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ABSTRACT

Newton's method for finding a stationary point of f:R™R consists

of the iteration x. -1

e 7%y LV O]

* Vf (xi). Its main attraction
is its quadratic convergence. However, it necessitates computation and
inversion of the second order derivative matrix.

Common minimization algorithms approximate the Hessian or its inverse
by first order (i.e., gradient) information. First order information
algorithms in common use are known to have at best superlinear rate of
convergence.

We analyze the rate of convergence of a new class of algorithms
based on n-dimensional interpolation. In particular, we present a class

of algorithms which use first order information »~nly, while maintaining

quadratic convergence.
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1. Introduction

Most of the commonly used algorithms for the unconstrained minimiza-
tion of f:R"sR for n>1, are descent methods. These are based on the iteration
Xipg = X5 ¥ uidi’ where diLRn is a search direction, and aigR is the step-
size, usually determined by a line search as a minimizer of f(xi + “di)
over ¢ 0.

The exception is Newton's method, which is based on interpolating
f by a quadratic and minimizing this quadratic at each step of the algorithm.

For a general discussion of unconstrained minimization technigues
see [1,8]. The following points are relevant to our discussion.

The classical steepest descent method uses first order (i.e.,
gradient) information only. Its main drawback is its linear rate of
convergence.

Newton's method converges quadratically. However, it necessitates
the costly computation and inversion of the Hessian at each iteration.

Other methods based on first order information are known to converge
at best superlinearly (e.g., [6]).

Many of these methods approximate Newton's method in the sense that
the search direction they generate can be shown to be a direction along
which an appropriate quairatic is minimized.

A different approach is based on the unfounded assumption that
algorithms having the finite termination property (i.e., solution in a
finite number of steps) for a class of functions wider than the class of
quadratics, are faster than those having the quadratic termination property.

Thus, Jacobson and Oksman [7] generalize from quadratic termination to homo-

geneous functions termination. This was further generalized (see e.q., [4]).




Another step toward discarding the quadratic model has recently
been taken by Davidon [5]. His motivation, however, partly coincides with
ours.

In this paper, we analyze the rate of convergence of n-dimensional
interpolation algorithms for unconstrained minimization. We note the
following.

Most of the commonly used algorithms for one-dimensional minimiza-

tion are based on polynomial interpolation. It is well known that Newton's

method in this case is inefficient in the sense that quadratic convergence

can be achieved using first order information only (e.g., [8, p. 142]), by

using two interpolation points rather than one. This should make one doubt
whether Newton's method is a suitable model for efficient algorithms.

Quadratics are inadequate for n-dimensional two-point interpolation
with zero and first order information (see Davidon [5]). Therefore, non-
polynomial interpolation is necessary. Our analysis shows that the rate of
convergence is independent of the interpolating function. For interpolatory
algorithms, therefore, the question whether the search direction coincides
with Newton's direction or generalizes it, is irrelevant to the rate of
convergence analysis. The same is true for termination properties.

The main difficulty in the analysis of n-dimensional interpolation
algorithms is that the formulas for the error in n-dimensional interpolation
are not suitable for this purpose. We overcome this difficulty by relating
the n-dimensional problem to an appropriate one-dimensional interpolation

problem.
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2. Minimization by Interpolation

The interpolation algorithm we study generates a sequence 1xi} as
follows. Let s>1, m>0 be fixed integers, and let T:R">R depend on

r = s(m+l) parameters. Given mt+l approximants Xgo -9 X04] to the solution

nt
of

(1) vf(x*) =0,

we use Xis X to construct a new approximant xi+1. First we

=127 Xiem
interpolate f by T requiring

) = £lk) (x

(k)
@ 1)

.. j=0,...,m; k=0,...,s-1.
i-3) j=0 m; k=0 S

Here f(l) = vf, f(z) = v2f etc. The new point Xi41 is determined by

(3) vT(x = 0.

i+l)

In the following, we assume that equations (1)-(3) have solutions.
We define the rate {or order) of convergence of a sequence {xi}

converging to x* as the number p (if it exists) such that

it] >

C#0.

Here || * || is a fixed arbitrary norm. Ortega and Rheinboldt [9, § 9] refer
to the rate p defined above as the C-order of the sequence {xi}. When it
exists, it coincides with their Q- and R- orders. We will unify our results
for the C-, Q- and R- orders through the use of the C-order of convergence.
We derive the rate of convergence of the n-dimensional interpolating

algorithm by establishing some difference relations for the errors [[xi' x* .




To derive the basic difference relation we need,we pass a curve in R"

through the points x* and Xig1® Xi00000 Xiom i.e., we determine a function

¢:R+R" such that l
w(ti‘j) = Xi‘j J = _19 0’ 19 vy m’

(4)
v(t*) = x*,

where the parameter t is chosen so that
= - * * = * o * =

(5) tyy = Mxyy - x* 1l e =[x - x| = 0.

We will later discuss this construction. Note, however, that the
construction of ¢ is a part of the analysis of the properties of the
algorithm, not a part of the algorithm itself.

Now define 9(t) = T(y(t)), ¢{t) = f(y(t)). Equations (2) and (4)

imply

k
(6) olk) (¢ y

i) =

s Jj=0, ..., my k =0, ...,5-1.
it follows that (6) defines one-dimensional interpolation for which
convenient error formula exists (see Ostrowski [10, p. 12]). Henceforth,

we assume u,¢eCr+1 in a neighborhood of t* = 0. Using the one-dimensional

error formula we have

() ey - oMy o
(7) a(t) - oty = A& O Gl e g
j=0

S
J) s

where ¢ is a point in the interval determined by t, ti’ R 3 Note that

i-m’
formula (7) holds for general (not necessarily polynomial) interpolation.




We now differentiate (7) and set t = 0. From (1) and (2) we have

¢'(0) = e'(ti+l) = 0, so that

¢'(0) - 8'(0) = -8'(0) = el(ti+1) -08'(0) = ti+1 8"(c), where ; is a point
between ti+1 and 0. Differentiating the right hand side of (7) using
Ralston's result [11] on the differentiation of the error term generalized

for the hyperosculatory case (see [2]), we finally have

Lemma 1 Under the assumptions made above, the errors in the n-dimensional

interpolation algorithm satisfy the difference relation

m m m
- s-1 S S
®) tiy =M 2 STty ¢ N T
k=0 j=0 j=0
J#k
where
M (te 1)) (e s .
M5 T ) ’ (e S AU,
it 0" (g ()
) ey_alm) (r+1) oy _,(r+1)
M(t) = l: (L)’G (L)_ , N(t) = LI__(_%'u,vV‘m b
r! r+l)!
and where gi(t), ”i(t) are in the interval determined by t, ti+1’ cees
ti.me and c(t, ,) is in the interval determined by t.,,,0. o

It follows from (8) that if the initial errors tO’ ces tn are small

enough, and if the coefficients {Mi}’ {Ni} are bounded, the sequence {ti}
converges to zero, i.e., yi+x*. Moreover, if s -2, (8) implies
i+l

(9) "'ET‘— -~ 0,
1




(i.e., superlinear ccnvergence). If s=1, we assume m>2. For m=2, (8)

is the basic difference relation governing the behavior of the Quadratic

Fit algorithm, which is known to converge superlinearly (see Theorem 3.4.1
in Brent [3]). It is evident from (8) that the rate of m>2 is not less than
the rate for m=2. Therefore, (9) holds for all s:=1, m=0 if r=s{m+l)>3.

Rewriting (8) in the form

s-1 M s f: & N ]
t. . =M, t3 -t . }1+ + t. s

we finally have
Lemma 2 Under the assumptions made above, and if M1+Mf0, the sequence

ti satisfies the difference relation

_ s-1 m
(10) ti+1 = Ai+1 t? Tt

with Ai+1 + M, a

Defining y, = ]og[til and 8, = 1oglAii, (10) implies the difference

equation

m
Yiep - (521 ;- S]};l Yi-i = Bin

with indicial equation

m-1 .
(11) th - (s-1) t™ - SZ ¢ =0,
J=0

where the sum in (11) is taken as zero if m=0,




Tamir [12,13] proves that under our assumptions the C-rate of
convergence of the sequence {ti} (hence {xi}) is given by the unique positive
root of the indicial equation (11). In this case, the C-, Q-, and R-
rates of convergence are exactly p, where p is the positive solution of (11).

If the Timit of Mi exists and is zero, or if this limit does not
exist, but the sequence {Mi}is bounded, equation (8) implies that the Q-
and R- rates of convergence are still at least p.

We summarize our results:

Theorem: Under the above assumptions, if the sequence {Mi} is bounded,
and if the initial errors of the interpolation algorithm are small enough,
the sequence {Xi} converges to the solution x* with C- (when it exists),

Q- and R- rates of convergence at least p, where p is the unique positive

solution of (11).

Corollary: The rate of convergence of the sequence generated by the

interpolation algorithm is independent of the interpolating function.

Remark: In order for the sequence {Mi} to be bounded, it is sufficient

(r+1) (r+1)

that o exist and are continuous, and ¢"(0) # 0. This would

and ¢
be the case if f has continuous derivatives of order r+l1, the parameters
of T depend continuously on the data through (2), T has continuous

derivatives of order r+l for the appropriate values of the parameters,
and ¢"(0) = 1[;(0)T v2 f(x*) $(0)#0. Setting ¢k(t) = 55 ajktj (k=1,...,n),
J=0

.2 *
and assuming i«gfgié—l # 0, the choice a1 © 1 and I 1 for k=2,...,n
X
1

will ensure ¢"(0) # 0.




Summary and Conclusion

We have shown that the rate of convergence of n-dimensional
interpolation algorithms is inherited from the underlying one-dimensional
interpolation, that it is independent of the interpolating function, and

is given by the unique solution of the equation
m+1 m el i
(12) t™ - (s-1) t" -5y th=0
3=0

where m+l interpolation points and s derivatives (of orders zero to s-1)
are used.

Our work is based on the results of Traub [14] and Ostrowski [10]
for the one-dimensional root-finding problem. Tamir [12,13] adapted these
results for the minimization problem. In [12] he studies the rate of
convergence of algorithms using function values only (m=0) with a superfluous
assumption and a false conjecture. This detailed analysis is repeated in
[13] for the case m>0. He treats polynomial interpolation only, and shows

that for fixed s and m~o, the rate p tends to

/4
(13) -% + (%) + 1

However, he neglects to realize the effect of memory on the rate of
convergence, which is implied by (11) and (12).

Indeed, for fixed s, the rate is obtained for m=0 and m=1 by solving
the indicial equations t-(s-1)=0 and t2-(s-l)t-s=0, respectively. Therefore,

2
algorithms using more than two interpolation points are inefficient, and

2
p=s-1 for m=0, p=s for m=1 and p- %+ (§) +1 for mr. It follows that

two-point algorithms are substantially faster than one-point algorithms.




In particular for m=1 and s=2 we have a two-point algorithm using
first-order information with second-order rate of convergence (which is a
well-known result in the one-dimensional case).

Note that no line search is needed in this class of algorithms, and
that they may be designed to locate saddle points rather than minimum
points. A line search, however, may serve as part of a globalizing procedure.

Compare also the discussion in Davidon [5] regarding the difficulty
of determining the effect of memory on the performance of descent algorithms.

We have not computed the asymptotic error constant, since it depends

on the norm used (see Ortega and Rheinboldt [9]). This can be computed,

however, under the appropriate assumptions (cf. Tamir [12,13]). We have

also made no attempt at giving the strongest results (i.e., the weakest
assumptions) possible. Compare, for example, Brent [3].

Finally, we remark that the interpolation requirements (2) leave much
freedom for the choice of the interpolation function T. A useful choice for

n
it seems to be a separable sum of rational functions T(s) = > R (x, ). For
k=1

2
example, for s=2, m=1, one can choose R(x) = Ela§%§i9»’ with the values of

components of T equal to one another at each interpolation point.
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