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I. Introduction

éf‘There are many known examples of problems for which there is a probabilistic
(sequential) algorithm more efficient than any known deterministic algorithm. For example
primality testing (see [Miller, 75], (Rabin, 74], and ([Strassen and Solovay, 74]):‘

This paper considers the question: Are parallel machines made more efficient by
allowing processors to take probabilistic choices?

We also consider the question: What is the computational power of parallel machines,
if we require transitions of processors to be symmetric?

This is motivated by physical constraints to parallel computation such as energy
consumptionfisee [Toffoli, 79]). ;AISO, there appears to be some fundamental relationship

between symmetrical and probabilistic computations. .

To partially answer these questions, we &ilaquevious studies of the computational
complexity of parallel machines {see references below) ,~ studies of probabilistic computations))
by [Adleman and Manders, 77], [Adleman, 78}, and [Gill, 771, and\/\;ork on symmetric
computations by [Lewis and Papadimitriou, 80]7and work relating probabilistic and symmetric
computations.‘[Aleliunas, Karp, Lipton, Lovasz, Rackoff, 79].

‘We formulate a general thesis for how both the probabilistic and symmetric types of
parallel computation relate to other types of computation.

A

Probabilistic Parallel Processing Thesis

(1) probabilistic / time T(n)

o(l) 0(1)

€ deterministic time T(n) /advice T(n)

(2) probabilistic / space S(n)

= // space s(n)o(l)

Symmetric Parallel Processing Thesis /

~.
~a
/ R

(3) symmetric / time T(n) )
= // time T(n)o(l)
(4) symmetric / space S(n)
c probabilistic / simultancous space S(n)ou), time 20(T(n)).

Wes provide evidence for the above by proving them to hold for a wide class of parallel
machine‘ models, including: alternating TMs (Chandra, Kozen, Stockmeyer, 78], parallel RAMNS
(Fortune and Wyllie, 78], [Savitch and Stimson, 78], and hardware modification machines

[Dymond and Cook, 80].
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Note that our approach is similar to that of [Goldschlager, 78] who provided evidence

for the

parallel processing thesis

| / time T(n) = deterministic space T(n)o(n .
i Recent work by [Hong, 80] proposed to generalize the parallel processing thesis to a2z
computational types; but our results for probabilistic and symmetric parallel machines
appear to directly contradict his generalization (we view this as a significant aspect of
our complexity results). )

(For brevity and improved readibility of this draft, we have deleted many interesting

. simultaneous complexity relations and emphasized simply time and space complexities.)
i
i

2. Definitions

2.1 Nondeterministic Automata

) { Let a nondeterministic automaton (a N-automaton) M consist of

(i) a finite input alphabet I,
{ (ii) a set J of instantaneous descriptions (IDs)
(iii) an <nitialization function INIT:I*~>F
(iv) a set ACCEPT € of accepting IDs,

(v) a transition relation + < FxF with the restriction:
3d>0 VIE S (|NEXT(I)]|<q)

where NEXT(I) = {J/1 + J}.
We also assume NEXT(I) = @ for all 1I€ ACCEPT.

Let G= (4, V) be the computation graph of M, with node set & and edges given v
. Let a computation sequence be a nonempty maximal path in G. Let a computation segquence
IO""'Ik be accepting if it is finite, and IkGACCEP'I‘. For any input wE€ZI*, let M
accept w if there is an accepting computation sequence starting at INIT(w).

Let +— be deterministic if

VIES (|NExT(D)|<1)
and symmetric if

VI, JES (I+J iff I+ 1),
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M is deterministic (a D-automaton) if K is.
M is symmetric (a SYM-automaton) if |~ is.

(Note. SYM-TMs were first defined by [Lewis and Papadimitriou, 80); this definition
requires a technical augmentation of the state transition function of a TM to allow

symmetry between a transition and its reverse.)

2.2 Probabilistic Automata

Let us consider each computation sequence Io, Il,... to be generated by the following
probabilistic process: for i=0,1,...

Let I, , be a randomly chosen element of NEXT(I)). M is probabilistic (an R-
automaton) if VIE S, if R has at least one accepting computation sequence starting at I,

then any randomly generated computation sequence from I is accepting, with probability 21/2.

(Note if the basic automaton is a TM, then these are essentially R-TMs, as defined by
[Adleman, 78].)

2.3 Alternating Automata

Let M be aglternating (an A-automaton) if addition to (i)-(v) above,

(vi) & is partitioned into sets .9b (the universal IDs) and J% (the exigtential
IDs).

A computation tree of M is a tree T with each node v labelled L(v) €J such that

(a) if Z(V)EJG-ACCEPT, then NEXT(2(v)) are precisely the labels of the siblings
of wv.

(b) if l(v)€J@-—ACCEPT. then v has at least one sibling labelled from WNEXT(L(v)).

The computation tree T is gecepting if it is finite and its leaves are lacelled fror
ACCEPT. Given input w€ZI*, M agccepts w if there is an accepting computation tree with
root labelled with INIT(w).

For X,Y€{Uu,E}, let

FkY = N Lgk XJVY) .

Let M be symmetric alternating (a SYM-A-automaton) if Fug Fpy are deterministic, and
“ee’ Fuu
It is possible to view an A-automaton as a game (see (Chandra, Kozen, Stockmeyer, 78]),

are symmetric.

where the E-player attempts to make transitions eventually yielding an ID in ACCEPT, irre-
gardless of the possible transitions by the U-player. Thus a SYM-A-automaton is a simmetris

game, where each of the E and U player's transitions are symmetric. Note that if we




-4-

were to allow '—EU or '-UE to be symmetric, then the game would be trivial. An example
of a symmetric game is a pursuit game on a undirected graph.

2.4 Probabilistic Alternating Automata

Let M be an A-automaton. For X€ {U,E}, let a computation sequence IO' Il' ... Dbe
of type X if each transition is a Fyx transition. ‘
For any I€& let PI be the probability that a randomly generated computation

sequencae of the same type as I (i.e., of type E if I€JE and of type U else) ends at
an ID J such that there is an accepting computation tree with root labelled J.
Let M be probabilistic altermating (a RA-automaton if

(a) VIGJE, pI>o-pIzl/2

(b) VIGJU, P < 1=p < 1/2.

2.5 Complexity Classes

Let # be a collection of automaton; with complexity measures time and space.
Let J#-TIME(T(n)) = {L/L is accepted by ME.f in time T(n)}.
Let #-SPACE(S(n)) = {L/L is accepted by ME.f in space S(n)}.

We also define a simultaneous complexity class related to Steve Cook's Class: for dz0,

let ./I(-SCd(S(n)) = {L/L is accepted by ME.# in simultaneous space s(n)d and time
20(S(h))}

We use the notation:

L) = {L/L is accepted by ME.}

coL(#l) = {Zﬁ—L/L is accepted by ME.#}

Also, we use the notation:
LA /£ (n) advice

to denote the class of languages accepted by automata of .# with an oracle giving
vadvice" (a binary string fixed for any input length n) of length f(n).

Let & be a collection of alternating automata. Let ‘“da be those automata of

(n)
«f which are a(n)-alternation bounded (where n is the input length).

3. Space Complexity of Probabilistic and Symmetric Alternating Automata

We first state some facts known about space bounded TMs, A-TMs, and R-TMs. We shall

later use proof techniques similar to those used to establish these theorems.
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THEOREM 3.1. [Savitch, 74] D-SPACE(S(n)) € N-SPACE(S(n)) and for S(n)2n,
N-SPACE(S (n)) € D-SPACE (S(n)z) .

THEOREM 3.2. [Chandra, Kozea, Stockmeyer, 78} For S(n)=21log n,

0(s(n))

A-SPACE(S(n)) = D-TIME(2 ).

THEOREM 3.3. (Due to Borodin in [Chandra, Kozen, and Stockmeyer,78]) For S(n)2n

and any alternation bound a(n), A ~ SPACE(S(n)) < D-SPACE(S(n) (S(n)+a(n))).

a(n)
THEOREM 3.4. [Gill, 77] For S{(n) 21log n,

R-SPACE(S(n)) = N-SPACE(S(n)) .

This result by Gill is interesting, since his simulation of a S(n) space bounded N-TM

by a S(n) space bounded R-~TM require the R-TM to run in time 220(s(n)) . We conjecture:

R-SC1 (S(n)) # NSPACE(S(n))
in contrast to the knownm fact:
n-scl(s(n)) = NSPACE(S(n)).

(Note. To show this fact, just observe that any S(n) space bounded N-TM has time bound
< 2O(s(n)) )

THEOREM 3.5. For S(n) 21log n,
RA-SPACE(S(n)) = A-SPACE(S(n)) .

Proof. Since any RA-TM is an A-TM,
RA-SPACE(S(n)) € A-SPACE(S(n)).

To show the other containment, consider an A~TM, M with space bound S(n) Zlog n. (S(n})
is assumed to be constructable here, but this assumption can easily be dropped by the usual
techniques, i.e., try S(n)=1,2,4,... . We assume constructability in the following proof
as well.)

We construct M', a S(n)-space bounded RA-TM, as follows: At any given step of the
simulation, M' will store two distinguished IDs of M

(1) the current ID TI..

(o]
(2) the home ID I,

on input w€I", M' sets both I, I, to INIT,(w).

e e e v - - . [EPRNEN
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The simulation of M by M' will be partitioned into piases of type E (or U)
during which M' explores only existential (or universal) IDs; M' is itself in a state
type (E or U) corresponding to its phase type.

During each phase, M' executes a program (essentially that of [Gill, 77] to prove

Theorem 3.4) which randomly chooses computation sequences from the home ID I (which is

H
not modified during a phase). If at any time, M' reaches an ID, say J, of type different

than its phase type, then M' alternates (i.e., switches from type E to U, or vice versa),

sets Ih<-J, and thus enters a new phase.

By using a trick due to {[Gill, 77) (i.e., choose a random ‘Y€{0,1}2c.s<n) until
finally y= {o}zc-s(n))' M' can, by using only space 0(S(n)), explore every relevant
computation sequence (of the current phase type and starting at Ih) with high probability.

Thus M' may simulate M. QED
The pr- - of Theorem 3.5 also implies:

COROLLARY. For any alternation bound a(n),

ARa(n) - SPACE(S(n)) = Aa(n) - SPACE(S(n)).

Thus - SPACE(S(n)) = A ;) - SPACE(S(n)) € D-SPACE(S(n)”) by Theorem 3.3.

AR (1)

THEOREM 3.6. [Aleliunas, Karp, Lipton, Lovasz and Rackoff, 79] and [Lewis and
Papadimitriou, 80] For S(n) 21log n,

SYM - SPACE(S (n)) € R=-SCT(S(n)) .

This result was significant, since it relates space bounded SYM-TMs to simultaneously

bounded R-TMs. We now generalize their results to alternating TMs.
THEOREM 3.7. For S(n)=21log n,
SYM- A - SPACE(S(n)) € RA-sCl(s(n)) .

Proof. We prove this by induction on the alternation bound a(n). The basis is frecx

Theorem 3.6.

SYM—AO-SPACE(S(n)) E_RAO-Scl(S(n)).

Let the induction hypothesis be

SYM-A_ | -SPACE(S(n)) € RA_  -SC'(S(n)) .

(n) (n)

Then we apply Theorem 3.6 to establish

SYM-A -SPACE(S(n)) € RA -scl (s . QED

a(n)+1 a(n)+l

. P R

[P R I VY —— - s
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| 4. Time Complexity of Probabilistic and Symmetric Alternating Automata
I
]
1

We first state some known results for time bounded alternating and probabilistic
automata.

: THEOREM 4.1. [Chandra, Kozen, Stockmeyer, 78] For T(n)=2n,

DSPACE(T(n)) 2 ATIME(T(n))

and 5
ATIME(T(n) ) 2 NSPACE(T(n)).

THEOREM 4.2. [Adleman, 78} For T(n)2n,
2 2 .
R-TIME(T(n)) € DTIME(T(n)")/O(T(n)")advice .

Adleman's proof here is quite elegant, showing that for any fixed n20, there is a set of
O(T(n)) "witnesses” (each of length O(T(n))) which suffice to "derandomize" a R-TM on

all inputs with length <n. We generalize his result to probabilistic alternating TMs.

THEOREM 4.3, For T(n)2n,

RA-TIME(T(n)) < D-TIME(T(n)>)/0(T(n) )advice.

Proof. Note that a T{(n)-time bounded RA-TM is also T(n)-alternation bounded. Then
we repeatedly apply Adleman's proof technique for Theorem 4.2, using inductive hypothesis:
2
RAa(n)—TIME(T(n)) E_DTIME(T(n)Z(a(n)+l))/c-T(n) (a(n)+l)advice
for some constant ¢ > 0.

We turn our attention to time bounded symmetric computations.

N

THEOREM 4.4. ([Lewis and Papadimitriou, 80}

S

SYM-TIME(T(n)) = N-TIME(T(n)) .

THEOREM 4.5.

(S

SYM-A-TIME(T(n)) = A-TIME(T(n)) .

Proof. Since any SYM-A-TM is an A-TM, we need only prove

P W

SYM-A-TIME(T (n)) 2 A-TIME(T(n)) .

Let M be an A-TM with time bound T(n), and input w¢€ £®. The basic idea in the simulatidc
{(which was previously utilized by [Lewis and Papadimitriou, 801 for Theorem 4.4) is to V

separate the simulation into two phases:

oy o voe A

-~
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(i) In the first phase, we play a symmetric game with the existential and universal
Players alternatively guessing a sequence of positive integers il""’iT(n) corresponding
to branch choices down a path of the computation tree of M, from INIT(w) to a leaf.

(ii) In the next phase, we deterministically verify in time T(n) the choice sequence
is an accepting computation sequence.

Finally, we observe that deterministic computations can be made symmetric with no time

increase by a technique of [Lewis and Papadimitriou, 80].

5. Computational Complexity of Probabilistic Parallel RAMs

[Fortune and Wyllie, 78] and [Savitch and Stimson, 78] have both proposed parallel RAM
(PRAM) models derived trom the RAM model of [Cook and Reckhow, 73]. Their PRAM models are ;
similar, except [Fortune and Wyllie, 78] allow shared memory (where each location may be
read simultaneously by many processes but written by only one process at a time). For
brevity we adopt their PRAM model here; the reader should see their paper for the details
(also see [Wyllie, 79]).

We let D-PRAM and N-PRAM denote respectively the deterministic and nondeterministic FRAMY
models defined by Fortune and Wyllie. We introduce here probabilistic PRAMs (denoted
R-PRAMsj using the definition of Section 2.2 (note: these are not probabilistic alternating,

as in Section 2.4).

THEOREM 5.1. [Fortune axd Wyllie, 78] For T(n) 21log n,
DSPACE(T (n)2) 2 D-PRAM~TIME (T (n)) =2 DSPACE(T(n)) .

THEOREM 5.2. For T(n) 2 1log n,
R—SCZ(T(n)) 2 R-PRAM-TIME(T (n)) QR—SC1 (T(n)) .

Proof. (Sketch) The first simulation (of a T(n)-time bound R-PRAM by a R-TM with

simultaneous space T(n) and time ZO(T(n))) is similar to Fortune and Wyllie's proof oX

the first containment of Theorem 5.1.

In the second simulation, we are given a R-TM, say M, with simultaneous space T(n)

0
and time 2 (T(n)). Our simulating R-PRAM M' has time T(n) (assumed, for the moment,

constructable). Given an input w¢€ Zn, M' essentially constructs in its shared memory a

digraph D which is a subgraph of the computation graph GM of M. Each ID of M of

space < T(n) will correspond to a node of D. However, D will have only one edge

departing from each node v; this edge is randomly chosen from the set of edges departing v
in the computation graph GM’ Then by definition of R-TMs (see Section 2.2), if M accept
w there is a path of D from INIT(w) to some ID in ACCEPT, with probability 2 1/2,

and if M rejects w, there is no such path for any D chosen.
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2O('I‘(n))

To construct D, M' in time O(T(n), initiates new processes each, say

Pi' with a distinct intcger 1 representing ID(l)EJ&. Then each Pi sets shared menor:

locations L[i] to some randomly chosen element of NEXT“(i). Then each processor sets
&

L{il to L([L[i]]. This is repeated synchronously T(n) times. If ID(lo) = INIT(w),

then at the end of this iteration,

L[iol € ACCEPT iff M accepts w.
(This proof is similar to that of Fortune and Wyllie's proof of Theorem 5.1, except in
their proof GM==D, and thus no probabilistic choices need be taken).
THEOREM 5.3. For T(n)2=n,
R-RAM~-TIME (T (n)) E_D—RAM:TTME(T(n)z)/O(T(n)z)advice .
Proof. 1Identical to Adleman's proof of Theorem 4.2.

THEOREM 5.4. For T(n)2n,

R-PRAM-TIME (T (n)) © D-PRAM-TIME (T (n)>)/0(T (n)>)advice .

Proof. Similar to Adleman's proof of Theorem 4.3.
The following is an analogue to Theorem 3.2 for space bounded parallel computations.
THEOREM 5.4. [Fortune and wWyllie, 78] For S(n) 2 1log n,

N-PRAM-SPACE (S (n)) 0(s(n))

N-TIME (2 ) .

THEOREM 5.5.
R-PRAM-SPACE(S(n))

N-PRAM(S (n)) .

Proof is similar to that of Theorem 3.5.
(We also have similar results for probabilistic versions of the vector machines of

[Pratt and Stockmevyer, 78].)

6. Computational Complexity of Probabilistic Circuits, Aggregates, and Hardware

Modification Machines

We have various results, similar to the previous sections (and consistent with our
probabilistic parallel processing thesis), circuits, aggregates of [Goldschlager, 78] and
hardware modification machines of [Cook, 80]. Essentially, probabilistic circuits are

identical to the uniform (with an appropriate definition of uniformity) circuits of

(Borqdin, 77), except they have special "random" nodes, labelled ? which output 0,1 with
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equal probability (and independent of any other "random" nodes). Circuits are assumed
acyclic, whereas aggregates may contain cycles.

The hardware modification machines (HMMs) of [Cook, 80} are similar to aggregates,
except their comnections may change dynamically as in the storage modification machines of
[Schonhagen, 79} (HMMs also have complex input structures, which we ignore here). Cook
introduced HMMs as a fundamental parallel processing model. We introduce probabilistic

HMMs (R-HMMs) defined as in 2.2. For brevity, we only consider the time complexity of
HMMs and R-HMMs.

THEOREM 6.1. [Dymond and Cook, 80}

D-SPACE (T(n)z) S HMM-TIME(T(n)) € D-SPACE(T(n)) .

THEOREM 6.2.
2 c < 1
R-SC (T(n)) & R-HMM-TIME(T(n)) = R-SC (T(n)) .

Proof. The first inclusion is found by simulating a T(n)-time bounded R-HMM-TH by a
T(n)-time bounded R-PRAM and then applying Theorem 5.2. The second inclusion is found by a
simulation to the proof of the second inclusion of Theorem 5.2; in this case the ZO(S(H))
hardware machines actually form themselves into the digraph D by randomly chocsing a
successor from NEXT. The shared memory instructions required in the previous proof are

simulated by redirecting pcinters appropriately, as in [Dymond and Cook, 80].

THEOREM 6.3. For T(n)2=n,

R-HMM-TIME (T (n)) © HMM-TIME (T (n) ) /0 (T (n)?)advice .

Proof is similar to Theorem 4.3.
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