0 2 (,W, iK)

DO 31 I=1, NP
DOi 31 J=t, NP
B ( I, J) =2. *DT*B ( I, J)

31 G (I, J) =2. *D'F*G( I, J)

CALL PHCO (G, B, NP, K FRL(.:!)
99 CONTINUE

CALL KBP
RETURN
ENID

.3ISBROUTINE F'HC- (,3, L-., N P, FREQ)
REAL 0 (4, 4), B(4, 4), COH(6), PHAS (6), S ( 16, .18 )

;'; ~~COMMON}l .."BL['l* ../.-S

-DE =:::0. / (2. *:3. 1415926 3)
I=0
NPP=WP- 1
DO 10 J:=l, NPP
DO 10 K--2, NP
IF (K. LE. J) G0 TIO .10~I=I+l
PHAS ( I )=DEG*ATAN2 (1' (J, K), B (.J, K) )
COH( I )=(B(J, K) **2+13 (J, K)**2)/( E:(J, J) *E.(K, K)

10 CONTINUE
DO 20 J=1, NP

, 20 S J, KK ) =B .J, J)
DO :30 .J=i, I

-t ~SS ( NP+.J, KK ) -:PHAS(.J )
30• SS ( NP+ I +.J, KK ) =COH(J

PRINT 2001, FRE, (8(11, 11) 11=1, NP), (PHAS(I), COH(1), 1=1, 6)
2001 FORMAT ( 1X, F9. 4, 4E9. 2, 12F7. 1)

RETURN
ENDl

SUBROUT I NE KRINP- (A, B, AB, N)
DIMENSION A(4,4),B(4,4),AB.(16,16)
N2=N*N

DO 1 I=1,N2
DO 1 J=1,N2
AB(I,J)=O.
DO 2 I=1,N
DO 2 J:=1, N
DO 2 K=I.N
Il=(I-I)*N+K
12=(J-i)*N+K

2 AB(I1, 12)::A(I,J)
DO 3 I=,N
iO 3 J=, N
DO 3 K=t, N
I1=(I-1)*N+J
12=(I-1)*N+K

: AB(II, I2)=AB(I1, 12)+B(K,J)

RETURN
END



FLINCT I ON Di-*EkEM ( ARRAY, NORDER)
2 DIMENSION ARRAY(4. 4)

rEIERM::1.
DOI 50 K:=t. NCJkDFR
IF ( ARRAY (K.: K). NF. 0. )r 60.IT- 41
DOI 23 *J:=P<, 14fR):JFR
I F (ARRAY (K, J ). Nh. 0. ) 6o TO 1

23 ~CONT I NUE

REIIJRN
31 DO) 34 IFNC'RDER

SAVE=ARRAY(I, J)
ARRAY(I, J)=ARRAY(I, K)

34 ARRAY( I, K) =SAVF
DET ERM-DETERM

41 DF"f ERM=-Dl-rERM*ARRAY ( K,
IF(K. G.N0~RDER)f_;C TO '50
Kl=K+1
DO 46 I =1: .1,NORDiEk
DO:: 4t) J:j , NORDER

'50 r2ONT I NUE
RFTURN

SUBROkUT INE I NVES ( AI NV, NP)
DIMENSION AI NV (4, 4), E INV (/-, 11) ,3 I(1/-,)
DO 30 1:=1, NP

DOi 30 J= 1, NP
30 EINV(I,.J)=AINV(I, .3)

CALL. CMINV(FVINV, NP, E):~
DO :31 11NIP
DO 31 .J=1, NF

31 AINY(I,J)=FR-INV(I,J)
RET URN
END

SUBROU.TINF ACLIM(NP, A.B, C)

DO 11 J---1, NP
A( 1, J)::0.
DO 11 K=1,NP

11 (,)AIJBl,)CKJ
!RET URN
ENDi

SUP.ROUT INE KIEP
RFAL SS(16, 128)
COMMON INDEX
COMMON /BLK I/ S!
DO 10 1-1, 16
I N)iE X: aI
WRITE (1INDEX) (-S (1, J) J-:1 12*8,

10 CONTINUK
CAL L BFLL
RETUJRN
ENJD



S;UBROJT INi- AKA I K(P, NP, NDAT, S, FPEI ILgFX)
DIMENSION P(4, 4), FPE( 10), DUMI,(4, 4)
DO 1 I=1, NFl
DO' 1 J= 1, NP
DiUM(IJ)P(I.J)
DE 'TP=D-I EHM(DM, IVtP.
FAC'T 1=FI JJAT (NDA'F+I +S1

FACT :FACT1I/FAfJl 2
FPE (IN)'F X )=DF1PI* (F-Ai::T**NP)
RET URN
ENU
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