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EXPECTED NUMBER OF STEPS OF THE SIMPLEX METHOD
FOR A LINEAR PROGRAM WITH A CONVEXITY CONSTRAINT ..
b, T/‘/,/ N
by ;
GEORGE B. DANTZIG

oy Y Abstract j

When there is a convexity constraint, ¥\; == 1, each iteration t of the

simplex method provides a value 2, for the objective and also a lower bound
2y —wy. The Paper studJes (1) the expected behavior of (w, Jwo), (2) probabxhty of
termination on the t—’-‘- th iteration; and (3) the expected number of steps, € ITER,
when the columns are drawn from a distribution from a three parameter class

of distributiqng.j\ Using estimates based on a random like behavior for covering
simplices, it is shown that

¢

¢ ITER < m(2.8 + log,(0102) + (2.8/f)log, W],  6: 21,

where n = % m -1 is the number of non-negative variables, m--1 the number
of equations. 0; and f are parameters for varying the distribution.

Reasonable bounds are 1.5 < 8102 < 4. The critical parameter is f > 0.
Poor performance can be expected if f << 1. For 8,62 = 4, and

f=1: ¢ITER < 4.2m + 2.8mlog W,
J=m/2: ¢ITER < 42m +5.5log %.

It is conjectured that f = m/2 may be typical of practical problems. If so, for
large m and % < some fixed multiple of m, § ITER < 4.2 m iterations as m — co.
Tighter bounds for m < 5000,n < 4m are tabulat

. For m = 1000,n < 4000, *
and f = m/2, ¢éITER < 1.5m.
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The Approach

Instead of viewing linear programs as a single class of problems and then
applying a worst case analysis, | have taken the view that they should be classified
by the characteristics of the distribution from which the columns are drawn. A
special class of distributions with three parameters 8, 6,02, f is studied. A bound
on the expected number of steps as a function of these parameters is obtained.
Given a linear program, one could use its input data to estimate values for 6;
and f and then use the formulae to bound the expected number of steps. Much
work remains to find a good way to characterize linear programs encountered in
practice and to develop formulae for estimating the number of steps as a function
of their parameters.

Each step of the simplex method with a convexity constraint produces in
the space of the columns a simplex that covers a point b, corresponding to the
right hand side. The process that locates § relative to the simplex, is viewed as a
kind of black box out of which pops the random value of the incoming variable
Xs. If the point b (as expressed by its barycentric coordinates in the simplex) is
uniformly distributed in the simplex, then p = 1—X\, has the density distribution
mp™ldp, 0 < p < 1 and expected value \, = 1/(m + 1).

The idea is illustrated in Figure 0. Starting at top left, the simplex P; P P3
covers the origin with P; the entering column. The value of the incoming variable
X\, i8 ag/(a0 + bo). Next, top right, Ps replaces Py, yielding A\, = a1 /(a1 + b1).
Next, at bottom left, Ps replaces P;. Then, at bottom right, P4 replaces Pa.
Note the “random” behavior of the origin’s location relative to various simplices,
particularly the value of \,.

By making estimates based on mp™—1dp, we can bypass the difficult (if not
intractable) analysis of the number of edges (steps) along the path of edges in the
polyhederal set generated by the simplex method. I believe this distribution leads
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to a higher estimate of the number of steps than the true one but much work

remains to show it is 80 or to find a better one to take its place.




Geometry of the Simplex Algorithm
The problem is to estimate the number of iterations to solve by the simplex

method the linear program: FIND \; > 0, minz

n n n
ZP,‘X,'-?—‘O, Z)«j=1, Zc,-k,-:z

j=1 j=1 j=1
where P; are m-vectors. 3ecause of the convexity constraint a problem with a
general right hand side 3°7_, P;)\; = J may be reduced to the above by setting
P; = P; + 5. A general linear program, i.e., one without a convexity constraint:
FIND z; > 0, ming:

2": pj:l:j = 5, z“: €iZ; = 2,

=1 j=1

can be reduced to the above providing one is willing to impose an upper bound
M on the sum of the variables
n
Y zit+zap1 =M.
Ju=1
This is done by setting z; — M), dividing each equation by M, and then setting
P; = P; + §/M as sbove.

Setting aside the objective function s for the moment, the vectors P; may

be thought of as points scattered around the origin in R™ and we are seeking
weights A; > 0 to assign to the points so that their center of gravity is the origin.
‘ See Figure 1. Any m 41 points P;, whose simplex is full dimensional (shaded
k area) and covers the origin corresponds to a basic feasible solution. [In a different
i geometry namely the space of (A\;,\2,...,\s) such a solution corresponds to an
extreme point.] Any other such simplex could qualify as the optimal basic feasible
i solution if its corresponding “cost” coefficients cj, are sufficiently small relative to
the other ¢;,.




FIGURE 1.

The simplex method has two phases. Both phases use the same procedure
but on different problems. Phase I’s purpose is to find a basic feasible solution to
start Phase II. Phase I is set up in such a way that for its problem a starting basic
feasible solution is at hand without any computational effort. The two phases use
the same algorithm. We will therefore, discuss only the effort to solve the Phase
II problem.

The simplex method’s Phase II is initiated by a selection (found in Phase I)
of (m < 1) points P;, with two properties: first that

B= [P.‘ix Py, - Py, ]
1 1 cee 1

is non-singular and second the solution to

;Pﬁxg‘=o ’ Z:xgc':l )
| 3

yields xg‘ 2> 0. The columns of B therefore form a basis in the space of the
columns (P;,1)T.
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The basic column indices are denoted by

B= {jl) jﬁ: .o -:jm-i-l} )

and the solution \j, = A%, > 0 for j € B and \; = 0 otherwise, is called a basic

feasible solution. The value of this solution is

m-1
—_— —_ .30
r=r0= 3.

=1

The iterative step consists of replacing a column Pj, by P, in such a way that
the two properties above are preserved and there is a decrease in the value of 2.
If the origin is in the interior of the simplex, the decrease is strict. If this happens
on each step, it is easy to see, since there are only a finite number of simplices,
that the process is finite. However, if the origin is on a lower dimensional face
of the simplex and the incoming point P, does not replace a point on this face,
there will be no improvement. In such a case it is necessary to use a perturbation
scheme to get around the “degeneracy” in order to guarantee convergence in a
finite number of steps. In our approach the columns of the linear program are
selected at random from a distribution. For the class of distributions studied,
the probability of the origin lying on a face of a covering simplex, is zsero and
therefore degeneracy need not be considered.

Each step (iteration) computes (II, xm41),
NP+ fmy1=¢; , HEB

This system is solved using B—! which is updated by (m + 1) multiplications
and additions. Letting

5,-=Cj—nPj—-ﬂ'm+1 ’
6
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the incoming column P, is selected by

8 = argmin §;

Note that
6, < 6; and 0;, =0, i€B

It is easy to see that for all feasible solutions 2y 4 §, is a lower bound for 2;.
Indeed if §, > O, then the current solution 2y is optimal and the iterative process

stops. To prove 25 -+ &, is a lower bound:

m+41 m+4-1 m-+4-1
0= E Jicxgc = Z (cic—nﬁc—’rm-l-i)xg; = Z c.‘ic)\%_”m-l-l =20—Tm+41
$m=l f=1 =1

n n n
Z 0iN; = Z(c,- — P — Xmt1)N\j = Z CiNj — Fm41 =2 — 20
=1 j=1 j=1

Hence
z—2 =2 &N\ >minf=4 , X>0,E\=1.

Instead of plotting P; € R™, we now plot (Pj,c;) € R™+1, see Figure 2.
The problem is to find weights A; > 0 so that the center of gravity lies on the line
(0,0,...,2), which we will refer to as the z axis, and such that the z coordinate
is minimum. The hyperplane, called the solution plane, that passes through the
points (Pj,, ¢;,) associated with the basis B, has for equation

NP+ xmy1=2 , Tm+1 = 20

where (P, z) is in the space of all possible columns (Pj,¢;). This plane intersects
the 2 axis at G with 2 = 2o. The point L = (P,, ¢,) selected for improvement, is
tke point (P, c;) whose absolute distance below the hyperplane is the greatest.
The lower bound point F on the z axis with 2 = 29 + §, = d; is obtained
by passing a plane parallel to IIP + 2y = 2 through L = (P,,¢,) and finding
7
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0ld B8 = {1,2,3}

New B = {1,2,s}

FIGURE 2:
Improving a Basic Solution

where it cuts the z axis. Next find the new solution plane obtained by replacing
(P;,,¢4,) by L = (P,,¢,) and let it intersect the z axis at K at 2 = 2;. Join L
to K and extend until it hits the old solution plane at H. The lines GH and LF
are parallel because they lie in the same plane and at the same time they are on
two parallel planes. Therefore,

GK _ HK

KF KL
where HK /(HK + K L) = value of incoming variable \,.

We now project parallel to z axis the points (P;, ¢;) onto the z = 0 plane and
denote by L, K, H the points corresponding to L, K, H. The point K projects
into K, the origin, see Figure 3. Note that

8




FIGURE 3:
Projection onto z = 0

GK _HK _HEK _

GF  HL gt he

The smaller GF = (—§,) and )\,, the less the improvement GK because
GK = \,(—4,).

The basic solution (Aj,, Nj,, . - - ) Ajm,,) i8 also the barycentric coordinates of X in
the simplex for iteration r. If P, just entered replacing P;, then P, corresponds

to the r-th coordinate and \;, = ), the value of the incoming variable.

Estimating the error w; after ¢ iterations
On iteration ¢ let 2; be the value of the ¢t — th basic feasible solution and let
2¢ — w; be the best lower bound obtained so far. Thus

2; 2 ming > Zy — W

e o
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Initially for ¢ = O, we have given 2o and 20 — wo = min ¢;. On iteration ¢, we

generate a §, = §¢,\, = \!. Then
2t4 1 — We41 = max(z; — wq, 2¢ + 5:) )

becomes the new best lower bound generated so far. Therefore rearranging

Wet1 = 241 — max(zf — W, 2¢ + 6:)
= z; + A6, — max(z; — we, 2z + 6%)
= —\}(—¥3) + min(ws, —0})

<w(l—1;)
where A is the value of the incoming variable in the basic set of iteration ¢ + 1.

To see that the last step holds, note that (1) if (—4%) > wq, then the right

hand side increases as (—6%) decreases towards (w;); or (2) if (—6%) < w, then
the right hand side is (—6,)(1 — \!) and it increases as (—&?) increases towards

w;s. Thus the maximum is attained at (—¥&,) = w;. It follows that
Werr < we(l — AL —NEFD) (1 — aEHA

Let
P=1‘—-XJ",

then

Wy < pwy—y = (1 —\j,)wr—1.

If now we assume with equal probability that the incoming column P, cor-
responds to any vertex ¢ in the simplex, then, letting £(z) stand for expected value

z and £(z | y) for expected value of z given y, {
1 R m
=(i-M=1-23 D N=rm, Ba=1

10 i




independent of the distribution of \; in the simplex. Therefore
§(we | we—yq) < [m/(m 4+ 1wy ;
é(we | we—2) = §lexp(we/we—y | we—1)we—1 | We_3g]
< [m/(m + 1)|€[0e—1 | ve—3] < [m/(m + 1), .
It follows inductively

Ewy < [m/(m+ 1)]*wo = et/ M,
Estimating A¢ = (2: — d:) = —6° after ¢ iterations
As developed earlier, except now A¢ in place of —d?:
We 2 2t — 241 = XiAg .

Therefore,
A: < w7, N\ =)L
In estimating the number of steps we set aside those steps in which A\, < X:
where A} = u/(m + 1) for some s < 1 to be chosen later. Steps with ), < \,
may be thought of as “almost” degenerate pivots. We conservatively estimate for

them a sero improvement even though in fact there is some. Let

B =Pr(\, < \l).

To estimate 2 as a function of 4, we assume the loeation of K in the simplex
is uniform over the simplex. If so the density distribution of p = (1 — },) is
mp™—1dp. This randomization assumption is consistent with the earlier one in
that £p = £(1 — \,) = m/(m + 1) as before. We now have
1
B="Pr(\ <)) =/1 LT =117,

_—1 Y'Y — 1 [ m l
1—p=Q1—=X)"=(1 -———m+1) |

— — 1 m m/(m+1) - ,—
= {(1 _.___(m+1)/”)( +1)/syum/(mi1) = =5

11




Thus if T is the estimated number of steps with A, > \; = u/(m <+ 1), then

AT =T[(1— ) =T, b<1,

is the estimated number including A\, < X:. What we will do, accordingly, is
to bound A; given \, > )\:. It is to be understood that the subscripts for

A¢,Atyy,..., now refer only to those steps with A\, > )\;, skipping over the
steps A, < \,. The bounds determined for the expected number of iterations

with \, > x; will later be corrected for the omitted iterations with A\, < X: =
p/(m + 1) by multiplying by 7 = e¥.
Therefore for some 0 < ¢, < 1,

Ar == (1 - ¢f)")r/k. ’ X, 2 X. .
Earlier we showed, except now A, = —§7],\s = A\]:
wr+1 = -—ArX. + min(Wf, Af)
= '—(1 - ¢r)wr + min(wr; Ar) < ¢rwy

< $rbr—1 - drwe

and
A, < (1—9,)0r—10r—a- - $ewe/\ , r>t, 0<¢,<1.

We will now show that a high value for Aq, i.e., ¢¢ close to 0 implies a low
upper bound for A¢4 1. Indeed this is clear by noting:

Btta € (1— $ea)fesa de we/),
AH“ < (1 - ‘H‘l)h "f/x:

A < (1 — ge)oe/n, .




Accordingly our approach is to estimate a bound for A;/w, by averaging

a, = A,/w, over r = k., k—1,...,t. Denoting the average by &, we will use
the bound for &, o8 the smoothed bound for a;. By definition

1 A,
=
For example for £ = 2,
A
1 St+1 A,
= _ = >
W1 = [w - w‘]. W > Wiy

1. 1 1 .
< -2'[;‘:_—1(1 — $t4+1) ¢ + w_,(l —d)l(we/N,), 0<¢:<1

1 1 *
< - A

Note that the unsmoothed bound for a1 is 1/, whereas the bound smoothed
over two iterations is about half. Over Xk — ¢t 4 1 iterations we have

k

T < g L M ), 0, 2 Oy

The values of ¢, are not known, so we choose 0 < ¢, < 1 30 as to maximize
the right hand side. The terms with indices r = k and r = k — 1 only involve
éx and ¢, which for fixed ¢x—3, ..., ¢+ are maximized by setting ¢ = 0 and
#x—1 = 1. The second term dropping, only the first and third involve ¢,
and are maximized by setting ¢5.3 = 1. Continuing in this manner, we obtain
=1lforr=%k—1,...,tand
W< t e (w,/x )= :’:/_:um: :
Since we are free to choose k—t--1, the number of a, to average. Note that
fwy < e(t—F)/m ., It is natural to think of w, as being roughly proportional
13




to e(*—*)/m_ It 50 the smallest bound for %, can be found by setting to sero the
derivative with respect to t; the min is attained at t = k —m 4 1. It is more

convenient to use t = k — m. Thus
Twy < Wr—pm/[(m+ 1)x:] = Wy—m/B, p=(m-+ 1)x: .
We will use this bound for &, as the smoothed bound for ay = Ax/wi. Thus
Ay < p ‘W, k2>m,

when & > m. For k¥ < m, &) is defined as the average value of A,/w, for 0 <
r < m yielding
Ay < p tog(wo/wm), k<m,

for k such that \¥ > A\, = u/(m +1).

Assumptions About the Class of Distributions of Points (P, ¢)

We think of (P;, ¢;) as a random sample of n points drawn from a continuous
distribution of points (P, ¢) in C, a convex set. Let the £ axis intersect C at lowest
value min z and highest value max z and let d° be some fixed value in between.
For iteration ¢, the solution plane is II'P + 2; = z. The point (P, c) most below
this plane lies on a parallel hyperplane that touches C at L at a distance A; > 0
below it. A parallel hyperplane through L cuts the z axis at d; = 2; — A¢. See
Figure 4.

For any hyperplane IIP + d = 2, we denote by Pr(§; < 0) the probability
of finding points (P, c) below the hyperplane. Suppose we move the hyperplane
parallel to itself from a value d = d; where it just touches C from below at L up to
d = d'. Our assumption about the distribution is that its cumulative probability
for d; < d < d' is bounded as follows:

Pr(6; < 0) < bol(d — dy)/(d" —dy))/ , 0<8<1, >0,
14




) +1 Space

FIGURE 4: {(P;,c;)} is a sample of n points
from a distribution of points (P,c) in C

for some choice of 6y and f. If we change the direction II of the solution plane,
d¢ will of course change. We are assuming that a fixed §p and f can be found
independent of II.

Case C is a ball

mm o ki A A en i s e e m e et

For example, suppose (1) C is a ball in m + 1 dimensions of unit radius, (2) } ‘
the distribution of C is uniform in the ball, and (3) the center of the ball is located ;
on the z axis at 2 = 1. Let o be the angle between the 2 axis and the normal to |
the hyperplane, A = Acosp, = 1— (1 — d*)cos ¢, and finally let §p < 4 be

. [ ] [ ]
- the probability of being in a spherical cap of height d ,thenfor A <d <1,
‘ 15
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Cage.

.Y 7
Pr(¢; < 0) =15, /0. (2z — 22)™/%dz / /o (2z —2%)™3dz, T < %

1 [E re
< 5/; (2z — z’)”‘/’dz/‘/ol (2z — z3)™/%dz.
It d* is very small we can ignore the z2 term and get the inequality
Pr(s; < 0) < (A/d")1+m/2

ie., f =1+ m/2. However, " would have to be very small indeed for this to

hold. For hyperspheres of dimension m -+ 1 < 21, I have computed approximate
values of the integrals and find that

Pr(6; < 0) < (A/d")™/3, d'=4
I conjecture for d' < .4 and m — oo that
Pr(6; < 0) < (A/d")™/2—F, k>0,

where (k/m) — 0. Even if this is not true, it seems intuitively that something like
f = m/2 should hold. The rough reasoning goes as follows: After m iterations
one could safely remove from C all points above say II"™P + 22,, = 2 and set
d* = 2. After m iterations, d” is likely to be sufficiently close to sero that one

could then ignore the z2 terms in the integration as above.

Continuation of general C case
‘We now reexpress the bound for Pr(6; < 0) in terms of wp, ws, Ay = 2: —dy:
Oo(2; — dy)’ .
Pr(6; < 0) < 2 <d
s )—[(d.—‘t)"l'(’t“‘df)]!’ E
0o(2¢ — de)’

S @ —mmr—w)+m—a)

< 6[1 + (d" — mins — we)/(s — )]~ .
16




Referring to Figure 5, we have initially
Wo = 29 — min 5.

Let .
0, = ma:zz min 2 ’ 6 >1
d —minz

max z — min ¢
03= - ’ 03 _>_ 1.
maxz — minz

Like f,#; and #2 are characteristics of the distribution in C. Reasonable

values for #; and f2 might be 1.5 < 4; < 25,1 < 02 < 2, see Figure 5. High

values of d; give rise to high estimates of expected number of steps. For illustrative

purposes fp = 1 and 8,0, = 4 are used later. Then

maxz — 29 -+ Wo Wo
0 = - > —,
max z — min z max z — min 2
{ or
(max z — minz) > wq/02
Therefore

d" — min z = (maxz — minz)/8; > wo/6:6;.

It follows for z; < d* that,

Pr(6; < 0) < 0ol + {—we + wo/(8:62)}/ A, Ae=12—d;.

In the last section we showed that if we consider only iterations where A\, >
i/(m + 1), then A¢/w; had smoothed upper bounds u~'wi_p,/we for t > m
and < p~1wg/w,y, for t < m. Replacing A, by these upper bounds, we have for
t such that 2; < d":

Pr(d; < 0) < fo[l + pw;2, {—w¢ + wo/(0102)}] 77, t>m

< o[l + pwi (wm/wo){—we + wo/(6:182)}1~7, t<m.
17




ﬂnﬂ Space

y max z -min 2z

L]
d* ~-min z= (1/61) (max z -min 2),

8, > 1

- o

min z - min cj
= (62-1) (max z -min 2),

t 't
t
min Cj = zo-wo

60 = Pr(nPj+d* > cj), ‘ '

e oY

0 <copg<1

FIGURE 5: .:
6o, 01, 62 are characteristics of the distribution (P, c). |
The analysis requires a bound on the ratio A,/w;.

Estimating t = ¢, : z, < d’ fort > t,.
To estimate ¢p, refer to Figure 5. Note that 2, < d"if wi <d —ming It
therefore holds if ;

we < wo/(6163)

because, as we have just shown, wo/(8182) < d* — minz. Accordingly, we now
estimate a t = £y such that

w,o < w°/(01 03) .

Earlier we showed {w; < wo[m/(m-+1)]* = woe™*/™. Therefore on the “average”
18
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we overestimate such a #y by setting

§ vy, < woe /™ = w0 /(0,02),

o= 'Mox(oloz). 0.' 2 l:

which henceforth will be used as the estimate of the value of ¢o such that z; < d"
for t > ty. For iterations ¢t > t,, we first determine bounds for expected iterations
for t such that A\, > u/(m -+ 1) and then we multiply these bounds by v = e to
correct for omitted iterations having A\, < u/(m -+ 1).

Probability of Termination

Given n points (P}, ¢;) in C of which m-}-1 lie on hyperplane [IP+2; = g, the
probability that none of the remaining % = n— (m - 1) lie below the hyperplane,
i.e., the probability of termination on iteration t, given non-termination prior to

t, denoted Pr(term), satisfies
Pr(term) = [1 — Pr(6; < O)]* > ps, A=n—m—1

where we have just shown
pe={1—00[1+ p{—we/ws_n + wo/(Ws—m0:102)})}*, t2>m

pe = {1 —0o[1 + p{—wm/wo + wm/(w6:102)}] 7 }¥, t<m,

fort > tp. For 0 < t < to, we set p = 0. We now solve for wo/ws_,, if t > m

(or wy/we if t < m) in terms of p = p:

1 Wo 1 1/1 1/m\1/f We
= = ~[0¥/7 /)1 — — 14 —, t>
0103 we_m n[° /A—=p"7) ]+‘"t—m m
L wm 1oy ama/r g Um
o “[00 /(1 —p''™) 1]+ o’ t<m.

19




The value of ¢ given p will be estimated by trying to find a t > t5:

1 , %o 101/1 1/my1/1 we
— e Zetf 1 — —14Et——, t>m,
hoaewg..m “[o [(1—p*/7) ]+€w¢—m 2>
RS LS PRV IRy, VI Ym
A -—”[00 /(1 —p*™) 1]+€w°. t<m.

Recalling {(w./w,) < e—(==9)/m tor £ > y, we have
£[1/(Ws—m/100)] 2 1/E(We—m/wo) > li=™W™

also &(w;/wi—,,) < e~!. We proceed in a similar manner for the t < m case.

Either case yields

_!_e(t—m)/m < :‘_‘[0;/’/(1 —pt/™I ] et

0102

Whence substituting efo/™ = ¢,6,,
bi=tl/m < (651 j1 —p/M — (@ —peNew™, t2to,m<I1.

We overestimate ¢, the number of iterations to obtain a probability of termination
> p on iteration ¢, by setting LHS = RHS above. Lettings =t —toand s = s,

corresponding to p = p;, we have solving for sp,
8y = m log{8;/7 J(1 — p'/™M! — (1 —pe™ ")} + mlog(en™?), w<1.
The smallest allowed value of s, is s, = 0 and this occurs when
P=pt, =(1—0)".

In other words a probability of termination p > (1— 8)* on some iteration £+ ¢

(where s used here is not to be confused with incoming variable P,),is attained
on the “average” for t < tp + 7s,.
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Therefore iteration ¢t = T), corresponding to a probability of termination
p2(1—6)":

T, =to+ 18, = m log(0103) + 78, 7 =¢".
For p > .8%, we can use the very close approximation
(1 —p*™) = —log[l — (1 —p*/™)) = —(1/M)log p, 8<p/* <1,
Thus for p > (1 — 6p)" and p > .8%,
35 = m log(e p~!) + m log[{—08oN/ log p}/¥ — (1 — pe™)).

Suppose m = 1000, =n—m —1=1000,f =1 or f = m/2, 6 = .5,
0102 = 4. How many iterations ¢ = T o; must be performed before the probability
of nontermination on iteration t, with \, > .14/{m-}-1), is less than 1 —p; = .99?
This means termination is likely within another 1/p: = 100 additional iterations.
Noting u4 = .14,7 = e# = 1.14, substitution in the above formulas, gives p >
(1 — 6o)™ and .8% so it is okay to use the approximation for s9; which gives
To1=(1447T9)m =101mif f =1 or To; = (1.39 4+ .017T7)m = 1.59m
iterations if f = m/2.

The inverse function, obtained by solving for p = p¢ in terms of sp = o,
Pr(term) > p; = {1 — o[l + pe~(—1+ /™) ~/}*, s=t—1 >0,

will be needed later.
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Expected Number of Herations ! !
If p; is the true probability of termination on step ¢,3, =1 —p, and @, =
Qo * 31 - - T;, then the expected number of iterations, by definition, is

EITER=0Po+1:Qo Py +2-QoPa+ -+ tQ,_,P+---

=% +%% +%00T+ - +@+--
Since p; < P;, the expected iterations beyond ¢ — 1 is less than

Q)1 + gt41 + H+1%t42 + Q14243+ -7)

where g = 1 —p; and @Q: = qoq1- --- - . Because p; < peyy < -+, the above
is less than

QN1+ ¢ +a + )= Q)/p(t), Q) <1.
It follows that

Lemma: Expected number of iterations, §ITER < to + 7[sp + (1/p)] where
« = e* is the adjustment 50 as to include iterations having \, < Ay = p/(m+1)
and0< u<1.

Therefore for any p, (1 — 6)* < p <1,

EITER < mlog(f105) + v mlog(e s™?) .
+ 7 m{log[{80/(1 — pM)P/! — (1 — pe~ )] + 1/pm} .
A weaker bound can be obtained by dropping the (1 — ue™1) term:
For any p > (1 — 6,)",

EITER < m log(#62) + 7 m{logle p—1) + }louo —~ }lozu —p/®) 4+ 1/pm)} .

i
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At this point we derive some asymptotic results. Assume ¥ fixed as m — 00.

Set p = (1—0o)" and note 1/(pm) — 0. We have, using the stronger upper bound
above

§ITER < m log(8,02) for m 00 and W fixed, 6,6, >1.

For example {ITER < 1.4m when 0;0; = 4. Assume instead m — oo and
7 — oo, then for any fixed p and % sufficiently large: (1 — 6p)® < p. Again
1/(pm) — 0. We can fix p arbitrarily small providing % large enough — hence
log(1 — p'/™) = —log#% + log(— logp) = —log¥% + b where b can be fixed

arbitrarily large. Therefore,

1 1
~log o 4+ ~
ng °+f

r where 1 < y<e, m— 00, n— 00 and b > 0 fixed (arbitrarily large).

EITER < m log(8105) + v m{log(e s—?) + log# — }b}

Our objective, however, is not to get asymptotic bounds, but bounds for
¢ITER. Note any p > (1 — 6o)* can be chosen. Choose p = e—1. Since
| 7 < ¢, the term 1/(pm) can be dropped with an error in the bound for EITER <
2.7 < 10 iterations, actually less since earlier we set Q(t) = 1. Note also
—log® = log(1 — ¢e~/®). The condition p > (1 — 80)* becomes 6% > 1.

Therefore
EITER < m log(d;85) + 7 m{logles") + }log oo+ %log n}
= m[log(0,62) + e*{1 + %log 6o% — log p}]
= milog(0162) + E], 6160 > 1, 62> 1.

As a final step we determine 4 and ¥ = e* so that the bound for £ is as
small as possible. Note that E is of the form e*(A — log ) where y < 1 and
23




A=1+4 f—1llogfy > 1. Setting dE/du = 0, we obtain u as the solution of the

equation
A=(1+plogu)u?.

Once u is obtained as a function of A, we also have
E=¢'y?, Aa=E[/A=¢*/(14plogp).

Corresponding values of A, ya, 4, ¢#,log 4 tabulated below.

log s 7 et A A
0.0 1.00 2.72 1.00 2.72
-0.5 81 1.83 1.14 2.65
-1.0 .37 1.44 1.72 2.28
-1.5 .22 1.25 2.98 1.88
-2.0 14 1.14 5.37 1.57
-3.0 .050 1.05 19.09 1.23
-4.0 018 102 5060 1.10
-00 0000 100 oo 1.00

Therefore, finally,

1
I
where 0,03 > 1,00 > 1 and 1 < 74 < ¢. 74 is found in the table above using

¢ITER < mlog(6162) + v m(l + — log(dom)],
A=1+ -lf-log(oon).

A better bound for the expected number of iterations can be computed
directly from the formula

¢ITER < to + 7(Qe + QtoQto+1 + -+ + GoQto+1 - IT) @=1—ps,
24
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where the series is truncated at ¢ = T such that Qr/pr < 1 where Qr = go-- - qr.
The truncation error is less than v = e#, 0 < g < 1. These bounds on the
expected number of iterations have been computed and are given in the tables
that follows for various m and n and for f = 1 and f = m/2 for comparison.
Reasonable values for 6; are .5 < 6p < 1, 1.5 < 8102 < 4. The values of 6; used
are §p = 1,010 = 4. See Table 1 for f = 1 and Table 2 for f = m/2.




FORMULAE USED TO COMPUTE TABLES

Given m,n > m <+ 1 and parameters associated with the distribution from
which the columns are drawn:

0<6<1, 61621, f>0.

Determine #=n—m — 1. If 6o < 1, set §p = 1/7 so that §o¥% > 1.
To compute u and 74:

A =1+ (1/1)log,(fom).

Find u<1:
= (1+ plog, p)/ b

1A = e [(Ap)
Crude Bound = ty + 74 Am + e#t+! where to = mlog,(0163).

Probability of termination on iteration t > p; with A\, > u/(m + 1):

pg=0, 0S‘<to
pr = {1 — o[l + pe~ Y (—1 4 /™))", t=to+8> 0
G =1—p:; @t =qt Qto+1"" Gt

Bound = tp 4+ e#(Q¢, + @¢o+1 + - - -+ Q¢)... terminate when @; < ps.
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TABLE1L: f=1
BOUND ON EXPECTED NUMBER OF ITERATIONS
AS A MULTIPLE OF THE NUMBER OF EQUATIONS —1
parameter values f =1, 6p = 1, 0,0; = 4

m+1= Crude
number of n = Number of Variables Bound/m
equations n=2m n=25m n=3m n=35m n=4m = 4m
m= 2 48 5.1 5.7 62 64 8.2
m= 5 5.4 8.2 8.7 7.0 7.3 8.4
f m= 10 6.3 6.9 7.3 7.6 7.9 9.0
m= 20 7.0 7.8 8.0 8.2 8.5 9.6
m= 50 T.4 8.4 8.8 9.1 9.3 10.6
'E m= 100 8.6 9.1 9.4 9.7 9.9 11.3
m= 200 9.3 9.7 10.0 10.3 10.5 12.1
m= 500 10.1 10.6 10.9 11.1 11.4 13.1
m = 1000 10.8 11.2 11.8 11.8 12.0 139
, m = 2000 114 11.9 12.2 12.5 12.7 14.7
’ m=5000 123 128 131 131 133 15.6




TABLE 2: f = m/2
BOUND ON EXPECTED NUMBER OF ITERATIONS
AS A MULTIPLE OF THE NUMBER OF EQUATIONS —1
parameter values f =m/2, 0g =1, 0102 = 4

m+t1l= Crude
number of n = Number of Variables Bound/m
equations n=2m n=25m n=3m n=35m n=4m n=4m
m= 2 48 5.1 5.7 6.2 8.4 8.2
m= § 4.0 4.5 48 5.1 5.2 8.5
= 10 35 38 4.0 4.2 4.3 5.6
= 20 3.0 3.2 3.3 3.4 3.5 5.1
m= 50 23 2.4 2.5 2.5 2.6 46
m= 100 2.0 2.0 2.1 2.1 2.1 4.4
m= 200 1.7 1.8 1.8 1.8 1.8 4.3
= 500 1.6 1.7 1.6 1.6 1.8 4.2
m = 1000 1.5 1.5 1.5 1.5 1.5 4.2
‘ m = 2000 14 1.4 14 14 14 41
m = 5000 14 14 14 1.4 1.4 4.1

'
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by
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Abstract

When there is a convexity constraint, XA; = 1, each iteration t of the
simplex method provides a value 2y for the objective and also a lower bound
z; —w;. The paper studies (1) the expected behavior of (w;/wo), (2) probability of
termination on the t— th iteration, and (3) the expected number of steps, £ ITER,
when the columns are drawn from a distribution from a three parameter class
of distributions. Using estimates based on a random like behavior for covering
simplices, it is shown that

§ ITER < m|[2.8 4 log,(0162) + (2.8/f) log, 7], 6; > 1,

where n = %+ m + 1 is the number of non-negative variables, m -1 the number i
of equations. §; and f are parameters for varying the distribution. .

Reasonable bounds for 1.5 < 6,02 < 4. The critical parameter is f > 0.
Poor performance can be expected if f << 1. For 6,62 = 4, and

f=1: EITER < 4.2m + 2.8mlog W,
f=m/2: §ITER < 4.2m +55log &.

It is conjectured that f = m/2 may be typical of practical problems. If so, for
large m and B < some fixed multiple of m, § ITER < 4.2 m iterations as m — oo.
Tighter bounds for m < 5000,n < 4m are tabulated. For m = 1000, n < 4000,
and f = m/2, {ITER < 1.5m.
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