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A USER'S MANUAL FOR SENSUMT:

A Penalty Function Computer Prograu for Solution,
Sensitivity Analysis, and Optimal Value Bound
Calculation in Parametric Noniinear Programs

by

Anthony V. Fiacco
Abolfazl Ghaemi

1. Introduction

This is a manual intended to facilitate the use of the

computur program SENSUMI. This program is capabie of solving general
parametr’c nonlinear programs and conducting a sensitivity analysis
using the Sequential Unconstrained Minimization Technique [10]. It has
recently been modified to include the calculation of piecewise linear
parametric bounds on the optimal value function of classes of nonlinear
preogramming problems for which this function is convex or concave. In
addition, it can calculate similar bounds on a class of separable non-
convex right-hand side programs, once appropriate convex overestimating

and underestimating programs are formulated.

SENSUMT is the outgrowth of a routine [3] which first implemented
a penalty function sensitivity approach. This was motivated by results
given by Fiacco and McCormick [10] for a particular class of perturba-

tions. The algorithmic procedure for this rontine was suggested by

Fiacco. It was later refined and recoded by Mylander [12] making use of
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several subroutines from the SUMT-Version 4 computer program coded by
Mylander, Holmes, and McCormick [13]. These routines were subsequently
completely integrated with SUMT-Version 4 by Armacost and Mylander [7].
Armacost [1] further revised the program to implement the generalized
version of the sensitivity theory developed by Fiacco [9] for general
parameter perturbations. This routine, again following a procedure sug-
gested by Fiacco, was recently modified by Ghaemi to conduct piecewise
linear parametric bound calculation on the optimal value function of
certain classes of nonlinear programming problems subject to large para-

metric changes [11].

This latter version of the model, designated "SENSUMT," is com-
piled at the Center for Academic and Administrative Computing of The

George Washington University.

The various sections of this manual are arranged as follows.
Section 2 reviews the basic sensitivity results and nresents the steps
of the algorithm implementing sensitivity calculation via a sequential

unconstrained minimization algorithm.

Section 3 briefly reviews the procedure for calculating piece-
wise linear parametric bounds on the optimal value function of certain
classes of parametric nonlinear programming problems. It presents the

relevant algorithms that have been implemented.

Section 4 gives the details regarding the procedure for coding
the problems for solution, sensitivity analysis, and bound calculation
with SENSUM1.

Section 5 provides the codes and corresponding computer solution
for two illustrative examples that are taken from [11]. For clarity, an
annotated computer listing of the input and output for the first example

is also provided.

Section 6 gives a description and listing of the various sub-
routines comprising SENSUMT. This section is included to make the




T-434

manual self-contained. With the exception of the subroutines BOUND,
PERT, and TRANS, and the new version of program MAIN, the material in

this section with a few minor modifications has been taken from [1] and

[13].

2, Sensitivity Analysis in Nonlinear Programming

2,1 Basic Sensitivity Results

The parametric mathematical programming problem considered by

Fiacco (9] is of the following general form:

minimize f(x,€)
ern

subject to gi(x,e) >0, i=1,...,m, P(e)

hj(x,E) 0, j=i,...,p ,

where x 1s the usual vector of variables and ¢ 1is a k-component vec-
tor of numbers called "parameters." It is desired to analyze the behav-
ior of a solution vector x(€) and the optimal solution value f*(g) =
flx(€),€] near some given value of € . Without loss of generality,

assume that the parameter vector of interest is &=0 .

The Lagrangian for Problem P(€) is defined as

m p
L(x,u,w,€) = £(x,€) = ] ug (x,€} + ]

w.h, (x,€) . (2.1)
i=1 j=1 31

The sensitivity results are based on the following four assump-

tions:

Al — The functions defining Problem P(¢) ure twice contin-
uously differentiable in (x,e) 1in a neighborhood of
(x*,0) .

A2 — The second order sufficient conditions for a local
minimum of Problem P(0) hold at x* with associated

Lagrange multipliers y* and w* .,

-3 -
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A3 — The gradients ngi(x*,O) , for all 1 such that
gi(x*,O) =0, and Vxhj(x*,O) s jJ=i,...,p are

linearly independent,

A4 — Strict complementary slackness holds at x* when
e=0 [i.e., u;> 0 for all 1i such that

g, (x*,0) = 0 1.

Under the above assumptions, Fiacco [9] established the following gener-

alization of Theorem 6 in [101.

Lemma 2.1 [local characterization of a Kuhn-Tucker triple]: 1If

assumptions Al, A2, A3, and A4 hold for Problem F(e) at (x*,0) , then

[V AN NSV . N

' . (a) x* is a local isolated minimizing point of Problem P(0)
and the associated Lagrange multipliers wu* and w*

are unique;

(b) for € in a neighborhood of 0, there exists a unique
once continuously differentiable vector function y(e) =
(x(e),u(s),w(s))T satisfying the second order sufficient

1 conditions for a local minimum of Problem P(g£) such that

y(0) = (x*,u*,w*)T = y* _ and hence, x(¢) 1is a locally ) L
unique, local minimum cf Problem P(e) with associated

unique Lagrance multipliers u(e) ard w(e) ; and

(c) for € near 0, the set of binding inequalities is un-
changed, strict complementary slackness continues to
hold, and the binding constraint gradients are linearly

iudependent at x(g) . 1

| (d) (Armacost and Fiacco [3]), for € near O, the gradient

of the optimal value function is ) j

[}

Vef*(e) VCL(y(e),e) , (2.2)

(e) which also means that, for € near 0, the Hessian of the

17 optimal value function is 4

VEk(e) = VLO(e),e) . (2.3)
1

-4 -
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The above results provide a characterization of a local solution
of Problem P(€) and its associated optimal Lagrange multipliers near
€=0 . They show that the Kuhn-Tucker tripie y(e€) is unique and well
behaved, under the given conditions. Since y(€) is once differen-
tiable, the partial derivatives of the components of y(g€) are well de-
fined. This fact and assumption Al also mean that the functions defin-
ing Problem P(€) are once continuously differentiable functions of €
along the "solution trajectory'" x(€) near €=0 , and the Lagrangian is
a once continuously differentiable function of € along the "Kuhn-
Tucker point trajectory.” The above results constitute the structure
for numerous developments and extensions, many of which have been estab-

lished by Fiacco [9] and Armacost and Fiacco [2 - 6].

The realization of this theorem for the parametric right hand
side problem of special interest in the present study is treated in de-
tail by Armacost and Fiacco [4]. The parametric right hand side problem

is the following important realization of P(c):
minimize f£(x)
subject to gi(x) > Ei , i=1l,...,m R(€)

hj(X)

[]

€ i=l,...,p .

jtm 2

The Lagrangian for R(e) is

m p
£ - ] ouy(gGomeg) + ) owy(hyeao-e, ) .

L(x,u,w)
1=1 j=1

As is evident from the Lagrangian, the results (d) and (e) of Lemma 2.1

for Problem R(€) simplify respectively to

- u(e)-T
(d') V_f*(e) = (2.4)
¢ | ~w(e),
and
V_u(c)
(e Viexe) =| ¢ . (2.5)
L-Vew(s)
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Fiacco [9] has shown that the class of algorithms based on twice
continuously differentiable penalty functions (specifically, using the
logarithmic-quadratic loss penalty function) can be used to estimate
y(€) and its derivatives in a neighborhood of ¢€=0 , for the general
problem P(c). Minimization of the penalty function with penalty param-
eter r yields a solution of a perturbation of the Kuhn-Tucker system
in a neighborhood of (e,r) = (0,0) . Armacost and Fiacco [3] define an
optimal value penalty function and obtain first- and second-order sensi-
tivity estimates which converge to the corresponding sensitivities for

the optimal value function for Problem P(g).

The logarithmic-quadratic penalty functiorn is

m P
W(x,e,r) = f(x,e) - r z fn g, (x,€) + (3/2r) Z h2(x,8) . (2.6)
i=1 * j=1 3

Lemma 2.2 (Fiacco [9, Theorem 3.1]): If the assumptions Al
through A4 hold, then in a neighborhood of (g,r) = (0,0) there exists
a unique once continuously differentiable vector fumction y(g,r) =

[x(e,f),u(e,r),w(e,r)]T satisfying
VxL(x,u,w,E) =0 ., -

uigi(x,E) =r , i=1l,...,m , 2.7)

3

with y(0,0) = (x*%,u*,w*) , and such that for any (€,r) near (0,0)

h, (x,€) = wj-r ’ j=19-°-’p y

and r>0 , x(e,r) 1is a locally unique unconstrained local minimizing

point of W(x,e,r) , with gi[x(e,r),el >0, i=},..,.,m , and

Viw[x(s,r),e,r] positive definite.

The relevance of Equations (2.7) is the fact that, under the
given conditinns, when r=0 , they are necessary conditions that must
hold at a local solution of P(0) and, with r>0 ,.ghey are necessary
conditions for an uncoﬁstrained minimum of W(x,e,r) . The lattef fact

can be made obvious by solving for u, and w, in (2.7) and obtaining

i ]
-6 -
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V L(xu,w,e) = Vf - ZUivxgi + {wjvxhj
= Vf-r 1(1/g)) V. g + (1/r) thvxhj (2.8)
= VXW(x,E,r) .
Thus, if y(e,r) is a solution of (2.7), tnen
VxW[x(e,r),e,r] = VxL[x(e,r),u(E,r),w(e,r), ]=0. (2.9)

This explicit connection between the optimality conditions of lo-
cal solutions of P(€) and unconstrained minima of W(x,£,r) makes it
possible to approximate information charactsrizing a local solution of
P(g) by algorithmic calculations associated with utilizing W(x,e,r) to
solve P(e). In particular, differentiating (2.9) with respect to ¢

yields

Vuvx+ VW = 0,
X € €X

and using the fact that Viw is positive definite (a conclusion of

Lemma 2.2) yields

12

VoW, (2.10)

Vx = —VZW-
€ X £X

evaluated, of course, at x(g,r) . Given Vex(e,r) , the derivatives of

the multipliers, Veui(s,r) and Vew (e,r) , can then be calculated by

h|
differentiating the last two systems of equations of (2.7) at x(g,r)

with respect to € .

Lemma 2.3 (Fiacco [9]): For &£ in a neighborhood of ¢=0 , it
follows that
(a) lim+ y(e,r) = y(€,0) = y(e) , the Kuhn-Tucker triple

0
characterized in conclusion (b) of Lemma 2.1; and

(b) lim Vey(s,r) = VEY(E’O) = V€Y(€) .
r+0
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Under the conditions of Lemma 2.1, x(£,r) is a locally unique

minimizing point of W(x,e,r) . Define the "optimal value penalty func-
tion" as
Wx(e,r) = W(x(e,r),e,r} . (2.11)

Armacost and Fiacco [2, Theorem 4 and Corollary 4.1] have obtained fur-

ther results useful for estimating the first- and second-order sensitiv-

ity of the optimal value function f£f*(g) of Problem P(g).

Lemma 2.4 (Armacost and Fiacco [3]): If the assumptions Al

through A4 hold for Problem P(e), then in a neighborhood of €=0 ,

—— e B e —_—

' (a) lim+ Wx(e,r) = f*(g) ;
i 1‘"0

(b) V. Wx(e,r) = VeL(y,E) at y = y(e,r) ;

(c) lim+ VEW*(E,r) = Vef*(e) ;
0

(@ ke, = VPL(y(E,1),€) ; and

f (e) lim Vzw*(e,r) = sz*(e) H
; + € €
r>0

where convergence is component by component in all cases.

Lemnas 2.1 through 2.4 enable us to calculate an estimate of

y(e) , ch(e) . Vef*(e) , and ng*(e) when € 1is near 0 and r is

j near 0, once y(g,r) 1is available.

In the next section we briefly present the algorithmic implemen-

tation of some of the above results,

2.2 The Algorithm Implementing the
Sensitivity Results

; The penalty function algorithm SUMT estimates the solution of the
E. general mathematical problem P(e) by estimating the unconstrained minima

-8~
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of the penalty function W(x,€,r) at successively decreasing values of
the penalty function parameter r >0 . Under conditions weaker than
those assumed here, Fiacco and McCormick [10] have shown that as r ap-
proaches zero, the sequence of the unconstrained minima of W(x,&,r)
will approach a solution of P(€). Each unconstrained penalty function
minimization is thus a "subproblem" associaied with a particular value

of the penalty function parameter r .

The successive steps of the algorithm for first order semsitivity
analysis of the Kuhn-Tucker triple with respect to the jth parameter
that are implemented in SENSUMT [1] are lisc.ed below. Here the notation
X or x(g€) denotes the estimate of a solution point of P(€) calculated
by SUMT for a given value of the penalty function parameter r , where
€ denotes the value of the problem parameter at which this sensitivity

is estimated.

Algorithm 2.1:

Step 1. Compute a representation of vzw'l = V:w(i,E,r)_l by L-U

X
decomposition using the SUMT subroucines. 1If Viw is

not positive definite, terminate the sensitivity analysis.

Estimate a(vwa)/aej using the central differencing

formula

T 1 - = T - = T
(V) /2e ~ (ﬂ) (VXW(x,E:+Ae 0)" - U MGk E-de,r) ),

is the jth

3

where A 1is the differencing interval and e

3

unit vector.

Calculate

- - 21 T
ax(e)/aej = -V.W B(wa )/88j .

Estimate Vegi(i,E) and Vehi(i,E) using
38, (%,£)/0¢, = (3+) (s, (%, E+be,) - g, (X,E-te)) , and
1 %8206y = (75 8y (x,E0ey) = g (x.e0ey))

-9 -
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hy (%,E) /36 ~ (g5)(by (K,E+ae) - b, (x,E-te)))

Estimate the components of Veu(E) for 1i=1,...,m using

- -2 S - -
du, (€) /3¢ z—(r/gi(x,e) )(ngi(x,e)ax(s)/ae + agi(x,e)laej) X

3 3

Estimate the components of Vew(E) for di=1,...,p using

Bw (€) /3¢, ~ (l/r)(Vxhi(;:,E)ai(E)/ae F 3h1(§,E)laej).

3 3

There are two methods for estimating Vef*(E) , the first using
* = i
Vef foVCx + ch , with Vex obtained from Step 3, and the

second method using the gradient of the penalty function W ,
or equivalently, the Lagrangian taken with respect to the pa-
rameters [Lemma 2.1, conclusion (d); Lemma 2.4, conclusion

(b)i. Both are incorporated in the cowputer program but used
for different purposes. The former method gives the most ac-

curate estimate of ch*(E) and is summarized in Steps 7 and 8.

Estimate the components of VEf(i,E) using the central dif-

ferencing formula

dEE) /e, = (55) (EGBrde)) - £(R,E-te))) .

i) J

Calculate an estimate of the components of Vef*(e) using the

results of Steps 3 and 7 as

af*(E)/Bejsa fo(§,5)3§(5)/ae + 9f(x,E)/3e

] i’

The second method, using the gradient of the Lagrangian to es-

timate ch*(E) , 1s computationally less expensive and is used
to obtain rough estimates that single out the more crucial pa-

rameters for further analysis, This approximation is calcu-

lated as follows.

- 10 -~
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Step 9. Estimate the components of Vef*(E} using the results of Steps

4 and 7 as

m
Z ui(E,r)agi(;(,E)/ae

3f*(c)/3e, =~ df(x,€)/d€, -
3 4=

3 3

P
+ Z wi(E,r)ahi(;c,E)/asj
i=1

3. Parametric Optimal Value Bounds

In this section we briefly review the procedure for calculating
piecewise linear parametric upper and lower bounds on the optimal value
function of convex problems with right hand side perturbations of the
form CR(g) . It is important to note that the given technique is not
only applicable to problems of this form, but also to any class of prob-
lems which have convex or concave optimal value functions. In addition,
we show how the above technique can be exterded to calculate similar
bounds on the optimal value function of separable nonconvex right hand
side perturbation problems SR(€) , once their (computable) over- and
underestinating problems are available. For a more detailed treatment,

readers should refer to [11].

3.1 Parametric Bounds on the Optimal Value Function
of Convex Right Hand Side Problems CR(€)

Consider the following right hand side parametric programming

problem R(€), discussed in Section 2:

minimize f(x)

A\

subject to gi(x) 2 € i=l,m R(E)

hj(x) = Ei , j=mtl,p

where xeE" , £f,8,and h: En-*El, and 02 and ecEP . If f(x)

and —gi(x) , 1=1,m , are convex and hj(x) s J=m+l,p are linear, then

- 11 -
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the problem R(€) is convex and will be designated by CR(€). It is well
known that f*(¢) , the optimal value function of the problem CR(€), is

a convex function of € .

The convexity of the optimal value function f*(e) of the prob-
lem CR(€) enables one to calculate parametric upper and lower bounds on
this function when any of the problem parameters is radically perturbed.
This of course requires the solution and corresponding optimal value
function sensitivity information for both perturbed and unperturbed
problems. Before delving into the calculation procedure of these
bounds, we must remind ourselves of the following two basic properties

of convex functions.

(1) Any line connecting two points on the graph of a convex
function does not underestimate that function between
the points.

(ii) Any line tangent to the graph of a convex function does

not overestimate that function.

These two properties lend themselves in a natural wa to the calculation
of parametric bounds on the optimal value function of the problem CR(g)

under large perturbations of any of the problem parameters, say € -

3.2 Algorithm for Calculation of Bounds
on f*(e)} of the Problem CR(€)

In the following we list the successive steps required in calcu-

lation of bounds on f*(g) , the optimal value function of CR(g), as a

function of €5 » when o is perturbed from ¢ to

i1 €i2

while the remaining parameters are fixed at their base values.,

Algorithm 3.1:

Step 1. Solve the unperturbed problem and obtain .f*(ei) and

df*(e;)/dc; at e, = € Note that

i i1

¥ e W PV I Pl
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df*(Ei) ‘ ui(ai) , 1i=1,...,m (2.4)
de N N .
i '—wi(ti) , i=mtl,p . (2.5)
Step 2. Re-solve the problem and obtain f*(ei) and df*(ei)/dei at
€1 = F42 -
Step 2. Derive the equation of the line passing through the points

= * = *- =— * =
(ei €y » f (Ei) f (eil)) and (ei €59 » f (ei)
f*(EiZ)) . This line provides a parametric upper bound f*(ei)

. = -
for f (ei) as a function of € € [Sil’ 512]

Step <. Derive the equation of the tangent lines to f*(si) at the

above two points with the slopes

df*(c.) df*{c.)
e and ———
de _= de _=
i |e=e, i lei—eiz

calculated in Steps 1 and 2, respectively., These two lines
provide a parametric lower bound gﬁ(ei) for f*(ei) as a
function of ei € [Eil’ eiz] .

The lines obtained in Steps 3 and 4 form a triangle which en-
closes the optimal value function f*(si) over the given range of €y -
An estimate of f*(ei) can also be made by fitting a convex function

that passes through the points given in Step 3 and having the corre-

sponding slopes at these points obtained in Steps 1 and 2.

It is clear that the fundamental requirement in using the above
algorithm is that the optimal value function be convex and differenti-

able at least at ei = Eil and ei = €4y - 88 it was given in Section

2, Fiacco, under the assumptions Al - A4 of Lemma 2.1, has established
the differentiability of the optimal value function in a neighborhood of

€=0 for the general parametric programming p:roblem P(e). Thus, not

- 13 -
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only Protlem CR(g), but all classes of parametric nonlinear programming
problems pcssessing a convex optimal value function and, in particular,

meeting assumptions Al - A4 at €, = €4y and Ei = Ci

for bounds according to Algorithm 3.1.

9, €an be analyzed

3.3 Parametric Bounds on the Optimal Value
Function of the Problem SR(¢g)

In this section we show how Algorithm 3.1 can be extended to cal-

culate piecewise linear parametric upper and lower bounds on the optimal

|

|

{ value function of a separable nonconvex right hand side perturbation
.|

i problem, given the over- and underestimating problems.
b
!

| 3.3.1 Separable right hand side perturbation
, problems.

The separable nonconvex problem addressed here has the following

e T

4 structure:

o .
; minimize f(x) = Z fj(x.)
! x€ER =

n
! subject to gi(x) = Z gij(xj) > ei , i=1,...,m SR(¢)

where each fj(xj) and gij(xj) is a function of a single variable x

3

and is differentiable; L, and U, are lower and upper bounds on the

3 J

variable xj , respectively. Note that the discussion that follows is

also valid when Problem SR(e) involves linear equality constraints. Let

n
G = ix gi(x) = Z gij(xj) ;_ei , I=1,...,m} ,
j= '
Ej' Bj z {xj : Lj < X < Uj} » J=1,...,n ,
"
i B : X B,,
j=1

S

- 14 -
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The set G , and therefore set S , depends on € . Thus the problem

SR(e) will read as follows:

n
minimize f(x) = } f_(x.)
-1 3 3

X J

subject to x € BMNG = s CE™.

3.3.2 Convex underestimating problem.

Let gj(xj) be the convex envelope of fj(xj) , jJ=1,...,m and

éij(xj) be the concave envelope of gij(xj) , j=1,...,n , i=1,...,m

over the interval Bj . Thus, for xj € Bj ,
f.(x, f,(x,
£,0) < £5(xy)

gij(xj) > gij(xj) , 1i=1l,...,m; j=1l,...,n .

Definition: Define the problem CSR(e) as follows:

n
minimize f(x) = ) f, (x
xeE® 7 3=1 ~J

1)

subject to x € GMNB

x : g;(x) = éij(x) 2 €, i=l,...,m
j=1

It follows easily that problem CSR(e) is a separable convex RHS pertur-
bation problen whose optimal value function underestimates the global

optimal value function of the problem SR(g).

Thus the basic ingredients required to formulate the convex un-

derestimating problem CSR(c) are the convex envelope of each term in the

- 15 -




HERE S ol

T-434

objective function and the concave envelope of cach term in the con-

straints of the problem SR(ge) over the rectangular polytope B .

In the next section we will discuss the formulation of a convex

overestimating problem CSR(g) of the problem SK(g).

3.3.3 Convex overestimating problem,

Let gj(xj) be a convex function which does not underestimate
fj(xj) , j=1,...,n , and Eij(xj) be a concave tunction which does not

overestimate gij(x ), j=1,...,n , i=1,...,m , over the interval Bj

3

Thus, for xj € B, ,

3

f- X, > f. X,
‘J( J) = J( J)
and

By, )

YA

gij(xj) , i=1l,...,m; 3=1,...,n .

Henceforth in discussion, Ej(xj) will be abbreviated as convex

"nuf" (nonunderestimating function) of the single variable function

fj(xj) , and gij(xj) will be abbreviated as concave "nof" (nonoveres-

timating function) of gij(xj) over the interval B, , i=1l,...,m ,

j=1,...,n .

Definition: Let us define the problem C§R(€) as follows:

n
minimize f{x) = Z f£.(x)
x En % j=1 ¥
subject to x € @ns) = § .
where
v = : g = g. . > i=1,... .
¢ X gi(X) jzl glj(xj) =j€i , i=1, u

It is easy to show that problem CSR(g) is a separable convex RHS problem
whose optimal value function underestimates the global optimal value

function of the problem SR(g).

- 16 -
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Thus, in order to formulate an overestimating convex problem

CSR(€) of the problem SR(€), one must calculate zonvex nuf, £j(xj) .
for each component of f(x) and concave nof, gij(xj) , for each compo-
nent of gi(x) , i=1,...,m , over the interval Bj . It must be noted

that convex nuf and concave nof of a given function, unlike its enve-
lopes, are not unique. Thus the overestimating problem CSR(e) of prob- j
lem SR(€) is not unique. For further treatment of convex nuf and con-

cave nof of single variable functions, reade:cs may refer to [11].

An important point to be noted here is that formulation of the
convex problems CSR(€) and CSR(g) enable one to calculate parametric ’
upper and lower bounds on the (global) optimal value function of the ;

separable nonconvex programming problem SR(€).

3.4 Algorithm for Calculation of Bounds on
the (Clobal) Optimal Value Function of
the Problem SR(E)

e

In the following an algorithm is presented for calculation of up-
per and lower bounds on the (global) optimal value function of the prob- 1

lem SR(c) as a function of each RHS parameter ei , where eie [Eil ’EiZ] .

Implicit in this algorithm is the assumption that the overestimating
problem CSR(€) has a nonempty interior, which is a basic requirement of

almost any nonlinear programming algorithm,

Algorithm 3.2:

Step 1: Calculate gj(xj) , a convex nuf for each fj(xj) s 31=1,...,n ,

and gij(x ) , a concave nof for each gij(xj) , i=1,...,m ,

3

j=1,...,n , in closed interval B, , and construct the corres-

]
ponding overestimating problem C§R(e).

Step 2: Solve the problem CSR(g) at €, = €4, and € =¢,, and ob-

tain g*(ei) at these values of € -

<17 -
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Step 3: Derive the equation for the line passing through the points

(ei = Eil . E*(Ci) = £*(Eil)) and (t':i = EiZ > 2*(61) = é

» ‘ g*(Eiz)) . This line provides a parametric upper bound f*(ei)

on the (global) optimal value function f*(Ei) of the problem

SR(c) as a function of €; over the interval [eil’ 612] .

Step 4: Calculate gj(xj) , the convex envelope for each fj(xj) .

i=l,...,n and éij(xj) , the concave envelope for each

gij(xj) , i=l,...,m , j=1,...,n in closed interval Bj , and

conrtruct the corresponding underestimating problem CSR(E).

e —————— A e o

> Lo =- & =- -
Step 5: Solve the problem C§R(€) at ei Eil and Ei €49 and ob

3 = *
tain g*(ei) and gi(ei) dg (ei)/dei at these values of Ei .

Step 6: Derive the equation for the tangent lines to f*(ei) at € =

Cil and Ci = 612 ,

‘ pi(ziz) derived in Step 5. These two lines over the interval

with respective slopes of ui(Eil) and

[Eil’ EiZ] jointly provide;a parametric lower bound E*(Ei)
on the (global) optimal value function f*(ei) of the problem

SR(e) as a function of ei R

The implicit assumption in Steps 5 and 6 of this algorithm is
that assumptions Al - A4 of Lemma 2.1 hold at the so}ution points when
ei takes values of Eil and 612 .

Before delving into the next section, we must point out that if
over- and underestimating problems with concave optimal value functions
could be formulated, then the algorithm above, with minor alterations,

can be used to calculate the desired bounds. In this instance Step 6,

when applied to the overestimating problem, will provide an upper bound .

TP T o)

(R g veey

PR =
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while Step 3, when applied to the underestimating problem, will provide

a lower bound on the optimal value function. For calculation of enve- 1
lopes, convex nuf and concave nof of single variable functions, readers
may refer to [11]. The entries in Table 1 summarize the concept of con-

vex nuf and concave nof for a variety of single variable functions. i

4. SENSUMT Input Specifications

The coding procedure for nonlinear programming problems for solu- L
tion, sensitivity analysis, and bound calculation using SENSUMT closely 1

follows the coding procedure for SUMT-Version 4 [13]. 1In order to code 1

a given problem for the above calculations, one must have (i) a user-

supplied subroutine, and (ii) user's information cards.

[~ SN

4.1 User-supplied Subroutines

User-supplied subroutines will generally consist of four sub-
routines called READIN, RESTNT, GRAD1 and MATRIX. These subroutines are
the only subroutines for SENSUMT that are problem dependent, The com-
municaticn between these subroutines and the rest of the subroutines of
SENSUMT is mostly through the COMMON blocks, but partly via their argu-
ments. Each of the user-supplied subr-utines must contain the double

precision card
IMPLICIT REAL*8(A-H,0-Z).
The subruutines RESTNT, GRAD1l, and MATRIX must contain the COMMON card
COMMON/SHARE/X(45), DEL(45), A(45,45), N, M, MN, NP1, NMl.

Also, depending on the problem being solved, the following COMMON card

may be required in some or all of the user subroutines:
COMMON/SEN/PAR(45), DPAR(45), NFAR, ISENS.

When bound analysis is desired, subroutine READIN must contain the COMMON

card

COMMON/ABG/LY, LZ, PER(45).

~ 19 -
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In the following section we discuss the purpose and coding procedure of
each of these user-supplied subroutines. The general description and

listing of the rest of the subroutines comprising SENSUMT will be given

in Seccion 6.

4.1.1 READIN

his subroutine allows the user to read ir the data which is
necessary for evaluation of the problem functiors and convey it, through
the COMMON blocks, to the related subroutines. The problem parameters
for which sensitivity and bound calculation are desired must also be de-
fined &nd initialized in this subroutine. The initial values of the
parameters must be placed in array PAR. The ccrresponding perturbation
values for bound calculation must be placed in array PER. NPAR in this
subroutine must be initialized to the total number of problem parameters
on which sensitivity is desired. WNotice that the presence of array PER
in this subroutine will trigger SENSUMT to calcuiate the desired bound
calculation. READIN may also be used to read in and print out any per-
tinent information of the user's choice, such as problem title, date,
and so on., This subroutine is called only once for each problem being
solved. For clarity, see Example 1 and its code in Figure 2. Any input
data read by subroutiné READIN must be placed immediately after the

first option card.

4.1.2 RESTNT (IN,VAL)

This subroutine is used to read in the nroblem functions. For

IN=0, set VAL=f(x) and for IN#0 set
VAL = g (x) , IN=1,2,....m

VAL = hIN(x) , IN=mtl,....ndp .

For clarity see Example 1 and Figure 2.
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4.1.3 GRAD1 (IN)
This subroutine is used to read in the gradients of the problem
functions. For IN=0 set

DEL(J) = f(x)/BxJ , J=1,2....,n

and for IN#0 set

og. . (x)/ox. , J=1,2,...,n
DEL(J) = { IN I

BhIN(x)/BkJ , J=1,2,...,n
For an illustration, see Example 1 and Figure 2.

SENSUMT can internally compute numerical approximations for some
or all of the gradients. To utilize this option, instead of coding the

gradients code the statements

CALL DIFF1(IN)
RETURN

for any desired value of the variable IN (the index of the problem func-
tions, with IN=0 corresponding to the objective function f(x) ). Be-
cause of the computational effort involved in numerical differencing,

this option may be prohibitive for large problems.

4.1.4 MATRIX (IN,K)

This subroutine reads in the upper triangle and diagonal elemente

of the Hessian matrix of the problem functions. For IN=0, set
A1) = A£G /ax 0x; , I=1,2,...,05 J=1,2,...,0; and T < J .
For IN#¥0 set

2
3 gIN(x)/BxIBxJ , IN=1.2 ... m

2 ’
P hIN(x)/BxIBxJ , IN=mtl,...,p

A(1,J) =

where 1=1,2,...,n; J=1,2,...,n; and I < J . Before tha call is made to

this subroutine, all entries of the matrix A(I,J) are set to zero.

- 22 -
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The second argument K of the subroutine MATRIX is provided so
that th> user may communicate to SENSUMT that the Hessian of a problem
function is identically zero. Set K=1 1if the second partial deriva-
tives of the INth constraint are zero (IN=0 corresponds to the objective

function). For an illustration, see Example 1 and Figure 2,

SENSUMT can internally compute numerical approximations for some
or all of the Hessian matrices. To utilize this option, instead of

coding the Hessian matrices, code the statements

CALL DIFF2(IN)
RETURN

for any desired value of the variable IN (the index of the problem func-
tion, with IN=0 designating the objective function). 4dlthough this op-
tiom can be used in calculating an optimal sclution, the current sensi-
tivity routines require explicit coding of the closed form of the Hes-
sian matrices. Thus, this option cannot be used for sensitivity and
bound calculations. Again, because of the computational effort involved
in numerical differencing, use of this option is not advised for large

problems.

4,2 User's Information Cards

The other inputs required by SENSUMT are the user's information
cards, i.e.,

* PARAMETER CARD

» INITIAL VECTOR CARD(S)
* FIRST OPTION CARD
TOLERANCE CARD

SECOND OPTION CARD.

In the following we specify the type of information, along with the cor-
responding format, name, and description, which must be provided by the
user to SENSUMT via the above cards. All of this information is read by
the program MAIN, which sets up the SENSUMT algorithm to solve and
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analyze the problem under study. Tables 2, 3, and 4, which follow, are
taken from [13].

4,2.1 Parameter card.

Input specifications of the parameter card are shown in Table 2.

TABLE 2

PARAMETER CARD

o= s STERs mps oow m s segpmms o mmerm—y sozmT T

Columns Format Name Use

01-12 El2.0 EPSI (¢) Tolerance used to decide if an un-
constrained minimum has been
achieved for e¢ach subproblem [see
Option 9]

13-24 E12.0 RHAIN (rl) Possible initial value of r (often
set at 1.0) i(see Option 1]

25-36 E12.0 THETAQ (60) Tolerance used tc decide if the
solution to the NLP problem P(c)
has been approximated [see Option .
5] ]
37-48 E12.0 RATI® (c) Parameter (>1) used to compute
consecutive values of r; Tipg =
ri/c (often set at 16.0)

49-60 E12.0 TMMAX Maximum amount of time for solving
problem (in seconds)
61-64 14 M Number (integer) of nontrivial

constraints [see Cption 2]
(MMZ) < 200%

65-68 14 N Number (integer) of variables, N <
45

69-72 14 MZ Number (integer) of equality con-
straints

*The limits on M+MZ and N are governed by the size of the arrays in
SENSUMT.

4.2.2 1Initial vector card(s).

The cards designating the initial starting point immediately fol-
low the parameter card. There are six components per card, requiring .

n/6 cards for the initial vector. Each card has the format 6E12.6

- 24 - ]
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4,2,3 Tirst option card.

The input specifications for the first option card are shown in
Table 3. This card must immediately follow the user-supplied subrou-

tines.

4,2.4 Tolerance card.

The input specifications for the tolerance card are given in

Table 4., This card must immediately follow the first option card.

4.2,5 Second option card.

The input specifications for the second option card, which im-

mediately follows the tolerance card, are given in Table 5.

Figure 1 shows the arrangement of the data together with JOB and

JCL cards in a coded deck.




TABLE 3

FIRST OPTION CARD

J!
i

Column

Value

Meaning

1
(normally
set to 3)

3
(normally
set to 1)

4
(normally
set to 1)

14

21

28

The value for r is made by finding
an approximate solution
min{[Vw(xo,r)[Vzw(xo,r)]_lvw(xo,r)]
which is a gcod approximation only
when x° is close to the boundary
(i.e., for some i, gj(x) is close to
zero) or when V2f(x°)=0 and when
MZ=0.

r, is given by formula 8.65 [10, p.
191] (can only be used when MZ2=0).
r, = RHPIN (see parameter card).

The requirements (trivial con-
straints) that x4 > 0 for i=1,...,n
are to be automatically included in
the problem.

The only constraints on the problem
are those inputted by the user.

Standard printout (this includes a
call to OUTPUT after the solution of
every subproblem). Also the esti-
mates of the "Lagrange multipliers"
and first and second order solution
estimates are printed.

For additional printout (includes
standard printout and every interme-
diate point, gradient of P and the
vector S).

Final convergence is determined on
the basis of current solution to the
subproblem.

Final convergence is determined on
the basis of the first order esti-
mates. The first order estimate of
the solution vector must be close to
feasible. See below.

Final convergence is determined on
the basis of the second order esti-
mates. The second order estimate of
the solution vector must be close to
feasible before the convergence
check is made. If X is a solution

- 26 -
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Option

Column

Value

Meaning

. , e s

5
(normally
set to 1)
(see (10,
p- 195])

6
(normally
set to 1)

7
(normally
set to 1)

35

42

49

56

63

1 1
w N =

estimate it is ccnsiaered close to
being feasibl: if gi(i) + 6¢ > 0,
i=1,2,...,m, where 6, is defined on
the parameter card.

The convergence criterion determin~
ing the NLP psoblem has been solved
(only use =1, when NT4#1).

G - f{x(Tk)]
JECORTRIGH)

Quit when |r Z?=l Rngj[x(rk)]] < 8,

Quit when
first order estimate of Vv, _ 1
G[X(rk)9U(rk)sA(rk)]

Quit when < By

< 60

After final convergence the program
reads in new data and solves the
next problem.

After final couvergence has been de-
termined a call to PUNCH is made be-
fore proceeding on to the next prob-
lem,

First move after a minimum to a sub-
problem is achieved

No extrapolation.

Extrapolate through last two minima,
Extrapolate through last three mini-
ma.

Not used.

Subproblem convergence criterion, or
when to stop minimizing P function
for fixed value of r (see parameter
card).
Quit when ) \
[VXWT(xl,r) ésgfgigl] Vw(xt,r) | < e.
Quit when J
[v. wT (x1 r)[éiﬂiflfl] 1V wixi, |

X ’ axiaxj X >
wedh - wedy

< 5

- 27 -
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Table 3--continued
FmETEE R Emer pE : mr s P S memme Lm g n T I S ammeemeriem i DT mEw T i e s w Seeems.m
Option Column Value Meaning
=3 Quit when |7 W(xi,r)| <€
102 70 =1 At least one aonlinear constraint
=2 Linear constraints
=3 Linear constraints and linear objcc-
tive function (i.e., a linear pro-
gramming problem)
_

hen option 10=3, MATRIX (the user subroutine supplying the second
partial derivatives) will not be called, and when option 10=2 it will
be called only to get the second partials of f(x).

TABLE 4

TOLERANCE CARD

Name

Description

13-24

E12.6

- XEP1

XEP2

If some first or second derivatives are
to be gotten by numerical differencing
(see addition option card) this is the
value used to compute them. See the
description of DIFFl. (Usually setting
XEP1l equal to .0001 is satisfactory,
although a good value is dependent on
the scaling of the problem.)

When minimizing tne W function for a
given value of r (RHP) the value of W
must decrease by an amount exceeding
XEP2 for each iteration after the
first., 1If it does not, then the code
prints out the message "apparently
roundoff errors prevent a more accurate
determination of the minimum of this
subproblem,”" and it is assumed a mini-
mum has been found. (Usually we set
XEP2 equal to 0.)

e
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4 : TABLE 5

SECOND OPTION CARD

Option Column Value Meaning

I
{
Y
i
i
fi
|
"
i
]
!
li
|
if
!
i
!
[l
|
[
i
i
{
i
il
|
bl
i
!
I
|
i
1
A

1 7 =1 Solve problems without checking de-
(normally rivatives
| set to 4) =2 Solve problem atter checking only
first derivatives
‘ =3 Do not solve rroblem after checking
only first derivatives
=4 Solve problem after checking first
and second derivatives
=5 Do not solve problem after checking
first and second derivatives

2 14 =1 The method for minimizing the uncon-
strained penalty function is to be
the generalized Newton-Raphson meth-
od as modified tc handle indefinite
Hessian matrices. This method re-
quires functic values, first and
second derivatives.

=2 Same as 1, except that when an "or-
thogonal move'" is made because of an
f indefinite Hessian matrix, -VP is
added to the ovthogonal move vector.
=3 Steepest descent is used to minimize
P-function.

=4 The method for minimizing the uncon-
strained penalty function is McCor-
mick's modification of the Fletcher-
Powell method us reported in [10].
This requires function values and
first derivatives.

3 21 =0 Do not conduct a sensitivity analy-
sis.

x =1 Conduct a sensitivity analysis at

| the final subproblem with a fixed

2 value for the differencing interval.
=2 Conduct a sensitivity analysis at
each subproblem along the minimizing
trajectory with the value of the
differencing interval depending on
the particular subproblem.

=3 Conduct a sensitivity analysis at
the final subproblem for a range of
differencing intervals.

’ - 29 -
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Table 5--continued
Column Value Meaning ;
28 =0 Do not estimate the partial deriva- i
tives of the estimates of the La- :
grange multipliers. 3

=1 Estimate the partial derivatives of -
the estimates c¢f the Lagrange multi-
pliers whenever a sensitivity analy-
sis of the sulution point is con-
ducted.

35 =0 Estimate the nartial derivatives of
the optimal value function and elim-~
inate those parameters which do not

affect the op~imal value functions Ié

from subsequeiit sensitivity calcula-~ :

tions. 3
=1 Estimate the partial derivatives of

the optimal value function with re- J

spéct to all parameters, but contin~
ue all subsequent sensitivity calcu-
lations with respect to all param-
eters,

=2 Do not estimate the partial deriva-
tives of the optimal value function
first. Conduct the sensitivity
analysis with respect to all param-

eters.
42 =0 Do not transform the results.
=1 The problem being solved, P(x), is a

convex equivalent of a geometric-
programming problem G(t) obtained by
transformation ¢ = e™¥i, Thus back
transform the results to t space.

49 =] f*(e) is convex. Derive parametric

upper and lower bounds on f*(c).

=2 f*(e) is conve:i. Derive parametric

: upper bound on f*(g).

=3 f*{e) is convex. Derive parametric
lower bound on f*(g).

=4 f*(e) is concave. Derive parametric
upper and lower bounds on f*(€g).

=5 f*(e) is concave. Derive parametric
upper bound on f*(g).

=6 f*(g) is concave. Derive parametric

lower bound on f*(g). . ‘

- 30 -




*LANSNAS 103 3aniodonils }O3p eieq-~°T axndig

T-434

aQivd gor (®)

V) 1r v (9

SANIIGO¥ANS ¥dAsn (D)
NIQVHY °

(NI)Tavio °

- e an - an = w ————

(JA“NI)XTIIVK °

s@avo 10f  (P)

- 31 -

/// Qv YALIRVEVd  (9)

(S)@IVD ¥OIDIA 'IVILINI (3)

/// @gvd NOILdO 1S¥Td (8)
*spaed ,
@IVD FONVHETIOL () 10r @Yyl BFA (3198 BIBD B UT papeOT “
2I® YOTyMm) SaUTINOIqNS IWNSNIS Vi
Qivd NO1I1dOo anooas (T1) 3yl JO 3s31 8yl YI[M PIYUI] oI®

S2UTINOIQNS 138N dYJ IBY) SIWNSSE
@vo ana  (F) jusmaduelie }O9p eIBP STYL :FION




T-434

5. Coded Examples and Input/Output Illustratiouns

In this section we provide the input liscing and output descrip-

tion of two illustrative examples which are taken from {11].

5.1 Example 1
Consider the following convex RHS progremming problem:

minimize f(x) = (x1-4)2 + (x2-2)2

subject to gl(x) -xi + X, 2 €

[
|
»
[

gz(x) = X, 2 €

~ <9 ¢
It is desired to solve and analyze this problem for sensitivity

when €, =0 and ¢

1 = -3 . Moreover, it is desired to derive paramet-

2

ric upper and lower bounds on the optimal value function of this problem

when

(i) -1 <e, <0 while €, = -3 , and

1

(ii) -3 <€, < -1 while € =0 .

2 1

5.1.1 Computer listing of the code deck. ‘

Figure 2 shows the computer listing of the code of Example 1.
The letters in circles categorizing the input data correspond to those
indicated in the code deck structure depicted in Figure 1. The format

of the listed data is given in Section 4.

5.1.2 Selected pages from the computer output.

Figure 3 lists an annotated computer output for Example 1. An

explanation of the meaning of the corresponding steps follows.
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LG

o

()
IMPLICIT REAL#8(A~H,(~2)
COMMON/SEN/PAR(45) ,DPAR( 45) ,NPAR, ISENS
COMMUN/ABG/LY,LZ,PER(45)
NPAR=2
PAR(1] =0,
PAR(2}e-3,0
PER() }»=},
PER(2)=2,
RETURN

““"SHBM'DT{E'&EQM’TI'NVKLT'-"--"'"---""-‘_"—-"'"
IMPLICIT REAL*8(A=H,0-2)
COMMON/SHARE/X(45) ,DEL(45), A(45,45),N “,HN NP1 M
COMMON/SEN/PAR(45) , DPAR(45) NPAR, ISENS
COMMON/ABG/LY,LZ,PER(45)
I=INel

~ GO To (20,1,2),1

20 VALS(X(1)=4,)#w#2¢(X(2)=2,)#*2

RETURN

1 VAL==X(])re24¢X(2)=PAR(])
RETURN

2 VAL==X(1)=X(2)-PAR(2)
RETURN

_—--m -— AN GEED SHED e GER, oUe GENS Ganb TEND GERD SN SN ——
Shame sworm ————————-
IMPLICIT REAL#8(A=H,0~2)
COMMON/SHARE/X (45) , DEL (45) , A(45,45) N, 4 N NPT N1
COMMON/SEN/ PAR(45) , DPAR( 45) , NPAR. ISENS
J=IN+)
DO 5 I=I N
DEL(1)=0,0
5 CONTINUE
GO TO (204142)4J
20 DELC1)=m2,%(X())=4,)
DEL(2)=2.#(X(2)=2.)
RETURN
) DEL(1)=s=2,#X(1)
DEL(2)=1,.C
RETURN
2 DEL{())w=1,D
DEL(2)=»=),0
RETURN
ED o s e e e e e e
SUBROUT INE MATRIXCIN,K)
IMPLICIT REAL#8(A-H,0~2)
COMMUN/SHARE/X(45) ,DEL(45), A(45,45) N, MMN, NP ,NM]
COMMON/SEN/PAR(45) ,DPAR( 45) ,NPAR,, ISENS
L=INe) .
GO TU €20,1,2),L
20 A(1,1)=2,0
Al1,2)m0,
A(2,2)=2.0
RETURN
I OACT,1)m=2,0
A(1,2)=0, .
AL2,2)=0,
RETURN
2 K=l
RETURN

e e ———— . ——— e ——
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ME!.LFELHJ Job_card
. ‘ /7 EX ORG | A JCL C.sd

User subroutines

Subroutine RSTNT (IN,VAL) |Subroutine READIN

!
|
!

Subroutine GRAD (IN)

Subyoutine MATRIX (IN,K)

77 EXEC F()RGO&DFF(IWWMI «BNUNDS457 ( PROG=MA IN

7/G0.SYSLIB
/7

[
// DD DSN=GWNU,FORTLIB,DISP=SHR
//Gu,SYSLIN DD

@ JCL cerds

7/ DD DSN=&TEMPUNCH,DISP=(OLD,DELETE) v
0T ' T 003 %R ;[0S N
] ] ] ] ] ]
‘____o_,_] =t 1 ] T 0 1

Firat option ca

card
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OQutput for solution of the unperturbed problem, i.e., € = o,
€, = -3 (Step 1 of Algorithm 3.1).
Printout of parameter card data.
Printout of first option card data.
Printout of tolerance card data.

Printout of second option card data.

Elapsed time since the start of the problem. (This information
is no* accurate. Subroutine TIMEC, which monitors the elapsed

time, has to be modified.)

Initial starting point xO and corresponding problem fynction

values.

Feasibility of xU is verified. Note that if x° is not
feasible, then SENSUMT invokes the subroutines FEAS and BODY to
find a feasible starting point.

The solution to the first subproblem. Program took four inverse

prodvct moves to minimize W for

RHP = 10,(r=10)

2 -1
DITT = ¥ Wix(r)]" [a—a‘;’}-"a—i’—)l] v Wix(r)] < 1077
i77j
MAGNITUDE = ||VxW[x(r)]l| (the magnitude oi the gradient of W)
F = £x(r)] (the value of the objective function)
M+MZ 2
W= flx(r)] - r Xj=1 n gj[x(r)] + ) [hj[x(r)]] / r
§=M+1

(the value of the P-function)
Note: The W-function coded in SENSUMT differs from that
given in (2.6) in the last term by a factor of 2.
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M
-r Z n gj[x(r)] (note that this may be negative)

RESIGCMA =
j=1
M+MZ 2
H= ] hj[x(r)]/r
j=M+1
G = dual value = f[x(r)] - r*M + 2.#H

(in a convex problem F > v* > G)
where the current value of x 1is x(r) and the current con-

straint values are gl[(r)] and g2[x(r)] .

Values of F, W (designated by P in the computer output), G,
RSIGMA, and x are repeated. Current constraint values (i.e.,

uy and wj) are r/gj , J=1,M , and Zn (x)/r , j=M+1,M¥MZ.

Note: Since Example 1 has no equality constraint, the entries

relating to h, in 8 and 9 are zero.

3

The solution to the second subproblem (r = 10/4 = 2.5).

The current first order estimates of x (obtained by first
order estrapolation, using the solution of the first and second

subproblems) and the corresponding problem functions.
The solution to the third subproblem (r = 2.5/4 = .625).

The current second order estimates of x (obtained by second
order extrapolation using solutions of the first, second, and

third subproblems) and the corresponding problem functionsf
The solution to the fourth subproblem.

The solution to the fifth subproblem.

The solution to the sixth subproblem.

The solution to the seventh subproblem.

The solution to the eighth subproblem.

The solution to the ninth subproblem.

The solution to the tenth subproblem.
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The solution to the eleventh subproblem.

The solution to the twelvth (final) subproblem.

The general information about the sensitivity analysis including
the value of r , the estimated final solution point and the

parameter values and associated differencing intervals.

Estimates of the sensitivity of the optimal value function ob-
tained by taking the gradient of the Lagrangian with respect to
the parameters as described in Step 9 of Algorithm 2.1.

The parameters for which detailed sensitivity results follow.
Here it is both parameters since the optimal value function is

sensitive to both.

Estimates of the partial derivatives of the solution point taken )

with respect to parameter one as in Steps 1-3 of Algorithm 2.1.

Estimates of the partial derivatives of the Lagrange multipliers
taken with respect to parameter one as in Step 5 of Algorithm
2,1,

Estimate of the partial derivative of the optimal value function
takep with respect to parameter one and cbtained by using the

chain rule as in Step 8 of Algorithm 2.1.

Same as s @ , and but with respect to parameter two.

Output for solution of the first perturbed problem, i.e., € =

-1, €, = ~3 (Step 2 of Algorithm 3.1).

Printout of the input data and subproblem solutions for the

first perturbed problem.

Printout of the final subproblem for the first perturbed problem.

Same as (:) but for the first perturbed protlem.

ik ks .

200 © :|® ® ® ® © ©® 000

Same as @ but for the first perburbed problem.

Pl
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Output for optimal value function bounds as a function of first

parameter (Steps 3 and 4 of Algorithm 3.1).

(f*(e ),€ ) of the unperturbed and first perturbed problems

|see @ @, and @ @ respectively].

Equations of parametric upper bound on f*(sl) .

Equations of parametric lower bounds or. f*(el) .

Maximum of these equations over the range of -1 < El < 0 pro-

vides a lower bound on f*(el) .

® 900 ® (|

Equation of a quadratic estimate of f*(El) [see the descrip-
tion of subroutine BOUND in Section 6 fcr the method of deriving
this equation].

®

Value of bounds and the quadratic estimate of f*(el) at eleven
equidistant points over the perturbation range of the first

parameter Cl .

Output for solution of the second perturbed problem, i.e., € =

1
0,¢,= -1 (Step 2 of Algorithm 3.1).

d

Description of the output for the second perturbed problem is
similar to that of the first perturbed problem, i.e., - @ .

[:::] Output for optimal value function bounds as a function of the
second parameter (Steps 3 and 4 of Algorlthi 3.1).

The description here again closely parallels that of the first

parameter, i.e., @ - .

The graphical depiction of the bounds derived for f*(g) as a

function of €5 together with a plot of the analytical solution and

quadratic estimates of f*(g) at different values of 82 is in Figure

4,
- 50 -
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15 +
Legend
o f*(ez) analytical solution and |
1 quadratic estimate coincide B

|
1
!
1 ’ 5 $ ¢ } 4
; 3 > ' :EA, 2
Figure 4.--Graph of bounds on f*(ez) of Example 1 (computer solution).
5.2 Example 2
x X
Minimize £(x) = xi + .5¢ % - .125x§ + .25(x4-40)2 - le’
1 k xl,...,xs
; 2 *3 2
£ = - - - -
§ Subject to gl(x) .5x1 + 6x2 Se .05x4 .S/x5 2 €
. *1 2
; i gz(x) = -Se - 2x2 + 3x3 + %4 + 3x5 > =12
1y X
g é g,(x) = x, + x, - x, + v, - x2 > 2
# ] ' 3 1 2 3 4 5 =
0325, Ogxg25, 0<x <=, §=1,2,4 .
3 - 51 -
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' It is desired to calculate bounds on f*(el) nf this problem for
- €, € [-10,5] .

(i) Problem SR(t).
* Standard format:
. X
f Min Zf(x)=x+5e2-.125xg
) XiseessXg i=1

+ .25(x4—40)2 - .le

l
Pj S.t. x € GMN B , where .
’ C = {X H 81(’();81 ’ 82(X)=>=-12 ’ gq(x)iz} » -IO;EIiS
l

and
‘ {0<x355,0;x5;5,0;xi§w, i=1,2,4}
-.) (iZ) Problem CER(e), (convex overestimating problem of SR(e)).
',! ¢ Problem formulation:
|
! £ (x3) = -3.125x3 + 6.014

f (XS) = —2.948x5 + 7.027

ff Remaining terms are identical to those of problem SR(€); :
thus problem CSR(E) reads 1

2 X2 2
Min f(x) = x) + .5¢ © - 3.125x3 + .25(xa—40)
X seees¥g
- 2.948x5 -+ 13.041
] S.t ¢N <
.t. x € B, -105¢,55,
where &d=¢ .

Note: f (x3) and gs(xs) were chosen here to be the

Bk et L
)

lowest nonunderestimating lines parallel to the convex ¢

envelopes of f3(x3) and fs(xs) , respectively.
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(i21) Problem CSR(c), (convex underestimating problem).

* Problem formulation:

£3(xy) = -3.125x,

f (x -2.948x

5) 5

Remaining terms are identical to those of problem SR(€);

thus problem CSR(e) reads

: 2 *2 2
yl Min f(x) = x] + .5e © - 3.12x3 + .25(x4—40)
‘ X seeesXg
g. - 2.948x5 - .1
F ~
H S.t. xe8NB, -105€ <5
i 1
where G =G.

4 The computer listing of the code for problem CSR(e) is
[‘ shown in Figure 5. The listing of the code for C§R(e)
i is identical to that of the problem CSR(g) except for

the constant term in the objective function, which is

| , + 13.041 , rather than - .1 .

(iv) Bounds.

Figures 6 and 7 depict the calculated upper and lower
bounds via the analysis of the prnblems C§R(C) and

CSR(c), respectively. These results are summarized

below.
Upper bound:

?*(el) = 4.825c, + 136.628 .

1

Lower bound:

f*(el) = max[l.880€1 + 94,032 , 5.46661 + 120.284] .

The graphical depiction of these bounds is in Figure 8.
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r

b JaGHAEM] T=2 L=2

/7 EXEC FORG)

SUBROUTINE READIN

3 IMBLICIT REAL*8(A-H,0=Z) ]

COMMUN/SENZPAR(45) , DPAR(45) , IPAR, ISEVS

: COMMUNZABG/LY,LZ,PER(45)

] NP AR=3

| PAR(1)=5,

L PAR(2)==12.

; PAR(3)32,

fo PER(1)==15,

o RETURN

» END

SUBROUTINE RESTNTCIN,VAL)

' IVPLICIT REAL*B(A-,0~2)

’ COYWMUN/SHARE/ZX (45) \DEL(45), A(45,45) N, % &N, NPT  NY|
COUMMON/SEN/PAR( 45) ,DDAR(45) , NPAR, ISEHS
COMMON/ABG/LY,LZ ,PER(45)

[=IN+)
GO TO (20414243,4,5),1
20 VAL=X (1) %42+ S#DEXP(X(2))~3, 1254X(3)+.25%( X(4)~40, ) #+2
* =2.948%X(5)+113,04] 1
RETURN -
| VALZ=,5%X( 1 ) ##246.#X(2)=5.#DEXP(X(3))=.N5*X( 4) +#2~,5/X(5)
{ * —PARC 1) .
| RETURN i

il ol

A -

X 2 VAL==5,%DEXP(=X(1))=2,%#X(2) ##243,4#X (314X (4)+3 %X (5)=DAR(2)
‘ RETURN 1
= 3 VALS3.#X(1)4X(2)=X{3)##24X(4)=-X(5) #+>-PAR(3)
\ E TURN
. 4 VAL==X(3)45, :
E. : QETURN
o 5  VALa=X(5)45, .
FETURN
END
! SU3ROUTINE GRADICIN)
; {MPLICIT REAL#*8(A~H,0-2) .
- COMMON/SHARE/ZX(45) ,DEL(45), A(45,45),N, ' 4N NP, M1
COMMON/SEN/PAR(45) , DPAD(45) , \IPAR, ISE"'S
| J=IN+1
1 DO 15 I=1,N
B DEL(1)=0,0
o 15 CONTINUE
- GO TO (20,142,3,4,5),J
40 DELCI)=2,#X(1)
DEL(2)=,5#DEXP(X(2))
DEL(3)==3,125 ]
DEL(4)=,5#(X(4)=-40.)
DEL(5)==2.948
RETURN
I DELCI ==, %X(1)
' DEL(2)=6,
DEL(3)==5.#DEXP(X(3))
BEL(A)==, 14X (4)
DEL(B)=.5/X(5) %%
RETUKN
DEL(1)=5,#DEXP(=X( 1)
DET(2)==a, #X(2)
WL()=3,
ERVINTS
I (=3,

e

Figure 5.--Computer listing of the code for the convex
overestimating problem of Example 2,
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RE TURN

3 DEL(1)Y=R,
DEL(2)=1.
DEL(3)==2.%X(3)
DEL(4)=1,
DEL(5)==2,#X ()
RETURN

4 DEL(3)=-1,
RETURN

5 DEL(S)=-~1,
RETURN
END

SUSBROUTINE MATRIXCIN,X)
IMPLICIT REAL*8(A~H,0-2)
COMON/SHARE/ZX(45) ,DEL(45), A(45,45) /N, U ,MN NP N4
CHUYMON/SEN/PAR(45) ,DPAR(45) ,NPAR, ISENS
L=IN+I
GO TO (20,1,2,3,4,4),L
20 ACl,1)=2,
A(2,2)=.5%DEXP(X(2))
Al4,4)=,5
RETURN
! A1, 1)==~1,
A(3,3)==5,%DEXP(X(3))
A(4,4)=~1
A(S,5)E=1./X(5)*%3
RETURN
2 AC1,1)==5,%DEXP(=X(1))
A(2,2)=~4,
RE TURN
3 A(3,3)==2,
A(5,5)=~2,
RETURN
4 K=
RETURN
E.NO
/77 iXEC FORG6,DSN=2(Q799A61 ,80UNNS457 ,PROG=MATY
/7/7G0,5YSLIB 1D
V4 .0}
/7 DN DSN=GWU.FORTLIB,DISP=5HR
/77G0.,SYSLIN DD
/77 DD D3N=RTEMPUNCH,NDISP=(OLD,NELETE)
//7EL0TF01 DD SYSOUT=A

1,0k -08 10.0 1. 0E-04 4.0 900.0 5 5 0
3. 3. 4, . 4,
3 ! 1 ! ! } ! 1 1
0.1E=-VU8B 7.0001
| 4 } | l 0 2

//

Figure 5.--continued
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UPTIMAL VALUL FUNLTLUN BUJNUS WHEN PARL 1) 1S PFRTURBED
ERBEEBESLLRIR AL EEESIB AR RACRRR ISP EEERRR LSS ESXESES SO0 E

PULRT 1 (UHPLRTURBEDY SOLUTIOND @
PARL 1) = 030000009 01 FIPARL 1))= 0.16575410 03

PELT ¢ (PERTYLED SULUTIUN) @

PALEC 1)) = =91 0090u)) 02 FIPARL 1)= D.ABI13771) 02

Chao Pass e TriRduGH BOENTS 1 Al 2 AND DVER ESTIMSTING F2

e #325394D Q1 * JARC L) + 0e1366277) 03

b D ) 1 VALJATEGI AT TEN EQUIUTSTANGCE PUINTS BETWEEN PUINTS 1 AND 2

R e e R e Rt 2 I R T T F R R E R T F T P )

PRI LJAER BOUND UPPER BOUND QUAD ESTIMATE
) G400 U.1607547) 03
‘ 1,500 0.1535'640 03
: IS NV] 0.14627R85D 03
.50 113934340 03 i
“1o0m 9.131%023 03
. | ~2er ) 2.1245¢43) 03 "
- s 0D Jell732621) 03
| Y J.11003810 03
100 1410233000 03
| SRR 0.9561}'670 02
i “le)i) Ve38375770 02
{
, . Figure 6.--Parametric upper bound on f*(g,) via problem CSR(g),
! Example 2 (computer solution).
+
i
|
P i
i
4
3
.
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!
CPTLIAL VALK FUNCTION BOUNQS wHEN PARL 1) IS PERTURBED
CERFEHIRAARELEEABRIBRCRERIRTERRABRRBEEREEIF KA G IR OIS S S

! PIIT ) LUNPLUTURRLD SHLUT HUN) 3
FUPARE 1)) = 0.1470137190 03

T heas ol

| PAR( 1= 1. 5UU0UUID AL
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Figure 7.--Parametric lower bound on f*(el) via problem CSR(t),
Example 2 (computer solution). b
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Figure 8.--Parametric bounds on f*(g) , Example 2 ’ -

(computer solution).
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6. General Description and Listing of the

SENSUMT Subroutines

The subroutines comprising SENSUMT fall into four categories:

(i) user subroutines,

(1i) SUMT subroutines,

(ii1) sensitivity

subroutines, and

(iv) bound subroutines.

As mentioned before, user subroutines are generally composed of

four subroutines, i.e., READIN, RSTNT, GRAD1, and MATRIX. These subrou-

tines respectively provide pertinent information about the problem,

functions of the problem,

their gradients and Hessian matrices. A de-

tailed description of these subroutines, together with the corresponding

codes for Examples 1 and 2, were given in Section 4 and Figures 2 and 5.

SUMT subroutines implement the Sequential Unconstrained Minimiza-

tion Technique of Fiacco and McCormick [10]. Tke subroutines, along with

program MAIN, comprising this group are:

With the exception

B@DY + @UTPUT
CHCKER + PEVALU
C@NVRG + PUNCH
DIFF1 » REJECT
DIFF2 + RH@COM
ESTIM + SEC@ND
EVALU » SEC¢RD
FEAS + SET
FINAL + ST@RE
GRAD « TCHECK
INVERS + TIMEC
MAIN « TRANS
@PT + XM@VE

of the subroutine TRANS, the above routines

have been developed by Mylander, Holmes, and McCormick [13]. Some of
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these routines, in particular program MAIN and subroutines B@DY and
PUTPUT, have been modified for implementing sencsitivity and bound calcu-
lation routines. Subroutine TRANS was recently developed to aid the
user when analyzing a convex equivalent of geometric programming prob-
lems by SENSUMT. See page 104 for a more detailed description of this

subroutina,

Sensitivity subroutines implement the sensitivity analysis Algo-
rithm 2.1 and interface it with the SUMT subroutines. A brief history
of the development of these subroutines was given in Section 1. The
latest version of the codes comprising this group, due to Armacost [1],
are subroutines SENS, PARDIF, LMULT, and PRESEN. Subroutines SENS and
PRESEN have been slightly modified in implementing the bound calculation

routines.

Bound subroutines, developed in [1l1], implement the bound calcu-
lation Algorithms 3.1 and 3.2 given in Section 3. The two subroutines

in this group are BOUND and PERT.

All of the subroutines comprising SENSUMT are dimensioned to
solve problems having at most 45 variables, 45 parameters, and 200 con-
straints. However, if the computer capacity perunits, they may readily
be re-dimensioned to solve problems of larger size., All of these sub-
routines are separately filed in the Conversational Monitor System (CMS)
component of the IBM Virtual Machine facility 37C (VM/370) at The CGeorge
Washington University Center for Academic and Adniinistrative Computing

under their corresponding names.

To make this manual self-contained, the computer listing and a
general description of each subroutine is provided (in alphabetical
order by name). The descriptions of the SUMT subroutines are largely
taken from [13], and those of the sensitivity subroutines are taken
from [1]. The user subroutines are problem-deperndent, thus they are in-
cluded in the following listings. For familiarity with the user subrou-
tines, the reader should refer to the coding of Examples 1 and 2 pro-

vided in Figures 2 and 5, respectively.
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6.1 B@DY

Subroutine BPDY coordinates the flow among the subroutines that
actually do the calculations required by the various phases of the al-
gorithm. The flow in this routine is slightly different when the pro-
gram is in the feasibility phase (solving the entry problem) rather than
the normal phase (solving the stated NLP problem). The listing appears

as Figure 9.

6.2 B@UND

The subroutine BPUND, called by the program MAIN, generates the
equations for the upper and lower bounds of the optimal value function
as functions of the problem parameters. When analyzing a problem which
is known to have a convex or concave optimal value function, B@UND also
derives the equation for a quadratic function which approximates the
optimal value function. If f*(e) 1is convex (concave), it corresponds
to the higher (lower) of the two quadratic functions, in the perturba-
tion range of the parameter of interest, which passes through the two
calculated points in £*(g),€ space and has the calculated slope at
each of these points. Evaluation and printout of this quadratic func-
tion (when applicable), and the upper and/or lower bound at eleven equi-
distant points over the perturbation range of the parameters of interest
are also programmed in subroutine B@UND. The listing appears as Figure
10.

6.3 CHCKER

Subroutine CHCKER evaluates the first partial derivatives for all
the functions at the starting point first by calling the user-supplied
subroutine GRAD1 and then by calling DIFFl., The results are printed out
to aid the user in debugging the subroutines used to describe the NLP

problem he wishes to solve.

The matrix of second partial derivatives »f each function is also

evaluated by the two methods; first by calling MATRIX and then calling

O g g e oar -
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FORTRAN IV G LFVFL 21 800Y DATE = 80240 10705754
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