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ABSTRACT
This paper is concerned with an existence and multiplicity result for non-
linear elliptic equations of the type Lu = g(x,u) + h(x,u) in £, u=0 on
. R < ngq is smooth and bounded. L is a second order self-adjoint, uniformly
elliptic operator and the function g; @ ¥ R - R is odd with respect to u and grows
like f(x)lulp_lu; the function h(x,u) = 0(|u|q) where n, p and q satisfy

certain inequalities.
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SIGNIFICANCE AND EXPLANATION

Q/

The existence of multiple solutions to nonlinear elliptic boundary value
problems has been studied by many authors, especially when the nonlinear term
is an odd function of the dependent variable. This paper shows, for a class
of such equations, that when oddness is destroyed by adding a nonodd nonlinear

perturbation to the equation, the resulting problem still possesses an infinite

number of distinct solutions.
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ON THE EXISTENCE OF INFINITELY MANY SOLUTIONS OF THE
DIRICHLET PROBLEM FOR SOME NONLINEAR ELLIPTIC EQUATIONS

Guang-Chang Dong+ and Shujie Li'H

In this paper we study the boundary value problem

Lu = g(x,u) + h(x,u)
(1)
u 3 =0 .
Let Q¢ ® (n > 1) be a smooth and bounded domain. L is a second order self adjoint,
uniformly elliptic operator
n
_ 3 3
L= . z_ X, (aij(x) ax.)
i,i=1 i
with a.,. = a,. € cl(ﬁ) and
ij ji
2 ° 2 = n
) aij(x)Eiejin ) ny ¥xeQ ¥YEe R (2)
i,j=1 i=1
n > 0 Dbeing the ellipticity constant.
g, h are given functions. We assume that
h:2x R+ R is a continuous function and h = h(x,s) is Cl
with respect to s ¢ R for all x € Q. Moreover
hix,s) = o(ls|Y, h (x,8) = 0(1) (3

uniformly with respect to x € @ when lsl is large; O < q < 1.

We assume that

g : @ x R+ R is a continuous function; g = g(x,s) is

Cl and odd with respect to s ¢ R, for all x € Q.
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-1
g;(x,s) B pgl(x)lslp (4)

ql(x) >0 ¥ x e (5)

g, (x,s)
the equivalence relation means lim ————E——-——S:T = 1, the equivalence being uniform with
s+ plg, (x) |||

respect to X ¢ ﬁ, where

n+2
L<p<p o <u3 (6)

and p 1s the largest root of
n,q

n = 2ip*l)(p-q) *
(p-1) (2p+1-q)

.

The result of this paper is the following:
Theorem. Assume that g, h satisfying the above restrictions, then problem (1)
possesses infinitely many distinct solutions.

In the case (1) is odd, that is h(x,u) = 0, and 1 < p < :ti

if n>3 or 1 <p<w
if n =2, it is well known that (1) has infinitely many distinct solutions, this follows
easily from the well known Lusternik-Schnirelman theory, see Rabinowitz [l1]. When h is

o' (1) possesses infinitely many

independent of u, 1i.e., h = h(x) and 1 < p < P,
distinct solutions also, see Bahri and Berestycki [2], [3]. 1In this paper we use some of the
same methods as in (2], (3], but we prove a more general result. Struwe (4], [5] has obtained
a result similar to ours but with more restrictive conditions on g(x,u).

We express our gratitude to Professors P. Rabinowitz, K. C. Chang, and J. H. Sylvester

for many useful conversations.

Before proving the theorem we introduce some notations and lemmas.

* - +2
Let f(p) = (ifl;t;é+l-;) -n, when 0 < q < 1l, we have f(l+40) = 4=, f(Ejiﬁ <0, hence
; L afui n+2 . s g Pt pmq _
there exists pn'q satisfying 1 < pn’q < no2’ when 1 - g < p, f(p) 2(p*1)+(p-q) p1 n
< 2-n<0, i.e., in this case we can not find p satisfying (6). Hence we must restrict

g to 0 < g < 1 such that there exists p satisfying (6).

®
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e el

|. Let s = {x € H; |[x]| =1} denote

the unit sphere. We consider a functional J ¢ CO(S,IR). For a ¢ R we denote

Let H be a real Hilbert space with norm

J_={x € 8; J(x) < a}
a =

|v

J o= {x € S; J(x) al .
a

Assume that there exists a constant M ¢ IR such that J ¢ C2(5M, R). Assume also that
J satisfies the following Palais-Smale condition

(P.s)M : For any M. > M and for any sequence (xn) € § such that M < .J(xn) < Ml

1
and ||.J' (xn) || + 0, one ~an extract from (xn) a convergent subsequence.
- S s e X X 0 2 - .
Proposition 1. Suppose H 1is infinite dimensional and J € C (S,R) n C (JM,IR) satis~
fies condition (P.S)M. If ae¢ R, a - M exists such that Ja is not contractible in itself
to a point, then J has a critical value in [a, +=).
Proof: see [3].

Consider the following class uf compact symmetric subsets of S
M = {Acs; A= g(Sk) where g is odd and continuous} (8)

where k ¢ N and SX = {x ¢ IRkH'. [x] = 1} is the k-dimensional sphere. Let

* ~%
J € CO(S,R) n Cl(JM, RR) be an even functional. (The superscript * will always be asso-

ciated with evenness thereafter.) Define

-
Ck = inf max J (x) (9)
AEMk Xe€A
then we have
L]
Proposition 2. Llet J ¢ Cl(s, RR) be even satisfying condition (P.s)M and bounded
from below on S. Let Ck be defined by (9) then:
»
(i) C is a critical value of J V¥ C_ > M
k kK —
(10)
(i) == <C <C ., ¥YC >M
Proof. See (3].

-~ * ~n
Proposition 3. Let J ¢ c’(S, R) n C2(JM, R, J ¢ c%s, R n Cl(JM, R) be two

L
functionals both satisfying condition (P.S)M. Assume furthermore that J is even and

-3-




bounded from below on S. Let Ck(k € N) be defined as in (9). Suppose there exists k ¢ N,

€ >0 and a € IR such that Ck>M and

* *

J cJ cJ _ (11)
C, +€ a Ck+l €

then J has at least one critical value in Jla, +=).
Proof: See [3].

Henceforth we will be working in the space H = H(l)(ﬂ) with the nom

n
Ju  Jdu
Mal2 =1 § a_x) 2828 (12)
Q i,3=1 ij Bxi ij
1
S = {u e H (D; lul] = 1}

Define for u ¢ Hé(ﬂ)

I(u) =% ||u||2 - f G(x,u) -f H(x,u) (13)
Q Q

@ =2 flul? - [ cxw (14)
Q

*
(1 is the even principal part of I) where

s s
Gix,s) = f g(x,t)dt, H(x,s) =f hix,t)dt . (15)
0 0

From (3), (4) we have

H(x,s) = 0(]s|3) (16)
p-1
gix,s) ~ g (x)[s|" s (17
g, (x)
1 +1
Glxes) ~ o |s o (18)

Relations (16}, (17}, (l8) are uniform with respect to x ¢ Q.

Let

* *
Jlv) = max I(Av) , J (v) = max I (Av) ¥veS$S . (19)
220 A>0

Eadl




e

At a point XA such that J(v) = I(Av), one has

2

10w =3 - [ Gxav) - [ HEGW) (20)
. Q Q
»

A1) = A~ [ gxaviv -] hixav) =0 {21)

ar

Q Q
al 2 2
510w =1 - [ glx, Ve = [ nlix,AvvE <o . (22)
s S -
dA Q Q

Lemma 1. For any sequence V € S, A(V) € ]R+ such that J(v) = I(A(v)v), the following
are equivalent
(1) J(v) + +=
(ii) A(v) » +
(i) v+o0 in Pl
Proof: Since
J(v) = I(A(V)V) (23)
it is clear that (i) = (ii).

Suppose that A(v) =+ +«, from (3), (17), (21) we have

~1
APl = [I gl(x)|v|p+1] . (24)
9

From (5) and (24) we have (iii), thus (ii) = (iii).

Conversely, suppose (iii) is true, we have

f |v|p+1+0"f v2+o . (25)
Q

If (ii) is false, i.e., A(v} bounded, from (22) we get 1 < 0, a contradiction, thus
A(v) + 4o,

Substituting (16), (18) into (20) and using (24) we have

.
p-1
11, 2,4 1 p+l1
vy = (5 p+l)A(v) > (5 p+1) [fn ql(x)lvl ] . (26)
- Hence J{(v) -+ +» this proves the lemma.
_5-




Lemma 2. There exists a positive constant M > 0 such that J(v) ¢ CO(S,R) n cz(BM,no

where J . = {v e s; J(v) > M},

Proof: For fixed v e¢ S, by (20), (16), (18) there exists AO > 0 such that

I(Xo v) <0 as X > AO

Therefore the A(v) satisfying (23) must also satisfy 0 < A(v) < XO' In a small neighbor-

hood of this fixed v ¢ S we have

J(w) = max I(AW) , weS
AE[O,Ao]

But the maximum of a continuous functional on a compact set is continuous, so that
0
J(v}) ¢ C (S,R).

By (3), (4), (22) (26) and lemma 1, we have

2
d
[de I(M,]hx(v) =l-p+ 0l as Jv) >+ (27

the estimation (27) is uniform for x ¢ {. Hence a large positive constant M exists such

that

- I(Av)] _ <0 as J(v} > M
dAz A= (V)

Applying the implicit function theorem to ﬁ% I(Av) = 0 shows that A(v) Cl(SM,IU and

(@' {V),9) = AVICI (A (VIVY . 9) + (I' (A (VIv),vI(A'(v),¢)

= MVI(I' (A (VIv),Vv)

- 1 . c -1 L
where ( , ) means the duality of H 1(52) and HO\Q). (28) is valid in H (s1). Combining

(28), \(v) . Cl(jM,ﬂU and I(u) ¢ C2 shows that
I« LR
¢ M

Thus the proof of lemma 2 is completed.

Lemma 3. J(v) satisfies (P.S)M.

- e -
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Proof: Assume that (vn) € S satisfies

M<Iv) <M (29)

! where Ml > M are constants and

larewpll , »0 (n+w (30)
H

where J'(vn) only operates on S.
We shall use (26), but in this case the meaning (26) has changed a little because M is

fixed. The meaning of (26) is: having first fixed a positive 6§, we can select a positive

large M such that both (26) and

101 .2

(1-8)J(v) < (5 - E:I)X (v) < (1+8)J(v) ¥ Ve JM (31)
11 +1

(1-6)3(v) < (5 - 5P jQ gl(x)lvlp <L+ IV) ¥ Ve T, (32)

are true; the estimates (31), (32) are uniform for x € . Taking 6§ =

|~

is sufficient for

our use. We prove the lemma with such a fixed M.

Denote )\(vn)vn =u. We denote hereafter by C various positive constants.
i 1
By (31 |lu |l = A(v) is bounded by [ﬂé’% a-om? < [l || < [ﬂé’% a+om?. my
(6) the injection Hé(Q) - Lp(ﬁ) is compact. Therefore there exists a subsequence of u ,

denoted again by u which converges strongly in Lp(Q).

: , 1 L B
} For fixed ¢ ¢ HO(Q), we have the decomposition ¢ = tnun + wn, where wn 1 u and
it is easy to see that ||wn|| < |l¢ll. By (28) we have
v - l 0 = '
(1 (un)IQ) tn(I (un),un) + (I (un),wn) (I (un)lwn)
= v )Y (33)
X(vn) ¢ n ¥t
? By (30), (33)
n 5 3un
' I'u) = - Z_ P @550 350 - 9tk - k) (34)
i,j=1 i 3

-7a
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- . 1
converges strongly to zero in H l(Q), g(x,un) + h(x,un) converges strongly in L (®) and

also in H.l(Q). By (34) we have u ~ converges strongly in Hé(Q), u, > u. Hence

in s if |jul] # 0. But

o Jhell o Y
1
llall = tim Jlu [l = 1im Atv ) > [ﬂé’_llll (1-6)M1° > 0
N o

Therefore the proof of lemma 3 is complete.

Lemma 4. There exists constant d such that
g+l
* . * p+l
[3(v) = 3 (v)} < @ min(a(v),J (V)] as J(v) > M .

Proof: Let u = A{v)v we have

I = IOV = T AWV - [ hix,wu
Q

From (36) by using (3}, (26) we have

*
J(v) = J (v)

A

M

[ nixawu| <cf Pv|¥ecf vl
Q Q

_ 2(g+l)
g+l 5
’p+l] p -1

|A

craTHf WP e f b o< clf e eolv
Q Q

*
a similar estimate car be obtained for J (v) - J(v). Hence

_ 2(g+l)
2
* +1 -
[3tw) -3 »| <cif gl(x)lv]p ) P 1
Q
*
Combining (26) and a similar equivalent relation for J (v) with (37) we obtain (35).

*
Proposition 4. For J (v) defined by (19). Define Ck by (9). Then we have

n+2-(n-2)2
e »{ C K n(p-1) (n > 3)
k — 2
-1 5
Cc k P (n = 2) (positive € sufficiently small)

for k large enough; C is a positive constant.

Proof: See [3].

(35)

(36)

(37)

(38)

P




For the proof of (38), in [3] it was assumed that 3 u, Sy 0 <y<l, S > 0 such that

0 < ﬂiéjil < ug;(x,s) ¥xeld, vs > s

0

this condition is used in the proof of lemmas 7 and 9 in [3], which corresponds to our lemma 1
and (26). We do not need this condition.

We now come to the proof of our theorem. If the conclusion of the theorem were not true,
i.e., if the number of solutions of problem (1) were finite, according to proposition 1, 2 and

3, (11) would not be true for any sufficiently large a and any k.

Let g+l
8(t) = atP*!
where 4 1is the constant in (35). 1If
ck+l-eick+e+e(ck+e)+e(ck+e+e(ck+e)) (39)

is true, we take a = Ck + € + e(ck + €) by using (35) and (39) we obtain (11). Hence (39)

cannot be true for k large enough. In other words, there exists a ko such that

Cx+1'cki°(ck+€’+e(ck+€+e(ck+€”+2€ Vklko
so that
k-1
Cu =G S L 18(C +€) +0(C, + € +0(C, +€)) + 2]
0 2=k
o
ey @l a*l
p+l p+l
< Z c C <k cC .
~ =k L - k
0
Therefore +1
p+l
Ck<Cka
or +1
c, <ckP™¥ |

Combining with (38) we have
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n+2-(n-2)p _ p+1 +e
n(p-1) —p-q 1

or

> 0 and sufficiently small)

P>P -el(el-o for n>3; for n=2, €

- n,q 1

where P, q is defined by (7). Hence (6) is false. Therefore when (6) is true, the number
’

of solutions of problem (1) must be infinite. This proves the theorem.
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