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Abstract

A sharper Sudakov-type lower bound for the lower confidence
1imit on the relfability of a series system than the one given
in Harris and Soms {1980) 1s obtained, Numerical examples,
coverage probabilities and the 1istings of the short FORTRAN

programs used are also provided.
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1. The Improved Sudakov-Type Bound

We wil) adhere to the notation of Harris and Soms (1980) snd
we refer the reader to this report for background material and

additional references. Llet <A. <1<k, be independent binomial

random variables with parameters " and 4 (the success probabfl-
fty) and let Xgeng -<.. 9 = - Py Vefck, with g ¢ n,<...cmy

here and throughout. It is desired to obtain a "good” lower
k

confidence limit on 1 Py» the reliabilfty of a serfes system
i1=]
with independent components.

Let g(X) = glxy.x,,...0x,) be a
monotonfcally decreasing or increasing {in each component) order-
ing function for real (not necessarily tntegral) Xgs 0< x g,
with large or small values, respectively, of g(X) befng best.

Let ry>ry,>...>r be the ordered values of g(x) n the decreas-

ing case and Py<rpc.. <r in the fncreasing and let

s
A s (e e e} venizas Then (A s s
monotonic partition, f.e., (0,0,..,,0)c 4, (ny,ny,...0n )¢ L
and f m_ - an_-.....n_rv. mn = ‘:nd.....x-v with xye<xy00
fe1,2,...,k, then X, A, tmpltes mnn»... i1,

Let

; r: :ax x p: u :-k
,.-.-.-. ‘._.. ....
flEs3) = Py(iei) _M_H:T. Y ._._.F.? ._:.:

and for 1<ncs-1, let

k

T .sqﬁ.: P )

qam.nwv - nv (2.2)
=] -.n>*..m=

and LI = 0. Each such partition .may be identified with a function

defined on the set of sampie outcomes by defining the ordering
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function g{x), where

glX) = a 1t XxeA , T<ngs {2.3)

obviously g(x) inherits the monotonicity properties of the

partition.

for defining Buehler's (1957) method of optimal lJower confi-
dence intervals on m Py we assume that g(x) has been redefined,
if necessary, as *s‘mw.uv. Then we have, from Harris and Soms
(1980),
Theorem 1. Let % be aamnqﬂa"non by (2.1). Then a5y 15 3 (1-a)
lower confidence co::anmo« Am_v.. 1f bg(X) is also a {1-a) Vower
confidence bound for ‘m_v¢ which is monotonically fincreasing in

g{X), then by <ca,. 1<1<s.
We now let g(x) denote the original ordering function, since
this 1s necessary for the applications below. 1n order to obtain

is such that for each

bounds for a

) e must assume that mo

oamo
t =1,2,...,k, the equatfon

GA¢d.‘N-...-.ﬁcdcﬁnooc....cv - Qmmev -N.Av

has a unique solution Yo» Yy <Ny where .1. ro=1,2,....t-1, are

L ] * -
fntegers, 0<1 <y . Define y; by g{0,0,...,0,y,,0,....0) = 9(xg),
where «“ ifs in the ith position, the rest of the arguments being

0. Note that y, .«u. A sufficient conditton for (2.4) to hold

is that

g(x) ts strictly wonotonic for 0<x, mum <ng, 31,2, ... ,4)

and
e g(x) <g(x ) for g(X) decreasing !
Xon,
or
im g(x)> oamou for g(x) tfacreasing,
X0, rel,2,...,k,

Assume now that (2.5) 1s satisfied and that in addition

s P rel 2,...,k-1 ,

where .1 integral, 0< _sm Y. Let

P
.oaq.u. . qdmwmq —o AT LIS LT

and for D<y<n, real, define uln,y,a) by a=1 (n-y.,y*1).

uln,y,a)
Then 1t was shown in Harris and Soms (1980) that

< min eﬁa‘.n«“u.a. . (2.7)

u(ngoyyea) < Yolig) = 1 iak

and thus 1f y, 13 an integer, .oame. = vlng.yp.0).
Thus a conservative procedure is to use :.a_.a_.nv for

3 It 43 generally believed that this is quite conservative

9(%,)"
(see, e.9., Mann, Schafer and Singpurwalla, 1974). It is thus of
practical interest to inquire whether the lYower bound in (2.7) can
be tightened. An examination of the proof of (2.7) in Harris end
Soms (1980) shows this to be the case, with the new proof being

coincident with the previovs one, except for the omission of the

final step. We have
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Theorem 2. Under the same assumptions as for (2.7),

"
u msd-sn-k-.knonv < .aamov < dM“Mw =A=—.HR‘H-9v »

where :.As..sn.«d.u~.nv ifs the solution fn a of the equation

ﬂ%uu
ksup 1 ﬁ

A=~|Kncku+av .a .,
. ﬁ%—- ‘dno

Py

n n, -1 1
1
! wvdd d.nd 1

K
LRI n
122

1t foliows from the proof ¥n Harris and Soms {1980) that
cav—.k_.ﬂv < :.ns-.an.ka.wm.ﬂv .

Thus the only question 1s how great the impravemeat will be
in using u'. The numerical examples fn 2. show that this can be
substantial.

Remarks. u' can be calculated quickly and efficlently by using a
short FORTRAN program. The listing is given in the Appendix along
with the listing of the program used to calculate coverage proba-

bilities. Two ordering functions that satisfy (2.5) and (2.6) are

k k
g(x) = 1 :.:L:_::Z tf g{X )>0 and g(X) = [ xy/ny for sufficiently large
=1 o i1

N, Tecick (see Harris and Soms, 1980, for details).

2. Coverage Probabilities and Numerical Examples

The ordering function used here throughovt is

k
g(X) = M _({ng-x;)/ng). Table 1 gives the coverage probabilfties

=
for k=3, fi=(5.7,10), a = .10 and selected p = Avd.vm.vUv. for both

the 1lower LB and upper UB bounds of {2.7). While the optimality
property of Theorem } implies that there are p for which the

coverage probabilfty is less than .9, it does not seem that there

e RS

are very many such B,
[insert Table 1 here.}
Table 2 gives some comparisons of LB, UB, the improved lower
pound LBI and the true value TV for k=2, a= .05 and selected
A= Asd.=- and X, = Anod.xo-. LBl gives substantfal improvesent
when n, fis small compared to n, and 1ittle or none {f n, s
approximately the same as n,. The TV for hoe (5,5) and ¥, = (1,1)
agrees with the value 1n Lipow and Riley (1959).
[Insert Table 2 here.]
Table 3 gives LB, UB and LBl for k=5, a= .05 and selected

-

and X.

[Insert Table 3 here.]
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? . AppEnU A .

+=n 1istings of the no<mq-oo and fmproved bound FORTRAN
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eavnLF SI7ES wuau,m=>prq.. ™ pnuama.. pie SHCEFSS PPARARTLITIFS,
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pn 122 13sLLI3Y, ()
: no 122 TasLL(1),0(8)
no 122 162LLC6Y, () . (.95,.95,.50) .9940 .9940
nn 122 17=L1 (7Y, (7Y .
) no 122 loszLL#o), NI
: nn 122 T10SLLIYOY,* (10D
nn o§11 JTs21,%
Ter}iNT)
1PRONY =
pU a 1JE1.K
. s toahnysireangel’ .
. 1F (1PWPN] . E3,0) GNP YO IS
YiEn (1) e 1TEI/FLOAT(TPRAND)
ne S 171X
ASFLOAT(H(IT)=NY(IT))
PRFLOATI(NY(1T)41) .
catt :::ma..a‘s~:.:._..<..<_o...vr_zr._na-
' 1F (PLIML ,GE, A1 PHA) PPLEPRLIPKNAT
- ] rnoA 1T ,%
« r -ﬂ—.q{.;—aotﬂmo-pitnu 1FLARSY
en 10 122
(L3 eaLsralePrONT
;122 eouTIE
u:.:q._ea.x..rtx.....n..-._u..n..x.
! LLR LA
21 1o

vEO IRl POARARILITICS ! 9
w RIRFNSINY BLINY,MI20),9Y 11,01 THIEIA),PICIA, 81, 1LUM),TTOM K
:
' :_a.:3:..;.:;:.-:.:::.:x.:;:.:0.-:.:.:;-::3 ML.-‘ Wiﬂl]
IF (v, FR.N) GO TP 2} .
22 ey . (.95,.95,.85) 1.0000 1.0000
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2. Comparison of Bounds and True Value for k=2 and o= ,05 3. Comparison of Bounds for k=5 and a= .05

m -

A Xo L8 LB! TV us W 0 L8 L8B! us
t (5.5) 0, L2166 L2166 2776 ,3426 (10,10,10,10,10) {1,2,0,1,1) .2893 .2893 .3038
(5,10) (1.1} .2761 .33 37 L3426 {10,15,20,25,30) (1,2,1,1.2) .3599 .387 .3934
{5,10) (2,3) .0859 L1521 1529 .1893 (10,15,20,25,30) (1,1,2,3,4) .2838 .3017 .3035
(10,20) (1.2) .5037 .5675 .5691 .6058 (10,15,20,25,30) (2,3,4,4,4) L1319 .1a78 L1500
{10,20) (4,5) L1881 .2137 .2137 .2224
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