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REGULARIZING EFFECTS FOR ut = Ap(u)
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ABSTRACT
One expression of the fact that the nonnegative solutions of the initial-
value problems

t

u, - Aum =0 t> 0, xe¢ RF ,
(IVP)

u(0,x) = uo(x) '

where m > 0, are more regular for t > 0 than a rough initial data uy is
the remarkable pointwise inequality u, = Aum > =(N/(N(m=1) + 2)t)u obtained
by Aronson and Benilan for t > 0 and m > max((N-2)/N,0). This inequality
was used by Friedman and Caffarelli in proving that solutions of (IVP) are
continuous for t > 0. The main results of this paper generalize the Aronson-
Benilan inequality and show the extended inequality is valid for a much

broader class of equations of the form u_ = A¢(u). In particular, the

t

results apply to the Stefan problem which is modeled by ¢(r) = (r-1)*  and
+ +

imply (u-1) e -({(u=1) + N/2)/t in this case.

AMS(MOS) Subject Classifications: 35K15, 35K55

Key Words: regularizing effect, porous media equations, strong solution,

degenerate parabolic equations, Stefan problem

Work Unit Number 1 - Applied Analysis

sponsored by the United States Army under Contract No. DAAG29-80-C-0041.
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SIGNIFICANCE AND EXPLANATION i&t;

y

Nonlinear diffusion equations of the form u{ =

u) where <)

given nondecreasing function occur in many situations. Existence Lnd

i
uniqueness of solutions of the initial-value problem for this typeiof equation
have been studied by many authors. The regularity of the solutionﬁ, i.e. how

)
smooth or continuous they are, is less well understood, although majy results

have recently been obtained in this direction. In this paper we contribute to

the study of regqularity by proving estimates of the general form Eyu)t > -

“‘g—.—..\“-__.___.-/'"' e e e e it - ~
c«éiz;—:-;)/t on nonnegative solutions in all of space. That is,|one can

T T T e

4

bound below the time derivative of é}(u) in a pointwige fashion by ®@(u)

itself. Those results generalize those for the special case Xr) = f‘f;‘ -
N

obtained by Aronson and Benilan.
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The responsibility for the wording and views expressed in this descriptive
summary lies with MRC, and not with the authors of this report.
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REGULARIZING EFFECTS FOR ut = Ag¢(u)

Michael G. Crandall and Michel Pierre
This paper concerns nonnegative solutions of initial-value problems of the form

(IVP) N

{ u, - A¢(u) =0, for t >0, x¢€ RN
u(0,x) = uo(x), x € R .

Hereafter, it is assumed that
(1) ¥v: R+ R 1is continuous, nondecreasing and ¢(0) =0 .

.
It is known that (see, e.g., [5) and its references) if uy € L’(RN) nL (RF) then there

is exactly one u e C([0,®) : L1(RN)) which satisfies

(2) ess inf uo € u < ess sup L

u(0) = v, and ut = Ap(u) in D'((0,®) x RF) (i.e., in the sense of distributions). We

refer to this u simply as the solution of (IVP). The mapping uy + u is nonexpansive

from L1(RN) in c([0,=) : L1(RF)). It follows from (2) that u is nonnegative and

bounded whenever u, is nonnegative and bounded and it is hereafter assumed that “G > 0.
We will prove that if ¢ satisfies (1), is twice continuously differentiable and

(3 £le' ()2 < Klolr) + a)[re (1) + % #'(r)] for 0 << supu

("ess sup" is hereafter abbreviated to "“sup") for some K > 0 and a ? 0, then the

solution u of (IVP) satisfies

Sponsored by the United States Army under Contract No. DAAG29-80~C-0041.

RET-——rr—




————

(4) eu), > § (ptw) + &) dn Do) x BY)

In fact, we will establish (4) for nonlinearities ¢ which satisfy integrated forms of (3)
and thus ¢ need not be twice differentiable.
The pointwige inequality (4) is a generalization of the result of Aronson and Benilan

[1) for the case ¢(r) = rm, m > 0., Indeed, for this ¢, (3) with a = 0 becomes
™ < K(m(me1) + m%)
which is equivalent to N(m~1) + 2 > 0 and

K> mn/((m=1) + 2/N) .

Hence if ¢(r) = r™ and N(m-1) + 2 > 0, Theorem 1 implies

n
m mN_ u
(5) (u )t > N 1192 ¢ .
Formally (u™ = mu'“"ut and (5) thus becomes
N u
(6) U 2 T N(m-1)e2 t

which is the main result of [1]).

when ¢ satisfies (3) with & = 0, the estimate (4) formally yields

(7) u - E 1121—

Although (7) is not an lmmediate consequence of (4) owing to regularity questions,the

possibility that ¢'(u) may have zeros, etC. ..., we will show this inequality holds under




assumptions that guarantee it is meaningful, If, moreover, ¥Y(u) < cuv¥' (u) for some
constant ¢ (as is implied by (3) when a = 0, N » 3), an inequality of the type (6) can
also be obtained.

* These last considerations are clearly not relevant when a ¥ 0 and v¢‘'(u) has
zeros. In this case (4) is a different sort of estimate which can be obtained for a much b
larger class of functions ¥ than the u_ » - cu/t estimates. In particular, if ¢(u) =

t

max{u~1,0) we have a model of the Stefan problem (see, e.g., (6], {9]) and the integrated

form of (3) holds with a = 1, K = N/2,

The methods used in this work are similar to those of (1]. First (IVP) is
approximated appropriately. Next it is sh~ ~ that if u 1is a solution of the approximate
problem then p = Ay(u), where y'(r) =~ p'(r)/r, satisfles a parabolic inequality which
allows one to conclude that Ay(u} 2 -h(vl/t for certai- functions h constructed ir. the

argument. The consequences for u are as stated above. Refinements and implications of

(4) are also discussed. These primary arguments are given in Section 1., The guestion of
"gtrong solutions" is addressed in Section 2.

Other works in which related estimates appear are [3) and [8] to which we refer for
further references. In particular, (8] contains results which apply to (IVP) when the sign

condition uy » 0 1is dropped.




Section 1. The Main Results

Preparatory to formulating the main results, we restate the basic assumption
' 2 - 2
(1.1) r(¢'(£))" € Kiv(r) + al(xe®(r) + T ¢ (x))

in which X > 0 and a » 0, in integrated form. Assume that ¢(r) + a > 0, and

v'(r) > 0 on some interval (0,M) for the moment, so that (1.1} may be rewritten (on

(0,M)) as
' " 21
\o+a<w'+Nr'k-,/x
or
L) . 2 L]
0 < (fny') =~ kiin(v+ta)) + i(ln r)
or

L]
ln(—L—: rz/N) is nondecreasing
(¢+a)

or, finally, \0'(!.’)!'2/“/(\0(!') + a)k is nondecreasing. This final monotonicity property 1is

conveniently regarded as the convexity of

N

1 N=2 1-k
T ﬁ[w( ) + a} NP> 3 N
(1.2) T :ll—klw(et) +a'k N~2 o,
1 1 1-k
T le(- 1)+ a) N1

(If x = 1 above, (¢+a)1"%/1-k means Zfnig+a).)
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A main result is:

Theorem 1. Let 0 < u, € L'(RN) n LQ(RN) and assume that (1.2) is convex on

0 <1< (sup “o)(N-Z)/N if N> 3,

-» ¢ 1 < &n(sup uo) if N=2
- < 1 < =1/8up u° if N= 1 ,

Let u be the solution of (IVP).

Then for K = 1/k

(1.3) plw, > - -’éw(m +a) in D'((0,®) x RY) .

The proof of Theorem 1 will be augmented to obtain the following refinement in the

case in which a = 0 and ¢(r)/p'(r) is a "good" function.

Theorem 2. In addition to the assumptions of Theorem 1, assume a = 0, ro 2 0 and

¢(r) =0 for 0 < r < Tye Assume ¢ € 91(0, sup un), ¢'(r) >0 for r > ry and that

lim y(r)/¢'(r) = 0., Then the gsolution u of (IVP) satisfies

r*ro
!
(1.4) u, > - % alu) in D'((0,@) x RY)
where
Ar)/ ¢ (x) r > x,
a{r) =
0 r < ro .

We point out explicitly the special cases ¢(r) = (r-1)’m = (max(r-1,0))m on [0,=)

in which we may take r, = 1. Now (1.1) will be satisfied with a = 0 if o
rm ¢ K((m=1)r + 3(r-1)) for 1 < r<s
N up u . L

Thus if m > 1 we may use Theorem 2 and K = m/(m-1} to conclude that




u-nt = o L -yt

m
u, ? (m-1)t

i
t m=1 tm

no matter what ug is. If m = 1, corresponding to the Stefan problem, we cannot satisfy ' [
}

(1.1) with a = 0 and require instead

r < x((r—1)+ + a)(%) r> 1

or K2 1 and Ka 2/N > 1. This is achieved by K= t and a = N/2. (The reader may

check that the integrated condition holds in this case, erasing doubt as to the cavalier

treatment of ¢y " above.) Hence we conclude, by Theorem 1, only that

1
+ At N i
fu-1) e’ t((u 1+ 3 . ;

It is interesting to notice that if ¢ is convex and Lipschitz continuous on '

(0, sup u;) and satisfies (1) then (1.1) (or its integrated form) holds with . I
t

Ka = 3 sup (re*(r)) o
re(0,sup uo)

Since K can be chosen as small as we desire, Theorem 1 yields w(u)t 2 =Ka/t.

We begin the proofs of Theorems 1 and 2. To this end we consider the problem (IVP)

under the strong assumptions that

(R >0
(1.5) uy € SR, ug

and that ¢ satisfies (1) and for some K, a, § » 0

L3
(1) v ec o,
(1.6) (1) rie*(e? < K(g(r)+a) (re" (1) + %v'(r)) for 0 < r < supuj+S

0 < r € sup uy * § .

(iii) ¢'(r) > 0 for




Standard methods ({9], [10]) then guarantee that for 0 < € < § the problem

Vep Aw(wc) = 0

(1.7)
we(o,x) - uo(x) + e

|
1
+
1
. A N
has a unique solution we € C ((0,=) x R") aatisfying
i

sup uy + € >w >e .

(1.8) ¢

and the derivatives of w, are bounded for bounded t » 0. Moreover,

1.9 < < < < 3§
( ) we wn for 0 € n ;

and

(1.10) J (w -elax =] uadx .
e N o

It follows that 1im(wC ~ €) = lim We is the solution of (1.1) and that in order to prove
EY0 €Y0

¢(u)t > ~(X/t)(¢{u) + a) it suffices to show \o(we)t > -(K/t)(w(we) + a).

For convenience in writing we now drop the subscript ¢ in we » Thus w 1is to solve

wt ~ Ay(w) = 0, w(0,x) = uo(x) + €+ The main steps in the proof involve the function

4 '
Yilg) = f £_§EL ds for ¢ >0 ,

(1.11)
€/2

and the standard change of dependent variable

(1.12) v o= y(w)

-] -

-

R s e D R




Lemma 1. Let (1.5), {1.6) hold, 0 < € < §, w be the classical solution of (1.7) and

v be given by (1.12), (t.11}. Then
2 ~1
(1.13) vt = g(v)Av + |Vv]| for glv) = ¢'(Yy (v)) ,

(1.14) w, = wiv + (c'(w)/w)lel2 R

and p = Av satisfies
" 2 ’ 2, 2
(1.15) P, > g(vidp + 2(Vg(v) + Vv)eUp + g"(v}{Wv|“p + (g'(v) + Sp° .

In the statement of Lemma 1, V = (3/ax1,...,8/3xN) and a*b = a1b1+°--+aNbN. The

proof consists of direct calculations. E.g., plugging the identities
v, = W'(w)wt, Vv = ' (w)Vw

Av = £L£!l Aw + (ﬁ:é!l - flé!l)(Vwiz

w
AL RV (f—-———-—f——"("’)“ =g (w) |vVl2
w
(¢'(w))

into W = Av(w) = ¢'(w)hw + w"(w)lelz yields (1.13) and (1.14). To obtain {(1.15) one

.

applies A to the equation vt = g(v)av + le12 and uses

N
avvi? =2 T (v. )2+ 2veV(Av) > (2/M) (V)2 + 20veV(Av).
: X, X
1,3=1 i3
To continue, let | be the nonlinear operator

[1.16) L(Z) = g(vIAzZ + 2(Yg(v) + V) +V2 + g"(v)|Wv|%Z + (g'(v) + %)22

so the parabolic inequality (1.15) satisfied by p = Av can be rewritten P, >L{p). We

now seek a comparison function 2 in the form Z = ~h(v)/t with the property Zt <lz.

g ——— e

-




If h(r) >0 for r > 0, we then have 2 < p for small t > 0 (since "2 = -»" at
t =0) and so 2 < p for all t > 0 by standard comparison results ([9].

Lemma 2. Let w be the solution of (1.7) and v = y(w) as above. Let a 2? 0, K2 0,

e e e e e e e e e

-1
(1.17) I e
o oy ()

and 2 = -h(v)/t. Then

= L I 2),,2
(1.18) z, L(z)+(h(v) (g (v)+N))z .

In particular, if i
(1.19) 1—'<g'(v) +%

h{v)
then 2 < Av for t > 0 and b
(1.20) ««‘(w)t 2’ - % (¢(w) + a) for t >0 .
Proof. We set aside the verification of (1.18) for the moment. Once this is established

and (1.19) holds we have Zt < [ (Z) and then 2 < Av by the maximum principle as remarked

above. Returning to (1.14) we have

- ¢ (w) 2 _whiv) _ . (F(w) + a) ﬂ
: (1.21) W, wiv + — {Vw]® > wAv > s K FOITIT o
i 1
t or vi(w), = \a'(w)wt > =K(p{w) + a)/t as claimed in (1.20). r

Rather than verify (1.18) by direct computation, we consider the result of computing

z, - l(z) when Z = -h(v)/t. The identities




_hvy L ontv) L RU) 12

T T T et T2 t ¢’ Rw Z ‘
.. huw B BNV o2
vz Y Vv, 4Z = re Av Y {ov(

imply that v, = g(viav + leI2 becomes, upon multiplication by =h'(v)/t,

2 hiv}
z" =2, - =

SR - h" (v} 2 .
t = h(v) t gvVI(AZ + === [Iv]®) + VveVz

Z

= g(v)AZ + 2(Vglv) + Tw)eVz + g"(v) [Tv|’z + (g'(v) + %)z2 1

h"(v)
t

+ glv) 172 = (2Vg(v) + Tv)=Vz = g"(v) | 9v|%z

’ 2,,2
- {g'(v) + N)Z
[Vv!z
= L(2) + (h"(v)g(v) + 2g'(V)h' (v} + h'(v) + g"(v)h(W)) < 4

- (at 2.2
(g'(v}) + N)Z .

Simplifying the above a bit, it follows that

2
(g + 222+ (e + ny L

- 1
(1.22) z, = L(2) + (Fr=

The general solution h of (gh)” + h' = 0 is

1 % 1 1
(1.23) h(r) = exp(~f ;) + ;— (exp(’f ;))(f exp f ;)

1
g(r)

where f f denotes a function whose derivative is f and Cqe C2 are constants. Now
-1 -1 -1 -1
recall that g(r) = ¢' (Y (¥)), ¥'(r) =¢'(r)/r andso [ V/g=2tny , [ 4 =,y )

Thus (1.23) can be written

T~

C C
(1.24) hir) = ! . 2 b e . ]

e e v v tan v
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Set Cy = Ka and C; = K in (1.24) to find (1.17). Now (1.18) follows from (1.22) and ;
(gh)" + h' = 0, This completea the proof of Lemma 2.
We now can prove:

Lemma 3, In addition to the assumptions of Theorem 1, "t ¢ satigfy (1.6) with 6 = 0,

Then (1.3) holds.

Proof. If Nt
roof. I v, € go(l Y, v,

then by Lemma 2, (1.20) holds provided (1.19) is satisfied with h given by (1.17) and .

> 0, (1.6) is satisfied with § > 0 and we solves (1.7),

v o= w(we). Recalling again that g(r) = w'(w-1(r)), etc., (1.19) reduces to

we(wp'(we))2 < x(w(we) + a)(wéﬂ"(we) + (Z/N)w'(wc)). This holds by (1.6), (1.9) and
0 < e < 8§ Since we decreases to the solution u as ¢ decreases to zero, (1.20) will

hold (in D' ((0,») x RF)) for u. The mapping u_ + u is nonexpansive from L‘(l) into

0

clo,=) : L‘(RN)) and hence (1.3) holds for general 0 < u, € L‘(IP) n L°(l§) satisfying

the hypotheses of the lemma when it holds for the special g € S:(RF) just treated. (To

allow § = 0, approximate u, suitably from below.)

Proof of Theorem 1. According to Lemma 3, the assertion of the theorem is correct if

also ¢ is smooth and ¢'(r) > 0 on r < 0. Indeed, the convexity assumed in the theorem

is equivalent to (1.6) (ii) (with &§ = 0) in this case. It is also known that if ﬁpn}

st

is a sequence of nondecreasing continuous functions with wn + ¢y everywhere on

[0, sup “0]' then the solutions u, of

n

u =& (u)=0 .
. n''n j
1

u"\t-o "

satisfy 1lim un = u in g([o,») H L1(B)) for every compact B c RN) ([4))+« Thus the
n+o

result will follow at once if we can approximate functions y satisfying the hypotheses of
Theorem 1 by sequences satisfying (1.6} with K = 1/k in (1.6) (ii). This may be done as
N ;

- 1w
follows if N » 3, k $# 1. Let (w(TN 2) + a) k/(1-k) = 0(1) be convex on

o

! N-2

0 < 1< (sup uj) ¥, choose g” convex functions ¢  on this interval wath ,

-}l




Gn(O) = a1-k/(1-k) and On(r) >0 for 0 < 1t so that on + ¢ uniformly on

1
N2 T

(0, sup upl. Set v (r) = ((1-k)0n(r N )) - a. Then ¢_+y¢ uniformly on [0, sup up)
and ¢y satisfies (1.6) with K = 1/k. Obvious modifications need to be made for k = 1
or N = 1,2, but the arquments are basically the same and we omit them.

Proof of Theorem 2. Again appropriate approximations need be made and again we explicitly

N
TS =N
discuss only N 2 3. Recall that now a = 0 and set &(1) = = ¢[I ] « Define Y
by
N
_1_k 2
1 N-2 =7, AT
(Tt ) = =ety e (e~ 1)

Now ¢X € g‘ and wi(r) >0 on (0, sup “0]' We may solve (1.7) with € > 0 and v
replaced by ¢A for w = "A (with the dependence on € suppressed). I1f suffices to

assume that u,, ¢ and Y are smooth in the process and remove this subsequently by

approximation. Then, by Lemma 2,
AL VR TACN
At t A

ATTA

and, since w, is smooth and ¢i(“k) >0,

A
?, (w,)
(1.25) w, > oK A
At t eV (W)
A
But
N
N-2 2 2 2
() umon 53 AT eogn W7 (o) v e Y
N/N-2y T N-2 N=2 2 :
N ) o3 (1) (0r(1) + 2 2e'Y)

We have assumed that

-12=

o o

e e




e Z =2
f(TN/N-)Z = (1-k) Nl-‘z N2 o) o r, N
p'it ) ¢ (1)

N=-2

N

extends continuously to [0, r, ] as 0, or

lim 2(—T-)~=0 .

N=2 ¢'(71)
N
r+t°
From this it follows that
N-2 N=2
[
_AZ it & ' T N < 1 € (sup uo) N
(1) + e (e - 1) (1)
1lim =
Are o't -Az)‘ At N=2
T +re e 0 o<tecr N
o
N=2
uniformly on [0, (sup uo) N ]» The verification is left to the reader. Hence one may

pass to the limit as ¢ + 0 in (1.25) and then as ) + ® to complete the proof of Theorem

2.

Corollary. In addition to the assumptions of Theorem 2 let N » 3. Then

N u
{1.26) u 2 - g§g KD T .
ig; 1=k
Proof. The convexity of T *¢[r ) = ¢(7) 4implies &(71) < 1®'(1) oOX
N N N
N=-2

-2 N -2
o (N ) <1 C(1-k) ‘N':\o'(TN )

s




1
{
1

aor

(1.27) —"i-’-?—-<§;£12;"lr ,
¥ (r)

provided ¢'(r) exists and is positive. Since the estimate on vy/¢' depends only on k,
it is shared by any smooth approximation Vv of ¢ with ;'(r) >0 and the same k. We
showed above how to make such approximations and then (1.26) holds for the solutions of
these approximate problems by Theorem 2 (with ro = 6) and (1.27). Hence (1.26) follows.
Remark: (1.27) implies k < 1 (unless vy = 0) since y/y' 1is somewhere positive. If

N =1 or 2 we cannot deduce an estimate on ¢(r)/ry'(r) from our other assumptions.
However, we may use Theorem 2 with r; = 0 if it applies. In particular, if v(r) = -
with m> 0 and N=1 or 2 we recover the estimate of [1]. For N > 2 and m >

(N=2)/N, (1.26) with K = mN/{(m=-1)N+2) also recovers the result of [1) for this case.

~-14~
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Section 2. Remarks on Strong Solutions

We discuss the question of when the results of the previous section imply that the

solution u of (IVP) is a “strong solution" in LY@, By this we mean

1

1
roc( (0,2 5+ L (') and

1, N 1 N
u € Cc((0,®) : L(R)), p(u) € Lloc(‘o'ﬂ) X R), L e L
u, = Ap(u).
Theorem 3. Let the hypotheses of Theorem 2 be satisfied with r, = 0. Assume, moreover,
that there is a constant ¢ such that ¢(r)/¢'(r) < cr for r € (0, sup “0]' Then the

solution u of (IVP) is a strong solution. Moreover, ¢t f }ut(t,x)ldx < 2CK f uO(x)dx.

Proof. This result follows from the arguments given in [1]. By Theorem 2

and u, is therefore a measure on [0,®) x RN). Since ¥(u) is continuous on

(0,®) x RN by the results of (11], u = ¢-1(w(u)) is also continuous and it follows as
in [1], that u, e LEOC((O,ﬁ) x RF)- since u, is bounded below by an integrable function
a.e. on t > 0, f ut(t,x)dx is defined for a.e. t > 0 (but it might be =), However,

t > f N u(t,x)dx is nonincreasing. Thus

+ -
IIP({“t(t'X)} - {ut(t,x)) Jax = fRN u (t,x)dx < 0

and so

+ -
Nlu te,xlax = [Cla (e07] + fu (t,x) ax

< 2] Iut(t,x)-ldx

2¢cK
‘—

t
< 2cK

t

| ute,x)dx

f uo(x)dx .

1

foc(00® ¢ vty .

1._N
It follows that tu, € L (0,® : L(R)) c L

&

R

™~




Remark: This discussion assumed (1.2) convex on the intervals specified in Theorem 3 and
“0 e L’(RN). However, if the convexity is global, then ut » =Kcu/t holds for all

0 < Yy e L‘(R“) nLﬁ(lN). and hence for all 0 < Uy € L’(RN). Moreover, the results of
[2), [12) imply u(t) € Lw(lN) for t > 0 under certain conditions (which hold under our

agsumptions if N > 3). Whenever ul(t} € L"(RN) for t > 0, [11) provides a modulus of

continuity on each set f[1,T] x B, 1 > 0, B a ball in R¥. Thus the above arguments apply

and we have strong solutions for all 4y e L1(RN), 4y » 0.

The hypotheses ¥‘(r) > 0 for r > 0 appears to be nearly necessary for the
existence of strong solutions. We remark that if ¢(r) = (r-1)* and N =1 then strong
solutions need not exist. Indeed, in this model of the Stefan problem (see [6], [9]),
#(u) is the temperature. If w(ug} is continuous, smooth on x > 0 and x < 0 and
v(uo) >0 on x>0, W(uo) =0 on x < 0, then there is a smooth curve x = s{t} such

that ¢(u) > 0 for x > s(t) and ¢(u) = 0 for x € s(t) ([(?)]). Moreover, the

derivative ¢ (u), jumps across x = s{t) and Ag(u) € L‘.
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