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ABS TRACT

This paper is concerned with an existence and multiplicity result for non-

linear elliptic equations of the type Lu = g(x,u) + h(x,u) in 0, u = 0 on

3Q. Q c RN is smooth and bounded. L is a second order self-adjoint, uniformly

elliptic operator and the function g; Q x 3R - 3R is odd with respect to u and grows

like f(x)uIP-u; the function h(x,u) 0(U q ) where n, p and q satisfy

certain inequalities.
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SIGNIFICANCE AND EXPLANATION

The existence of multiple solutions to nonlinear elliptic boundary value

problems has been studied by many authors, especially when the nonlinear term

is an odd function of the dependent variable. This paper shows, for a class

of such equations, that when oddness is destroyed by adding a nonodd nonlinear

perturbation to the equation, the resulting problem still possesses an infinite

number of distinct solutions.
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ON THE EXISTENCE OF INFINITELY MANY SOLUTIONS OF THE

DIRICHLET PROBLEM FOR SOME NONLINEAR ELLIPTIC EQUATIONS

Guang-Chang Dong and Shujie Li
t t

In this paper we study the boundary value problem

Lu = g(x,u) + h(x,u)
(I)

uIas=i 0

Let Q c Rn (n > 1) be a smooth and bounded domain. L is a second order self adjoint,

uniformly elliptic operator

n
L~ = (aij(x) x

i,j1~ .x ij ax. i

with a.. = a.. E cl(S) and1) 32.

n n
a ij(x)i > n n V x E Q, V E Rn (2)

i,j=l i=l

n > 0 being the ellipticity constant.

g, h are given functions. We assume that

h x x JR - R is a continuous function and h = h(x,s) is C1

with respect to s E JR for all x E S. Moreover

h(x,s) 0( ISq), hs (xs) = 0(1) (3)

uniformly with respect to x E 5 when Isi is large; 0 < q <1.

We assume that

g x x R - JR is a continuous function; g = g(x,s) is

C1 and odd with respect to s E JR, for all x E S.
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'g (x, s) "I pgl (x) isi p - 1  
(4)

g1(x) > 0 V x C (5)

g (x,s)
the equivalence relation means lim = 1, the equivalence being uniform with

s- piq 1 (X) s

respect to x T1, where

n+2

1 < p < Pn,q 
< 
n-2

and Pn,q is the largest root of

n = 2(p+l)(p-q) *
n=(p-l)(2p+l-q)

The result of this paper is the following:

Theorem. Assume that g, h satisfying the above restrictions, then problem (1)

possesses infinitely many distinct solutions.

n+2
In the case (1) is odd, that is h(x,u) E 0, and 1 < p < R if n > 3 or 1 < p <

if n = 2, it is well known that (1) has infinitely many distinct solutions, this follows

easily from the well known Lusternik-Schnirelman theory, see Rabinowitz [1]. When h is

independent of u, i.e., h = h(x) and 1 < p < pn' (1) possesses infinitely many

distinct solutions also, see Bahri and Berestycki [2], [3]. In this paper we use some of the

same methods as in (2], [3), but we prove a more general result. Struwe (4], [51 has obtained

a result similar to ours but with more restrictive conditions on g(x,u).

We express our gratitude to Professors P. Rabinowitz, K. C. Chang, and J. H. Sylvester

for many useful conversations.

Before proving the theorem we introduce some notations and lemmas.

* 2 (p+l)(p-g) n+2
Let f(p) = (pl)(p-q) n, when 0 < q 1 1, we have f(l+0) + , f(-) <0, hence(pl 

2~-)n+2 n- l 2
there exists p satisfying 1 < P < when 1 -q < p, f(p) = 2 £~

-nq n, n-2 (p+l)+(p-q) p-1
< 2 - n < 0, i.e., in this case we can not find p satisfying (6). Hence we must restrict

q to 0 < q < 1 such that there exists p satisfying (6).

-2-



Let H be a real Hilbert space with norm 1j'l. Let S = Ix e H; jlxI = I denote

0
the unit sphere. We consider a functional J c C (S,]1). For a E R we denote

i = x S; J(x) < a)a

3 = Ix E S; J(x) > a)a

Assume that there exists a constant M c IR such that J E C 2(3 ,]R). Assume also that

J satisfies the following Palais-Smale condition

(P.S)M : For any M 1 > M and for any sequence (x n ) E S such that M < J(xn ) f Ml

and 11J ' 
(xn ) 11 - 0, one '-an extract from (x n) a convergent subsequence.

0 2-Proposition 1. Suppose H is infinite dimensional and J E C (S,E) n C (JM,]R) satis-

fies condition (P.S)M. If a c JR, a - M exists such that Ja is not contractible in itselfaI
to a point, then J has a critical value in [a, +-).

Proof: see [3].

t.
Consider the following class of compact symmetric subsets of S

k
Mk = (A c S; A = g(S

k
) where g is odd and continuous) (8)

k k+lwhere k E IN and S = x ]R , Ixi = 1 is the k-dimensional sphere. Let

J* E C 0(S,3R) n C (JM' R) be an even functional. (The superscript * will always be asso-

ciated with evenness thereafter.) Define

Ck = inf max J (x) (9)
AcMk xcA

then we have

Proposition 2. Let J* E C (S, 1R) be even satisfying condition (P.S)M and bounded

from below on S. Let Ck be defined by (9) then:

(i) Ck is a critical value of J V Ck  M
(I C))

(ii) -- < Ck < Ck+ V Ck > M
k- k+l k-

Proof. See (3].

Proposition 3. Let J C O(S, JR) n C 2(M
, 
IR), J C 0O(S, 1R) n C (JM' IR) be two

functionals both satisfying condition (P.S) . Assume furthermore that J is even and
M-



bounded from below on S. Let Ck(k E IN) be defined as in (9). Suppose there exists k IN,

e > 0 and a E m such that Ck > M and

* * 
C J cJ c (1i)

then J has at least one critical value in [a, + ).

proof: See (3].

Henceforth we will be working in the space H H (0) with the norm
0

2n
11u112 = D u a.. (x) 3au (12_

i,j=1 1) x i Bx(

S {u E Ho(Q); lull 1)

Define for u Ho(i)
01

I(U) = lull - f G(x,u) - f Hx,u) (13)

I (u) = I ull 2 _ f G(x,u) (14)

G(x,s) f g(x,t)dt, H(x,s) = f h(x,t)dt (15)
0 0

From (3), (4) we have

H(x,s) 0( lsl q+ l)  (16)

g(x,s) q 1l(x) Islp- s (17)

S ( x)Gl~ ) p+--- - sPl(S

Relations (16), (17), (18) are uniform with respect to x c

Let

* I* v
J(v) - max l(Xv) , ( Cv) = max I v) Vv S (19)

)>0

-4-
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At a point X such that J(v) - I(Xv), one has

I(xv) =- -- f G(x,Xv) - f H(x,Xv) (20)

d I(Av) = A - fg(x, Av)v - fh(x,A v) - 0 (21)2 S1

d2

dA 2 (x) 1 -1 f g(x,Xv)v - f h'(x,Xv)v2 < 0 (22)
d 

2  .S7

Lemma 1. For any sequence v E S, X(v) E mR+ such that J(v) = I(X(v)v), the following

are equivalent

i) J(v) - +

(ii) AMv) ""

(iii) v - 0 in LP+ (Q).

Proofz Since

J(v) - I(X(v)v) (23)

it is clear that i) * (ii).

Suppose that A(v) - + , from (3), (17), (21) we have

A(v) p-i -[ g1 (x) v1p~l] . (24)

From (5) and (24) we have (iii), thus (ii) " (iii).

Conversely, suppose (iii) is true, we have

I Ivpl+  _ 0o _ f v2 , . (25)

If (ii) is false, i.e., A(v bounded, from (22) we get 1 < 0, a contradiction, thus

(v) -, + '.

Substituting (16), (18) into (20) and using (24) we have
2

1 1 2 1 1 -
J(v) % -- -)A(v) ' k -) g(x 2V p + 6 p-)

2 P+l 2 f 1p 1

Hence J(v) - + this proves the lemma.
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Lemma 2. There exists a positive constant M > 0 such that J(v) E C (S,]) n C (JMR)

where JM = v t S; J(v) M).

Proof: For fixed v S, by (20), (16), (18) there exists A0 > 0 such that

I(A 0 v) < 0 as A > X0

Therefore the \(v) satisfying (23) must also satisfy 0 < X(v) < X0 * In a small neighbor-

hood of this fixed v c S we have

J(w) = max I(Xw) , w E S
A4E [0, A0)

But the maximum of a continuous functional on a compact set is continuous, so that

0
J(v) t C (SIR).

By (3), (4), (22) (26) and lemma 1, we have

[ I(=v) ) = 1 - p + 0(l) as J(v) - +- (27)

the estimation (27) is uniform for x S. Hence a large positive constant M exists such

that

- I(Av) 0 as J(v) M N

Applying the implicit function theorem to - I(Xv) = 0 shows that X(v) , CI(J3,R) and

(J'(v) ,¢) = 1(v) (I'((v)v),) + (I'(1(v~v),v)(X'(v) ,)
(28)

= (v) (I'( (v)v),v)

where ( , ) means the duality of H- ( ) and HO .). (28) is valid in H- (s). Combining
0

1- 2(28), \(v) C (I MR) and 1(u) C shows that

J(v) C (3 M 3R),

Thus the proof of lemma 2 is completed.

Lenma 3. J(v) satisfies (P.S)M .

-6-



Proof: Assume that (vn) E S satisfiesn

M < J(v n ) < M1  (29)

where M1 > M are constants and

Ili (Vn I l 0 (n - ) (30)
H

where J'(vn) only operates on S.

We shall use (26), but in this case the meaning (26) has changed a little because M is

fixed. The meaning of (26) is: having first fixed a positive 6, we can select a positive

large M such that both (26) and

<~ 1 2
2 (- 11 2(v) < (l+6)J(v) V v E JM (31)

(l-6)J(v) < 1 - 1p ~l ~ ~ l(2

- )< 1f g 
(x ) Iv  < (l+6)J(v) V v C J (32)2 p+l g1x M0

are true; the estimates (31), (32) are uniform for x E 0. Taking 6 = - is sufficient for
2

our use. We prove the lemma with such a fixed M.

Denote X(vn)v n = u n  We denote hereafter by C various positive constants.

1 1

By (31) lull = A(v) is bounded by 2 (+l) (1-)M 2 < I u 1 
2(p+l) (1+6)M] 2 . By

1ln~ p N - -
(6) the injection H1 () - LP(0) is compact. Therefore there exists a subsequence of u

0 n'

denoted again by un, which converges strongly in LP(0).

1
For fixed 0 E H0 (), we have the decomposition i = tnU + in where in ± U and0 0= nun +ln' Pn 1n

it is easy to see that ll < I1111. By (28) we have

(I(un),) = tn(I'(un),Un) + (I'(un),ipn ) = (I(Un),n)

1
1 Jv)i (33)X(v ) (J'(Vn n)n

By (30), (33)

n au
I'(u ) = - n) g(xu) - h(x,un) (34)n) L )x (aij n

-. 7-



i

converges strongly to zero in H (Q), g(xun) + h(x,u ) converges strongly in L (Q) and

also in HI((). By (34) we have u converges strongly in H (), u n u. Hencen 0 nn l in S if Iull # 0. But

n InII jj ull
u2

'lull = l IlUnd = lim A(vn ) [_ (1_6)M 0

Therefore the proof of lemma 3 is complete.

Lemma 4. There exists constant d such that

* g+l
lJ(v) - J(v)

1  
d minJ(v),J*(v)] as J(v) > M (35)

Proof: Let u = X (v)v we have

J(V) = I(X(v)v) I (fv)v) - f h(x,u)u (36)

From (36) by using (3), (26) we have

Jcv) - J v < If h'x,u)ul < C f jA(v)vl q+l + C I A(v)vl

g~l 2(g+l)

< C lIv)ql[f ivlP+] p + I + C f lx(V)l < C(f al(X)IvlP+II p2

a similar estimate car be obtained for J (v) - J(v). Hence

2 (g+l)

jJ(v) - J*(v)l < cif g1 x) IvlP+1 3 P2-1 (37)

Combining (26) and a similar equivalent relation for J v) with (37) we obtain (35).

Proposition 4. For J (v) defined by (19). Dofine Ck by (9). Then we have

( n+2-(n-2)p
k > C k n(p-l) (n > 3) (38)

k kn (38

C k - (n = 2) (positive c, sufficiently small)

for k large enough; C is a positive constant.

Proof: See [3].

-8-



For the proof of (38), in[3] it was assumed that 3W, s., 0 < V< 1,so > 0 such that

0 < g(x,s) < Pig;(X,s) V X E 5, V S > o
5

this condition is used in the proof of lemmas 7 and 9 in [3], which corresponds to our lemma 1

and (26). We do not need this condition.

We now come to the proof of our theorem. If the conclusion of the theorem were not true,

i.e., if the number of solutions of problem (1) were finite, according to proposition 1, 2 and

3, (11) would not be true for any sufficiently large a and any k.

Letgl

O(t) = d ~

where d is the constant in (35). If

Ck~ - C > C + E + 6(C + E) + 8(0 ( +E)(9
kl k k k+£ 6 ( k+ )(9

is true, we take a = C + E + O(C + e) by using (35) and (39) we obtain (11). Hence (39)
k k

cannot be true for k large enough. In other words, there exists a k 0 such that

Ck+l -Ck f (c k + ) +8(c k +E+O(C k + )) + 2E V k >k 0

so that
k- 1

Ck -Ck 0  I [6(C + 0) + 8(0 + C + 8(0 + F-)) + 2c]
0 Z=k 0  2 .

k-l p+l p~l
< C P < k cC l

2.=k 0  2

Theref ore g+l

or P+l

k-q

Combining with (38) we have

-9-
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n+2-(n-2)p <p+1

n(p-l) -p-q 1

or

p >n~ p 1 ( C 1 0 for n > 3; for n - 2, El 0 and sufficiently small)

where p nq is defined by (7). Hence (6) is false. Therefore when (6) is true, the number

of solutions of problem (1) must be infinite. This proves the theorem.

-10-
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