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1
1. INTRODUCTION

1.1 Object and Scope

Wave propagation problems in linearly elastic, homogeneous,
anisotropic media have attracted increased interest in recent years.
Aside from the inherent interest in the subject as part of theoretical
mechanics, results of investigations in this area have sufficient practical

engineering applications to motivate further explorations of the math-

ematical and computational difficulties involved. In the past, the effects
of anisotropy were often neglected as being of secondary importance in
the dynamics of elastic media. However, when detailed computations are
carried out for wave propagation in isotropic media using large digital
computers and involving massive arithmetic effort, it would seem that
more attention should be given to what are possibly significant effects of
anisotropy.

Several theoretical investigations have been stimulated by the

development of ultrasonic techniques for the measurement of the dynainic

elastic constants in pure crystals, where anisotropy plays a fundamental
role. These techniques were based on the availability of the necessary
electronic equipment to excite and detect mechanical vibrations of high
frequency which enabled experimental researchers to observe the
characteristics of propagation of disturbances with wave lengths very
small in comparison with the dimensions of the source and specimen. In
f theoretical seismology, increased attention has been given to studies

' concerning the effects of a possible continental anisotropy in the

? propagation of seismic waves, in particular the Rayleigh surface waves.




TP S IPE B e e e e

2

Seismic waves are also of great interest in earthquake engineering.
Specifically, the effect of anisotropy on strong ground-motion records
requires further exploration. The propagation of waves in piezoelectric
crystals, the dynamic behavior of composite materials, and a variety of
problems in solid state physics and geophysics fall into the range of
applications where an increased knowledge of dynamics of anisotropic
materials is desirable.

The object of the present study is to provide analytical and
computational techniques to obtain solutions for the transmission of
waves from a point force in a linearly elastic, homogeneous, anisotropic
medium. Two types of problems have been undertaken. The first concerns
the two-dimensional problem of a line force applied to the surface or
in the interior of an orthotropic material, i.e. a material which has at
each point three orthogonal planes of elastic symmetry. The boundary
plane is taken parallel to one of the symmetry planes and the applied
load is a step function in time. The stresses are determined directly
as functions of a complex variable while the displacements require the
evaluation of a simple quadrature. The second type of problems considered
in this study concerns a step force applied to the surface of a
transversely isotropic material. Transverse isotropy is a special case
of anisotropy in which there is at every point of the medium one axis
of elastic symmetry while all directions perpendicular to that axis are
equivalent. The dynamic response given by the three displacements in a

cylindrical coordinate system requires the calculation of a simple

quadrature in the complex plane.

s

i itk
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1.2 Previous Related Studies

Investigations concerning anisotropic wave propagation can be traced
back to the research work on crystal optics at the end of the last century
which laid down the foundation for a qualitative understanding of the
effects of anisotropy on elastic waves propagating in a solid medium.
Rigorous theoretical developments awaited the availability of ultrasonic
techniques which occured several decades later and spurred a renewed
interest in the subject.

The basic principles of the theory of elastic wave propagation in
anisotropic media can be found in the monographs by Hearmon [15]*,

Fedorov [13], Musgrave [25], Auld [3], and Chadwick and Smith [8].

Recent advances of elastic waves at crystalline interfaces were discussed
by Musgrave [26] who also included a list of original contributions to
various specialized problems. Kraut [19] examined the problem of a
vertical line force on the surface of a transversely isotropic material,
De [10] discussed the Rayleigh wave contribution to the displacements
produced by a suddenly applied force at the surface, while Payton [34, 35]
gave the solutions for suddenly applied point force and for time dependent
line load in an unbounded transversely isotropic medium. In all these
solutions the method of analysis is based on the classical multiple
transform techniques, with the attendant computational difficulties.

A different approach was followed by Sveklo [44] who examined the
two-dimensional problem of an instantaneous pulse in an anisotropic

medium by employing the Smirnov-Sobolev method of complex solutions, which

x
Numbers in brackets refer to entries in the List of References.

- —

i A0 SELEN. U1 x snt Bone dint casinll



4

was initially applied for isotropic solids [39, 40]. Sveklo used the

same approach to solve the problem of a force applied on the surface of
a half-space (Lamb's problem) [45]. The anisotropy of the material was
3 defined by three elastic constants. The same type of material was used
by the same author to examine dynamic problems with mixed boundary
conditions [46]. Reflected and refracted waves at the interface of two
anisotropic media with three elastic constants were examined by Osipov
[27] who also in a number of other publications covered topics such as
the behavior of the wave propagation velocities in materials with four
elastic constants [28], the application of the Smirnov-Sobolev method to

*1 formulate solutions for anisotropic materials [29,30], the examination

of the Rayleigh type waves [31], and some cases of mapping of the wave

e

fields on the complex plane [32]. A number of errors have been noted in
Osipov's work; some of them were recognized and corrected by the author

himself in later publications. Lamb's problem in anisotropic media was

also examined by Budaev [5, 6, 7] in terms of certain dimensionless

quantities derived from the elastic constants.

1.3 Method of Solution

Two-dimensional wave propagation problems in homogeneous elastic

anisotropic bodies require the solution of a system of two partial

T T TEENT T .y

differential equations. The Smirnov-Sobolev method of self-similar
potentials utilizes some important results of complex analysis to derive
the solutions as analytic functions of a complex variable. The complex i

1 variable is determined from an equation which describes the general i

' solution of the equations of motion in terms of the characteristic

7 a——— - e TPV S —
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surfaces.

A given set of boundary conditions which are homogeneous functions
of the x, y and t variables provides the necessary equations to determine
the analytic functions or potentials mentioned previously. The real part
of the complex solutions constitutes the answer to a problem because the
real part of the complex stresses and/or displacements represents the
prescribed boundary conditions.

The anisotropy of the medium in the two-dimensional problems is
defined by four elastic constants. The applied load is given as a line
force parallel to the elastic direction so that the conditions of plane
strain are satisfied. When the medium is unbounded, two types of waves
propagate from the source of disturbance. The first type is called
quasi-longitudinal and the second quasi-transverse in analogy with the
isotropic case. The existence of a plane boundary introduces reflected,
surface and head waves.

The solution of the three-dimensional equations of motion for a

transversely isotropic medium is reduced, by the technique of rotational

superposition described in Chapter 3, to the solution of equations of
motion for a plane strain problem and an antiplane problem. Both of ]
these cases are treated in Chapter 2. Thus, the simplicity of the method
of self-similar potentials is precerved in developing three-dimensional
solutions. 1
The study is organized as follows. Chapter 2 briefly explains the
Smirnov-Sobolev method as it is applicable to anisotropic materials of a

certain kind and gives the solutions to a variety of two-dimensional

2 e PN

problems. Chapter 3 explains the technique of rotational superposition
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and presents the solution of certain axisymmetric and non-axisymmetric

problems in the form of the displacements. The often intricate mapping

of the wave fields in the complex domain defined by a four-sheeted :
Riemann surface is the subject of Chapter 4. In Chapter 5 numerical 1
results are discussed together with some of the techniques required

to overcome inherent computational difficulties. A summary of the study, !
conclusions and recommendations for further research are given as

Chapter 6.

1.4 Notation

The symbols used in this study are defined in the text where they

first appear. For convenient reference, those most frequently used are

listed below.

a, b, ¢, d, e elastic parameters of orthotropic
and transversely isotropic materials

A, B, C, D, E the five material cases according to
the configuration of the quasi-
transverse wave front ]

curves on the complex domain which
separate the regions of mapping the
quasi-longitudinal and the quasi-
transverse wave field

points in the wave fields which map
on the branch points 9py and oy,

elastic constants of a general 4
anisotropic material 1

contours of integration in the three-
dimensional problems

normal strain in the X-direction
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1
f](wo), fz(wo) weighting functions
Fpo e magnitudes of horizontal and vertical :
forces ]
FS-H the plane strain problem of a 1
horizontal step force in the full- -
space
GK(eK) function defined in Eq. (3.25)
HS-V the plane strain problem of a vertical
: step force on the surface of a half-
g space
1 HS-IH the plane strain problem of a
horizontal step force in the interior i
i of a half-space 1
3 i
| Kis Kos Lo M quantities involving the elastic :
parameters, defined in Eq. (2.10)
LK(e), MK(e) functions defined in Eq. (2.24) i
ﬁK unit vector normal to the tangent
at the wave front
N]’ N2, N3, N4, N5 quantities involving the elastic :
parameters, defined in Eq. (2.10) 3
and (C.10) :
Q(eK) function defined in Eq. (2.20) ]
] r the radial coordinate in the
cylindrical system !
i R(s) Rayleigh function in anisotropic i
_ media defined in Eq. (2.28) 3
| R (8), R(6) functions defined in Eqs. (2.47) i
] 3 and (2.48) 1
E S$1s Sps S35 S, the four sheets of the complete ]
Riemann surface i
11
SK(e) function defined in Eq. (2.24) j
) t the time variable g




tp’ ts’ tsl’ t52

p0* 50

a
K’ Bl

1* 2% ~1* ~3%

* ~%
B> By By, B> B, B

arrival times of the wave fronts

the times of the beginning of the
mapping of the two wave fields in
the complex domain

displacement components of the plane
strain and the antiplane problems
(an asterisk indicates the complex
quantities)

complex displacements at the free
surface (y = 0)

displacement components in the three-
dimensional problems (an asterisk
indicates the complex quantities)

displacement components of the plane
strain and the antiplane problems

as used to develop the three-
dimensional solutions

angular quantity (= o - wg)

the cartesian coordinate system

coordinates of a point in the (x, y)
plane

a cartesian coordinate system rotated
by wg about the y = Y axis

the y-coordinate of the point where
the force is applied in the interior
ot the half-space

the angular quantities shown in Fig. 2

values of the quantity B« corresponding

to various values of 6 (see Table 1)

= *p/Yr
shear strains
a value of v such that the point

(xps ygp) is located inside the sector
formed from the cusps and the origin

almataeon) Lopsar Yo Ll aatfihi

i O i

il i i Gl
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PO any value of Y that is not T_

8, (« =1, 2, 3) function defined by Eqs. (2.16)
and (2.31)

s, (« =1, 2, 3) = 36 /26,

] Ao (k=1,2,3) functions equivalent to 6., 8.,
] 5 as used for the three-dimensional
3 problems

€. &y real and imaginary parts of 8,

€y sy, €, Eps €, normal strains

EK, ZK real and imaginary parts of AK(eK)

n dimensionless coordinate (= y/t)

Nys Ngs ni, né values of n at the crossings of
the wave fronts with the n-axis

* ]* 2* . ] .

Ns N > N points on the n-axis which correspond
to various values of o according to
conditions given in Chapter 4

6 complex parameter

T* 2% % kk ~1k ~Ok ~% ]

6 ,06,6,06,0,6,86 real values of 6 corresponding to
cusps and nodes (double points) of
the quasi-transverse wave front
(see Table 1)

Ops Ons O 0 the branch points on the Riemann

A* "D* 7017 "02 surface

K index referring to the quasi-
longitudinal wave (x=1), the quasi-
transverse wave (k=2) or the shear
wave in the antiplane problem (x=3)

A (e) (x=1,2,3) function defined in Eqs. (2.19) and

K
(2.32)

& dimensionless coordinate (= x/t)

i E1s Ep» £70 E) values of £ at the crossings of the
wave fronts with the ¢-axis

' " " Pl
PTG ST IV TR RN RS T Y VPR YIS, WO R P ¥ T
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xy* Txz» Tyz

*

T
Xy
v

¢ .(0) o.(6)

v (6)s v (0)
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the g-coordinate of a node located on
the ¢-axis

function defined in Eq. (2.27)

mass density of the material

normal stresses in the two-
dimensional problems (an asterisk)
indicates the complex quantities)

complex normal stress at the free
surface (y=0)

normal stresses in the cylindrical
coordinate system

summation symbol

normal stresses for plane strain
problems as used to develop the
three-dimensional solutions

complex self-similar fictitious
normal stress

shear stresses of the plane strain

and the antiplane problem (an

asterisk indicates the complex _
quantities) |

shear stresses in the cylindrical
coordinate system

shear stresses of the plane strain
and antiplane problems as used to
develop the three-dimensional solutions

complex self-similar fictitious
shear stresses

variable used in Chapter 3 (= rcosW)

functions defined in Eqs. (4.9)
and (4.12)

functions defined in Eqs. (4.4) and
(4.11)
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T
nw :
| L'
Yy
] 1
.k w the angular coordinate in the
cylindrical system i
i 2, (o), QKJ-(G) self-similar potential functions
{
i
|
|
|
|
|
|
|
;
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2. TWO-DIMENSIONAL WAVE PROPAGATION PROBLEMS
IN ANISOTROPIC MATERIALS

2.1 Generalized Hooke's Law

In continuous media the stresses and strains at a point are completely
expressed by the corresponding tensors. Each component of the stress
tensor can be written as a function of the components of the strain tensor.
Under the assumptions that the deformation takes place at a fixed
temperature, and that the initial unstrained state is also unstressed, the
linear parts of these functional relations between stresses and strains
comprise a system of equations known as the generalized Hooke's law.

In a cartesian coordinate system, where the engineering notation for
the stresses and strains is used, the generalized Hooke's law can be

written in the form [43]

Q
[

x = C118xC128y 1352 14y 2 15V 2x T 16 Vxy

a Oy = C18x*C0%y €352 ConYy2 25  2x 26  xy

T

o, = €315 €325y 133521347y 2 €357 2x " C36" xy

| Tz = C416x Ca28y 4352 Caa y2 Ca5Y 2x Ca6 xy (2.1)

Tx = ©515x C528y 5382 CoaYy 2 557 2x 56  xy
YWy = S616x*C62°y 6352  C6a yz" C65Yzx" 66" xy

The coefficients cij (i, =1, 2, ...6) are the elastic constants or

moduli of the material. In homogeneous materials they are independent

of the system coordinates. Moreover, the existence of a quadratic strain

energy function imposes the symmetry conditions
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cij = cji (i, 3=1,2, ...6) (272)

In the most general case of anisotropic materials, the number of

independent coefficients required to determine the elastic behavior is

%*
twenty-one. The existence of axes or planes of elastic symmetry together

with an appropriate orientation of the coordinate system such that some
or all of the coordinate axes are parallel to the symmetry axes or planes
causes a reduction of the number of constants required to describe the

l material. The highest degree of elastic symmetry is exhibited by
isotropic media, which require only two elastic constants. A discussion
[‘ of the method used to obtain the necessary constraint equations among

the constants cij’ which must hold whenever various degrees of elastic

symmetry are present, can be found in Love [21, §105] and Voigt [49].

2.2 Plane Strain Problems

The solution of dynamic problems in anisotropic materials with

triclinic symmetry, i.e. involving all twenty-one elastic constants,

r presents formidable computational difficulties, mostly as a result of the
large number of parameters involved. However, great insight into the
effects of anisotropy can be gained by the study of materials which

possess higher degrees of symmetry.

2.2.1 Orthotropic Materials

Consider an elastic anisotropic medium which at each point has three

mutually perpendicular planes of elastic symmetry. These may be taken

*This number is based on the energy approach of Green. See Love [21] for
a discussion of the controversy between the followers of Green's approach 4
' and the "atomic" modelers who advocated the "rari-constant" theory using
; fewer constants.
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parallel to the axes of an orthogonal coordinate system. In this system

it can be shown that the following coefficients vanish

€147C157C167C247C257C267C347C357C367C45 C46~Cr6~0 (2.3)

The remaining nine constants characterize an important class of anisotropic
materials most widely known as orthotropic. When the conditions of plane

strain are fulfilled, i.e.

U, =y _=vY..=0 (2.4)

the stress-strain relations (2.1) are written in the simple form

x = S11%x"C2%y

oy = q 2€x+c22€y (2.5)

TXY = c66ny

The other stresses are

(2.6)
9~ c13€x+c23€y
Equations (2.5) involve four independent elastic constants and determine
the plane strain problem of orthotropic materials in the x-y coordinates.*
In the dynamic problems of this study, it is convenient to use a new set

of parameters, indicated by the letters a, b, ¢ and d which are defined as

*

The elastic constants cy3 and cp3 are not in any way involved in the
solution of the plane proglem and are required only for determining the
stress o, normal to the plane of deformation(x, y).
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a-= __Ll_’ b = —.2..2.’ c = M’ d = —6—§- (2-7)
p P P P

where p is the mass density of the material. These parameters have units

of velocity to the second power [LZ/Tz] and are subject to the conditions

|
b a>0,b>0,d>0, ab-(c-d)?0 (2.8) |
§ |
] stemming from the requirement of a positive definite strain energy
function.
It has been observed that for all known media the constraints
a>d and b>d (2.9)
i
although not necessary for the positive definite character of the strain
energy, seem to be satisfied.* i
{ The following quantities involving the elastic parameters will
_? appear frequently throughout this study and require an early definition
{
L=ab+ dz-c2
K] = ab - (c-d)2
K, = ab 2
o = ab - (c+d)
= 2
Ny = (a-d) (b-d) - ¢
] 2
N2 =4 b(a'd) - C
*This is reminiscent of the better known fact that values of Poisson's
ratio in the range (0, -1) do not violate the condition for a positive
i definite strain energy, but are never observed in isotropic materials.

- - — —

e

—
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N3 = a(b-d) - ¢
a2 2
N4 = d°(b-d)“ - Ky Ky

M = (b+d) N,-d(a-b) (b-d) = bN;+d [(b-d)? - c?]

— T e

(2.10b)

It will be seen later that the range of values assumed by certain

of these quantities greatly influences the procedure for computation of

the wave fields, even requiring separation into different cases or sub-

classes of orthotropic materials.

2.2.2 The Equations of Motion

The consideration of the equilibrium of an infinitesimal

element in

the two-dimensional space and the application of the linearized strain-

displacement formulas

aux
EX-——.—

au
&, = S
Yy oy

u au
Y =.—-—x.+-._l
Xy ay X

in the stress-strain relations (2.5), results in the equations

expressed in terms of the displacements

azu a2u azu azu
X X Yirs X
a 5 +d > +c = 5
ax oy X3y ot
2 2 2 2
I u o u du I u
C'—l"‘d —-y-l-b -y= =Y.

Xy ax2 ay2 at2

(2.11)

of motion

(2.12)

o
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The displacement vector u (ux, uy) can be decomposed by Helmholtz's

formula [37]
u=grad ¢ + curl (2.13)

into a sum of two vectors. The first vector represents the irrotational

or longitudinal part given from a scalar potential function ¢, while the
second is formed from a vector potential function ¢, satisfying the
condition div § = 0, and represents the equivoluminal or tranverse part

of u. Equation (2.13) applied to two-dimensional wave propagation problems

is equivalent to the following two relations

= 3% . 3y =3¢ _ 3
Uy = 3x g 3y’ uy 3y  ox (2.14)
where y stands for the z-component of the vector .
Direct application of these last expressions to the equations of
motion (2.12) leads to a system of equations in terms of the potentials

¢ and ¢, i.e.

[ A z 2 2 2 2
1 R B ) Il (ke S L SR 1Y,
L 9Xx y ot ay Ix - 3y ot
(2.15)
[ 2 2 2 2 2 2
Sleo gt Sl 2laf. o 8- 2yl
YL ax ayc ot ay L ax ayt ot

It should be noted that the equations are coupled, unlike the isotropic
case where the same process leads to two equations each involving only one
of the potentials. The physical meaning is that, in general, each of the
two solutions occurring in anisotropic media includes both irrotational

and equivoluminal components in the displacement vector.
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2.3 The Method of Self-Similar Potentials

The method of self-similar potentials or functionally invariable E

solutions is a powerful technique developed by the Soviet mathematicians

V. I. Smirnov and S. L. Sobolev [39, 40] to solve the equations of motion

in problems of two-dimensional elasticity with initial or boundary

conditions given as homogeneous functions of the spatial and time variables.

? An extended description of the method with applications to certain contact

problems is given by Thompson and Robinson [47]. The application of the

same method in solving dynamic problems in a three-dimensional space is

.' given by Johnson and Robinson [18] and Farewell and Robinson [12], while
Seyyedian and Robinson [38] solved the problem of the buried dislocation

pulse in a layered half space by a combination of self-similar solutions.

In all these cases the medium was considered to be isotropic.
The following sections present a brief exposition of the method of
self-similar potentials as applied to solve dynamic problems in homogeneous,

linearly elastic, anisotropic bodies.

2.3.1 The Solution of the Equations of Motion

The general solution of the partial differentiai 2quations of motion
(2.15) for an initial disturbance concentrated at the origin of the y>0

half space can be written in the form
8, = t-xeK-yAK(eK) =0 (« =1, 2) (2.16)

which defines the characteristic surfaces through the origin in terms of

a parameter 8. Here AK(eK) is an analytic function to be determined
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later. This form is chosen because it yields a simple expression for 8,
on the y=0 plane where the boundary conditions must be satisfied. On this
plane eK=t/x, i.e. the parameter is uniquely determined for every point
and is the same for each solution of the wave equations. A more detailed
discussion of Eq. (2.16) is given in Chapter 4 in conjunction with the
mapping of the x, y, t space into the complex plane.

The parametrization of the characteristic surfaces by the quantity
8, implies that any analytical functions of eK must satisfy the equations
of motion. Let ¢K(eK) and WK(GK) be two functions with continuous first,
second and third derivatives. Using the expressions provided in
Appendix A and substituting ¢ = ¢K(6K) and y = WK(GK) in Eq. (2.15), one

arrives at the equivalent system
-0 [a6% + (c+d) AR 1] ¢'(e ) -
K~ K K" K K'B K
-x (8) [(a-c)e2 o dxz(e ) -11v'(e ) =0
K K K K K K K
(2.17)
2 2 '
-AK(GK) [(c+d)eK + bAK(eK) - 1] ¢K(eK) +

+o_ [do? + (b-c) (s ) - 11 ¥!(s) = 0

where ¢;(6K) and w;(eK) denote first derivatives with respect to 0 . The

condition for the system to possess a non-vanishing solution is

SNl 12 4,2
F(eK,xK) £ bde (eK) - (b+d Le, )XK (eK) +
(2.18)

2 2y .
+ (1-aeK ) (1-deK )=0
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The solution of this biquadratic equation defines the function }
2 (e ) as :
K K !i |
brd - LeZ + (-1)°/Q6,) ?
(o) =2 [ 2bd (2.19) |
where J
Qs,) = (b+d-Le?)? - 4bd(1-ae?) (1-de?) =
(2.20)
- 2 2 4
: = (b-d)° - 2Me + KKye.
3
' The complete representation of X (e _) on a four-sheeted Riemann surface

can be found in Appendix B. There exist four different types of Riemann
surfaces denoted by I, II, III and IV according to the location of the
1 branch points on the complex domain. Once the sign of the outside radical |
is fixed (see Chapter 4), the two distinct values of AK(eK) define by Eq.
.3 (2.16) the variable 6, as the parameter of the characteristic surfaces.
Under these conditions the real and imaginary parts of any analytic functions
¢K(ex) and WK(eK) give solutions to the equations of motion. If in a
given domain the 6, as function of x, y and t assumes real values, then any
arbitrary real functions of 8, with continuous derivatives up to the third
order will also be solutions of Eq. (2.15)
The importance of the method of self-similar potentials lies in the

simplicity of the determination of the analytic functions QK(GK) and

WK(eK). In the class of problems undertaken by this study, four of these
functions are required to determine the solution. However, the homogeneous

system (2.17) provides a value for the quotient
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e (e, ) « =

v' (e

K K

4 ]

As a result, the four functions ¢](e]), Wi(e]), ¢é(62) and Wé(ez) are
not independent but for each value of the index « only one of the two
functions ¢;(eK), W;(eK) needs to be determined; the other can inmediately
be obtained by use of Eq. (2.17). The complex solutions of the
Smirnov-Sobolev method must contain both of these functions for each of
the two wave fields since ¢;(6K) is associated with the longitudinal
component and W;(eK) is associated with the transverse component of the
displacement vector. It turns out, however, to be simpler to pursue the
solution in terms of new functions QK(eK) hereafter referred to as

"potentials." Either of the two relations in Eq. (2.17) can be used

to define these potentials; the first of the two has been chosen. Thus,

¢;(eK)

AK(OK) [(a-c) ez + dxf(eK) - 1] )

L 2 (6) (=1, 2) (2.21)

2 2 Al k=1 :
o, [ae + (c+d) A (0 ) - 1]

The ratio of the functions ¢;(eK) and w;(eK) is a measure of how
close the solution comes to a pure longitudinal wave in the anisotropic
media. In the case of isotropic materials (Appendix G) the denominator
of the second fraction in Eq. (2.21) becomes zero for x=1 while the
denominator of the first fraction vanishes for ¥=2. The longitudinal wave
is, then, described by ¢i(e]) and the transverse wave by ¥5(6,) while

wi(e]) = ¢é(ez) = 0.

Do et s bias ol

-
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2.3.2 The Determination of the Self-Similar Potentials

For given initial or boundary conditions, the determination of the
solution of a particular wave propagation problem requires the calculation
l of the potentials QK(eK). The methods of complex analysis are extremely
i useful at this point. The real boundary tractions, given as homogeneous
functions of space and time, can be expressed as analytic functions in the

half-space y>0 by means of the Schwartz integral formula [9]:

*
T (e)=--1.]—1r fl-é%;—t)- de (2.22)

*
where T indicates the real traction and T the complex traction as a
function of the complex parameter & which assumes real values t/x on the

boundary y=0 plane. The final result is given in terms of complex functions

where the real and imaginary parts correspond respectively to the real and
imaginary parts of the complex boundary conditions given by T*.
It can easily be verified that the complex valued displacements and

stresses (indicated by an asterisk) can be written as follows
)

* 2 K
X ait[ 1 [ce"x(e) [o%*2Z2(8)] 2 (o) de]

o
u

2 %
My -—3—[2 J162+:2(001 tao?+ i2(e) - 11 0, (o) de]
k=]
0

y at
|
| * 32 r 2 %
w cx/p =— |z fx((e)LK(e) QK(G) de] (2.23)
ot~ k=1
I 0 !
F * 32 2 ox
cy/p = ;2- KE] {AK(e) SK(e) QK(e) de]
| 4 e
| *lo = i g fe; (6) 2 (o) de
TX_Y P atz [K=1 0 K K
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where

L (6) = - [6223(0)] [dlac®+anZ(e) - 1] + c[1-dr(0)] ]

5.(6) = [o222(0)] [ bfas®+a2(e) - 11 - c(c-d)o’ ] (2.24)

M (8) = d[e%22(0)] [asP+(d-c)a’(p) - 1]

The self-similarity of the potentials implies that the boundary
tractions are homogeneous functions of the space and time variables of
order n=-2. The generalization of the method to obtain solutions for a
f problem where the given tractions are homogeneous functions of order n is

only a matter of a simple n-fold differentiation (for n positive) or
n-fold integration (for n negative) with respect to t (see reference [47],

Y
i are applied. The complex self-similar tractions on the same plane are

& section 2.8). On the y=0 boundary plane only the tractions oy and B

é given by a double integration with respect to t of the corresponding
: expressions in Eq. (2.23), i.e.
3 )
2 K
* -
zy /o = Ki'l [xn(e) sK(e) nn(e) de
. . 8, (2.25)
Txy /p = L feMK(e) QK(B) de

k=1 4o
This system of equations is solved, after the integral is removed by a
differentiation with respect to 6, to give the expressions for the

potentials in terms of the self-similar tractions
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My(8) (5, /o) = 1,(8) Sp(e) (T, /o)

Q,(8) =
! D) (2.26) ]
* ! * 1
% (6) = “oM(8) (2 /o) + N (o) (o) (T, /o)
n(e)
where
n(e) = o [x;(0) S](e) M(e) - Az(e) Sz(e) H](e)] =
2,, 2 2.2
= cdo [x;(8)-2,(0)] [0%+2;%(e)] [6+2,°(e)] R(e) (2.27)
and
R(8) = (Kjo%-b) a;(6)2,(0) + ae’-1 (2.28)
Here R(6) is the equivalent of the Rayleigh function for anisotropic media. }
2.4 The Antiplane Problem f
A general definition and the treatment of a variety of antiplane 3
problems can be found in reference [23]. In this study, a special case of i

antiplane problems is considered, where all the non-vanishing displacement

and stress components are parallel to the normal to the plane (x, y) and

are functions of x, y, and t [18]. In such a case, points lying in planes
parallel to (x, y) before deformation cease to do so after deformation.

The development of solutions for transversely isotropic materials, presented
in the next chapter, requires the formal solution to this kind of problem.

The equation of motion is written

e'22+d £« 2 (2.29)

S R e S S TG 200/ NPT R s o, WP Ph= L B e
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where the elastic parameters e and d are defined from the stress-strain

relations
u
T, = pey,, = pe £
ZX ZX X
3u (2.30)
= o 2z
Tyz deyz pd 3y

The displacement u, is only a function of x, y and t. It is not

difficult to show that the characteristic surfaces in this case are

defined by the equation
where
A3(65) = Ve7d (7] - )" (2.32)
The solution is given in terms of a displacement function
*
w = Re [w (63)]

and in the case of self-similar tractions is expressed by the relations

t 83
uz"r =f [fw*'(e) de]dr
0 0
* % *)
Py [0 = =le Jrew (e) de (2.33)
0

yz*l = - d-]6£3(e) w*'(e) de

0
For a given boundary traction the third of Eqs. (2.33) determines the

-~
~
©

|

displacement function w (6) on the boundary. The complete solution is

bl heeciain ot

N

SN
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given by Eq. (2.33).

2.5 MWave Propagation in a Half-Space Resulting from the Sudden Application
of a Line Force on the Surface

The determination of the potentials for two-dimensional problems in i

anisotropic materials follows the same sequence of steps used to determine

the potentials in isotropic materials [47, Chapter 2]. Only a brief
outline will be given here. The magnitudes of the vertical and horizontal

forces are denoted by Fv and Fh.

2.5.1 The Vertical Surface Force

The complex tractions obtained from the boundary conditions can be

written in the form

o Lt e .

%0 _ v
Zy (6) = - im .
(2.34) ;
* 1 _ i
Txy (8) = 0

k.
which determine, by means of Eq. (2.26) the potentials ]
F [ae2 + (d-c) Az(e) - 1] :

e \J 2
M(0) = - 7o 2, 2 i
E T [ay () - x,(0)1 [6%+2;%(0)] R(e). s
i (2.35) i
Fy [ae2 + (d-c) Af(e) -1] 4
2(0) = 3¢ 77 :
[3;(8) - 2,(8)] [6% + x5(0)] R(s) :
E
]
The solution for a step vertical line force is then given by the following ;

expressions
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2 .]P%AK(O) [a92+(d-c) A%_K(e) - 1] ]
[ (5 (6) - 5, (0)] R(e)

0

2 ¢ (*(1-20) [(d-c)e? + b (8) - 1] ]
[ O (0) -3, ()] R(e)

w  E 2 AK(eK) [K]ei(l-aez) + c[aei+bx§_K(eK) - 1]]
°x ) m KE] [ 6:< IAKC{K) - >‘3-|<((3»)"I R(eK)
2 (2.36)
- da(e) [1-ba3_, (e )] ]
5; [AK(eK) -A3_K(6;)] R(eK)
« F, 2 [a(e) (1-asd) [0S (s) - 1]
AT KE][ ' [a (e ) - a3 (o )1 R(e )
{
(c-d)2 6.2 2 (o) 25 (o)
! GL[AK(GK)-A3'K(6K)T R(OK)— ]
: « F, 2 eK(aeE-l) (K]ef-b-c+d)
! Txy © inb ,<§1[5,'< (6. - 25 (e )] R(eK)]
& where
36
G Sﬁf = - x-yx'(e ) (2.37)

and A; is the derivative of the function AK(eK) with respect to 6

(see Eq. (4.3)),

2.5.2 The Horizontal Surface Force

In a similar manner, the complex boundary tractions for the horizontal

surface force are
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r ' (6) = 0
y

* Fh (2.38)
Txy )

which determine the potentials

Fo A,(0) [blac?*da(e) - 1) - c(c-d) 6]
impcd o [x(6) - 2y(6)] [ez+A$(e)] R(e)

2,(e) =
(2.39)

F  2q(0) [b{aez+dxf(e) -1} - c(c-d) ez]

fmecd o [a(0)-2,(0)] [6%+3(e)] R(o)

,(0) = -

The displacement and stress field for a horizontal line force in the form

or a step function in time applied at the origin is given by the following

expressions
x  Fpo 2 Jf’KxK(e) Ay (8) [b{aez+dA§_K(0) -1} - c(c-d)ezlde
LS impd E] [r _(e) - A3 (e)] R(e)
K 0 K (9

. F 2 ore_ (0) [a6%+(d-c) 22(6) - 1]

u,6 = - =L z [ _/- 3-x L de

y© T [x (8] - %5_ (6] R(e)

2 F, 2 o A (6) aq (9.) [K Az(eK) - a-c+d]

_ h Kk k' k! "3-x 1 "k
Ox o ?;-KE] [ 6; [AK(eK) - A3-K(en<)] R(eK) ] (2.40)

o, AK(GK) A3_K(6K) (K]ei - b-c+d)
[ 6; [AK(eK)-A3'K(eK)] R(eK) ]

i R 2 [x3_K(eK) [(c-d)? 62 2%(0,) + (a02-1) [1-b22(e )] ]

B L sy 0,187 - 25 (8 )T R(e)

k=1

s
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2.6 Reflection of Waves from a Plane Boundary

When a disturbance generated by a source in the interior of a half-
space reaches the free surface the conditions imposed by the presence of
the boundary must be fulfilled. The result is the creation of reflected
and surface waves. Prior to the arrival of the incident waves, the motion
of the body is not affected by the presence of the free surface; i.e. the
displacements and stresses are identical with the solution in an unbounded
medium. Upon arrival of each incident wave at the surface, two reflected
waves appear and their effect on the solution is represented by
corresponding potentials which must be determined.

Since the characteristic surfaces of the quasi-longitudinal and
quasi-transverse incident waves must pass through point x=0, y=y0.where

the force is applied, they can be expressed by the equations

§, = t-xo_ - (y-yo) AK(eK) =0 (x=1, 2) (2.41)

In the Smirnov-Sobolev procedure it is essential to parametrize the
characteristic surfaces of the reflected waves in a way that each incident
and its two reflected waves are given by the same value of the parameter on
the free surface y=0. Thus, if «=1 in Eqs. (2.41) denotes the quasi-
longitudinal wave, the characteristic surfaces for the reflected quasi-

longitudinal wave are
= T.. \ =

817 = T8y + (y+y0, A](e]]) 0 (2.42)

and the surfaces for the reflected quasi-transverse are

S12 % EX81p ¥ Mp(035) *+ yghy(8gp) = 0

P Ty

T il
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Similarly, the reflected quasi-longitudinal and quasi-transverse waves

produced by an incident quasi-transverse vave are expressed respectively

by

= t-x6,y + yA](eZI) + yoxz(eZI) =0 (2.44)

N
—
[}

t-x6y, + (y+y0) Az(ezz) =0 (2.45)

822

It can be shown that the conditions of a free-traction boundary

(i.e., °y=0’ Ty =0 on y=0) provide the necessary equations to determine

Y
the reflected potentials. Straightforward algebraic work leads to the
following expressions

3(8) + 23,(6)

1(0) = s Ter = 00 “1(®)
2 2 (6) [62+A2(6)] R, (8)
mp(0) = : 7 0y (0)
¢ [n(0)-2,(0)] [6%+r5(e)]  R(o)
- =, (2.46)
2x,(e) [e°+25(6)] R,(6
2 (8) = - c A g 27 )
c [xy(e)-2,(e)] [e°+r7(e)] R(e)
A (0)+1,(0) R(s)
%22(0) = - X 7@V, (e ReT %2(®)
where
K 2 2, ,.2
RK(e) (K] 8 - b - c+d) [ae +dAK(6)- 1] (2.47)
and
R(6) = (Ky 0%-b) a;(8) A,(0) - ac®+] (2.48)

S —
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ﬁ The double-indexed reflected potentials are related to the incident

‘ potentials having the same first index while the second index indicates
the type of wave, i.e. =1 refers to quasi-longitudinal and «=2 to
quasi-transverse waves. For example, 912(9) indicates the potential of
the reflected quasi-transverse wave caused from an incident quasi-
longitudinal wave. The displacements and stresses for self-similar

potential problems can be written
x 3 2 U 2, .2
X ?’TKE] [ ‘([cex'((e) I +AK(9)] QK(e) de +

u

2 kJ
+ I f cexj(e) [92+A§(6)] QKJ.(G) de ]

=1 4
. 2 %«
uy = - %KE] [ L [e +A2(e)] [ae +dA2(e) - 1] e, (o) do -
2
- z l[ezﬂz(e)] [ae +dA2(e) 1] oy (e) de]
Yy i 5 [ [iK(e)L(e)Q(e)d +
= ) 4
i } K k (2.49) :
eKj
2
+ I f Aj(e) L.(s) 2 :(e) de]
=1 4
i'. 2 W2 el(
4 o;/p = :—tz-KE [IAK(O) S (8) @ (8) de +
v 3 fx.(e)S(e)sz (e)de] ‘
| =19
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5 o 22 g "M _(6) 2_(o) d
Txy/p : atz k=1 & ¥ o
0
0 .
2 KJj :
= jﬁl f eMj(e) QKJ.(e) de
1 0
E The above equations simplify considerably for points on the surface, where
F 8y = 617 = 610 and 0y = 857 = B9y (2.50)
E It is not difficult to show that for a force parallel to the y-axis the
: incident potentials are
v _ l:v 1
eV 2 2 2.2
2imebd 3, (e) [A7(e) - 25(0)] [e°+r7(0)]
(2.51)
v = Fv 1
2y(0) = — 2 7 7.2
2inpbd )‘2(9) [)\](9) = )‘2(9)] [e +)\2(9)]
and for a force parallel to the x-axis
h F aez+dxg(e) -1
1 Tqlo=s = 3 2 55 ?
: 2impcd o [A](e) - Az(e)] (1-a6“) [o +A](e)]
; A0 (2.52)
Iz ag“+day(e) - 1
h = h 1
2y(e) = 2 2 T
2impcd e[x](e) - xz(e)] (1-a6°) [o +x2(e)]
Therefore, the general solution to a line force applied at x=0, y=0 parallel
| to the positive x or y axis and varying as a step function in time can be
] determined from Egs. (2.49) by integrating once with respect to time. In
1 this way, all the functions involved are determined completely.

R T R R

S
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2.7 Surface Displacements and Stresses

The examination of the dynamic response of a point located on the

free surface y=0, due to a disturbance in the interior of a half space is ! !
greatly simplified by the relations in Eq. (2.50). After some algebraic !

manipulations, the surface displacements and stresses for a step force

applied at ¥=Y¥q and parallel to the surface can be w?1§ten as |
; - (H) _ Fi g [feK A (6) A5 () U e]
r 0Tl g L g Do)y (0)] [Az(e) x3 (o)1 R(s) |
., g (4 i
* (H) _ Fn 2 K ox (o) Uy (6) "2 j
) fmodb °* Z |
Y PAD =1 o [ (0)-25_ (8)] [A (6)-23_ (e)] R(e)
(2.53)
{ 0* (H) = ,Fh g [ 6 A (6 ) A3-K(6K) U(SE) (GK) ] E
X0 Ambd gl sty (s, )-25 (6)7 [32(6 )-25 {61 R(e ) ;
*(H)_ _*(H), |
oyO xy =0 5
where 3
U)((L')(e) = (K]ez-'b) [d92+bxf(e)-1]- '!
F -b[a62+dA§_K(e)-1] + cez(K]ez-b-c+d) (2.54) :

U(H)(e) = (k;0%-b-crd) [acP+aZ_ (6)-1] + |

+c(K;0%-b) 25_ (6) - c(a8®-1) (2.55)
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:
Uég)(e) = a(k;6%-b+d) [doP+br(0)-1] +

+ d(K 6°-b-2c+d) [a6%+drs? (6) - 11 + c(K 6%-b-2c+d) - .
- c(c-d) (K 0%-b) 22(8)-cd(K) o%-b-c) 23_ (o) (2.56)
and
5"( = -x + Yo )\;(GK) (2.57)

When the force is perpendicular to the surface the expressions for the ;

surface displacements are

(v)
u*(v) _ .Fv 22: [ feK 9)\3_K(9) U)z(: (9)2 de]
0 (2 (8)=25_ (0)] [x_(8)-23_, (6)] R(e)

(2.58) ,

B, 2 (1-a62) ufV)(e)
w V) 2 z ‘[ : de ]
= wodbz =1L D (0)-25_ (0)] [X2(6)-25_ (0)] R(e)

where |
1

uiz)(e) = (K]ez-b-c+d) [a92+dAE(9)-l] e

+ c[(K;0%-b) 22(6) + (1-a0?)] = ﬁ?; (®)

U(V)(e) = (Ky62-b) [do+br2 (&) = 11-b [ae 2var2() - 17 +

+ce2(K]ez-b-c+d) u((3 )(e)

TR R O T wasasodiclanarts it Nt betiaizs b




The stresses are

LT

ag
x0 indb2 =1

[ U (e)

X
M [AK(eK)-A3_K(eK)]

A3-|<(e|<)
X772 2 ] (2.61)
[32(e )-25_ (8 )1 R(8,)

ORI )

y0 Xy
where

V(e ) = b| d [ae%+dr2(6 ) - 17 + ¢ [1-da%(s )] | x
oK K K K' K KK

2 2 2

X [(K]en-b) AK(OK) - ae:]] +
(2.62)
+ 62(K,02-b-c#d) [cd(aef-l)-ad [de2+bx3_ (s, ) -

}
|
| -

1] + cz]
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’ 3. THE POINT FORCE IN A TRANSVERSELY i
ISOTROPIC HALF SPACE !

3.1 General Remarks

| Anisotropic materials possessing an axis of elastic symmetry at

each point such that all directions perpendicular to that axis are

equivalent are called transversely isotropic. The propagation of transient |
disturbances in media of this type is a subject of both mathematical and
geophysical interest. Highly compressed sedimentary material where the
vertical compression induces significantly different properties in that
direction can be modeled as transversely isotropic. Of particular l
| i importance in seismology and earthquake engineering are composite media !
having different isotropic layers. When the thickness of individual
layers is small compared with wave-length, many of the characteristics
{ of elastic wave propagation are similar to those of transversely isotropic

media. Backus [4] has given conditions under which the homogeneous,

LY

transversely isotropic medium can indeed be the long-wave equivalent of a |
layered isotropic medium made of just two homogeneous, isotropic materials.
The high degree of symmetry exhibited by transversely isotropic

materials reduces the number of independent elastic constants required

W ————

to define its behavior to five [21,5105]. The same number of constants is

also required by hexagonal crystals which have an axis of elastic symmetry

of order six. Hence, “transverse isotropy" and “hexagonal aeolotropy"

are used interchangeably.

Very few solutions for any but trivial problems are available in the

literature even for isotropic materials in a three-dimensional space. This

study utilitizes the method of rotational superposition of plane and anti-
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plane problems to obtain solutions for the problem of a suddenly applied

point force on the surface of a transversely isotropic half-space. The

S

axis of elastic symmetry is taken perpendicular to the free surface. The

case of the subsurface load, although not treated here, can be obtained

by utilizing the same technique on the two-dimensional solutions for the

o e i Sty

point force in the interior of the half-space given at the end of

Chapter 2.

3.2 Equations of Motion

Consider a cylindrical coordinate system (r, w, ¥) where the y-axis
is parallel to the axis of elastic symmetry. The stress-strain relations

' for a transversely isotropic material can be written as

: L | B T I PR

i.
= |
| ' SO RS ) BRI
¥]
1
‘3 o, = €12 (er+em) *+ ¢y ey (3.1) j
i Ty = %6 'ry
E &m = 66 me
' (%31-%3)
I r?'m = 2 Yr‘m

b The equations of equilibrium for the medium are

! :Te) ot 3T C -0
e S i R LA . T 7 =0
ar r 3w 3y r r
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arm ] aow aryw 2Trw
ar T F e T 3y t L c 0 (3.2)

9 9 a0
jl-;l_'_rﬂ"_-p_l.;.hlq.z =0
ar r ow oy r Yy

where Zr’ Zw and Zy are the body forces. The application of the usual

small strain, small rotation strain-displacement relations

ou
r au au
3 G I = XY
L Try T3yt Or
u ou
4 T % du 3u
3 e = L4l U _ - Tw, 1%y (3.3)
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