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! A RESUME OF DETERMINISTC TIME-VARYING LINEAR SYSTEM THEORY
i | WITH APPLICATION TO ACTIVE SONAR SIGNAL PROCESSING PROBLEMS

by

Lewis Meier

RS

l ABSTRACT

! Brief summaries are given of time-varying linear system theory in both the
» convention frequency-shift version and the novel frequency-shift version.
The latter version of the theory tis utilized to obtain the matched filter
( output for the bistatic echo from a moving, turning line target for a

{ linear FM pulse in a non-dispersive medium,
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INTRODUCTION

{ The major concern of this report is with a sonar return processed in the

{ standard manner with a beam former (not considered herein) and a bank of
matched filters, where the modification of the transmitted signal by the
medium and the target can be represented by a time-varying linear system.
Two transmitted signals are of interest: the CW pulse, which has unity

, time/bandwidth product and the FM pulse, which has a time/bandwidth product

| much greater than unity. Correspondingly this report summarizes two

| versions of deterministic time-varying linear system theory: the standard

i

i

frequency-shift version, applicable to analysis of detection and measure-
ment extraction using CW pulses and the more novel frequency stretch

, (doppler) version, applicable to analysis of detection and measurement
: extraction using FM pulses.

The approach is to characterize the various parts of the signal path
between a sonar transmitter and a sonar receiver as linear time-varying
systems. The theory then provides means to characterize the signal at
various point along the path, to characterize the parts of the path
between these points and to relate these characterizations. Specifically
the signals are characterized by cross-ambiguity functions (called the
ambiguity function for the transmitted signal), which tell what the
response to the signals of a bank of matched filters would be as a function
of time shift and either frequency shift or frequency stretch; the parts
of the path are characterized by spreading functions, which tell how the
parts spread the signal in time shift and frequency shift or frequency
stretch and the relationship is a modified double convolution in time
shift and frequency shift or frequency stretch.
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Rihaczek (1] made an extensive study of the use of matched filter radars
and since he was primarily interested in point targets and a perfect
medium, he investigated in great detail ambiguity functions of the
transmitted signal. In fact his book could be titled "All You Wanted to
Know about Ambiguity Functions but were Afraid to Ask". The use of the
standard theory was applied to sonar problems by Sgstrand [2), whose
development is followed here with minor modifications. Kelley and Wishner
(3] studied generalization of the classical ambigu'ty function including
the doppler ambiguity function studied herein. They were also interest in
the situation in which acceleration of the target caus -d a significant
change in velocity during the duration of the transmittes nulse. While
acceleration can be very important with targets such as mi.-iles, it seldom
is so in the sonar situation and, hence, is neglected herein. The complete

development of the frequency-stretch theory presented here is believed to
H be novel.
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Weston 4], Kramer (5] and Russo and Bartberger [6; have all cerived the
doppler ambiguity function of a linear FM pulse in terms of Fres: 21
Integrals with differing limits of integration. Russu and Bartbe: ger give
the exact limits, which are rather complicated, while Weston uses a gross
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approximation to obtain the general behaviour of the doppler ambiguity
function not only for linear FM pulses, but curved FM pulses as well.
Weston's paper is highly recommended for its physical insight into the
nature of ambiguity functions of FM pulses. Kramer (and T. Kooij in
unpublished work of 1964) uses limits of integration that are valid
approximation for time shifts small compared to the pulse lengths; herein
the next level of approximation to the limits, which allows large time
shifts but ignores changes in length of the signal, is derived. This
approximation is valid for normal sonar situations when the time-bandwidth
product of the FM signal is less than 750. Furthermore it is shown that
when in addition the time-bandwidth product exheeds 50, the Fourier
transform with respect to time shift of the doppler ambiguity function of
a linear FM pulse takes a particularly simple form.

A good and useful example of the application of the time-shift theory
presented herein is determination of the matched filter output for the
bistatic echo from a moving, turning line target for a linear FM pulse,
when all medium effects other than propagation delays are ignored. The
doppler spreading function of such a target may be readily approximated
in a simple form and then used to obtain the matched filter output as a
convolution between an impulse response function representing the target
and a window function representing the FM pulse. This result, derived
herein, is also believed to be novel and provides the basis in a sequel
for algorithms for measuring target properties.

Two topics I will not be concerned with in this report are propagation
loss and background. The sonar equation and its extension may be utili-
zed to determine level of the echo with respect to background at the
matched-filter-bank input; I am concerned with how that echo is spread
in time and frequency or Doppler at the matched-filter-bank output.

Both pieces of information are required for investigating detection and
measurement extraction. The theory presented herein and in a sequel on
stochastic systems have direct application to the analysis of reverbera-
tion, but I will not pursue that topic either herein cr in the sequel.

The main results are contained in the body of the report with the
detailed derivations relegated to appendices. The body of the report is
divided into two sections: the first is concerned with deveiopment of the
theory while the second is concerned with its application to finding the
matched filter output of the bistatic echo from a moving turning target
for a linear FM transmission in a non-dispersive medium.
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1 THE_THEORY

Figure 1 is a simplified block diagram of a single beam of an active sonar
system. The matched filters bank consists of a set of filters matched to
the transmitted signal x(t) shifted in frequency by different amounts.

In practice, for a CW pulse the matched filter bank is realized by taking a
time sequence of Fourier transforms of segments of echo whose length approx-
imately equals that of the pulse, while for an FM pulse only a single
matched filter matched to the transmitted signal is used because of the
large doppler tolerance of this signal. This form of processing is predi-
cated on the assumption that the doppler effect is a frequency shift, when
in actual fact it is a frequency stretch; therefore, the matched filter
bank should consist of a set of filters matched to x(t) stretched in
frequency by different amounts. Fortunately for an CW pulse the frequency
stretch is adequately approximated by a frequency shift while for an FM
pulse use may be made of the equivalence between zero frequency shift and
unity frequency stretch.

i sttt 2 e \»Hu—.-b“mn-‘.r‘l
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i
; FIG. 1  SIMPLIFIED BLOCK DIAGRAM OF A SINGLE BEAM
OF AN ACTIVE SONAR SYSTEM

TR

! 1.1 The cross-ambiguity function

Since we are trying to analyze the matched-filter-bank ouput, it is
reasonable to characterize the signal y(t) at various points between
transmission and reception by what output it would yield if used as input
‘ for the matched-filter bank. This function of the time shift t and the
frequency shift v or the frequency stretch o is formally known as the

cross-ambiguity function ¢. or ¢p. Throughout the report the super-
i i

script 0 — for doppler — will be used to denote the frequency stretch
version of variables. In Fig. 1, the cross-ambiguity function ¢ or

¢? of the echo is the matched-filter bank output, while the ambiauity
function of the input vy = ¢, or YD = ¢g (where the cross prefix is
dropped for obvious reasons) tells how the transmitted signal is spread in

T and v or o . The cross-ambiguity functions ¢, and ¢Q are defined
i i
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1.2 The spreading function

The effect of the target on the signal is to shift it in time and doppler
due to its range and range rate and to spread it in time and doppler due
to its apparent length and apparent turning rate. It is of course these
effects that can be used to measure these properties of a target as
Plaisant has so ably investigated (7,87. On the other hand, the effect of
the medium on the signal is to spread it in time and fiequency due to
multipaths and motion in the medium. Since a time-varying linear system
such as a target or the medium modifies its input yI(t) in time and

frequency or doppler; it is not unreasonable to suppose that its output
yo(t) be a weighted sum of the input shifted in time and either shifted or

stretched in frequency:

yo(t) = ;Z ?weznjv(t’r)yl(t-r) SOI(T,v} dvdt , (Eq. 2a)
= [ 7 yl[a(t-r)] S?O(T,Q) dvdt (kq. 2b)
- 0

Equations Za and 2b define the spreading functions SOI(r,v) and
SgI(T,a) of the system producing yo(t) from yI(t).

It is more standard to describe a time-varying linear system by its
impulse response hIO(t,r), which is defined as the system output at time

t due to an impulsive input 2t time t-t. Use of an impulsive input
yp ® 8(t-t) 1in Eqs. 2a or 2b yields:

2mjv(t-1)

hrgltst) = Te Sipltv) dv (Eq. 3a)
= f %— 5?0(9911%554145 , o) da . (Eg. 3b)
(6]

From the similarity of Eq. 3a to a Fourier transform it is clear that it
can be inverted to yield

Soltw) = S e-<miv(t-1) hyott) dt. (Eq. 4)

By its very linearity every time-varying linear system has an impulse
response; therefore it has also an ordinary spreading function. On the
other hand, it is apparent from the impossibility of inverting (Eq. 3b)

that not every time-varying Tinear system has a Doppler spreading function.
Nonetheless some very important systems do have Doppler spreading functions.
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1.3 The fundamental relationship

Of key importance to the analysis is the relationship between the cross-
ambiguity functions ¢y or ¢? and %9 oOr ¢g of the input and output
of a linear time-varying system as characterized by its spreading function
S, O S0y ; this relationship is a modified convolution in T and v
or a as illustrated in Fig. 2. By applying this result recursively
starting with ¢0 or ¢2 (the ambiguity function of the transmitted
signal), ¢, or ¢? » $2 Or ¢9 and finally ¢; or ¢? (the cross-
ambiyuity function of the echo) may be computed. Altarnatively the

relationship between the overall spreading function SAG or SRC of the

two systems with spreading functions SAB or SRB and SBC or Sgc,

which is the same modified convolution in T and v or o as is
illustrated in Fig. 3, may be applied recursively to find the spreading
function between transmitted signal and echo and then the original
relationship between transmitted signal and echo used to find ¢35

or 5.

@l
o Sio fo =Sio v
—_— D —
D D .De D
orfy or Sio ¢0=S1070%

FIG. 2 RELATIONSHIP BETWEEN THE INPUT AND INPUT CROSS-AMBIGUITY
FUNCTIONS AND THE SPREADING FUNCTION OF A TIME-VARYING
LINEAR SYSTEM

A {Shs ) B ,1%8¢ o S,
or SAB or SBC
Sac = Sec X ' Sas
T4V
or
D D ..
Sac = SBc X Sas
T 0

FIG. 3 THE SPREADING FUNCTION OT TWO SYSTEMS IN TAMDEM
IN TERMS OF THEIR INDIVIDUAL SPREADING FUNCTIONS




SACLANTCEN SR-44

The modified double convolution operators (X) and (X) required are

defined by T,V
t
b ®' a(t,v) = f e21r3v (t-1') a(t-t',v-v') b(t',v') dv' dt' ,
T,V wem®

(Eq. 5a)

- 0 D | ’] D ) t t

bD ®" al(7,0) -_ffa[a(T-T),—r_,b( ',a') da' dt
50 "0 (Eq. 5b)

By rewritting the definitions (Egs. la, 1b, 2a and ¢b) in terms of these
modified convolutions, it may be shown that the relationships depicted
in Figs. 2 and 3 hold.

1.4 Some approximate relationships

As will be seen below the ordinary ambiguity function of a signal such
as an FM or CW pulse is much simpler in form than its doppler ambiguity
function while, on the other hand, the doppler spreading function of a
target is much simpler than the ordinary spreading function. Let B be
the bandwidth, T the duration and fo the carrier of the signal.

For sufficiently small signal time bandwidth product BT and target
time stretch o sufficiently near 1, namely for

BT |a - 7] < 0.¢ (Eq. 6)

the frequency stretch o may be approximated by a frequency shift
(a- 1) since in this case the maximum phase error caused by so doing

is neg11g1b1e.
When Eq. 6 holds, it follows that

SIO(T,\)) X T SIO(T, 1 +*f—o-)

(Eq. 7)

Note that Eq. 7 is exact for o =1 (i.e. v = 0), since the approximation
is exact for a = 1.

Clearly Eq. 6 usually holds for a CW signal (with BT = 1) in typical sonar
and radar appiications. On the other hand, for the linear FM in typical
sonar appli:ations as opposed to typical radar applications for which
la-1| s usually much smaller —(6, often does not hold.
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From the foregoing it is obvious that for a low BT signal, such as a CW
pulse, analysis of sonar detection and measurement extraction may be
carried out using the ordinary theory with the exact spreading function
replaced by an approximate spreading function found from the Doppler
spreading function of the target. On the other hand for a high BT signal
such as a linear FM pulse the exact spreading function, which is apt to be
much more complicated, must be used if the ordinary theory is applied. One
can regain a simple form for the spreading function, at the cost of a
moderate increase in complexity of the ambiguity functior, by using the
frequency stretch version of the theory.

There is, however, one fly in the ointment -- it is more convenient to

represent the time and frequency spreading effects of the medium via the

ordinary spreading function. Fortunately, it is possible to approximate
0.2 f

2 asan ordinary cross-ambiguity function

D v
¢ (T,OL"'?—) for v <
I 0 BT
and thus show that

¢8(T’“) ~ GZHJv (r-1) -—l;—-¢?(r-1‘,a- %L)SIO(T',V') dv' dt'
Qe 0

fo

(Eq. 8)

if SIO(T',V') is negligible for v' > 0.2 f,/BT. For example,

if f° = 3,500 Hz, B = 220 Hz and T = 0.5s; this limit is roughly
7 Hz (or a Doppler shift of + 3 knots), which should be sufficient
to include most frequency spreading in the ocean. Use of this

approximation allows us to use the Doppler-shift version for large BT
signals while using the ordinary spreading function to model the medium.
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2 SOME_APPLICATIONS OF THE THEORY

In this section some applications of the theory just summarized are given

both to illustrate the theory and because of their own inherent interest.

L The goal of these applications is to derive the relationship between the
matched filter output for the bistactic echo from a linear FM pulse for a
moving, turning line target in a non-dispersive medium. To apply the
fundamental relationship to determine the matched filter output, it is

N necessary first to use the definitions to obtain the ambiguity function of

a linear FM pulse and the bistatic spreading function of a moving, turning

line target. Along the way it is convenient to include the propagation
delays in the target spreading function.

2.1 The ambiguity functions of a linear FM pulse

As an example of an ambiguity function consider the modulated linear FM
pulse

1 2nj(f0t+%kt2)
XFM(t;fo’k’T) = — T (7/2) e

, Eq. 9
= (Eq. 9)

-
v el e O A 3 s

whecre f0 is the carrier frequercy, T 1is the pulse length,
‘ B = |k|T 1is the bandwidth and

| gy = ) VI . (Eq. 10)
‘ 0 if [t|>T
|
: Its ambiguity functions are
Ny 2nj(f +h5v)1
,'\ YFM(TiV; fosk’T) = (1 - %‘L)n(ﬂ”e ° S'inC["(T-'TI)(kT-\))]
§ 2nj(f Hav)t
* xe sinc[m T(kt-v}] for 1 << T
{
| (Eq. 11a)
v Ticadl
i ) 2mj( > )fOT " fo :
" veu(Toes foukiT) = e Yeylot-(a-1)% » =5 ,k,T] (Eq. 11b)
: Y

—

-

" PRECEDING PAGE BLANK-NOT FILloED
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where an approximation to Y?M will be given shortly. The ordinary
ambiguity YeM given in Eq. 1la is well known and needs no comment beyond
the fact that the ordinary ambiguity function of a CW pulse is obtained by
setting k = 0 in Eq. 11a. The doppler ambiguity function YEM is
expressed in Eq. 11b in terms of pr because the matched filter output
for a linear FM signal frequency stretched by ay from Fig. 2 and

Eq. 5b (since S?O in this case is &§(t) G(a-ao)), is

(EQil)

2mj fr a-1f

D o EMETTIT T o' o

YFM(aOT’ a;) = e YEp (1 +-a;—-f— , ao) . (Eq. 12)

Thus if (ao+1) f0/2 is taken as the carrier of the matched filter output
y?M represents the modulation; it is time shifted so that its peak in 1

for given o is near Tt = 0,

When Y?M is found by substitution of XEM for both x and y in Eq. 1b

and use of the result in Eq. 1¢, it is can be expressed in terms of Fresnel
integrals with rather complicated 1imits; however suitable approximation
yields simpler limits that are valid for most sonar purposes. It is

convenient to give the results in terms of the following normalized
variables:

x & KT /K fa = kT /T/F,

y £ (a-1) /FT/ax(a-1) /FT
vE o S TET=/IET

np>

kKTt (Eq. 13)

In general f0 and T (and hence v) are determined by external
circumstances and the choice of k is available for optimizing the
properties of YrM ; therefore x , y and z are referred to as the
normalized bandwidth (since |[kT| = B), normalized time stretch and
normalized time shift respectively.

In terms of these variables

IT_.
M2y )=y - 22)/x, 0+ ]e23¢
YEM\E2Ys VTR LW T Ty 0 TV T TR Y
+{c(b)-c(a)+j sgn(xy)[S(b)-S{a)} + ¢ (Eq. 14)
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where

a= V] [x—; (T+vy) + |(y - -,—t,’f,—y)m] :

b= /—ITyT[—Z+ (T+vy) - |(y - T':%g‘)/ﬂ] ,

vZ
0= - xy[(y - Trog) 2] ,

™
A

1 .
lyl v (TIUE +0.27|xy|)

and sgn( ) means sign of. Not that for

= 0 these relationships
are both much simpler and exact (i.e. «€

v
0).
It will be seen that the maximum value |o-1| of interest is 0.02. In
terms of the original varjables e < |a-1|(& + 0.27 BT |a-1|): there-
fore for BT < 750, ¢ can be neglected with respect to the maximum of
Yiy» Which is from Egs. 1a, 1b, 112 and 11b vE,(0,05 x,v) = 1.

St

PUDSIUT—— TSR

SN

Since yEM(ar, 1/a) 1is the output of filter matched to XEM when its input
is XEM frequency stretched by o , its fourier transform with request to

' T {s the product of the matched filter transfer function times the
» fourier transform of the frequency stretched signal. For large BT — which
for fixed x corresponds to small v - these both have the same form:
quadratic in phase and rectangular in magnitude; hence the fourier

)

} transform of ng(ar, 1/0) with respect to <t is readily obtained. This
! result may then be time and frequency shifted in accordance with Eq. 12 to
yield F?M(f,a) the fourier transform of y?M(r,a) with respect to .

, (If the fourier transform is made with respect to the normalized variable
}g z instead of 1t the result is 8 FpM ; 1t is convenient to ignore this
factor and consider F?M to be the fourier transferm of pr with respect

¥ to z expressed as a function of the normalized frequency w = f/kT.)
{ The result in normalized variables

3 2 3
F?M(w’y; X,U) zn(y/x; ])r\.(zw; ]_!%l) eZTTJ(Xy we + Y /4)() (Eq. ]5)

L T~
St A5 0 o

This expression is exact for v = 0 and, in fact its inverse fourier with
respect to w is Eq. 14 with . = 0 — as it must be.

s+
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To determine how strong the dependence of Y?M and F?M are on v ,

max 'Y?M(Zoy } X,v) - y?M(z,y ; X,0)| was computed for various x y

' and v . The results are shown in Fig. 4, which gives this maximum
| error as a function of y v/0.02 = |a-1]/0.02 for various x and

x/v = BT. The maximum value |a-1| wused was 0.02, since, as mentioned
earlier, this will be seen to be the maximum value of interest. As
might be expected the error is strongly dependent only upon BT.

From Fig. 4 it is clear that for BT > 50 the error in using v = 0.0
is negligible compared to the peak value of Y?M » Which is

Y?M(O, 0 ; x,v) = 1. One should not expect, however, that for such
values of BT, F?M will take the nice form given in Eq. 15. In fact

because of Gibb's 1ike phenomenon the actual magnitude and phase will
oscillate around the rectangular magnitude and quadratic phase of

Eq. 15. Nevertheless it is reasonable to say that FrM(w,y y X,0)

approximates FﬁM(w,y,x,v) whenever Y?M(Z’y ; X,0) approximates
y?M(z,y 3 X,V).

The quadratic phase dependence in Eq. 15 implies that the frequencies

in Y?M differing from the carrier are shifted in time with respect

‘ to the carrier; i.e. that the peak of YpM for a given y is

broadened in y . This effect is shown graphically in Figs. 5, 6 and 7,
which are graphs of lpr)? versus z for v =0 and various x and
y . In fact the fourier transform of |Y?M(Z’U s X,0)|2 with respect

e i AT .

to y 1is readily found by autocorrelation of F?M(w,y y X,0) with
respect to w to be

T

Rt
ST S s SSUINE s e

e (y/x 31) T (w, T-y/x|) (-] y/x|-|w])sinc{2mx y w(i-]y/x|-|w])]

(Eq. 16)

Two iimiting cases are of interest: for small xy the last factor
is essentially unity for |w|<1-|x,y| and IY?MIZ is just the inverse

fourier transform of the first two factors with respect to w ; namely
(1-1y/x])? sinc®[n(1-]y/x|)z] — which is of course the classical result
found when the doppler effect may be approximated by a frequency shift.
On the other hand for large xy the first two factors in Eq. 16 may be
replaced by unity and the last approximated by sin [2w|xy|w(1-{x/y|)];

|

A
N
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1
lyx] (1-]y/x])

result obtained by Weston [4j.

hence ]y';Ml2 is [z 5 %|yx|(1-]y/x])] — which is the

The FM doppler ambiguity function just discussed in detail is for a pulse
whose center corresponds to t = 0. In section 2.4 the FM doppler

ambiguity function Ygg(ar, 1/a) for a pulse whose center has an abitrary
time tT is required. Furthermore, in that section a simple relationship
between the doppler ambiguity function for o close to o, and that for
a is required. If the definition of the doppler ambiguity function
(Eq. 1b) is applied for an FM pulse centered on tr and the frequency
stretch o replaced by a frequency stretch o plus a frequency shift
(a-ao)fo » the result after suitable algebric manipulation and approx-
imation is

o= ) foz
' -emjl T Q-0
D _ a k D 0 a-1
YFM(GT, ]/a) =e 0 YFM[GO(T + (1(2) K fO + ) tT) ’ ]/ao] ’

(Eq. 17)
which is valid if

2 B 0.28 1

, 0.05%#, 7 5 . (Eq. 18)
fo fo BT

o

la-a | < min

(e =)

2.2 Factoring propagation delays into the taryet spreading function

An important application of the fundamental relationships illustrated in
Fig. 3 is to make a convenient modification to the medium and target
spreading functions. In their most straightforward versions the propaga-
tion delays to and from the target are included in the medium spreading
functions. It is more convenient to transfer the direct path delays into
the target spreading fuaction so that with a non-dispersive medium only the
target spreading function need be used to relate the matched-filter-bank
outputs to the ambiguity function of the transmitted signal. In this
version the medium spreading functions are only used to represent dispersive
effects of the medium.

The procedure to be carried out is illustrated in Fig. 8 for the frequency
shift version where SO]" 51'2‘ and 52.3 are the spreading functions for

50],(v,v) ,_.S“(r,.;JdT) Sm(v.vndT),_..S],z.(Y,») _ﬁsm(v.v.xd[) STA(1.v.1dE)_{S?.3.(1.v) L 1

50]('»*) S]z(w\‘) 523(“\’)

l

—d

RELATIONSHIPS BETWEEN TWO VERSIONS OF A SIMPLIFIED ACTIVE SONAR MODEL

17
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the straightforward version (delays in the medium spreading functjons);
501’ 512 and 323 are the spreading functions for the more convenient

version (delays in the target spreading function) and STD(r,v; Td) and
STA(T,V; Td) are the spreading functions of a time delay and a time
advance by 4. Obviously STA followed by STD or vice versa cancel

each other. The results from use of Fig. 3 and Eq. 5a to combine spreading
functions are as follows:

SO](T’v) = SO]I(T+TdT,V) b}

-2njtdT
€ 512

512(T,V) T-TdT-TdE,V) ,

e21rodE S

523(T,v) 2.3(T+TdE,V) . (Eq. 19a)

where TqT and Tqp are the transmission and echo direct path propagation
delays. From Fig. 8 it is obvious that S]Z(T’“) is the spreading
function of the overall system for a non-dispersive medium.

For the time stretch version the same procedure may be used to yield

531(T,G) = Sgll(T+TdT’a) ’

T
S?Z(Taa) = S]D|2|(T‘“'gl - TDE,Q) .
T
$D(tha) = S0, (vt ey (Eq. 19b)

as before, S?z(T,a) is the Doppler spreading function of the overall
system for a non-dispersive medium.

2.3 The bistatic spreading function of a moving, turning line target

The target model and geometry to be investigated is shown in Fig. 9, where
the variables used are defined in Table 1. The values of the variables of
interest are those that obtain at a given time that may conveniently be
taken to be t = 0. It is assumed that the medium is noise and reverbera-
tion free, has no propagation loss and does not spread the sianal in time
or frequency. Taking into account noise, reverberation and propagation

loss presents no particular problem and may be done essentially independently

18
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FIG. 9 BISTATIC GEOMETRY

TABLE 1

LIST OF VARIABLES

Target aspect
Bistatic angle
Bearing of target with

Bearing of target with

Target speed
Transmitter speed

Receiver speed
Range from transmitter
Range from receiver to

Distance along target
Range from transmitter

Range from receiver to

respect to transmitter

respect to receiver

to centre of target

centre of target

to point at ¢ along target

point o along target

19
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of the development presented herein; however including time and
frequency spreading requires a modification of the present development
using the techniques described above. One point of possible confusion
is the use of o for both the aspect and the doppler shift; fortu-
nately the context makes clear which use is implied.

For short periods of time each point along the target may be assumed
to have constant range rates with respect to the transmitter and
receiver that are readily determined from the geometry. The corres-
ponding time stretches and hence the doppler spreading functions for
each point may then be determined and summed to yield the target
spreading function. The result under the assumation that the signal

arrives at the target near t = 0 is for a target whose points have
reflectivity f(o)

~cr+e-2Tp

D ~ o C o T £ B, £ . oa-17T
o) = s f ( (=) § ) a4 - poglee + 55 2]

(Eq. 20)

where &§( ) is the Dirac delta function, ¢ is the speed of sound and

a
K-Y‘T"'Y‘R,
E g iT + FR = ‘(Vd + VT cos wT + VR wR) [
s & [cos a + cos(a-y)] ,

a®4 cos afcs

e m———

B & [&sina * (&7) sinfa-v)1/6 . (Eq. 21)

|
i
¥
{
|

T e T

For a monostatic situation the same results apply with y £ 0
rpsrp=r, Yp= Yp = ¥ and v. = Vp = Vg b hence

1)

-

N o
RIE - SV,

R £ =2r,

2 {

7 A . -

% €= 2r = -2(v cos a + vp COS Y)
; 1 §=2cosa ,

g\ .

2t a =t/

; B =4q tan a . (Eq. 22)
1 %

-4

> 1

e :
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2.4 The matched filter output for the bistatic echo from a
linear FM pulse for a moving, turning line target in a
i non-dispersive medium

To find the match filter output ¢3(r,]) it is necessary to substitute

the a$proximate FM ambiguity and target spreading functions given in
Eqs. 17 and 20 into the fundamental relationship defined by Fig. 2 and
Eq. 5b. Recall that tT is the center of the FM pulse. If ty = -rT/c

E
A the signal will arrive at the centre of the target at t = 0 ; therefore
A let Aty = to +r/c so that Aty = 0 implies ty = -ri/c . The
l results to be given only apply for small AtT say on the order of the
A ! length of a single ping (which may include several pulses)* since only
3 then will (Eq. 20) be valid. The result of the substitutions with

a, = 1 -2/c 1is

2mj fo(T-Té) M

4’3(’“1) x € ] (T'Td) (Eq. 23)
4 ‘i where
2 \ ) ¢
j fO = (‘l = ’2’6) fO ’
g T = (L + Eﬁ—-[\t )/¢
3 d c-£ 7T i
| . ]
= e+ D),
c-L
M = 7ot s b 1-iaie

M

e - —-

hy(faa) = F [(na)]

T T A P Ty -
=

~ 2 2 f .
:\,' HM(f) = F(S{[1 - < 8' AtT _ a](f+f(;) - .E._Ef__ 9 (f + £_ fo)}/c) ,
W (c-£)* (c-£)? k 2
- U = F R0, (Eq. 24)
.Y
e and ¥ [] indicates Fourier transform of .
P
4
N
o *In general t, may not be known. This & not impontant so0 Long as
S | the signat and matched §ilten are timed to the same neference.
.
] fg
4
) ‘
A
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Severall points may be observed about this hodgepodge:

The carrier of the matched filter output is both time
and frequency shifted as a function of £

L . The modulation of the matched filter output is shifted
in time by a different amount as a function of i
Transformed into the frequency domain the mcdulation

of the matched filter output is the frequency shifted
and stretched target transfer function F(f) observed

through the window F?M(f), which has been discribed
above.

Since [c/(c+2)]*> ~ 1, the effect of B on the transfer
F(f) is a stretch in frequency proportional to
( 1/[1-B(At+fo/k)] X 1+6(At+f0/k) and a shift in frequency

; of B(aty f +4{ fé/ch)::BAtF f, since [£]/c < 0.02.

At this point a word about the validity of the approximation used above is
in order. In the first place Eq. 18 must be obeyed if Eq. 17 is to be
valid and hence Egs. 23 and 24 hold. If the length of the target is L
then f(o) must be zero for o >|L|; therefore from Eq. 20 the maximum

value of |a-aol is (recall o 1-£/¢) |8 %-6(1-a)| » Whose maximum
;- in turn is Lla|. Thus for f, = 3500 Hz, B = 220 Hz, T = 0.5s and

L =100 m, Eq. 17 implies |a]| < 3.82 /s corresponding to a full turn in
1.57 minutes. If Eq. 6 is satisfied then the ordinary ambiguity function
may be used to determine F?M . The value of o of interest in Eq. 6
is a=a ; hence a-1=-2/c, whose maximum is (2v + vp * vR)/c.
Thus for the signal parameters just given |2v + vyt le < 2.73 kn to

insure the ordinary ambiguity function may be always used — a rather
severe constraint. On the other hand constraining |2v + vp t v| to be

- ———

P

TN
e - —— -
ps— m— .

g

. -

1 § less than 60 kn, which is equivalent to |a-1| < 0.02 , does not seem
it very onerous. This constraint has been used previously in discussing
' , . D
? approximations for YEM
. ¢
S
(f
(|
ol
N
k]
S
N
.%
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CONCLUSIONS

Two version of linear time-varying system theory are of use in analysis of
active sonar systems: the ordinary (frequency-shift) version, which
applies for CW signals and the doppler (frequency-stretch) version, which
applies for FM sianals. When the doppler version is used to determine the
matched filter output for the bistatic echo from a moving, turning line
target in a non-dispersive medium the result is that the modulation of the
matched filter output is the time-shifted convolution of a frequency

shifted and stretched impulse response representing the target and a window
function representing the signal.

23
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APPENDIX A

DERIVATION OF THE RELATIONSHIP

F BETWEEN THE IMPULSE RESPONSE AND THE SPREADING FUNCTIONS
]
; % Substitution of yI(t) = §(t-1') 1into Eq. 2a yields
|
o T emjvit-T) .
h(t,t-t') = Ll e 8(t-t-1')S(v,1) dvdr
‘ ‘ = -?7a:e2"jleS(v,t-T') dv
a! since h(t,t-t') 1is the output due to an impulsive input at
. ‘

t-(t-t') = t'. Replacing t-t' by t(= t' = t-t) yields Eq. 3a.
Similarly substitution of yI(t) = §(t-1') into Eq. 2b yields

o v ———

, - o oo , D
i hIo(t,t-T ) = _£ g S[a(t-t) ~1'] SIO(T,a) dadt
| = ? ? l-d(at -1-1') SD (L,a) dtda
: 0= Q IO 0.’
!
_ % 1D at-1'
‘, = { 3% e
'.
? Replacing t-t' by t yields Eq. 3b.
N
M
v
4
¥
(
i
4
4
!
ol
i
k4

i TR R
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APPENDIX B

DERIVATION OF THE FREQUENCY-SHIFT VERSION
OF ThE FUNDAMENTAL RELATIONSHIPS

The derivation takes place in two steps: first some properties of the

modified double convolution (X' are derived and then these properties
T,V
are utilized to prove the relationships.

g % B.1 PROPERTIES OF THE MODIFIED DOUBLE CONVOLUTION

From the definition Eq. 5a

a @' b(t,v) = ;)?) EZHJv'(T-t.)b(T-T',V-V')a(T',v')dV'dT'
TyV = =®

Cpac i |

- _Z-ZEZnJ(v-v')t'

a(t-t',v=-v')b(1',v")dv'dr",

-
e+ A i A

which clearly does not in general equal b (%' a(t,v). Furthermore,
T,V

b from Eq. 5a with t,v,1' and v' replaced by rt-t',v-v',t"-1' and

! v'-v':

4 2 gt -y ) (1-t")
| b ® a(t-t',v-v') = s fe a(t-¢",v-v")b(t"-1",v"=-v" Mdv"dr".
! T’\) -0 =00
{

:4 Substitution of this into Eq. 5a yields:

v

‘,k C ®| (b x. a)(T’\)) =-J‘-I ezﬂj\)'(T'-T') -f-i eznj(vu'\-")('[-T“)

i LV Ty T ®

: e a(t-t",v-v")b(1"~1,v"~v" )dv"dt" c(t',v')dv'dr’

g ® O, s "

N =-£_°jo‘ eZ“JV (1~1 )a(T-T",\)-\)")

; --z’z eé“JV (T =T )b(T"“Tt,\)"-\)')C(T',\)')d\)‘dT'd\)"dT“
{
o =(c ®'b) ®" a(t,v) ,

d T,V T,V

? on use of Eq. 5a twice more.

BLANK-NOT FLLEE
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Thus the operator (X) has two properties of importance: it is associative,

but not cummutative?’“The true double convolution operator (X) , which
T’\)
differs from (X)' 1in that it is defined by Eq. 5a with the exponential
T,HyV
term of the integrand removed, is both associative and commutative.

B.2 THE FUNDAMENTAL RELATIONSHIPS

Note the similarity in form between Eqs. 5a and 2a, the definition of the
spreading function. The definition of the cross-ambiguity function (Eq. la)
is seen to take the same form if it is rewritten

G b 3o o,

¢1(T,V) = 1! eZva'(T-T')[G(v-v') X*(T*T')]yi(T)dV'dT'.

As a direct result both Eqs. la and 2a may be written in terms of x

|
‘ ? ¢1(Ts\)) = )’1 ® ' X(T9\)) ’
i T,V
g
; .YO(T) = S!O @l yI(TaV) , Eq B1)
. v

where

x(1,v) = x*(1)8(v).

Use of these two results and the associative law yields:

oplt V) =yg & x (1,V)

)

“f:'; (SIO & .YI) & x(t,v)

? T,V T,V

= SIO ® (.YI @ X)(Ta\))
T,V ToV

Lo
|

s
o it S ttaa,

= SIO @ ¢I(T’\))a
T,V

-

i P

RSN Y

30
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which is the relationship of Fig. 2. Use of Eq. Bl twice and the

i associative law yields:
Yelt) = Spe & (Spp @ yu)(T5v)
! C BC e AB het A
!
= (SBC® SAB) ® .YA(T,V)-
3 T4V TyV
2R But from Eq. BI,
T,V
Since these results hold no matter what yA(r) is, it follows that
' the relationship of Fig. 3 must hold.
|
|
i
1
K
|
’5
|
.
B
]
M
A
[
¥
{
!
9
(e
2 ié
B
1 -’ 31
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APPENDIX C

DERIVATION OF THE FREQUENCY STRETCH VERSION
OF THE FUNDAMENTAL RELATIONSHIPS

As with the frequency-shift version, the derivation takes place in two
steps: first some properties of (j are derived and then these

T,HQ
properties are utilized to prove the relationships.

+ ep———_———

C.1 PROPERTIES OF THE MODIFIED DOUBLE CONVOLUTION

From the definition Eq. 5b and an interchange of order of integration:

3 D ® ' bD(T,a) = ff bD[w (1-1' .] a ,a')dt' da'
5 ’: - 7 ‘?% D(T" (laT , (a].‘_‘) bD(T',a')dT' da’ ,
. 0-®

which clearly does not in general equal bD(j aD(T,a). Furi.hermore,
T,,0
from Eq. 5b with t,a,t' and a' replaced by o'(r-1'), a#-,a-(T"-r-)

v+ .- —

"
and %r
1 @
} bD() aD[a'(T—T‘), %T ] = i é aD[a“(L-T ), & o ] b la' ("-1'), ——Jda" dr"
il e
¥
{
A
}
(s
-
L
B4
0
4 drﬂL
S 33
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Substitution of this into Eq. 5b yields:

00000000

7115 aPlat(rer"), GabPlat (vrt), Srlda” de

=00 0~00 0

P & (bD(j a?) (1,a)

T,0  T,0
. cD(T',a')da‘ dt’

! aD[a"(T-T"), %ﬁ‘] I bD[d'(T"-T'), _g_’:_]
0 -0

88

. CD(T',a')da'dT'da“dT"

= (P ® ) @ lra)

THQ Tyl

on use of (5b) twice more. Again x ' is associative but not commutative.
T,0

.2 THE FUNDAMENTAL RELATIONSHIP

Note the similarity in form between (5b) and (2b), the definition of the
doppler spreading function. The definition of the doppler cross-ambiguity
function (1b) is seen to take the same form if it is rewritten

¢?(T,a) = [ [ G(Qégl) x*[1-1')] yi(T') do' dt'

-0 O

(The factor o 1n front of the integral in the original definition (1b) was

inserted to yield this convenient form.) As a direct result both (1b) and (2b)

may be written in tems of ®':

T,0
¢?(T,a) = y.i ®| XD('[,(I),
Tga
D,y _ <D ' )
Yolid = Sp0 @' yylrsa), (Eq. C1)
T 0
where
D - * 0"]
x (1ra) = x*{1)8(=—).

34
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Use of these two results and the asscciative law yields:

¢8(T,a) =Yg X' X %(ta)
T

s

= (Slg ®' ‘YI) ®' XD(Taa)
TH0 T 400

=5) ®'ly; ®' x)(150)
T O T4

=S D @ ' ¢?(T9a) ’

I0 1,1

which is the relationship of Fig. 2. Use of (B-1) twice and the associative
law yields:

yel) =5 2 @' (50 ® yp) (130)

BC t,a T,0

D D
(S ®. S )®‘ ,Y(T,(!)
BC e AB T.a A
But also from (C-1),
-cD '
yC(T) = SAC ® .YA(T’O‘)-
T0

Since these results hold no matter what yA(T) is, it follows that the
relationship of Fig. 3 must hold.
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APPENDIX D

DERIVATION OF THE PPROXIMATE RELATIONSHIPS

T i acers e i

This appendix is concerned with showing two things: For low 3T product
signals, such as CW pulse, the spreading function of a moving target may

be replaced by its much simpler doppler spreading function and the

standard version of the theory applied. For high BT product signals,

such as linear FM pulses, the doppler spreading functions of the medium
may be replaced by its ordinary spreading functions and the doppler vers1on
of the theory applied.

—

D.1  REPLACEMENT OF THE ORDINARY SPREADING FUNCTION BY THE DOPPLER
SPREADING FUNCTION

A fundamental approximation used in communications theory is that for a
small BT signal modulated on a carrier x(t) the doppler shift affects
only the carrier:

2nj(a-1)f t
x(at) x e ° x(t) . (Eq. D1)

: ' This approximation is discussed in detail by Rihaczek (1) pp 56-65), where
o he derives the general condition that for it to be a good approximation (6)
| must be satisfied.

When the approximation is valid its substitution into (1b) yields

0

D -2njla~1) fo(t-T)
¢:(1,0) 2 o }[ e x*(t-1) yi(t) dat ,

1

N A

Lg which on comparison with (1a) becomes

g "
) y‘i ¢;(1sa) = ap;lT,(a-1) ).
c
{ ; Substitution of this result into the fundamental relationship given by Fig. 2
3 CE and (5b) yields:
! [ (el £] & L 77 2 g ettt e ] st et ot de
? 3 oLt (o o Tallw oplotir-1')s v od Sppit'sa’)dat dr
ff. @ o Zmja-1)f (t-1') D

' x S ! [ (]
0 i é e ¢I[r o'y la~a )fO]SIO(T ,a')da'dr

h
-t T

, -NOT FL.
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Since from {la) and (D-1)

;oen2mv(t-att) iy g y;(t) dt

=00

¢pla’T,v)

a'_ofoe'z“j"“'(t'” x*[a' (t-1)T y;(a't) dt

2njla'=1)F t o iyl
X~ a'e ° Te 2njo"v(t-1) x*(t-1) yI(t) dt

-

an(a'-l)fot
= al e ¢)I(T,0L'\)).

Comparison of the above equation for ¢0[T,(a-1)fo] with the fundamental
relationship given by Fig. 2 and (5a) yields (7).

D.2  REPLACEMENT OF THE DOPPLER SPREADING FUNCTION BY THE ORDINARY
SPREADING FUNCTION

An obvious extension of D-1 is

2nj (a'-a)f t 0.2

x(a't) x e % x(at), la'-a|< BT - (Eq. D2)

To derive (8) from this result note its substitution into (1b)

] ¢?(T,a+ %—)%Ofo V(1) yulq(t1)] yp(t) dt

Q =

jo3
+
-th

o]

for v < 0.2 fO/BT. The right side of this equation is the ordinary cross-
ambiguity function between x(at) and yI(t). Furthermore, from (1b),

¢8(r,a) is the ordinary cross-ambiguity function between x(at) and

yo(t) evaluated at v = 0;  therefore substitution of ¢g(T,a) for

¢0(1,0) and -1—3- ¢?(T-T',a-¥—) for ¢I(T-T',-v') in the fundamental
o 0
f

0

relationship given in Fig. ¢ and (5a) with v = 0 is permitted and yields (8).
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APPENDIX E

DERIVATION OF APPROXIMATE FORMS OF THE LINEAR FM DOPPLER AMBIGUITY FUNCTION

Three approximations are to be derived in this appendix: The first two are
approximations to the window function Y?M from which the FM doppler
ambiguity function is readily obtainable via (11b). The last approximation
is of ygg(ar, 1/a), the doppler ambiguity function of an FM pulse
centered at tT rather than 0, in terms of yEM(aor, 1/uo) for a near o

E.] THE WINDOW FUNCTION

From the definition of the doppler ambiguity (Ib)

o4}

YEM(“T’ 1/a) = % S ox* (% -t ) x_ (t) dt

= M FM

(o]

= [xx (t-ttr') x [a(ter')] dt
i FM M

p

after change of dummy variable. Substitution of this result and the definition
of the FM pulse Xep into (12) (with a replaced by a) yields

M : Cyax 2njo,
YEM (t+ 5 —k,a) =T u(tMAX’tMlN) f e dt (Eq. ET)
t

1 k(t-t+1' )2+ of (t+1') + ] ka?(t+1')
2 0 2

N
1]

-f (t-t+t') -

a+l
P foT

(a-1) fo (tw%+1')+% kaf(t+t')? - % k(t-t+t')’
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and, since XEM (t-t+t') 1is zero outside the interval [T—T'-I',T-T'+%J

2
, . . . \ L T

' and xFM[a(t+T )] 1is zero outside the interval |-t '%E’ -T'+ ?&J’
tyax = min[T—T'+% y =T'+ %a- = %--T'+%+m1n[7, _Lﬁ_ll

R

- S U £ T, S | T, Ta-l)
tMIN = max[t-1'-%5, =T -Za] =5 -1 -5t maxly, -t 7.

If t' 1is chosen to eliminate the terms of R that are of first order
in t then pr can be easily written in terms of Fresnel's integrals.

Rather than proceed directly on this track it is appropriate to make some
approximations.

e s e i e

Consider first the following approximate limits:

‘ ' = L. 1 1

, twx = 7-7 *t7 -3l
Ii T T

] t' = l'T' - 0 +I l
- MIN  ° 2 2

The maximum error between the actual and approximate limits is T|a-1 |/a ;
furthermore the integrand of (E-i) has unity magnitude; therefore, since

—

u“"'MAX = ! =1 (1,T), (E-1) may be rewritten
¥ t .
Q M o+l fo ] MAX +2n3¢0
si Yem(™ 5 o) = 7o) o e dt +e, ,
' MIN
P
' where
:i '81' < ]T . J-Lz-]l = la_]l/a = V'yl/(]+v y)
' from (15).
}g (15)

The next approximation is to neglect ga-l)2 terms in ¢ ; i.e. to
approximate a® = (a-1+1)%2 = (a-1)% + 2(a-1) + 1 by 2(a ]) +1=2aqa1.
If ¢é is ¢ with this approximation, clearly

——

£
©
o

= 9ot klo-1)? (t+ 1)

L, L~
. Sronn powd

Furthermore, since |ed*-1|<x for real x , (E-1) may rewritten

b L &

t' .
f MAX  -2mj ¢!
My L0 ) = LT / e Cdtte te

YEM o o
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where

tl
r "MAX
le2] € po(w3T) J LTI )2

MIN

The value of this last integral is independent of <t' ; it is convenient
to select ' =1t for its evaluation :

T-]t|+T
[s)
(4

e, <« T § K (en? ¢

_ Tt

[4

= %J"(T;T) %-lkl(a-l)2 [(%?3+ (% -hﬂ)a]

s'$2 [k| T2 (a-1)2<0.27 BT{a-1)% = 0.27 v x y?

from (15). Therefore for ¢ = ¢, + t,

. ] . 1 .
lel < lea] * Jeo] < jo=1|(5 + 0.27 BT Ja-1]) = VIYI(T:gy +0.27)x y|) s

as is given in (16).

Now t' s selected so that the multiplier of t in ¢_ is zero; i.e.

0
so that
3¢o'
=T lt-O = (a-1) fo + (20-1) k t* - k(t'-1) =0 . (Eq. E2)

If this is multiplied by

(t - % + 1') and subtracted from ¢' , the
result is °

u

¢' = (a- 1) k t% + g%:l'k[(T')z-T'(ZT'-T)] - % kL(t'-1)2-(t"-1) (27" -1) ]

o]

(a=1)k t% - (a-1)k t'(t'~-1) .
But from Eq. E.Z

2{a-1)k {(1'- %0 = gkt + (a-1) f0

.
k]

4]
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1 therefore
' [oke+ (a-1)f )2 (a-1)K
¢ = (a-1) k t2- — + 2
. ° 4(a-1)k 4
1
{ f

and (E.1) becomes {on replacing T + gél~ EQ by v and ¢/ |[(a-1)k| t by t)

Fao G [(a-1)k]
) f T 7 5 7y sin[{a-1)k]t
. M 21 a-1 o e 2
! YFM (1,0) = Tn(T' T kK T) mzm ‘]_)_E_— [e dt + ¢

123

wWhevre

i

g SR R S ]
4 a - a a F— ,
-
!
{ " _akt a-1 0 ]
b = (Cl-])k [m T+ |- T-k—l
This result is equivalent to Eq. 16 on substitution of Eq. 15,
E
] ; When BT 1is large an even simpler approximation may be found. As noted
! in the main text the Fourier transform of yEM(ar,lla) is the product
! of the matched filter transfer function and the Fourier transform of a
N frequency stretched linear FM pulse. But for large BT (see Rihaczek
‘ [1], Chapter 7) the frequency stretched linear FM has Fourier transform
- nj [ hlfaf, ) -sin()/4)]
E ¥ Ot7&-—‘“(\‘—0&0;ozB/Z)e
{
N
g : Furthermore, since the matched filter is matched to the unstretched
SNt signal it has transfer function

nj[%(f-fo) - sin(k)/4]
L (et sB/2)e

/B

-— E.\"( ——
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Taking their product yields

D _ 1 a-1 Jat] at] _ Ja-1] q.ati a-1
(s e =gy fhe gt (rsghe, - lllegle Lol
2 g 2

0.2

¥ * e

To obtain rgM , it is apparent from Eq. 12 that FEM(f, 1/a) must
f
be frequency shifted by - % , and then time shifted by -] o

2 T Ta ko
Since in the frequency domain a time shift of At is a multiplication
by eZ"j far s the result is

- + - IS -
| g(fs a) = of  Sle s glg ¢ ledlgatl g Jacll ¢
{
i 2 2
L \ [a®-1 2 a-1 1 242
‘i x ﬂJLEa?—l a7 (a-1)%f)
i €
\ - 1 4 2+v [xy| . 2+v
R - AR I R ol abl P71

. vwy? 1y
nj(2+vy)xy w? + 7o +tgt
‘e {Zrvy)x ~ 8 x

—— s - —

on use of (15). Setting v = 0 yields (17) except for the factor 1/B,
whose presence was explained earlier,

LT ey

—r
- T a e

The Fourier transform of ly?M(z,y;x,o)l with respect to z is from

Fourier transform theory just rg;(-w,y;x,o) X F?M(w,y;x.o) where X

¥ W w

f

i signifies convolution with respect to w ; i.e. it is the correlation

i of P?M with itself. Use of (17) yields

¢

{; M M < M* 1 M 1
| g) Tey(=W>y3x,0) :’ Pem(Wsysx,0) = I Ty (w'yix,o) Fey(wiw',yix,0) dw'
o1 _ YT (Y Y1 o2mixy[(whw')2-(w")?]
- =(y/a1) Too(aetsl-igl)  L(wwe)si-[E T e aw' .

, -
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If o<w<1- |¥1 ,

(2w';]-[%|) [2(wtw')31- |%|] = u(2w'+1-|%1)-u[2(w'+w)-1-|%|]

f and the integral becomes

1- 1) -2w) 12
f 2nixyLlwhw')2-(W')2 ]y v gemixyw® e TIXyW’
e W= e a3
Jxyw
-(1- 1472 -U-15)/2
X

2mixy[(1- | w-w?] -2mixy[(1-[£] Jw-w?]
_ e - e

dnjxyw

(1-1%]-w) sin 2mxy[ (1-[£))w-w?]

< R e i e e A,
H

which agrees with (18). The same procddure may be carried out for
-1+|§| <w< 1 to obtain the complete result.

; E.2 THE AMBIGUITY FUNCTION FOR TIME SHIFTED LINEAR FM PULSES
)
! From (D-1) for |a-o | < 0.2/BT
* ;4 0]
| o ila-
M xFM(at) NIPCLIU ao)fot xFM(aot) s
. i
!
R since the carrier of XeM is fo . On the other hand, by the definition
; } o=o ']
{1 =0 an[ © £2 4 (q-a_)f t
ol
~ xFM(aot t = i} e Lok O o' o] xFM(aot)
g o
& f
‘t
4
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a-a
a-a .
. 0 T A UN 2
provided that (aot+E;F— fO,T/é) (aot,T/c) and e aé k To

———.

ot | f d th
aOB 0T <<T and the

is negligible. The former will be true if

2
latter will be true if (a'ao) f2 T m << X these two conditions and
R ° “
o
the other above will be satisfied if (20) of the main text is satisfied.
Comparison of the two results above yields

a-a fé
3 . -2nj Tk a-o
xFM(at) e xFM(aot + E;F— fo) . (Eq. E.3J)

On the other hand by definition (see (1b))

[+

A .

; YEM(QT,]/G) = L Xy (t-1-ty)xpylat-ty) dt ' (Eq. E.4)
K

3.

-]

=/ XFMLt-T- a_(;]_ tT] xFM(at) dt .

| Substitution of Eq. E.3 into Eq. E.4 yields
. _ 2
3 ! D “Zﬂja aO i(k)' 00 o~a
h a oo 1 .o
5 y (at,1/a) e o S XFM(t T tT) xFM[ao(t+a2k fo)]dt
J 0
M a-a f2
¥ e —2 2w a-a

= o Kk 0 ¢ _ _a-l

i %
? after a change of dummy variable. This result in turn yields (19) on
N comparison with the equation for y?M(aot, I/ao) found by setting

tT =0 and a = o, in Eq. E.4.
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APPENDIX F

DERIVATION OF THE BISTATIC DOPPLER SPREADING FUNCTION OF

A MOVING, TURNING LINE TARGET

The derivation takes place in three parts: First the spreading functions
to and from a point target with constant range rate are determined. Next
using these results and trigonometry the spreading function of a point with
unit reflectivity on a moving, turning line target is found. Finally these

points are summed weighted by appropriate reflectivity to obtain the overall
spreading function.

F.1 THE SPREADING FUNCTION TO AND FROM A POINT WITH CONSTANT RANGE RATE

Consider a point whose range p 1is given by
D(t) = pT + 6T t,

then for transmission to the point

Consider also the spreading function

S?(T,a; thor) & 8(t-11)6(am0)

From (2b)

yo(t) = yI[t-GlTl + (a3-1)t] (Eq. F.1)
Comparison of the two equations relating Yo and 2 shows that

SDo(T,30ps07) = 6 (1-17p)8 (aayp) (Eq. F.2)
where
P P
44 0 T T
O'TP - ]"QT/C’ TTP = - .' C )
C-pT
is the Doppler Spreading function of transmission to a moving point target.
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Clearly for reception from the point (with PT and 6T replaced by

QR and QR)

pR +E)Rt'
c

yO(t.+ )

= yy(t')

Y
Prtept
c

Replacing t' by t=1t'+ yields

! P p P
'1 yolt) = yptt - (1 BT Rpae By e

Comparison of this result with F.1 shows that the spreading function
! is

Spa{Ts030psPp) =8(1-Tpp)6(a-apg) » (Ea. F.3)

where

e

P b
5 4 Ry-1 o ‘R i
, apg = (1 + 7 =1 -5 pp 2 eple.

F.2 THE SPREADING FUNCTION TO A POINT ON A MOVING, TURNING TARGET

¢ desmim o w—————

b Application of the law of cosines to Fig. 9 yields

2 2
ry+o 2 ry 0 €OS a

©
—
1

rﬁ + g% -2 'R O cos(a-y) .

©
>
"

g

But o << rs and 'R (on the order of 10%m compared with on the order
of 10*m to 10°m); therefore

o o?
OT =ry v 1-2 v Cos o t=— ry-ocosa,

TR TR R
LT e
58 M G e

2
? T T
R PRTR - O cos(a-y). (Eq. F.4)
? Differentiation of these results yields
of
g pr =ry *o sinaa,
4 5R = FR + o sin(a - v) (3-y) » (Eq. F.5)

A7,
-—
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where from Fig. 9

P = =(v cosa + vy cos ¥p)

;R = - [v cos(a-y) + vp cos ] .

Now consider the doppler spreading function Sg(r,a;o) of a point
at location o on the target assumed to have unity reflectivity.

If the point is assumed to have ranges oy + 5Tt and pp + 6Rt from

the transmitter and receiver respectively Fig. 3 may be used to obtain
SP ; therefore Atss which is the time of arrival of the signal at

the target, must be selected sufficiently small in magnitude that these
assumptions are valid.

Use of the fundamental relationship given by Fig. 3 and (5b) on Egs. F.2
and F.3 yields

o 00

Sg(a,r;o) = i g 5(§w-aTP)6(a'(T—T')—TTP)G(G'-GPR)G(T'-TPR)da'dT'

S(ﬁ'R' -orp) 8lapplT-Tpp)- T7p)

T

) = sla-aplo)J6lt-1p(0)]

= 6(&-QPR aTP)d(T'TPR' a;;

since ad(at) = 8(t).

It is convenient to approximate ap(o) and TP(O). From (F.2) and
(F.3)

p p
ap(0) = (1-g0)/ (1Y)

Since 6T and 5R << ¢ (two orders of magnitude at least)

O.P(O) = 1- (E)T + f.)R)/C s

1 - {FT + ;R + 0 [sina @ + sin(o-y) (a=y)]} /¢

1-(L+8680)c , (Eq. F.6)
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from (F.5) and (23). Also from (F.2) and (F.3)

PR
(1+)
p P
_ 7.
o) = —— g+
°1
(1-2)

T, PR _ PrafR ap(O)-1 o1

T Ta{o)c ¢ C 'abTb) c

P
I rT+rR-o[cos ot cos (a-y)] ap(c)-l ,
‘ = - LoDl 0 oey
| c ap(c) c aplo) ¢
i
from (F.4). But
1
ag(o)-1 .
; p ] 2
= 1- a(o] ] -1T+2+ .
.3 Since o is small compared to re the higher order terms in this
{ expansion may be neglected in the third term of t(o) to yield with the
| aid of (23)
E ap(r)-1
Lé tpl0) = [(2-80)/c] - (ry/c) TGN + ado/c ,

F.3 THE OVERALL SPREADING FUNCTION

&j Now let the reflectivity of each point o be f(o); then from linearity
! the spreading function of the target is

o0

,0) = [ f(o) SP(T,a; o) do

-00

s0

This integration must be performed for two different cases: 8 = 0o and
B#o. Forg =o, ap(o) = 1 - #/c and is independent of o from (F.6);
hence

[ SHRREPS.~ SO hogilt oV ¥ ATl TP A
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Slt,a) = £ F(o) 8[c-(2 +.re 2)/c + (1-2)8 o/c] 8(a-1+i/c) do
Ted

-00 C

1]

c co 2 .
[ f 6[t~ (2 + ro —=—)/c+c]8(a-142/c) do
(1-a)s_, ° (1-a)s T e

R it

mays Fiays—) slo-14i/e)

which agrees with (22) since -(o-1)/a = &/(c-%) from the & function.
For B ¥ o

® (0)-1

a .
S(ta) = _i f(o) 6{r-/c+[(1-a)é0 + EECEY__ rT]/c}G(a-l+%+ §E§2) do

!h

(o]

. r
o flos(1-0-1/c)] 6{t-—% + 3(1-a) (1-a- &) + &L Ty

c a

If we solve for B§~(l-a- %)] from the argument of the & function and
substitute the result into the argument of f we get

-1
~cTHR- Sy r
() = g5 f—rmye—) 8l1- £+ 301-a) (1ot H&) Dy

Finally from the property that |a|é(at) = &(t) , (22) results.
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APPENDIX G

DERIVATION OF THE MATCHED FILTER QUTPUT FOR
THE BISTATIC ECHO FROM A MOVING, TURNING TARGET IN A NON-DISPERSIVE MEDIUM

Subs%itgtion of (19) and («2) into the fundamental relationship of Fig. ¢
and (5b

(a'—ao) f;
o ™ -an — a'-g f |
D ~ a k D . o o ,a'-1
¢3(T,1) ~_of° é e 0 veylog (T-T'+ <k et ty)1/a ]
0
1 (l"]
=CT +4-—7-7r r
C 61 T 4 B ) 94 Ot'-] T ]
T e e Tt e e g e e

where a, = 1-i/c.  Interchanging the order of integration, making a

T
dummy variable change from t' to r'-%-+ Qa;l EI , and reversing the
order of integration again yields

_(a'-ao) fé
® 0 -eT] I .
¢9 {1,1) IT:§75_ _i g e % k yEM[aO(T-('— % + Earl ﬁtT
P00 e e (i) efarea - 82 e
o kK /0 % 7-a)¢ O =0T T | 0T
O
BT’ fé
e pryral e
‘aa ]
= C f e 0 f( ]'CTG )
(1-a)8 - (T-a)
D ' '3 1 BT' fO 1
. YFM {OLO T=-T = E + (]' BTI )AtT+ - a]/ao} dT .
(xo+r€ (1-a)aé k
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But, as pointed out in the main text, AtT must be small; therefore the

approximation
1~ . __8t
Bt' a 2
; (xo"'T:a— 0 (1-6)(10
may be used. If it is used and the dummy variable <t' replaced by At'
where
f
- B o
A=1- —(Atr + =)

(1-a)a o

the result is

D L, o-]
5, 1) &~ =< I oyeulo (t-1'- 2+ & At ), 10 ],
3 A(1-a)6 - FM~“o c a T 0

- v fl .
cedm) BT 0 gt

A(1-a)o, kK A(1-a)s

) dt' .

It is convenient rewrite the last result in terms of a delayed convolution

o201, 1) % wlt - 1g),

S

ot} =/ glt-1) h(x') de

- =
WIS

e
T Fedk

where T4 is given in Eq. 26 (recall a, = 1 - &/c) and
2
-2nj —(—T—BT T
h(T) = [ e A(l-a C!o k f( -CT ,
A(1-a)s A(1-a)s

P -~

&

s e~

S
i .
CIF L SNE S
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)
- YEM [O‘o(T - ~§_l' EQJ’ 1/a0]
* o A

[Ta]

—

—

~—
t

o +1 o -1
e sq O 0 o
_ eZvJ( 7—) f (T - o K ) M :
YFM T’ao)

from Eq. 12. Fourier transforming (1) yields

—
-
~—
4]

¥ [w(1)]

B iy (f - £, a) H(f)

where P?M(f,a) and fé are defined in Eq. 26 and

H(f) & F (1))

ao-l fC
-2nj f! T
e o a k

up

B

But if WM(f) and HM(f) are defined by

M .
y(f) =B Y (f - fo)

M

H(F) = H' (f - f!)

0

then clearly WM(f) obeys the equation given for it in Eq. 26;
furthermore inverse Fourier transformation of ¥(f) yields

( ao~l fo)

2nj f' (t - T

Wr)=e ° % K7 M)

3 or

; ( a -1 fo)

E enj ! (t-14 - ——

E (! o (0,1} e ° 9 k_wM(T-Td),
% ¥ which agrees with Eq. 25 if T4 is as given in Eq. 26.
|
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To obtain HM(f) it is necessary to Fourier transform h(t). Note that

from Eq. 26
i
f2
-« B &1t o 2
Fo-mj =~ f
- e % ¥ £ = FF+dB 0,
- °
3 therefore
o AQ-a)s ., 858 To
= -a op o
H(F) = F[Z¢ fre a K ]
é B8 fo [ f;
! = F(s{[1 -a-= (AtT + F_')] f+ K } ¢)
aé 0
i
| from the definition of A. Frequency shifting this result gives the
k .1 equation for HM(f) given in Eq. 26.
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