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ABSTRACT

A sequential method of random allocation is given and it is

shown how it can be used to estimate the observed significance

levels of k-sample nonparametric tests. The sequential technique

is compared to the standard random allocation technique and

shown to be more efficient. An application is made to the Dunn-

Bonferroni method of multiple comparisons.
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SIGNIFICANCE AND EXPLANATION

A major problem in using nonparametric tests is to determine

the observed level of significance. This paper gives an efficient

sequential simulation method for doing this.

The responsibility for the wording and views expressed in this
descriptive summary lies with MRC, and not with the author of
this report.
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:1 A SEQUENTIAL k-GROUP RANDOM ALLOCATION METHOD
WITH APPLICATIONS TO SIM,.ATION

Andrew P. Soms

1. The Sequential Allocation Method

Bebbington (1975) showed that if there were N objects (such

as file cards) from which it was desired to select (without

replacement here and throughout) a random sample of size k without

numbering the N objects, then one could proceed sequentially by

selecting the first object with probability k/N and if 
at the Tth

stage s have been selected, then the T+I -t object is selected with

probability (k-s)/(N-T), T =l,2,...,N-1.

We now state and prove the extension to an arbitrary number

of groups. Suppose there are N objects and it is desired to

sequentially divide them randomly into r groups of size
r
i=l2 k = N, i.e., each allocation has probability

i/tklN ]. J Let slT,...,SrT be the number of objects selectedI/ kI' 'kl, -,kr' -" r

th
for groups 1,2,...,r at the T- stage and let PiT+l denote the

selection probability for group i at the T+1- stage. Then if

PT+ = (k- SiT)/(N-T), T=0,1,...,N-l , (1.1)

r

the selection is random. Note that P = ki/N andil =

The randomness follows immediately by noting that the probability

of a particular assignment is

(1 k )I~N~ 1/ N
=/"kl,...,kr

Bebbington's (1975) result is a special case of the above

when r =2.
Sponsored by the United States Army under Contract No. DAAG29-80-
C-0041 and the Office of Naval Research under Contract No. N00014-

* 70-C-0321.



As an example, suppose r =3, k - 2 , k = 2 , k =3 and N =7.
an LT~1 ~2' 3

In order to make the sequential allocation given by (1.1) we take
7 independent random numbers Ui, i = 1,2,...,?. Let

i
0,T = 0 and Qi,T = jT'  i = 1,2, T = 1,2, ,N.

Then the mth object, m = l,2,...,N, is assigned to group n, where

n is the unique integer such that

On-l,m < Um :S On,m "

Suppose the 7 random numbers are .79039, .01850, .99744, .81812,

.93169, .22705, and .97709. The selection process is summarized

in Table 1.

1. Selection Process

Random P GroupRnDigit _T P2T 3T Selected

1 .79039 2/7 2/7 3/7 3

2 .01850 2/6 2/6 2/6 1

3 .99744 1/5 2/5 2/5 3

4 .81812 1/4 2/4 1/4 3

5 .93169 1/3 2/3 0 2

6 .22705 1/2 1/2 0 1

7 .97709 0 1 0 2

Note that if all the k. 's are one, a random permutation is1

produced if we think of the group as denoting position.
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2. Applications to Simulation

In k-sample nonparametric tests the observed significance

level of the test is obtained by considering all possible parti-

tions M of the (possibly tied) observed values or (possibly

average) ranks into r groups, computing the value of the test

statistic, and counting the number of times m it is equal to or

greater than the observed value. The observed significance level

a is then m/M. When the number of partitions is large this is

prohibitive and & is estimated either by simulation (taking a

large random sample of the allocations) or by asymptotics. The

advantage of simulation is that one can control the accuracy of

the estimate (by taking a large or small random sample) depending

on the importance of the situation, unlike asymptotics which each

time it is used forces one into the straight-jacket of committing

a usually unknown error. Since it is (perhaps regrettably) a well

known fact that different actions will be taken for close values

of C, one above and the other below some fixed level (e.g., .01,

.05, or .1) of the decision-maker, the use of simulation at least

prevents approximating error in a to be the determining factor.

If it is decided to use simulation, then a possible procedure

is to make the random assignment as described in Section 1 many

times by using a computer. The commonly used method is to produce

a random permutation by ordering a random sample of uniform num-

bers and choosing the first kI indexes for group 1, the next k2

for group 2, and so on. If all the ki's are one, then this is

more efficient than Section 1. However, as soon as the ki 's

-3-



depart even moderately from 1, the method of Section 1 becomes

much more efficient.' As an example, if k =k 2 
= k3 = k4 = 10 and it

is desired to make 2000 random assignments using a UNIVAC 1110 computer,

a FORTRAN program using the methods of Section 1 uses 4.71 seconds of

CPU time while a FORTRAN program using the random permutation method

takes 9.17 seconds.

The Appendix contains a listing of the FORTRAN subroutine

RAND4 that uses the theory of Section 1 to make random assignments.

This may be tied in with any specific simulation problem, e.g.,

the case treated in Section 3.
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3. Applications to the Dunn-Bonferroni Method
of Multiple Comparisons

The D-B (Dunn-Bonferroni) method is described in Dunn (1964).

Briefly, let Yij, i =1,2,...,r, j = 1,2,...,n i , be continuous (this

assumption is not important and is removed later) random variables

with distribution function F i , H0: F1 =F 2 
= ... = F

r , Ha for at

least one pair (i,j), Fi Id F. Jn the sense of producing larger or

smaller values), and the test must identify which, if any, pairs
are different. Denote by z the upper ath point of the standard

normal. The D-B test declares all those pairs (i,j), i <j,

different for which

/ = 12 (+ 1)- 1/ > z /(k(k-l)) , (3.1)

where Ri denotes the average of the ranks of the ih- group in the

joint ranking. The nominal significance level of this procedure

is a. The actual significance level a A is

SA = P iMax Z i. > z /(k(k-l)) (3.2)ai<j

and may be obtained by simulation based on Section 1. Table 2

gives some comparisons of nominal with actual, using Section 1 and

10,000 simulations.

-5-
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2. Comparison of Actual to Nominal a

Common
r Group Size Nominal a Actual a

3 5 .05 .037

3 10 .05 .040

3 15 .05 .043

3 30 .05 .045

3 5 .01 .0030

3 10 .01 .0077

3 15 .01 .0077

3 30 .01 .010

5 5 .05 .026

5 10 .05 .036

5 5 .01 .0030

5 10 .01 .0067

The Appendix contains a listing of the program used for Table 2.

It thus appears that D-B is conservative and we can remove the

conservatism by substituting for z a/(k(k-l)) d (i), where d (i),

i-1,2,...,r(r-l)/2, is the i - largest observed values of Z

i <J, to obtain by simulation the r(r-l)/2 possible observed

significance levels.

-6-
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The K-S (Kruskal-Scheffg) method is also sometimes used in

this situation (see, e.g., Miller, 1966, p. 166) and consists of

replacing z /(r(r-l)) in (3.1) with h1 /2 = (X2  1/2 where

2 ath 2a r-
XQ;r-12 is the upper t- point of X with r-I degrees of freedom.

The comparison of the critical constants in Table 3 shows that

this is even more conservative than D-B.

3. Comparison of D-B and K-S Critical Constants

z0 5 /(r(r-l)) (X2 )l/ 2  .01' r(r-1)) (X201 /2

3 2.39 2.79 2.94 3.36

4 2.50 3.08 3.02 3.65

5 2.58 3.33 3.09 3.89

6 2.64 3.55 3.15 4.10

7 2.69 3.75 3.19 4.30

8 2.74 3.94 3.23 4.48

9 2.77 4.11 3.26 4.66

10 2.81 4.28 3.29 4.82

If the data is discrete, the D-B method can be modified as

in Dunn (1964) and the random assignment done on average ranks.

Thus ties present no problems in this approach.

For all practical purposes the exact D-B (use of the d (i)
and simulation) seems the best method to use.
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Appendix

C FyAw4PLF nP mAI' PQnGQAM FnR SrqtjEN;TIAL RiNrDm ALLnC010c'45
C sR 'IS T14F 'tMER O~F GPO11PS, 11ST'4 THF N.iIMRER OF SI%?1fLATIflJS, XS THE~ GRn"P

I0n FORf'AT C)

IF CNR.EO. 01 Go TO lot
REAP O,(,)J1nR

PO I Jt#NRJ
I KVK+'K(j)

P0 26 Il=1,.Siot

2 CONTINJUE
GO In 99

PFOR,IS SM911

C '4p Ntimpp nF GRMIPS, K APDAY 1F Gqn1P sIZES, KK N'IUAER OF ELEPF'1TS, X ARRAY
C OF KK F.( E 1.,'4>TSp Z PANIJP0' AtI. CATIO111 OF X

3 NSC(T2):fl

333 I(?:AUJX

4 0(13)=XC13)

DCI 5 111=1,111

S1t QCT~I c (K-IaI . 1)tIT)

IF (I(')L.~l)GO -TO 61

7 IF (t1(14).LF.0C(T151) GO TO 62
IF (U(T'fl.GT.O1C(%R-l)) Iq'tEX:'4R

6t- INDEV=a

60 TO 64

64 %1SC(1llE)4CTt)X+

UPDATE *~.

nOSa 16z1,4Q-

9 tnc(TT)=nrrTT)in(TII)
6 CnN I T PWE

R -V~-B-

FN



C 0- BY ST41I4T0V~
CRST14F~ NLI'SWFRF (F r-ROLIPS, k";7M THE NUMBEiR OF SI1LATTONS, ZAL TS THE P0OTT

C S7A'J'AP;%TZFn pA-4i( AVF.RArE r'FFFqFl"CFS EflIALLP<-G 09 EYCFEr)I'G IT IS Tl flE
C CALCtIATFnr K'S APE THE rir~iP SIZES

104% F(OPAT

IF (PIR.E0. 0) r.0 TO tot
MA £XI: N R-

I KI(:KKqI(J)
-nnl 203 !1,'KK

COUNT:0.

CALL RAN0HMNl,K,IK,X,Z)
n0 2-0 Jt~if!IP

N'JPP:K(Jl)
D0 20 2tNp

01' 21 JtI:IAXI
LLI M= .1+

!FLAG(JI ,J2)=n
21 IF (12*(I(CJ2)*R(JI)-KCJ1 )*R(J2) )**2.GE.(Ji1)*KCJ2)*COlJ*(I(JfltK(J2

IPRnn=0
no 22 Jizl,44Xl

Do 22 J2:LL14,MR
22 IPQnr,:IPR0r),!FLAG(JIJ2)

2 CONTINUE
PR=ClUNT/kiIST.4
aqgr'jT 1 go,(w'I,-l"1 7
PRINT 10AZAL,NSIm,PR
GO TO 99Q

END
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