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A Functionally Expanded Computer Program
For Computing Machine-Dependent Constants

lmmduciion

In a previous paper [1], a computer program was discussed that can be used
(independently of any computer vendor claims) as a benchmark to reveal floating-
point arithmetic characteristics of a binary device computer having a power of 2
base, B(= 2%, k a positive integer), and in transporting mathematical computer
software that depend on the machine’s relative accuracy (computer unit roundoff
error) and/or arithmetic range from one computer to another. Furthermore, since
the relative accuracy depends on the minimum (effective) number of significant bits
in the mantissa (fraction) of a floating-point number and the roundoff property of
the computer arithmetic, the program also computed the effective number of bits in
the mantissa and whether the arithmetic rounds or chops. However, the computer
arithmetic’s base B and the number of base B digits in the mantissa of a floating-
point number were not computed.

In this report, we present an updated program that computes the base B from
the unit roundoff error. The new program also computes the number of base B
digits in the mantissa of a floating-point number and the number of bits, namely k,
in a base B digit. The updated program calculates the page length of virtual memory
computer systems that organize data in virtual memory as the VAX 11,780 does. In
order to enhance the program’s transportability between computer systems, ad-
justments have been made to the program code and the algorithm for computing the
largest floating-point base B computer number.

Theory and Algorithms
Preliminaries

If s is a non-zero, base B. floating-point, t-digit computer number, w¢ assume
its representation is

+ Bef, -p<e<P

bb,...b, bE{0,1,2,...,B-1}, b, #0, (1)

w
]

-
]

where B is a positive integer power of 2, namely 2%, e is in a certain integer range
with both p and P positive integers greater than t, and the value of f is given by

{
f=2 b/Bi. )

i=1

In other words, < is a real number that can be expressed as a normailized (b, #0) base
B number using at most t digits. In particular, if

_{ 1 ifi=1.
b= o0 otherwise, 3)
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[ 9]

then f assumes its smallest value:

f =Bl )
Ifb;=B-1fori=1,2,...,t,thenfassumes its largest value:
f=1-B" (5)

We assume that the internal computer representation of each base B digit b, is
given by k two state devices dj, where each device takes on the value O or 1; that is,

b, = (df\-“du-(:' s d(li))Z
k . . .
=Y di 2, diefo, 1}. (6)
i=1
In particular, if f=2""forr=1,2, ... ,Kk, then
r-1 k-r
A .
by=2kr=(0...010 0).
k
g, .
b=0=...0, i=2...,t (7)

Therefore, the number of bits in the fraction (mantissa) f is kt. Thus, for a floating-
point word of fixed length, say N bits with kt bits in the mantissa, N-kt-1 bits are
reserved for the exponent e (stored as the excess quantity e+a, a=0) and the
remaining bit is reserved for the sign of f. Furthermore, since b, # 0, there can be as
few as ki-k + 1 significant (effective) bits in the fraction f.

By (1) and (4) the smallest positive real number in the computer number set is
m = B-P B, ®)
whereas the largest positive real number is
M = BP(1-B") 9)
by (1) and (5). In a computation, the magnitude of results smaller than m produce

underflow (usually returning a base B, t-digit representation for zero); the
magnitude of results larger than M produce overflow.

The computer unit roundoff error u, which measures how closely a real number
v can be approximated by a computer number s, is related to the error in s by the
inequality

lyv-si € jsyu (10




g Jetie o

where

_ BI-t (chops)
U= 0.5B'""  (rounds). (1

The computer arithmetic chops if all of the mantissa’s low order digits b, beyond the
t-th are simply discarded in the normalized base B, infinite digit representation of y;
rounds if b, is incremented by | whenever b,  22k-!, before discarding the low
order digits.

Computation of the Base

In the earlier program, we computed the unit roundoff error when B (=2k) and
t are unknown. (The theory and algorithn: for this is in Appendix A.) The following
Theorem and Corollaries lead to an algorithm for computing the base B from the
unit roundoff error.

Theorem. In the interval [Be-!, B¢], where -p<e<P, the floating-point numbers are
uniformly spaced with spacing B¢,

Proof. Let Bef be a floating-point number that is in the interval [Be-!, B¢], such that

f=.b,...b, B-I<fI. (12)
To obtain the next floating-point number in the interval, we add the base B digit one
to the last digit b, of f; that is, the next floating-point, base B, t-digit number in
[Be-1, Be]is

Be(f+.b/...b", (13)
where
k
P
©...0), ifi=12...,t-1,
Sl B
—
©...00), ifi =t,
and
{
b ... b= 2 b/@Yi = (2 = B, (14)

This completes the proof.

Corollary 1. The floating-point, base B, t-digit numbers in the interval [B'-!, B!} are
uniformly spaced with spacing B0=1.

Proof. Immediate.
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But the value of every floating-point, base B, t-digit number in [B'-!, B} is an
integer. Therefore, every integer in [B'-!, B!] can be represented exactly as a
floating-point, base B, t-digit number, since B'-! can be. In particular, the integers
2tB-! for L=0, 1, 2,...,k, have exact floating-point, base B, t-digit
representations.

Corollary 2. The floating-point, base B, t-digit numbers in the interval [Bt, B'* !] are
uniformly spaced with spacing B.

Proof. Since Bt =B~ -1 sete =t + I in the Theorem. This completes the proof.

Thus, although B! can be represented exactly as a floating-point, base B, t-digit
number B!+ 1 cannot be. Then how is Bt + 1 approximated in the computer number

set?
Consider that
Bt+1 = Bt+!B-1 + BB-!
= Bt+1B-1 + Bt+1(BtB-!)
= Bt+1(B-! + Bt-)
=B*!'(.b,...bb.), (15)
where

{ fori=1,t+1
0 fori=2,...,1.

Therefore, if the computer arithmetic rounds, the base B, t-digit, floating-point
approximation to Bt + 1 is given by

Blel=Bi+!.b,...b_ b’ (16)

with
b = { ifB=2
t 0 if B=2k for k=2 .
On the other hand, if the computer arithmetic chops, then for B=2k(k=1,2,...)
the base B, t-digit, floating-point approximation to the sum B!+ 1 is given by (16)
with b*=0.
t

Hence, the computer arithmetic will approximate the real sum Bt+1 by the
computer number B!, when the computer arithmetic rounds if B=2k for k22; if
B =2, then the sum is approximated by Bt + B. On the other hand, if the computer
arithmetic chops, it approximates the sum Bt+ 1 by Bt for all values of B that are
positive integer powers of two.

-




Therefore, given the unit roundoff error u in (11), since its reciprocal u-! is an
integer in the interval [Bt-1, Br}, and

ZL u-l = Bt
when
k chops
L= { k-1 ( (rgu?lds), (17

we have the following algorithm.
Algorithm B
Given the unit roundoff u, the effective precision, say NBIT, and whether the

computer arithmetic rounds or chops, the algorithm for computing B, the binary
length of a base B digit (namely k) and the number of base B digits in the mantissa
(namely t) is:
Bl. Set k 10 zero (written symbolically as k<0).

Sd—u-l

S3*S

B2. Dowhile(s, + I #5,).

s,+2s,

k=k + 1
End Do while

B3. B+s,/s

B4. If (machine rounds and B>2)
B+2B
k<k + 1

End if
B5. t—(NBIT + k - 1)/k
Largest Computer Number

In the earlier program [1] in order to compute the largest computer number

M = BF (1 -Bv), (18)
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we begin by taking the reciprocal of the smallest positive computer number

m = B-p-l, (19)

If the reciprocal does not cause overflow, the program outputs an adjusted value of
the reciprocal as an approximation to M. Otherwise, we find the reciprocal of the
product of m by the smallest power of two that does not cause overtlow. This gives

M = BF(0.5). (20)

Then we output an adjusted value of this result as an approximation to M.
The problem with this algorithm is that it requires invoking a routine (not
available on all systems) to test whether an overflow occurs. We have corrected this

in the following way.

Assume that the relation between the smallest and largest exponents of B is
given by

p=P+ 1. 20

This is so on thc UNIVAC 1108. On some machines the relation is p=P; e.g., VAX
11/780. Then withp=P +1

m = B-p-l = B-P-2 (22
and
m-! = BP+2 = BP+3B-1, (23)
so that
(B’m)-!(1-B-9B = BF(1-B!-) (24

approximates M without computer arithmetic overflow, provided the order of
operation is performed from left to right as indicated in (24). For if one were to
compute (B'm)-!B when p=P + 1, the result BP would cause computer overflow.
Similarly, if p=P, then
(Bim)-1(1-BI-YB = BP-}(1-B'-Y) (RAY}
so that the approximation is off by B.

Algorithm M

Thus. given m, B and t, the algorithm for approximating M without computer
overflow is




e

M1, Compuic B-m and store it in M.
M2, Compute the reciprocal of M and store the result in M.
M3. Compute and store the product M(1-B!-1)in M.
Md, Compute and store the product MB in M. Output M.
Page Length Computation

The idea behind the algorithm for determining page length is based on the fact
that local data and program code are stored by the VAX 11 780 on separaie pages
on secondary computer memory, with program code following local dawa.*
Therefore, if the number of computer words, e.g., I, required by local data occupies
less than a page of secondary memory, then the first non-zero location tollowing the
lIth local data word is a program instruction.

Algorithm PL

Thus, dimensioning an integer array, e.g., IPGLN, as having length 1, and
assuming the number of local data items is I, the algorithm for the page length is

PL1. NMBDT < [+1
PL2. J < NMBDT

PL3. Do while (IPGLN (J) = 0)
J«=J+1
End Do while
PL4. J < J-1
The final value of J is the page length.
Program Description

The updated single precision program that incorporates Algorithms B, M and
PL is given in Appendix B. Algorithm u in Appendix A for computing the unit
roundoff error, which is encoded in the earlier program [1], is implemented in the
new program without any logical changes.

Algorithm PL for computing page length is implemented in the program for

systems like the VAX 11/780 with page lenzth as great as 2048 words, where the
local data occupies no more than 17 single precision words for the single precision

*Local data refers to data onlv within the program mndule that detines them: e.g.. data items in
DATA tvpe statements and intermediate resuits caleasiated and stored oy the progrom module.
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version of the program, and no more than 29 single precision words for the double
precision version of the program.

Unlike the carlier program in [1], the new program is written in ANSI 66
FORTRAN [2] (with the exception of the PRINT statement that is ANS 77 [3]) to
promote comptlability on computers that have different FORTRAN compilers.
Furthermore, the program is designed so that it can be converted easily to double
precision — simply remove the comment flag C from column 1 of comment lines 5.
6, 7, 86 and 87 in the program, and convert lines 8, 84 and 85 to comment lines.

Since the program requires no input data, it is convenient 1o use in determining
the values of the machine-dependent parameters discussed in this report.

The program in Appendix B has compiled and executed successfully on the
UNIVAC 1108, VAX 11780, SEL 32-55 and ITEL AS/5.* The output for the
double precision version of the program on the UNIVAC 1108 and VAX 11 780
appear in tables | and 2 below, where NBIT is the effective bit precision of a
floating-point computer number; BASE is the computer arithmetic's base B:
NBDGT is the number of base B digits in the fraction of a tloating-point computer
number; LNGH is the number of bits in a base B digit; and RNCHOP iy the
arithmetic’s rounding property — 0 if the arithmetic chops results, 1 if it rounds.
The number of bits in the mantissa of a tloating-point computer number is the
product of NBDGT by LNGH.

Table 1. UNIVAC 1108 Double Precision

UNIT ROUNDOFF ERKOR = L173472348-17 NEIT = 60 RNCHOF = 0.
BASE = 2. NEDGT = 60 LNGH = 1

SMALLEST F. F. NUMEER = .278134232313-308

APFROXIMATE LARGEST F. F. NUMXER = LBO8E48567431 4308

FAGE LENGTH = 29

Table 2. VAX 11/780 Double Precision

UNIT RCUNDAFF ERRQ® = 0,138777878¢e=16 NETIT = 56 RYCHCP = !,

BASE = 2. NBDET = 58 LNGH = 1

SYALLEST F, P, VUMB:LF = 0,2938735677060=136
APPENXTWATE LARGEST F, P, MUMZFR = 0.8507C531730204+38
PAGE LENGTIY = 1738

“Tnepazeiengts compaiarion does not work onthe ITEL AS 5 vce the ITEL svarem does noe
o zamze o utan virtads emory as the VAN Soes,




An Application in Program Transportability

Consider transporting a computer program from one computer to another,
whose execution depends on the values of machine-dependent floating-point
arithmetic parameters in the program. In general, if the parameters are not reset to
the new machine’s values, the transported program will not execute properly. The
program in Appendix B, or its double precision version, may be used 10 determine
the new parameter values.

For example, consider the segment of a double precision program [4] in Ap-
pendix C for calculating Bessel functions J((x) and I(x) of real argument and
integer order, which is available on NUSC’s UNIVAC 1108. The program contains
several machine-dependent parameters that are explained in the program’s com-
mentary and are set to the double precision values of the UNIVAC 1108 in the
DATA statement at line 75 of the program. Trying to execute this program on the
VAX will fail as a result of computer arithmetic overtlow it the DATA statement
values of the parameters have not been moditied to reflect the VAX's double
precision arithmetic. These parameter values can be changed to reflect the VAX's
values with the aid of the program in Appendix B. First, run the double precision
version of the program in Appendix B on the VAX. Then from its output (in table 2)
and the explanation of machine-dependent constants in the Bessel function
subroutine in Appendix C, one obtains the following DATA statement for the
VAX:

DATA NSIG,NTEN,LARGEX,EXPARG/17,37,10000.87.D0~

where EXPARG is the natural logarithm of the approximation to the largest
floating-point number in table 2, rounded to the nearest integer.

Conclusion

The program for computing machine-dependent constants can be used as a
benchmark for revealing features of floating-point number systems on binary
device computers, where the base ot the number system is a positive integer power
of two, the mantissa is a normalized fraction and the computer.arithmetic has at
least one guard digit. Furthermore, the program can be used as an aid in trans-
porting mathematical software containing machine-dependent parameters from one
computer to another. In fact, it is possible to facilitate the transportation of such
software berween many different computers by incorporating in the sofiware
program insiructions that automatically compute the appropriate machine values
for the parameters.
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Appendix A

Theory and Algorithm for Unit Roundoff:
Base B and t Unknown

By Theorem 1, the spacing of floating-point, base B, t-digit computer numbers
in [B". B] is B'-t. Therefore, B"+ Bi-t is in the computer number set; furthermore,
the real numbers

BY + B, v=1.2....8B"4B-1

are in {B", B] and the base B, computer number set; and. therefore, so are the
numbers

B! + 2%B!-t, w =012 ...,k(t-1)-1,
where
2»Bl-t = 2-L L = Kk(t-1)-w,

are negative powers of two that are in the computer number set, by (7).

However,
v = B + 2-1BI-t = BB-! « B!-y(2+-1/B)
= B(B-! + 2:1/Bix1) |
= Bib, ... bb ).
with
r k-1 |
P .
O...0N).=1 ifi =1,
k
——
b= ©...0.=0 ifi=2...,1u
k-1
P N
(10.. 0, =20 ifi=q+1,
.

is a real number that is not in the compuier number set although 2-°Bi- s, The real
number v is approximated by a computer number s, nameh

B(.b, ... by (chopw
Bib ..k

1

y=s= ) (rounds)




with N

—
b’ =(0...01),

1

provided the computer has a guard digit in its arithmetic hardware registers tor

b, ., Hence

B { ] {chopped arithmeltic)
> = 1 + B!t (rounded arithmetic) .

Thus, the algorithm for computing the computer arithmetic’s relative accuracy
u, eftfective precision, and rounding property is

Algorithm u

ul. Compute l@ele =2 V) tor
L=12... . untileither 19e = 1 or (1@e)e# |

ul. It (Ise)ee#1, then u=¢ and the machine rounds: otherswise u - 2¢ and the
machine chops.

ul. The minimum number of significant bits in the mantssa s the last value ot |
computed inul, namely ki-1) - 1.
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Appendin B

Computer Program for Calculating Machine-Dependent Constants
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GO UNTILCGUNITALLE LOME Okt UNTTA - ONET) UNELUNE
) UNTT = RALFsIIN!
UNTTA = iNLT ¢ ke
NEIT = NEIT ¢
DIFF = UNITA - ONTDT
IFCCUNTTALGTLONE r VAND LV DIFF JFQLONE 00 T S,
CONTINUE
IF«DIFF.EQ.ONE GO TO -
GO TOH 9
THEN MACKINE CHOFS
L UNIT - TwideuN]T
RENCHOF - JERM
33 7O S
ELSE MACHINE FOuNLO
8 FENCHCF = OME
9 COMNTINUE
FRINT SQO¢ UNITs NEITs RANCHOF

CxADETERMINE BASE s NO. OF BASE LIGITS IN MANTIZCA, DIGIT INGHsss

LNGH = 0
SAVE = CNE UNITT
SAVED = SAVE
00 WHILEC(SAVED + ONE) .NF.SAVED)
14 IF((SAVED + ONE .EQ.SAVEZIGO TO 12
SAVED = TWINSAVED
LNGH = LNGH ¢+ 1
w0 T3 13
CONT INUE
12 KASE = SAVED. SAVE
(F CORNCHOF JEG.ONE) ,AND, (BASE .GT ., TwC) "GO TC 12
GO TQ 'a
THEMN
12 EASE = TwW0O#%ASE
LNGh = LNC= ¢+ !
ZONTINUE
14 LDCT = NRIT 4 LNGH - 1L LMCGH
FRINT S22+ BASEs NEDGT, LMNGH

OS24 CMFUTE SMALLEZT F. =, NO,vss¢
1S IFCUNIT . NE.ZERO.ANDLUNITALNE.UNTITIGO "0 2C

L) TO 2%
THEN ZMALLEST ©. F. NDL NOT REACHED

2n UNITA = UNTT
UNIT = HALFEUMIT
&y TO 1S . PO
Z.SE FRINT TMALLEST F. F. NC. R £ TS\ S
o FEINT 5SS, UNITA N VI A~ L DU
UINTINCE )

CONAFCRIXIMATE LARGEST F. F. NO.#2x
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bb
67
68
69
70

72
73
/4
7%
76
7?7
78

80
81
8
83
84

c
-

g6
87
88
a9
Q0

g}

[xEeke]

30 UNIT = UNITAXEASEX%3
UNIT = UNE/UNIT
UNIT = UNITX(ONE - BASEx%(1 - NBDGT))
UNIT = UNITXBASE
CONTINUE
FRINT 60y UNIT

EXKDETERMINE FAGE LENGTHXXX

0O 35 J - NMEBDT, 2050
IF(IFGLNC(J) .NE.O)GO TO 40
35 CONTINUE
40 J = J -1
IF(J.LT.2049)FRINT 70, J

50 FORMAT(IH s22HUNIT ROUNDOFF ERROR = »sE17.,9¢5Xs 7ZHNEIT - o 13,

X SXsPHRNCHOF = 4F2.0 /7)
52 FORMAT(LH s7HRASE = »FA,0s10H NBIOGT = »14,9H LNGH = <147 )
55 FORMATC(LIH »24HSMALLEST F. F. NUMBER = +E17.9)
60 FORMATC(1H »35HAHIFROXIMATE LARGEST F. F. NUMRER = »E17.9)
SS FORMAT(IH s 24HSMALLEST F. F. NUMEER = »[120.12)
60 FORMAT(LH »ISHAFFROXIMATE LARGEST F. F. NUMERER = +D20.12)
70 FORMATC(1IH »14HFAGE LENGTH = »I4)

CTUFR

EN




Appendix €

Double Precision Program for Calculating Bessel Function 3\ (x) and 1 (\)

MAGISTRANC CL s JHE BL R L .
! CUBOUTINE BESELRIuXxs NEs L7Es Ry NCALC) '
2 L ITHES KOUTINE CALCHIATES EESSEL FUNCTIONS I ANIE O OF REN
3 U ARGUMENT apb INTLLER UKD K.
a l‘ i
g L )
5 L EEtrnTLON OF VARTARLES [N THEY CALL ING SEQUE NCE
7 ]

8 X DOUBELE FRECISION REAL ARGUMENT FoR WHICH TS OR rs ;
@ C SHE TO HE UNMLCULATED,.  [F 14S ARt TO KE CALCULAICD, i
10 L RSO MUST KE LESS THAN EXFARG (WHILH SEE RELOW) .

11 CoHE O INTUGER TYbt. 1 4 HIGHEST ORIFR TU KE CALLULATED,

L2 C [7 MUST KU FOSTTIVE .,

13 C Ior INTEGER Trvb,  ZERO LF %S ARE TO KE CALCULATED. 1

14 L IF 1%S ARE 10 BE CALCULATFD,

15  k DUUKLE FRECLSION VECTOR OF LENGTH NE. NECDU NOT KE

14 C INITIALIZED RY USER. TIF THE ROUTINL TERMINATES

17 L NORMALLY (NCALC = NE)s IT RETURNS JC(OK I)-SUER-ZERQD

18 r THEOUGH J<(OR 1)-SUBR-NE-MINUS-ONE OF X IN THIS

19 L JECTUR .

20 € oMCALC THTEGER TYFE. NEFD NOT RE INITIALIZED RY USER, |

o1 o EEFORE USING THE RESULTSs, THE USER SHOULD CHECH THAT

o2 C NCALC-NE. T.F. ALL ORDERS HAVE EEEN CALCULATED TO

23 C THE DESIRFD ACUUKACY. SEE FRROR RETURNS RELOW.

2 r

X000

Je C EXFLANATION OF MACHINE DEFENDENT CONSTANTS

o7 C

e C NSIG DECIMAL SIGNIFICANCE DESIRED. SHOULDN BE SET TO

2% C IFIX(ALOGIOC2 ) «NEIT + 1)y WHERE NEIT IS THE NUMEKER OF

20 C EITS IN THE MANTISSA OF A DNOUKLE FRECISION VARIAERLF.

31 C SETTING NSIG LOWER WILL RESULT IN DECREASED ACCURACLY

12 C WHILE SETTING NSIG HIGHER WILL TNCREASE CFU TIME

33 [ WITHOUT IMCREASING ACCURACY. THE TRUNCATION ERROR

34 C IS LIMITED TO T=,S¥10%%-NSIG FOR J%G OF ORLER LESS

33 o THAN AFGUMENTs AND TO A RELATIVE ERKOK OF T FOR I¥:

16 c ANDY THE OTHER %S

37 C NTEr I NRGEST INTEGER N SUCH (HAT 10%%Kh IS MACHINE -

38 c REFRESENTARLE IN DOURLE FRECISTUN.

39 OOLARGEX UFFER LIMIT ON THE MAGNITUDE OF X, FREAR IN MIND

40 ™ THAT IF AES(X)-N» THEN AT LEAST N ITERATIONS OF THF

a1 c HACKWARDE RECURSTION WILL Rt EXECUTEID.

42 fEXFAFG LAKRGEST DOUBLE Pl LTISTON ARGUMENT THAT THE L IFRARY ;

A C [EXF FOUTINE CAN HANDLE, '

44 C :

45 [

4% [ EFEOR RETURNS

4 e

ag (.‘

90 < LET 6 DENOTE EITHES T OF J.

5¢ r IN CASE OF AN FHRO s NUALCJONECNEe ANDD NOT AL L C¥C

s - ARE COMCULATED T THE DECIRED ACLURALY.,

oz " [F NMCAL O LT, 00 O ARGUMENT 16 GUT OF KANGF, Nk, F .

=3 I NE 120 T4 fFTTHER © OK 1 NR T2 =1 AN ARG 1) onF o Xk akn,

A r, [* THIS CASEs  THE ® WECTOR T5 NOT oA i ATFDs AND NCALY

Te - P95 ST T MENOONRY Q) -1 G0 MOALT L HE NI,

T i MEGOTLOHCALG,GT.N WL OCCHTE TF NRGOTOMAGY AHD ARS (G-

€ " SURCNI-CF =X /6-SUB -MAGYX OF ~X) ol TL1O®K - NTEN- s 1.F, NK

“ N [% MUCH GFEATEFR THAM MAGX. IN THIS CasL, K(N) IS CALCU-

T ¢ LAt TO THE DESIFED ACCURALY FOR NJIELHCALCe FUT FOR

) ( SUAL LU T ONGLE GNEy FRECISTON it ' USTO IF NGGTONCALC AND

4 \. NESCHONCALCY ZR(ND S W EN JO®r -t v THEN UNLY THE FIRST NGIG-H

> C SIGHIEDTaNT FIGURES OF BN MAY EE TRUSIFL.  IF THe USFR

“3 b WISHE T CALCHLATE HeM) T HTGHYR ACCURANY HE SHOUL D 11t

- " AN ASTMETATIC FORMULA FOR HIGH OFDER,

=25 s
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