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On Multichannel (Multivariate) Maximum Entropy Spectral Analysis

C.H. Chen and Chihsung Yen

Introduction

The univariate maximum entropy spectral analysis has now been well developed
and applied to many defense research areas such as radar, sonar and geophysics. There
has been some work done to extend the maximum entropy spectral analysis to multivariate
case. Whittle [1] and Robinson [2][3] generalized the Levinson-Durbin recursion to
the multivariate case by fitting both foward and backward autoregressions in a
stepwise fashion. In this thesis, Burg {4] has mentioned about the multichannel case.
However the computer programs for both multichannel and multivariate maximum entropy

spectral analysis were only recently developed successfully. Morf et.al [5] developed

an algorithm for direct estimation of the normalized reflection coefficients from the

observed data for maximum entropy spectral analysis. They also compared the spectral
estimation with the methods of Jones [6], Nuttall [7] and Strand [8], which are more
of a direct extensiom of Burg's work to the multichannel (multivariate) case. Burg's
algorithm does not generalize directly since the forward and backward autoregression
matrices are not the same in the multivariate case, and the forward and backward one-
step prediction error covariance matrices are different, although they have the same
determinant. In this report, the programs developed by Strand and Jones are applied
to real multichannel data and imagery data in addition to a set of test signals.
The merits of these methods are closely examined. In spite of programming complexity
the multichannel and multivariate maximum entropy spectral analysis will have increased
application as the real data are almost always gathered in several channels. Data
from several channels form a vector for multivariate study.
2, Brief Mathematical Analysis

Let XysXgseeorX denote n zero mean vectors of dimension d each. The sample

estimate of covariance sequence for lag j is
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where the prime denotes the transposed vector. The forward and backward predicting

autoregressions of order p are given, respectively, as

a(f) _ (p)
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where Aip) and Bép) are d x d matrices, and can be determined recursively [6] by

making use of the estimated covariance matrix in Eq. (1). The recursion starts with
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o o o (3)
The one-step forward and backward prediction error covariance matrices are
P (4)
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The least squares estimates for the forward and backward autoregression matrices are

RO
P
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where U is the sum of cross products of fwward and backward residuals at lag p,

_PP (p-1) 4 (p-1)y,
U t§1 Ccip (8, ) (8)
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and V and W are estimates of (n - p)Sp_1 , (n - p)Sp respectively,

P (- (1),
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Although the forward and backward autoregression matrices and the prediction error
covariance matrices are different, the multivariate spectra should be identical
when calculated from the forward and backward fits by

S(£) = h[A() ]! sgf’ (ax(£)]7L

or by
s(£) = n[B(£) ]2 séb’ [B*(£)]”

where

1

NG 2Tikhe

A(f) =1- ) A

=1

B(f) I-
k=1

B(p) e-2nikhf
k
h is the sampling period and * denotes complex conjugate transpose.

The above approach based on the work of Jones [6] does not guarantee stability

and does not generally produce a non-negative definite spectrum as has been pointed

J
out by Nuttall [7]. Subsequently, Nuttall [7] and Strand [8] applied a weighted

arithmetic mean error criterion in order to provide model stability and to ensure
positive definite stationary speétra. Another procedure suggested by Morf, et.al.
[5] that also meets the spectral requirements is to compute the spectrum from the
normalized reflection coefficient matrix p. To obtain this matrix, W and V are
factored by using Cholesky decomposition into the product of lower triangular

(f)

matrices times their transposes. A new recursive procedure for S and Séb) by
using p in place of Eqs. (4) can then be obtained. Other recursive algorithm has
been proposed [9] for the solution of the normal equations for both single and

multichannel data.
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3. Spectral Analysis of Multichannel Sinusoids

3 To test his multichannel maximum entropy spectral analysis program. Strand [8]
defined a two-channel complex sinusoid with frequency 0.0625 Hz, Each channel éon—

. tains 128 complex numbers plus a small amount of additive Gaussian noise. Morf, et.
al. employed the same test signals and demonstrated that their multichannel algorithm

performs better than that of Strand. The complete data set is tabulated in Appendix

T AR o i S T A e s e . T

I, 1In our study the data set is considered as four-channel real sinusoids. Fig. 1

is a plot of the first two channels. The computer program developed in our study

is based on the mathematical analysis of the previous section and a subroutine due

to Strand. At 9 lags, our spectral peak value is 2100 as compared to 2000 at the

frequency of 0.0625 Hz, obtained by Morf. For 9 lags, Fig. 2a is the spectral plot

in linear scale while Fig. 2b uses the logarithmic scale. In Fig. 2c the upper

photo shows the phase difference while the lower photo is the coherence function

between the two channels. If all four channels are considered simultaneously, the

spectral peaks will be proportionally reduced while the shapes of the spectra remain

almost unchanged.

Mscomparison is also made with the Jones' method by using the computer program

The optimum order (i.e. the number of lags) is

listed in the Appendix of Ref. 6.

found to be 7 for the four-channel test data studied. Fig. 3a is the spectral plot

of channels 1 & 2 in linear scale (left) and in logarithmic scale (right). Similarly

Fig. 3b is the spectral plot of channels 3 & 4. Fig. 3c is a plot of phase

4 differences between two-channels. Fig. 3d is a plot of coherence functions between

f o two-channels. Although there is little change in the spectral shapes, the Jones'

method provides much smaller spectral peaks (Note that all figures are normalized

plots). Thus the computer program given in the Appendix provides somewhat better

results than those available in other methods.
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4. Spectral Analysis of Geophysical Data

A three-channel geophysical data set is provided by Robinson [10] that includes

sunspot numbers, northern light activity and earthquake activity with 100 data points

each. Fig. 4b is the spectral plot of each channel ir linear scale, while Fig. 4c is

the same plot in logarithmic scale. Fig. 4d shows the phase differences between two-

ﬁ channels. The number of lags is 17 which is determined as the optimum order. It is

interesting to note that spectral peak for the sunspot numbers is determined

accurately.

5. Image Segmentation Via Multivariate Spectral Analysis

The use of multivariate autoregressive analysis for texture classification and

segmentation was considered by Gambotto and Gueguen [11]. Their segmentation result

however is much to be desired.

We have employed the multivariate autoregression

estimation program of Jones [6] on the infrared image as shown in Fig. 5a. A small

area of 64x64 is considered in the computer study. The subimage is processed by

small squares of 2x10 pixels each, making use of the two-channel multivariate

autoregression analysis. Then the mean-square prediction error (defined by Fg.14 of

Ref. 11) is computed and compared with a threshold. The idea is that the prediction

error tends to be large for pixels near the object boundary and it is small for

homogeneous region. Segmentation is performed by pixel classification using the

prediction error. The classified result superimposed on the binary image of original

picture is shown in Fig. 5b for orders 4, 5, 6 and 7. These results are acceptable

but not as good as compared with the segmentation using Figheér's linear discrimunant

[12]}, Furthermore the amount of computation required for the multivariate auto-

regression analysis is also much larger. Further study of image analysis using

multivariate autoregression is much needed.
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Appendix I Four-channel Data
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Appendix II Program MULl (Multi-channel Maximum Entropy Spectral Analysis)

MUL 3

REAL ET(4, 128}, BT (4, 1Z8), LIL(4)
COMMON /BI_LKO/ET, BT

COMMON  TNDEX

DEFINE FILE 7(128, 3, U, LINE)
REAL (4, 200N, NP, NSPE, NFRE, NFRE
FORMAT (51&)

NOUT=128

NLAT=128

Dr=1.

DO 2 k=1, NDAT

L INE=K

READ (7 1. INE )LL)

DO 3 D1, M

ETCL, K=t (D)

BT (I, K)=L(I)

CUNT INUE

END FILE 7

DEFINE FILE 1(14, 2%, U, INDEX)
CALL STRANTICNOUT, NP, NUAT, N, D, NFRED, NSFE, NFRS)
CALL EXIT

END

SURROUTINE CPRINT(NE, NDAT, 12, P, PP, CN, CNF, CF, CB)

REGL F(4, 4),FF(4,4), CN(A, 4), CNF (A, 4), CF (4, 4, 10), CB(4, 4, 1O
REAL. ET(4, 125), BT (4, 128)

COMMON /BLEQ/ET, BT

I9P1:=19+1

NIIATHMS=NDAT~I?

FRINT 2, I%, I¥F1

FORMAT(1HL, /777 RESULTE BELOW FORS, IS, 7 LAGS, I. E. MATRIX

1 0OF BLOCE DIMENSIONT, 153, /2

FRINT 4

FORMAT (/71X © FORWARL RESIDUALS ", 40X, © BACEWARL RESIOUALST, 1)
oo o7 Jee1, NDATMS

FRINT 2, €ET(E, J), K=1,NP), (BT(K, ., K=1, NF)

CONTINUF

PRINT 1%

FORMAT (/71X © FORWARD POWER EFLOWS, £0X, © BACKUWARD FOWER BFL QW7 ")
00y 13 I:=1, NP

PRINT 2, (PCL, D), K=1, NP), (FF(L, K), K=1, NF)

CONT INUE

FRINT =

FURMAT(/ /1%, © FORWARD REFLECT COEFF-, 40X, 7 BACEWARD REFLECT COEFF
Do 4 Is=1, NP

FRINT 2, (CNCI,E), E=1, NP), (CNF (I, ), =1, NF)

CONTINUE

FORMAT (1X, 4512 5, 10X, 2E12. D)

PRINT 6%

FORMAT(/1X, © FORUARLD FILTER BELOWS, 40X, "BACEWARD FILTER BELOW", /)
Do 74 k=1, 17P1

DO 72 I=1,N¥

PRINT &, (CF (I, ), J=1,NP), (CECL, 4 KD, J=1, NF)

CONT INUE ’

WRITE(S, 77)

FORMAT(//)

CONTINUE

RETURN

END
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SUBROUTINE CMINVA, N, B)
DIMENSION TRIVOTOLA), ACLA, 14Y, BOLAY, TNDEXCLE, 2), FIVDT (14)
D20 J=1, N
IFIVOT () =0
DO S50 I=1, N
AMAX=0.
o101 J=1, N
: IFCIRIVOTOL. ER 1)GO TO 101
i‘ DD 100 =1, 1
b IFCIRIVOT (E)~1330, 100, 740
7 80 Al1=AKS CAMAX)
o A17=ABS (AL, K
IF(A11. GE. ALZHGD TO 100
£S5 IROW=.J
ICOLUM=K
AMAX=A L K)
100 CONT INUE
101 CONT TNUE
IFIVOTCICOLUMY =TFTVOT ( TOOLIIM )Y +1
LF(IROW. FG. TCOLUMYGO TO 240
Do oZoo =1, N
SHAF=A ( TROW, 12)
ACTROW, 1) =A CTooUM, L)
200 ACICOLUM, L) =5SWarF
SWAR=E{ IRIW)
ECIROW) =8 (IC0_UM)
B ( TC0LUM) =SuHAr
260 INDEX (I, 1)==IRiW
INNEX (I, 2)=1C00L1UM
PIVOT(IY=QACICOLUM, ToOLM)
CACICOLUM, ICOLUM)Y =1,
Do 3RO =1, N
250 ACTCOLUM, L)=a{ICOLUM, L) /ZFIVOT(I)
ECICOIUMY =B (ICOLUM)Y ZFIVOT(I)
DO oSS0 Li=1, N
1F (LY, B IO UMIGD TG S50
400 T=A(L1, TOOLLI)
AL, TCOLUM)Y=0
oo 40 L=t, N

R S T L B e

450 ACLL, LY=ACLL, L)Y ~ACTOONLLM, L) #T 3
BLY=B 1) ~ROICOLUM)Y #T !
3 %S0 CONT ITNUE : 3
3 DO 710 I=1,WN
; L=N+1~1

IFCINDEX (L, 1), BECL INDEX (L, 2350 T 710
JROW=INDEX (L, 1}

JCOLUM==INDE X (L, :2)

DO 705 #K:=1,N

SHAP=A (K, JROW)

A (K, JROW) =A (K, JCOILUM)

AK, JCOLLIM) =SWAKF

T AT P 4T AP

705 CONT INUE
2 710 CONTINUE
L 740 CONTINUE
- RETURN

L ENL
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SUBRDUTINE STRANITCNOUT, NE, NDAT, M, I, NERER, NSHE, NFRS)
DIMENSION BT (4, 123), ET(4, 128), CF (4, 4, 10, T, 4, 10), FFE(1LQ)

1 EC4,8), B (4, 4),05(4,4), P4, 4, FF(4,4), 1514, 4), V14 4) k
2ZoVI4,4), CNC4A, 4), TP (4, 40,0454, 4, 10), U&A(S, 4, 10) E

RhAL R2ZC4, 4), 714, 4), AA(A, 4), B4, 4), 24, 4) £

COMMDN INDE X

COMMON SBLEOQ/ZET, BT

NFi=N+1

i 11 I=1,NP
0o 11 J=1, NF
DO 11 E=1, NP1
CR(I, 1 E)Y=0
CFCI, o K Y=0,
Do 21 I=1,NF
CB(I! I,1)=1. .
GF L T, 1)1, 3
o 2z I=1, NP '
o2y J=1, NP

F{I,.4)=0

Doo21l E=1, NRAT ,
FOI, J)=P( I, +ET(YL, ":::)*E.T(-.'l (o
FPCL, =P CLL D) ZFLOART (NDAT)
FFPCI, J)=P(L, 1)

CALL AEALE (¥, NP, NUAT, O. , FFE, 13
DO 17 L=, N ;
LMi=t—1 !

i

repee

DO 2 k=1, NIDATMY

KP1=k+1

DN o2 I=1, NP

ETC(I, ¥D=ET(I, KPFL)

Do 1 I=1,NP

D1 J=1, NK

EfI, J)=0.

E(1l,.J)=0.

G(I, J)=0.

D0 2 Ee=1, NDATMS

ECI, J)~h(1 JIHETCL, R #ET () E)
BOL, J)=BCL, DI+BT(I ) #BT (LK) :
GO, o) ==G 0T, BT KDY SET G KD .
ECL, HD=ECL D /FILDAT (NDIATME ) ‘
EC(L, D=1, ) /FLOAT (MNDATM?) 1
GOL, J)==2 #GCL, D) SFLOAT (NDATMS)
RiCL, J)=FP (L, J) ¥
B2, D=FFIL .5 |
AL INVERS (01, NF)

CALL INVERS (G2, NF) :
CALL ACTLMINE, AAQ, 22, E) '
CALL ACCUMOMP, BE, (11, F) '
CALLL ACCUMINKF, CC, &2, 5)

CAl.L GETCNNC(AA, BR, L7, NP, CN)

DO 25 I=1,NF

DO 235 J=1, Nk

Vi<(I, . H=0.

Do 28 k=1, NP

ia e o e Dmtn ] O0iaah e i« i
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;
3

4

VI, D=1 D -ONGE D) s )

CALL ACCUM(NEF, UNF, 211, VI

D 27 I=1,NF

Do 27 J=1, N

DU 27 K=3,L

US(I, b EDY=SCRCOL O KD

UEACT, S, B =CB T, W KD

D 4 E=1,L

IMDE X =l -K~1

My 4 I=1,N¥F

Do 4 k=1, NF

0o 4 EE=1, NF

CECL, 5 ED=CF O, o B RUACT, B, THOEX ) #UN K, 1)
CECL B D =CROL, O DS CT, EE TNDEX ) S ONEF (D
CONT INUE _

00 5 =1, NDATHM?

oo o2 =1, NP

V3(T, 1):=ET(I, K)

VECL, 2)=BT(L k)

DO S I=1,NF

D 5 KE=1, N

ETCL, EY=ET(I, B +ONEE, T)#V2(KE, 2)

BTCL, ED =BT (T, £ =CNP CER, T)#V3 R, 1)

CALL ACCUMONE, V1, PR, CND)

CALL ALCUMONF, VZ, F, CNP)

D 7 I=1, NP

D 7 J=1,N¥F

Do 7 KE=1, NP

POL, =PI, D) =-CNCES, TY#VI (K, D)

FRPOL, D) =PROT, ) -CONF K, T #Y2(, 0D

S=FLDOAT (NP3#.ml)

CALL AEATE (P, NP, NOAT, 3, FPE, 1)

IF LML, LT, MPREY GO TO 37

CAlLL CPRINTNF, NUAT, LML, P, FF,CN, ONF, CF, CE)
IFCLML. LT, NSFEXGL T 12

CALL SFECAL (NDUT, LML, NDAT, NP, TF, B, FRPE, 1N, NEREDD
CONTINLUE

RETURN

END

SHERDUTINE GETCNN(A, B, T, N, ©N)
REAL A(4,4), B(4,4),2(4,4), CN(A 4, BE(16), AB(1A, 16)
NZ=N#M

Dy 1 I=1,N

Do 1t J=1, N

Ii={I-1)#N+d

EBRBCIL)=0C(I, 1)

CALIL. KRONFR(A, B, AR, N)

CAlLL CMINV(AE, N&, Bl)

po 2 I-=1,N

oz J=1,N

It=(I-1)#N+J

ENCI, D)=BB(11)

RETURN

FND
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SUBRIODUTINE SPECAL CNUWIT, I'v, NDAT, b, CR, P, FRE, D1, NFRER)

REAL CF(4,4, 10),P(4,4),FFECLIOY, T1(4,4),E(&, 4),B(4,4),5(4,4)

1,v1(4, 4), V'(4.4),@1(4.4).E2(4,4)

REAL 35(1&, 122)

LOMMON /Elilfié 3
CUOMMON  INDEX 1

19P1:=19+1 3

ANGILE=3. 1415926 /FLOAT (NFRED)

thu1~1./(2.*FlHAT(|FREH))

DEGREE=3A0. 7 (2. #3. 1415924)

D=1, 1

5=0, 1

C1=C0s (ANGILE) 3

S1=SIN(ANGLE) 1

PRINT 2001 E
2001 FURMAT(/ /771X, - FRE SPECLY SPECZY SPECES SREC4AL i

FH1Z COH1Z FH1Z  COHLE FH14 COH1 FHZ2:Z  COHZ2
FH2ZA  COHZ24 FH24 COH=247, %)

0 29 Kk:=1, NOUT

REQ=FLOAT (KK ) #FRED]

’"Ii*P S1#3

C1#S+St a0

) 3 "'J'“EI’-J!-‘

4N1 1.
Sh1:=0,
Do 20 I==1, NF
o 20 =1, NF
EXI, )=0.
20 E(I,.)=0. —~—e
D 21 L:=1, I9F1
Do 22 I=1,NF
o0 ¥2 J=1, NP 1
. ECL, D) ==ECL, Y HFONLHCF (D, T L) ]
BCL, )=BCL, . D+SN1#CF (), T, LD E
CNZ=CN1#-3SN1#*5
SN1=CN1#3+SNL*C
CN1=CNZ
g 1 CONTINUE
A DO o2 I=1, NP ;
: oD 23 J=1, NF 3
w3 VI, ) :=E(T, ) i
: CALL INVERS(VL, NP) "
H CALL ALCUMONE, V3, VL, B) E
CALL ACCUMONK, G, B, V3) 3
My o I=1, NP
oy 75 J=1, N
3 RQICL, D=F(1, DG, D
CALLL INVERS (221, NF)
CALL ACCUMINP, VI3, E, V1) s
CALL ACCUM(NK, 002, 01, V3) 3
po 924 I=1,N¥ :
DO 2& J=1, NP
7 A2, D=-22(1, I
CALLL ACCIM(NF, V1,01, P)
CALL ACCUM(NKF, VI, 22, P)
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Do 20

DO 20 J=

B(I, J)=0,

G(I, =0

D 30 K=1, N¢

BOL, J)=RBCL, J)+V1ICT, B3l Gy EDSVICT, Y3200 B
1 ED

GO D =G0 DAV D #R1 (D )=V (T, KDY =2,
DO 31 I=1,N¥

i 31 J=1, M

B(IL, Y= #DT#E(IL, )

GOI, Jr=2Z #DT#G(I, 1)

CALL FHCOOG, B, MR, EE, FRER)

CONT IMUE

CALL KBF

RETURN

ENI

SUBROUTINFE FHCUC(G, By NP, EX, FRER)

REALL G(4,4), B4, 4), COH(L), PHAS (&) B3 (14, 1232)
COMMON BLEL/EE

DEG=:2£0. 7 (20 #3 14159265)

I=0

NEP=NF-1

Dy 10 =1, NFF

Do 10 k=2, MP

IF (R LR DGO D 10

I=1+1

FHAS (D) =DEGHATANIZ QGO K B KD)

COHCI) =B (A, B 324G, KDY #8#2) 7(B O JI#EGR, KY)
CONTINUE

no 20 J=1,NF

S5O EED=REC )

Do 20 J=1,1

SEINF+J FE)Y=PHAZ (J)

BS(NP+I+d, KEY=COH(J)

FRINT 2001, FREG, (B(IL, TI), TI=1,NP), (FHAS(I), COH(I)Y, I=1, &)
FORMAT (1X, Fo. 4, AED 2, 12F7. 1)

RETURN

END

END

SUBROUTINE ERONFR(A, B, AL, N)
GIMENSION A(4, 4),B(4, 4), AR{(14, 14)
NZ=h#N

no 1 I=1, N2

Do 1 J=1,N2

AB(I, H=0,

DD 2 I=t,N

pooz2 J=1N

Do 2 K=1,N

Ii=(I-1)#N=+E

I2=(.J=1)#N+kK

ARCIL, IZ2)=0(1,4)

D 2 I=1,N

no 3 J=1,N

DO 2 E=1,N

I1=(I~-1)#N+J

I2=(I=1)aN+k

AB(IL, I:)=AB(11, 12)+B(K, J)
RETIJRN




FUNCTION DFTERM(ARRAY, NOKDER)
DIMENSION ARRAY (4, 4)

T FERM:=§

D SO k=1, NORDKR

IF (ARRAY (K, K). NE. Q. )BC 1D 41
Dis 23 J=k, NORDFR

IF (ARKAY (K, ). NE. 0. )60 TO 331
CONT INUE

DE TERM=0,

RETURN

DO 34 D=k, NCRDER
SAVE=ARRAY (1, .1)

ARKRAY (1, J)=ARKAY (I, k)
ARRAY (T, K) =5AVE
DETERM=-DETERM

DE TERM=-DETERM#ARKAY (K, )

IF (K. GE. NORDER) GO 10 50
K1=K+1

DO 44 =K1, NORDER

DI 46 J=K1, NORDER

AKRAY (1, J)=ARRAY ( I, 1) =ARKAY ( T, K) #ARRAY (K, J)/ARRAY (K, K)
CONTINUE :
RETURN

ENI

SUEBRDUTINE INVERS(AINY, NE)
DIMENSION AINV(4, 4), EINV (14, 1£), BIRECLA)
i 30 I:=1, N#

BEE(1) =0,

Oy 20 J=1, MK

EINVCI, S)=ATNVC(T, .3)

CALL CMINV(FINY, NF, BXE)

Do 31 I=1, NP

o 31 J=1, NP

AINV(T, N)=EINV(I, 1)

RETURN

F.NL

SUBROUTINE ACCUMNKF, A, B, )
DIMENSION A4, 4), B(4,4), (4, 4)
Dy 13 I-=21, NF

DI 11 21, NP

AL, J):=0.

DO 11 E=1, NP

AL, D=ACL, D+BC1, K80, J)
RETURN
ENII
SUBROUTINE KEF

REAL $2(16,123)
COMMON INDEX

COMMON /BLKL/SS

DO 10 I=1,14

INIJE X:21

WRITE(L INDEX)(SS(T,.0), Je=t, 1280
CONT INUE

CAlL BELL

RE TURN

END
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SUBROUTINE AKATIK (F, NF, NDAT, 5, FFE, INLEX)
DIMENSION F (4, 4), FFE(10), DIM(4, 4)
DO 1 I=1,NP

DO 1 J=1, NP

DUMCT, D=k (T, )
DETP=DETERM (DM, NE)
FACT1=FLOAT(NDAT ) +1. +5
FACT2=FLOAT (NDAT)~1. -5
FACT=FACT1/FACTZ

FPE CINDEX ) =DETP# (FACT#%NE )
RETURN

END
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