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ABSTRACT ’ 4

The B-spline representation of a spline on some interval (a,b] requires ¢

the introduction of additional knots outside Ja,b{ that have nothing in

L

common with the spline space itself. 1In this note, it is shown that locating ;
¢

all these additional knots at the endpoints a and b of the interval 43
minimizes the matrix norm H-ll°° of the matrix (AiNj,k)-l where Xi are given ‘
linear interpolation conditions, and so is preferable when the B-spline
representation of a spline interpolant is to be constructed. Such a choice
usually also simplifies the algorithms. In particular, one is able to compute
stably the B-spline coefficients of a complete spline interpolant by Gauss

elimination without pivoting though the corresponding matrix fails to be

totally positive or diagonally dominant.

!
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SIGNIFICANCE AND EXPLANATION

The B-spline representation of a spline on some interval [a,b) requires
the introduction of additional knots outside Ja,b[ that have nothing in
common with the spline space itself. Nevertheless, their choice influences
the numerical accuracy when the B-spline representation

N
Loy ifrkévb\\/.
of a spline approximant is to be constructed. In this note we prove that
locating all the additional knots at the endpoints a and b of the interval
minimizes the norm
-1
Oy N ) 1y O

and is therefore preferable. Here A := (Ai) is an arbitrary sequence of
linear functionals with support in I except for the assumption that the

interpolation problem is correct, i.e. (A, N, } nonsingular. The above

i 3.,k,t
choice usually also simplifies the algorithms. 1In particular, one is able to
compute in a stable way the B-spline coefficients of a complete spline
interpolant by Gauss elimination without pivoting though the corresponding
matrix fails to be totally positive or diagonally dominant.

The proof relies on the observation that

) = (N e on [a,b] ,

N
T’ T Mk o

with 1,t being two knot sequences that coincide in [a,b]l. The matrix
Qt T for the particular choice of additional knots t described above turns

to be totally positive and its columns sum up to 1 , i.e. Qt T is composed

@«1

of (discrete) B-splines.

The responsibility for the wording and views expressed in this descriptive
summary lies with MRC, and not with the author of this report.

@ s o ——— - I - C-——

e




N LI

v s e

i

A L e

ON THE CHOICE OF THE EXTERIOR KNOTS IN THE B~SPLINE BASIS
FOR A SPLINE SPACE

J. KOZAK

1. The Result.

In a practical computation one is rarely able to make statements about the inverse of
a given matrix, particularly if the linear system to be solved depends on several free
parameters. This note is intended to demonstrate that in an important linear problem, that

of spline interpolation, the properties of a chosen basis allow us to draw an interesting

conclusion.

To start, let I := [a,b] c R be a given real interval, partitioned by the sequence

=y < H .
a = tk < tk+1 sev € tn < tn+1 =b , (1.1)

with t1 < t1+k » all i and some integer 1 < k < n. For the purpose of using B-splines,

the sequence is extended by

t1 € t2 € see & €1 < tk ’ tn*1 < tn+2 € eee g tn+k . (1.2)
+
To simplify the distinction between both parta of t := (ti):_z put
n+1 k=1;n+k
int(g) : (ti’i-k' ext(t) : (t1)1-1;i-n+2 « The collection of polynomial splines of

order k on I with knot sequence t is defined by

S, t(I) = {f]£ is a polynomial of degree ¢ k ,
'—

llti.ti+1f
jumpt t(r) - 0,r < k - card(jltj - ti}' all i} .

i

Any f ¢ Sk t(I) admits a unique B-spline representation
r= n
f = a, N
121 i 1,k,t
that has proved very successful in practical computations. Here, (Ni X t) is the B-spline
’ ’

(1.3)

partition of the unity, i.e.

(x) t= (¢ e =it

i,k,t

N g T BN lEgt ettt By

Sponsored by the Unjted States Army under Contract No. DAAG29-80~C-0041 and
Fulbright Grant No. 79-045-A.
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Consider now the following interpolation problem: for given interpolation conditions

As= (o and prescribed numbers r := (

i i=1 )

e R" find f € §_ ,(I) such that
<.t

r "
i'i=1

Aif =r . all 1 . (1.4)
There A is an arbitrary sequence of linear functionals with support in I except for the

assumption that the interpolation problem is correct, i.e.

f e (I) and Aif =0, all i, implies £ =0 .

sk:&
The particular representation (1.3) leads to the solution

=2 r (1.5)

n
g ladyy T A

with A_ := (A, N n . We note that the solution f does not depend on ext(t) ,

t i V50,01, 9=0
but At and consequently a do. This fact can influence the numerical accuracy of the
comput:d spline.

cox [8) considered various ways of choosing the additional knots. As he concluded
from numerical evidence, in the case of general-purpose algorithms the coincident choice at

end points is preferable. In fact, he observed in [7] that the spectral condition number

of the matrix obtained in particular spline least-squares problems is considerably smaller

for
ext(t) = (t , t ,***, t , t , t Pt t ) (1.6)
\k k k n+1 n+1 n+1
=~ N
k~1 k-1

compared with an equidistant and an average choice. We note also that in the book by
de Boor [5) the choice (1.6) is the rule.
Theorem 1.1. Let the knot sequences 1,t satisfy
int(1) = int(t),
T, €t ’ i=1,2,°°,k-1,
T, »t, ’ i = m2,nt3,c00,n+k ,
and let n ?» 2(k-1)., If the interpolation problem (1.4) is correct, then

-1 -1
LSRR 7 WA (1.7)
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The inequality (1.7) displays the numerical advantage of using the ext(t) as defined in
(1.6). Also, following [2), consider the interpolation map

all i ).

P: RO+ § (I) :x + Pr := (Xi Pr = X

k,t

Then

n
-1
1Pl := sup (sup|Pr(x)|) sup (supl | a Ni,k.E(X)') < I§E 1

i
fxd <1 xeI HEIQ<1 xel i=1

0

(1.8)

and (1.6) gives the best bound of the form (1.8). It is also clear from [2] that AT must

become singular, as I + =@ or Tn+k + ®, We shall explicitly observe
k-1 t -T k=1 -t
- +
i, > mx( n Xl x Tpto_mtr ony (1.9)
- IIAEII°° r=2 tk+1- T =2 tn+r-tn

Our final observation concerns complete even order spline interpolation. Let k = 2m and
) (m=1
A= (6 '6t ,"‘,Gt )16

6(m-‘l)
k Sk X t

.-",st ,0ee,8 ) (1.10)

t K+ 1 n Enet Ene1

t

with Gér)f i= f(r)(t). It is proved in (4] that the Gauss elimination without pivoting can
be applied safely if the matrix is totally positive. Unfortunately for A given in (1.10)

the matrix is not totally positive. But (1.6) gives us At of the form




X X X X X

X X X X X

X X X X X

X X X X X

and we need to factor only the submatrix

m+l, m+2, °*s, n-m

t m+l, md2, **¢, n-m

and this submatrix is totally positive.
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2. 1ts Proof.
Consider two knot sequences t , T that satisfy (1.1), (1.2). Assume that int ()
is strictly increasing. The general case will follow from continuity properties of divided

differences. Of course there exists a matrix Qt < such that

,
ArnmEQEr . (2.1)

but it is not so obvious that we can find Qt T explicitly when int(1) = int(t). Recall

: Marsden's identity (9]

n
k-1
. (y-x) 121 v&,klg(y) Ni,k,g(X) ' x,y €1, (2.2)
: Here
: k-1
H = I ¢ -~ . 2.
i ¢ilkl£ o ( t£+i) (2.3) ‘
I3 1
% As observed in (1], (2.2) implies .
1 n k-1 B
{ (y-0%1= 37 1 (y-t, 0, N () yeint(t) , x€e I. L 3
: + 41+ ik, t ‘ = L
{ i=1 =1 =
i (2.4) >
(B
i But (2.4) holds for an y < tk = a too, since then both sides vanish identically. Hence ki
é n k=1 ;
k=1 P
i [ygyyeeseoy, ) (0 = x)] 121 [ygs¥qrtoeoy,) 251 (4 =t Ny, (0 on I
(2.5)
under the assumption
k .
y := (yi)1=0 < int(t) v I-D,tk[ .
Similarly, with y < int(t)v )tn+1.”[ ’ ;
k-1 k-1 ‘
[ygeyprtooy, J (o - %} = ygryqetrooy, ix - 0] =
n k-1
= iz, [y0,y1,..-,ykll=? (tay = %) Ni,k,g(x) on I. 56

One finds that (2.5), (2.6) are the identity [3, (5.10)]), adjusted to the finite interval

I. ]

i

Lemma 2.1. Let n > 2(k-1), int(1) = int(t). Then
(N My = W 1., @ (2.7

with

-5
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n

QE 1 = (qijl_gl)i,j’1
and 3
- n ) < -
e = 7y) 2 '1,k,g(tz+k)/v j-1,k+2,1(T£+k)' 1<¢14¢3<k-1,
i
-7 2 ' - < < <
Uje o (T S sz »i'k'E(tl)/W j_1,“2’1(12) , nk+2 <3< i<,
s . . otherwise.

Proof. Assume for a moment that int(t) is strictly increasing. Choose 1 € j < k-1.

Since n+l » 2(k-1) + 1 = 2k-1 we can use (2.5) for any such j to obtain

n k-1
= ¥ -1 . oee,T I (-t N
Nj,kll 121 (rj+k j)[rj er, ’ j+k] o ( £+1)+ Lkt on I ,
and further
k-1
(rj+k - rj)[r..rj+1,---,tj+k] ;1 (¢ - t£+i)+
k-1
Te SRPATRA I T O
= (1 -1t.)
J+k b !,Zj itk
n (r_- 11)
£=73
L2y
k=1
ek b T T Beay)
=0 + (1’j+k -T,) F§+k—j—:](———~—- = qij’EE , all i .
n (rr - tz)
2=3
L¢r

i The proof for n-k + 2 € j € n follows inthe same way from (2.6), and (2.7) obviously holds

for the remaining range of 3j . The proof is completed for a strictly increasing

int(t), but int (1) = int (t) simplifies qij - say for the range
'—_
1<1i¢3j<€k=-1, to
k-1 k-1
q = (1 EER RN & SRS { yeee, T 10 T (e =t )/ T (e =1,)) , (2.8)
13,6 1 34k 37 ik ik e L 2=1 L

and the general case follows. [ ]
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2. 1Its Proof.
Consider two knot sequences t , 1 that satisfy (1.1), (1.2). Assume that int (°)
is strictly increasing., The general case will follow from continuity properties of divided

differences. Of course there exists a matrix Qt t such that
= 2.1
AL AEQEI . (2.1)

but it is not so obvious that we can find Qt . explicitly when int(T1) = int(t). Recall

Marsden's identity (9]

k-1 _ T
(y=-x) = izl ¢i,k,£(y) Ni,k,g(X) ' X,y €I, (2.2)
Here-
k-1
wi,k,g = 121 (¢ - t1+i) . (2.3)
As observed in (1], (2.2) implies
k-1 n k-1
ty -x)_ ~ = T omoqy - Ceite My, 0¥ 0 Y e int(t) , x € I.
i=1 £=1 -
(2.4)
But (2.4) holds for an y € tk = a too, since then both sides vanish identically. Hence
n k-1
k-1
Iyg¥yrt ety J (0 = X, —121 (Yg ey oo ooy, ] 121( SOOI
(2.5)
under the assumption
k .
y := (yi)1=0 < int(t) v ] °°,tk[ -
Similarly, with y < int(t)u ]tn+1,”[ '
k-1 k-1
[yo,yl,"',ykl(‘ - X)+ = [yo.y1,"’:yk](x - ')+ =
n k=1
i; [yoly,,"',yklkg (Bgeg = D Ny @ om0,

One finds that (2,5), (2.6) are the identity (3, (5.10)), adjusted to the finite interval
I.

Lemma 2.1. Let n 2 2(k-1), int(1) = int(t). Then

n = (

N
Nik, 1) i1 1,k

n 2
)1=1 QE T (2.7)




P epn

In order to investigate Qt

X
= - g *
qij,g T (Tj+k rj) oy ﬁqk,g(t£+k)/¢
= + - + .
KA (Tj+k PR Tj’“&,k,g(t2+k)/¢j-1,k+2,1(rz+k

( )

=1 R=i

and consequently

n k=1 k-1
= (t,..M/p' (t ) =2 ow o
j-z=1 fyex j.z.i Y3tz lzi Y1k, Eae 72 ke een, 1T
Since additionally int(1) = int(t) , then
k-1
his -
2k=1 Ty = T
w = =1
2k=~1
s TR
=k
r#f
k=1
-1 itk-1 n1 e~ Erey)
T Mgty B Cme - 1T 5
r=1 =k
n (Tl - rr)
r=k
r#f
=1=~0=1,
The following lemma summarizes this observation. ;
Lemma 2.2. Let n 2 2(k-1), and int(1) = int(t) . Then |
) )
q = q =1, all i . E
j=1 13.£ 2 §=1 1.1t .
From Lemma 2.1 we conclude P
Al T P QE T’
and to complete now the proof of the theorem it is enough to show that, for the

j=1,k+2,1 Taek

further we compute, for 1 < i € j € k-1 , ;

( )

)

iz g
= 1 ]
xoi,kls(t“k)/ wj-1,k+1,_r_ Toe) * *’i,k,g(tl+k)/”j,k+‘l,1

1

( ).

TL+k




particular t and 1T as specified there,

P = > 3
Q£ N 4] <qij,£ T 0, all i,3)

since then by Lemma 2.2 and invertible A

Also (1.9) is confirmed just by changing At and Qt T in the previous argument. It was

pointed out to me by de Boor [6] that Qt T is known to be totally positive if t is a

refinement of T on I, i.e. i.t(I) = int (E), Tk St,, 1 >t . The following lemma

1 n+2 n+k

indicates that this fact holds in the more general situation of the Theorem 1.1, and the

columns of Qt . deserve to be called discrete B-splines as in (3].

Lemma 2.3. Under assumptions of the Theorem 1.1

q >0, (-7t >0, all i,j. (2.9)

H.e Y131 ¢

Proof. Choose again 1 € i € j € k-1. The assumption on 1I,t reads

T, € t, €t <« 1< i< k=1, (2.10)

108 e T

From (2.8) we observe that (2.9) holds for j =i . Let 3j ? i+1. The elements

qij,g T are linear in any tl , 1i+1 < £ € k-1. Thus from (2.10)
sqn(qij,E l) g =T,
sgn(qij’E l) = or
sqn(qij'E l) tz xS

or after repeating the argument k-i-1 times

-8-
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bl

sgnlayy o o) T somlagy o L) .
- -~ Ti41 [ Tk=1
ti+1 = or ,°'°,tk_1 L or
x 1\ y
m
bt Bgn((rj+k - Tj)“i+k'11+k+1'”.'rj+k1((. - tk) /l.r-lj (¢ - T"z)) (2.11)

for some m , j-i-1 ¢ m € k-i~1, and some j < vj < vj+1 C seeg Viem < k=1 . For

m = j-i~1 the argument of sgn(°*) in (2.11) vanishes, and it is enough to consider

m » j=i . Then
m+i

(T, s T peen,t 1 e =)™/ M (e =1 ))
i+k i+k+1 j+k k 23 vl

(z-tk)m

[r“ 'TV cree, T

4 j+1 \)mi w =W

= i Taake1 " Tyl 2

(z - )"

) mH1+i-3

I Tarr 1 Ty 2

(z-w)

m . .
see m - r=m-i+ j—l - m-r
= [ti+k'ri#k+1' 'Tj+k]z rzo ( r iz = w (w=t)

mhi-q . - R
1 my i 3=i (m-r)t - r-1-m - m-r
e :Zo ( . Ji=) It 2 W (w = t) +0

A g
(z - w) B

-4, m 4" mi-j ° -1
- (-y? ( jo1 Ytz - t,) Yw - tk)j

< <w¢ < <
for some w,z with Tj ij w Tvm+1 Tk-1 ' ‘i+k < z Tj*k
inequality in (2.9) is confirmed. The other follows similarly. [ ]

« Thus the first
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