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EXACT DISTRIBUTIONS FOR GAPS AND STRETCHES
By

Joseph G. Deken

1. Introduction.
For random variables Xl,Xz,...,Xk, with order statistics

Yl,Yz,...,Yk, define the p-stretches 21,22,...,Zk*1_p as:

Z, =Y -Y,
h| j+p-1 7j

The variables Zj are often called spacings (p=2) or higher order
spacings (p > 2), and have been discussed in an extensive literature.
Much of this literature deals with the classical geometric probability
problem of random coverage of the circumference of a circle by random
arcs. A recent article by Holst (1980) gives some new results, as well

as many references. In some recent work on multiple comparisons by Welsh
(1977), the variables zj are called gaps for p = 2 and stretches

for p > 2. 1In the multiple comparisons context, which motivated the
present work, the number of points, %k, may often be small, and
asymptotic results not sufficiently accurate. The key contribution is to
deal directly with the lack of independence between successive p-stretches.
This problem is not easily dealt with for p > 2, so that previous results
in this case have been largely confined to asymptotics. As is shown here
a recursive formulation along with symbolic computation may be used to
derive exact results in many cases. Specifically, we compute here the

exact distribution for the maximum p-stretch for all values of p and

ten or fewer points uniformly distributed in the unit interval, The
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Theorems given could be easily modified to cover densities other than
the uniform.
In addition to the exact distributions, the resulting formulas for !
6

all moments, and the quantiles derived numerically to accuracy 10 ~,

we give here some explicit moment generating functions which can be

derived by the same technique. Since the distribution of any individual

p-stretch is Beta, when the X's are uniform, an approximation to the

distributions given is that of the maximum of k+l-p independent Beta

variables. Approximate quantiles based on this independence approxima-

tion are given for comparison with the exact results. g‘
The distributions found here may be of use in a variety of multiple

comparisons situations, such as those discussed by Welsch, via the appro-

priate probability inverse transformations. Such an approach, if suffi- 1

ciently powerful, would eliminate the need for separate tables for each

distribution considered. Alternatively, it may be found to be preferable

to apply the techniques directly to random variables X with a specified 1

(Gaussian or other) distribution.

In some cases, it may be of interest to consider the distances Y

1
and 1-Yk as well as distances Yj-Yj-l’ e.g. defining YO := 0 and
Yk+1 := 1. One would then have k+3-p p-stretches ZO’Zl""’zk+2-p' |
The results here carry over directly by noting that

1 -

(Yl-YO,Yz-Yl,...,Yk+1-Yk) N m (Yz—Yl,...,Yk+2-Yk+1). Thus if Z,
is the maximum p-stretch based on k points (without YO’Yk+1) and Z; |
is the maximum with YO and Yk+1 we have for example

-~ 1
*
Pr{z, < t} . J Priz,_, <rt} dP{ka_r} .

where

R := Y, -Y, and P{Rk <r}= krk-l—(k—l)rk .
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2. Maximum p-stretches for k points in the unit interval.

Let random variables Xl,XZ,...,Xk be independently and uniformly

distributed on the interval (0,s), with order statistics Y,6 < Y, < -.--<Y .

1 2 k
(®» (p) ]
For p > 2 define the p-stretches Z1 ,Z2 ""’zk+1-p as:
(p)
Z = Y -Y, .
3 Jtp-1 3

We will derive heve evnlicit formulas for the distribution of the maximum

p~stretch, 2(p)(x) ;= max Z(p) . Let Eip)(s) be the event
1232 ktl-p

{E(p)(s) 2_1}. If the probability P{Eﬁp)(s)} can be given for all s,
then for fixed s, all probabilities P{z(p)(s) > t} may be obtained from
the relation P{E(p)(s) >t} = P{Eﬁ(s/t)}. Henceforth, we will restrict
attention to calculating P{Eip)(s)}.

Since the argument p will be constant throughout the following discus~-

sion, it will be omitted as a superscript, and we will write
P_,(s) := Pr{ (p)(s)} when [s] = n
nk : Ek *

The initial conditions POk(s) = 0, (Pnk(s) = 0, k < p) are obvious. The
derivation of Pnk(s) will utilize the following auxiliary probabilities.
A) Plnk(s), (where s = (so,sl,...,sp_l) and So > [sp_ll =: n) 1is the
probability that Ek(s) occurs and there are p-1 points xi

in (sys), at s; <s, ey




B)

P2

(s)

nkm "~

(where s = (so,sl,...,s

p-1

), [sp_l] =n, and n > s

0

Sp_l

is the probability that Ek(s) occurs and there are p-~1

polnts X, in (s;,s), at s <8y < :-- f-sp—l’ with m
of these points in the interval (n,s).
C) AP__.(t) is the probability that E (s) occurs and max X, = t.
nk k i
1<i<k
These probabilities may be illustrated graphically as:
k points
vor r—A——
P (s):
nk o L |
] 1 T
n s n+l
k points
A
e Y
. p-1 points
Plnk(f)'
| | > *% 1
ceoe T T o e 1
n s, Sy+++8_ 1 n+l
k points
. A a)
e r p-1 points
r —A N
Pznkm(g). m points
— 1 v e % ]
v o0 T T e v i el I
sp_l—l Sy 8p°°° sp-l-m n sp_m--. s 1 n+l
k point
P e 8
see f -
APnk(t): n .
n t

-1)




For example, 1f n =3 and k = 5, the derivation of P35(s) for

p = 3 (3 stretch) may be sketched in more detail:
Spts
——W no points, use P25(3) from>

previous computation

P3S(s) or
| d
— -1
3 s
4pts
A (rightmost point at t, use)
I sl AP, . (t)
3t s 35
pts 1 03 ¢
a=2,B=0 SRS T T use P2342(s) etc.
o %1% i
- —_—— X . :
0=2,B=1 e use P2341(§) etc g
0%1 %2 i
o=2,B=2 . use 31‘0(s)=P1 4'(s) (known)
$0%152
i 1pt
‘ a=3,8=0 AR use P2332(s) etc.
) §,8,8 ~
07172
AP 55(t) /
—e 0=3,B=] B 2t 2 ol 12 3 use 331(s) etc,
——-—4—— \ Sosl Sz
3 t |
=3, Bm2 i e & s e o use 330(s) Pl 3(s.)(knovm) i
\ $05152
0=3,8=3 e 1 use 330(a)'=P1 (s) (knowm)
s.8.85 =
0712
(scale) + —x
t-1 3 t
4pts
=0 .____WW 3-stretch > 1 must occur
t-1 3 t i
3pts 1pt
o=l f~—4f—n  3-stretch > 1 must occur
=1 3 ¢t
5
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With the above definitions, it is possible to compute Pn (s) recursively,

k

using auxiliary probabilities APnk and Pn—l K In turn, APnk depends

on (P2 o<k, B<p-1), P2 may be expressed in terms of (P2 8

nay '€

naf noB

and Pln-lG 6<a), and Pln—1<S in terms of (Pzn_ln £ n<§, £ < p-1). The practical
usefulness of the recursion is enhanced by the fact that no first subscripts

< n-1 are involved. The recursion, described in detail by the theorems below,

\5"“
AP ¢

thus has the form:

n-1k Values in solid circles

~ -7 are computed and saved
n at the n-th stage. Values
t in broken circles are used

@ at the n-th stage and
discarded.

Pln-l k

4t
7 A
P2

" n-1,k,*
\\ /,

Theorem 1. Using the auxiliary probabilities defined above, the following
equations give Pnk recursively (we omit the trivial cases n <1l or k< p

in all equations below).

P,(s) = E{AP , ( max X,)}
nk nk 1<i<k i
s nk
= AP . (t) dP{ max X, <t} + () P (n)
nk 1<i<k i s n-1k




|
i
]
»

PEZ
AP (t) = M(k-1,t,1,a)
ak a=0

k-2 o
+ ] M(k-1,t,1,0)f ] N(a,1,n-(t-1),R) x
a=p-1 B=0

E PZ ((t~1,x (t-1,n) , X' (t,n) ))
“B,B8A(p-1) “a-B,aA(p-1)-BA(p-1)
n,k-1-(a-(p-1)),aA (p-1)-BA(p-1) 2y

P2 . ((t

nkmn ot

0*tyre p_1)) { =Pl iy (to,tl,...,tp_l) =0

4 = H(k-(p-l)’to’to—(tp—l-l)’0)

k-(p-z-l)-l
+ (k-(p-1),t.,t~(t_ .-1),0) x
sy 0°t0"p-1

E 2 - -
P ((t;p_l LX (e l,to),tl,tz,...,t(p_l_a))
a,ahp~1 +

n, k-0 ,m-(aAm)

m>0 (3)




Plnk(to,tl, ces ,tp_l) = [[(k-(p-~-1) ,to,to-(tp_l-l) ,0)

k-(p-1)-1 o
+ ] MCk=(p-1),tato=Ct _;-1),0) [ Ma,to-(t_1-1),n=(t_;-1),8)
a=1 B=0
. E(PZ ((cp_1—1,§ (tp_l—l,n), X! (n,to), tl’t2""’t(p-l-a)+))

B,BA(p-1)  a-8,0A(p-1)-BA(p-1)\ -

n,k—a,(p-l-S)+ (p_l—a)+ terms

(4)

Proof. In the above equations, T(k,s,v,j) := (;.()vj(s—v)k-j/sk is the prob-
ability that of k points uniformly distributed in an interval of length s,
j lie in a subinterval of length v. Also §5k(a,b), §5k(a,b) denote indepen-
dent random vectors consisting of the first k order statistics from j points
distributed uniformly in (a,b). For example, to derive (2), we note that if

max Xi= t, then if there are less than p-1 points in (t-1,t), Ek(s)
1<i<k

occurs. Otherwise, we may condition on the positions of the leftmost p~1 points

of the o points in (t-1,t), and B points in (t-1,n),

(BA(p-1) of them in (t-l,n) and aA(p-1)-BA(p-1) in (n,t)) ,

to obtain the desired probability in terms of P2. Equations (3) and (4) are

derived similarly, by considering the points in (tp_l-l,to) and

(tp_l'l’to) = (tp_l-l,n)u(n,to) respectively. -




3. Generating functions.

We may consider a Poisson process on the interval (0,s), with rate X

and points Y1 < Y2 < see < Yv, so that VvV 1is a random variable,

-As (As)2
al Y

Pri{v=a} = e

, and conditionally on v =a, Y "Ya are distri-

1’727
~As 5% (As)

a=p ol Pr{E;p)(s)},

buted as uniform order statistics. Then PrX{Eép)(s)} = e

where the probabilities Pr{gép)(s)} are those given by Theorem 1 above. That

As

is, m(p)(k,s) = e Prx{Eép)(s)} is the exponential gemerating function for

the sequence {Eip)(s)}i=p » and may be used to give closed form expressions

(») (p) M ™ )\aj
for Ek (s). In particular, if m (A,s) = Zj=l cj A e for some non-

negative integers nj and constants (cj,aj), then

(p) 1 M k-n,
(e (s)} == ] . a, I,
k k | J m J
s j-1 J
k!
where (k)j = 37 Our results will be of this form.

The probabilities PrA{Eép)(s)} may be computed recursively in exactly
the fashion of Theorem 1, conditioning on some set of j < p-1 rightmost
points in the interval (0,s). We examine the interval (0,s) from right to
left and use the facts that (1) the number of points in any subinterval of
length t has the Poisson distribution with parameter At, (2) the numbers
of points in any subinterval are independent random variables, and (3) condi-
tionally on the number of points in a subinterval, these points are uniformly
distributed in the subinterval. Making the parameters A and p implicit,

we write

MP_(s) := PrA{E(p)(s)} ff [s] = n .

9




Clearly, MPo(s) = 0. The auxiliary probabilities needed are directly analogous
to those of Theorem 1, except that the number of points is not a fixed k but

a random V. With this single change, auxiliary probabilities MPln(.s.)’ MPan(§),
and MAPn(t) are defined corresponding to Pl, P2, and AP above., The probability

MPn(s), from which the generating function m(A,s) follows, is given by:

Theorem 2. The probabilities MP may be computed recursively from the following

equations:
e (s) = EQAP ¢ Max X)) = & | e Muap (s-tydt + e ) (1)
n 8) = n 1< i< v i 0 n s n~1
PEZ P'Z'Z
MAP_(t) = ¢, (1,a) + ¢, (n-(t-1),0)E (t-1, X (t-1,0),Z (n,t)) ]} +
n a=0 A a=0 A MPZ “p-l-a

n,p-i-a

E MPI ((t—l,gp_l(t—l,n))} 2)
n-1

MPznm((to,tl,...,tp_l)) =
¢ M_Pln_l(to,tl,...,tp_l) m=0
p-2 !
(e (Ep g0+ T 0y Cegte, 1,00 MP2 (-1, X (e 1Ly,
< n(m—a)

tl,tz,...,tp_l_a

| E Mp]( -1,2 (t o1 -1,t0))} m>0 (3)

)

+




MPL ((t,t,,... ,tp_l)) = ¢>‘(t0-(tp_1-1) ,0) +

p-2
QEO ¢)\ (n_(tp-l-l) ,G)

p-2-a
[ . ¢>\(t0-n,B)E MPZ ((tp_l-l,ﬁa(tp_l—l,n),lfs(n,to),tl,...,tp_l_a_8> +
nf

B=(1-0)

+ E{MPZ ((tp_l-l,{ia(tp_l—l,n),gp_l_a(n,to))}] +

n p-l-a

+ E[MPZ((tp_l-l,Zp_l(tp_l-l,n) )) . (%)
1

n—

Proof. 1In the above equations Ea(a,b), g&(a,b) represent random vectors
of length o« distributed as the order statistics of & points distributed
randomly in the interval (a,b). ga(a,b) represents a random vector of length
o distributed as the first o points of a Poisson process (rate A) in (a,b).

(Alternatively, z, has a gamma distribution, and (21’22""’za-1) 4" §a_l(a,za)).

-t ek

The function ¢k(t’k) is the Poisson probability e T

of k points in
an interval of length t.

With the above definitions, Theorem 2 is derived exactly as Theorem 1.

As an example, we give here the explicit forms of the probablities
P{p-stretch of k points Z_t} as functions of k, for p = 2,3,4,5, valid

These formulas are obtained from the function MP., given in

1
2" 1

Theorem 2. (Values of k not covered by the formulas below are treated in

for t >

the next section.)

11




p=2, k>2

(k-1) (1-t)®

p=3, k>3

{4-k+ t (k(k-1)-4)} (1-1:)1"1
p=4, k>5

K(k-1)2
3

{2-t (K2=5k+4) + £2( - 4k+2)}(1-t)¥2

p=5,k>7

3.2

{242t (k-3)-t

2

12

2,2
2 kT ~7k +14k-12 + t3 (k-1) (k6-2k+12) } (l—t)k_B

(5)

(6)

)]

(8)




4, Simple Results for Large Stretches.

For k points Yl < Y2 <see< Yk’ there is of course only one
k-stretch, which is the range Yk-Yl. This random variable has a simple
distribution, which can be shown by several standard methods to be:

PriY Y. < t} = ke&?

i £ -(k-l)tk 0<t<1. We will derive generating

functions here which give the distributions of the maximum p-stretch of
k points, whenever p > k/2+1. The key simplification in these cases
is that since the first p-stretch ends at Yp and the last p-stretch

begins at Y no point Y, can both begin and end a p-stretch

k+1-p’ i
(k+l-p>p). In any of these cases, it will be shown that Prfz(p)(s) > 1}
can be given in terms of only two functions of s, for s in the range
(1,2) and (2,%), respectively

For k points in (0,s), we define the m-range to be the maximum
k+l-m stretch. Thus, the l-range is the usual range, and the m-range
is the largest of the m distances Yk- o’ Yk-l-Ym-l""’Yk—m+1-Yl'
We will consider a Poisson process on (0,s) as above and find the
probability RP(m)(s) that the m-range of this process is > 1. This
probability gives the generating function, as in section 2 above, of the
probabilities pk(s) := Pr{m-range of k points in (0,s) > 1}, from
which Pr{m-range of k points in (0,1) > t} may be derived for any t.
We will assume that k > 2m in what follows, and note that if p > k/2+1,
then the maximum p-stretch of k points is the m-range, with m = k+l-p,
so that in this case 2m = 2k+2-2p < k. Thus the generating functions

for the m-range give the probabilities for the p-stretches when

p > k/2+1.

13
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Theorem 3. For 1 < s < 2, the probabilities RP(m) may be computed
from the following equations:
s~1
RP(m)(s) a J DNSl(t)RPl(m)(s-t)dt (1)
0
(m) m-1
RP1 " (t) = PGE (t-1) +a§1 PRB (t-1)MP2  (t-1,t) (2)
v-1
MPij(u,v) = . J DNSk(s)MP3j(u,v-s) (3)
j-1
MP3, (u,v) = I(j,u,u-(v-1),0) + [} T(j,u,u-(v-1),0)MP2 (v-1,v)  (4)
3 ae1 j=a o
Proof. In the above equations,
o} j-1
PRB (t) = e")\t Q%?— , PGE,(t) = 1- ] PRB_(t) ,
! 3 a
=0
and
d PGE, (t)
Dst(t) = TS

are the probability of o points, the probability of greater than or
equal to j points, and the density of the hitting time of the j-th
point, respectively, for a Poisson process. Let E(m)(s) be the event

that the m-range of the points in (0,c5) > 1.

14




Let Eim)(t) = {E(m)(t) and a point of the process occurs at t},
and RPl(m)(t) - Pr{E{m)(t)}. Since the density of the distance t of
the rightmost point in (0,s) from s is DNSl(t), equation (1) follows.
To calculate the probability of Eim)(t) we observe that if there are
at least m points in (0,t-1) then Eim)(t) occurs, since in that
case, the m-th point from the left Y < t-1, so that Y -Y =¢-Y > 1,

m k m m
The probability of this is PGEm(t-l). If there are 1 < o < m points

in (0,t-1), define
EZaB(u.v) = {Eiu)(ys) and a points in (O,u)},

where Yg is the 8-th point to the left of v. Letting MPZ&B = Pr{EZQB}
equation (2) follows. To derive (3), note that the density of v-yg

is DNS let

8’

E3j(u,v) = {Eij)(v) and j points in (O,u)} ,

and define MP3j(u,v) = Pr{EBJ(u,v)}. Letting N denote the number of

points in (0,u) which fall in the subinterval (v-1,u), E3j(u,v) may

be written as the disjoint union:

j-1
E3j(u,v) = {N=0} + al;jl {EZj_aa(v-l,v)ﬂ {N=q}}

Since Pr{N=a} = NI(j,u,u-(v-1),a), equation (4) follows and the theorem

is proved.

15




In proving Theorem 3, we assumed that 1 < 8 < 2, speciffically in
setting the upper limit of the integral in equation (1). For the case
that 8 > 2, an analogous theorem, proved in exactly the same fashion,
holds. We denote the probability that the m-range exceeds 1 in this
case by RZP(m)(s), to distinguish it from the previous result, which

will be used explicitly.

Theorem 4. For s > 2, the probabilities RPZ(m)(s) may be computed

from the following equations:

s=2
r2p(™ (s) =

f Rzpl(m)(s-c)xDNsl(t) +PRBO(s-2)RP(m)(2)
0

m-1
r2p1 ™ () = PGE_(t-1) + I PRB (t-1)M2P2 (t-1,t-1,t)
m a=1 am-Q

v-wrp
MZPij(u,v,w) = . J mvsk(s)mm

(u,w,v-s)

3

j-1
M2P3, (u,w,v) = [I{j,u,u-(v-1),0) + z M{i,u,u-(v-1),a)M2P2 (v-1,w,v)
J o=1 j=aa

From theorems 3 and 4, for example, we obtain:

k-1 k k
Pri{maximum k-1 stretch of k points < t} = 1-2k(t™ ~-t’) - (2t-1)

(5




Pr{maximum k-2 stretch of k points < t} (k > 5)

-1 _ k(t"l)((lz"lnt'k*'g)(2:—1)1:’2 (10)

1-8(2:—1): + (Sk(t-1)47t)tS




5. Tables.

In tables 1-4 which follow, the main results for the uniform distribution
are given. Table 1 gives the cumulative distribution function for the maximum

p-stretch. For example, under " 2 stretches" in Table 1, we find the entry:

POINTS = 4

L sefo12ed418e? - 12643

(%. %) -45t4 + 84::3 - 54:2 +12t
1 1 4 3
(4, 3) 36t - 24t  +1 .

This entry gives Pr{max 2-stretch of 4 points < t} for t 1in each of the
intervals indicated at the left. For any fixed number of points, the last
form given also holds for all smaller values of t.

Table 2 gives the quantiles of the maximum p-stretch, derived from the
exact formulas in Table 1, along with the approximate quantiles obtained by
treating the stretches as independent (marginal Beta distributions.) Since
this approximation is exact for the maximum p-stretch of p points, these
cases are omitted from the table.

Table 3 gives exact formulas for the Ath moment of the maximum p-stretch,
E{i(p)A}, in a somewhat compact form. That is, the desired moment (Ath moment
of the maximum p-stretch of %k points) always involves a factor 1%0 'K%I’

and this factor is omitted from the tables. Thus, under "3-stretch, &4 pts!',

4
for example, the entry EX + 48A 1indicates that the Ath moment is
2

A
2472 + 48A Numerical values of the moments for A=1,2,3,4,5

A(A+1) (A+2) (A+3) (A+4)

are given in Table 4.

18
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(1
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(1

1
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(1

8

~
=]

Table 1. Exact Distribution of the Maximum p-Stretch.

2
(Gaps)
STRETCHES
POINTS = 2
2
T -27T1T+1
POINTS = 3
3 2
-2T7 +6T7T =617 +2
3 2
6T ~&6T1 +1
FOINTS = 4
A 3 2
31 -12717 +18717 -~ 1217 +3
4 3 2
- 457 +84 7T -347 + 127
4 3
367 -24T7 + 1
FOINTS = 5
5 4 3 2
- 4T +20T7T -40T7 + 40T -20T + ¢4
S 4 3 2
188 7 - 4607 + 4407 - 200T + 40T -2
b} 4 3 2
- 784 T + 1160 1T - 440 T +160T -207 + 2
5 4
240 T ~- 120 T +1
POINTS = 6
6 b1 ) 3 2
sT -237T7T +757T - 1007 +75T -30T +5
4 3 4 3 2
- 435 T ¢+ 1890 1T - 2325 T + 1500 T -525T + 9071 - 9
[ S 4 3 2
6655 T - 12690 T + 9825 T -39007T +8257 - 90 T + 3
[} 9 4 3 2
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Table 2. Quantiles of the Maximum p-8tretch.
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0,05 J.248604344 [V VI N .d‘LLCQSE V.o4247/306 ;
0.1 0.32026089 Vel 00I00B1Y0Y4 0. 3990942468 n
o0 w. 456427284 [ ..;049&- BRIV & AT -] 3
0.5 0.61427264 vel 005715885 00143891/
volS UL 5897 o 075 0.0 079 . 12304252
9.5 0. b«.*4405» T 0UBOC36S9 0.80807468
0.3 0.50285: 0.75 0.544,0115 v.Bn2637178
0.99 0.9%6u018 0.99 0.915864uv 0,91 °59856 i
0.995 4.9 10551 460 0,795 0.514045414 0.53454072 )
0,999 0,750, 54 U.779 0.96220049 0.95244b0c4
0.799% 0.990814,°0 0.9995 0.97016337 0.97051645%
& Folnins JoRJaNIS » FGINTS
b Quad oot BETA APPROY & Lmr'qu'il.L BETS N PRUX : UUANTILE  BETAR AFFILO™
0.05 2.30553488 0.397642695 FINPEEUSE R B PRIV AE UK L AT IT- NN YN 0.399325 SRR P S
Vol .0t 900%084 UL 9040894 -0 Sl 0.3:?4~u~: Co8R13¥8e J.1 0.34B35,°658 LI 6,808
VRNV &3 IR RV - -8 EARY- T 0,22 0.484456593 0.4605018 Lol 0. 4141'1,; 0,335,509
VoS 0.8 1) C.5911095Y8 0.5 0L5104,75728 v 540316754 9.9 0.488581025 ¢.6159 14‘7=
0.7% J.ouBaubilh 0.6757175.9 075 0812080 9, £30HTL 08 $.75 0.57107500 0.59045574%
0.9 (.74003324 0.7560220 0.9 C.69480E52 (.70696767% ¥ 0.64937166 0.06285v4s
_ 0.99 v. 74365 0.890024554 0. 95 0.70194579 0.75059541 v 8y 0.69559435 0.7055451L
. 0.%9 . 668539‘ 0.87097983 0.9 0.821151294 9.3251:0%4 O] Troue 0L 007U 504
0.99, 2.39078459 0.8525776%% 0,995 0.34835596 0.EIV0 438 U.PR5 0,803423496 0.80.705052
G.9vY o.?“BJovéo VR S0 SR J.5TS 0.87112024 0.89245414 oYY GLBELYQ48Y 0.854% 3004
V.9PTY 094033870 0.940848%: 0.9995 0.9036%6) V. 9068933 D.9995 0.86Y93174 (.6571461435
9 POINTS 10 FOINTS
B QuATTiLe  BREan REFROX ! WUARTILE  BE O ARFRUX
0,05 0.302845~ . L3 def4ly :.oa 0.293?8684 DCITSLTT766
Ot 03361319973 GLalE0blL G 3“3770‘ 0.34’5:/50?
Q2,09 0.3935750 . 81404279 u.Zb 0 SAQTI99S G.802591.2843
0,5 0.45991377 V. 431795775 U. g ¢.4$4Jl4lo 0.454357394
0,75 0,9352080 0.554781474 U SUSAYEIL VL hlsuasYyT
DS D.60926487 C.62356H) L7 0,57 109679 0.5&::196'
D,99 0.653180 0L vL 8458 "3" 0,99 0.61.72179589 0.02E8,
0,99 0.735333964 J.,4|36. ve¥? ULEYTET04 v.¢L4J1!J
L NIV R E T U./b’b9b3 0,995 0.7257138088 0.730%56136
C.97Y 0.815681%8 0,818271200 0,999 0.76015188 0.763257045
G.9995 Q.EI403760 0.83627076 0.9992 ¢.79922374 ¢.,80227045 }
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‘O OINTS
3 GUAN T ILE
D0 (L3400 Ay
G, (LAt v
VaedS TLYASET 8
M L A
G.7Y v 80s. e
A - 1 Y
V.95 GuyidLs T
1

NI A S IRU AU RV
V999 0. 9998950 L
C.9999 0.9928724°4

U OPUINTS
F QUANTILE  BETA AFFROX
0,05 0.36.73043" 0.4:8603674

0,1 0.41357 0.4466740448
0.0y 0.490870044 0.5334473
0.9 9.5771174% 0,6076418

J5 0.664308118 0,58618646
UL §.7395/018 v. 75087012
0.%% 0,78142014 0..7305650%
J.99 0.85003147 0.854151284
0,995 0.87154538 0.8,74516033
0,999 3.909467265 0.9108644
0.9995 0.92188124 0.52270262

o o~

| —r———
L,

s

’STREICH.

6 FOINTS
4 QUANTILE KElA AFFROX
J.0% 0 T6605601 0.4302535Y
voboul Ay AT 00 00485090070
S.20 U 030060643 057859280
UL LatL T redd UL 6803451
oL U TUP9Y8Ed 0.77356963
V.5 L BS8 787 0,8403G877
Gyl 0,87 740531 0.88132624
Ly L YISATEL 0.933661090%
DLyt 987308 0.94795279
0L995 0,96 98%392 (.9700875)
09995 0.7all828 0.97837228

9 FOINTS

F QUANTILE BLTA AFPRUX
0.95 0.36202006 0.41277348
.1 0.402073424 0.446699064
0.25 0.458159242 0.50604768
Oud 0.5330742 0,575832172
0.75 0.527415515 (.6468511
0.9 0.696116015 0.7113%287
0.95 0.737919375 0.748983¢47
.77 0.80960802 2.8150439/
0.995 0.83302359 0.821./v5052
G.999 0.8757,/204 0.8778844;
V.?2995 0.89031939 0.89193015

37

7 POINTS

F QUANTILE BL1A AFFKUX
0.0% 0.3701201497 U, 43853868
0.1 0.424091768 ¢.48359%b."
028 0 LEL26T2L L.58027F40 %
Ul 0.61495624 Q.0401138)
U070 3013144857 9,7291064y
G DLG74B07Y 0.7 9884e
Q.95 0.82€3toze v.5451710/
0,99 0.591.08740 W, 69439002
.99 0.v1046099 ¢.F12024818
CL99T 0LFA1.1431 (,992447 02
VLFFYL L RL133e46 0.9 T LD

10 FOINTS

v WJANTILE  RETA AFF:- O
GL05 0, 35000854 0.3957323
Got 0.388T00IE 0L 426291087
0,20 0.4460330%8 ¢ 4Bu19r1 T,
D05 ¢.5127°044494 §,5440183
VoD 0LDB71301T 0,61131911
0.9 0.480704084 5.6735873
Q.95 0,29836088% 0,7107775.4
0.%9 0., T1A2912 0,777 yg4 0y
G995 G.7R60477°28 £,8010.7 74
0.999 0.8421950% 0.845002¢ ¢
0.9995 0.89834555 (.4605447 s

DO SN




STRETLH

& FUINS FUln:s g FUINTS
b AUANTILE v WUANTILE  BETA AFFROX F QUANTILE BETA APPEGX
05 ¢ 4TSI 4y GO0y UL 1lY2I508 L. 4v8192355 0.05 0.42478423 0.50235007
0.1 0.439:d36.73 0.1 C.49114947 0.54989104 0.1 0.47802405 0.544508%
U.l5 0.6 0520884 0.25 0.59416032 0.63588355 0.25 6.96629042 0.61056582
0.9 0.73555049 0.5 U.0199984 ¢.7069019) 0.3 C.sslevisE 0.67334L
0.5 U.838337184 G.79 2.79521231 0.EU834821¢6 VeSS 0 BTN 0L62150304
RNV P 7 G.E8dT76338 0.88973032 0.7 0.2170Y046 U.527450. 04
.S UL 94715040 V.95 0.8969293 0.9005408, V.70 0.852965v10 0.80Y61203
PO INVIRRE SR T'9S 0.75 v.v135534% ¢.93465117 0.99 0.90794519 0.910480%.
2 F 0LYET 27 g V.995 v.9N5958B8 0.956426464 0.995 0.92107842 0.92572074
D.599 0.901748%, ST -.074902075 0.57511725 Q.F97 0.950.70124 0.9513974¢
ULYYYY y.Y94181ty Pt L G yB0223216 0.980355784 G.9995 0.vLBYIZYD C.¥594007

Y FOINTS 1§ FOINIS

t QUANTILE BETA AFFHUX - UUANTILE  BETA AFFRUK

0.05 0.415598437 0. 18896737 V.05 CLA0Sle919 0,407 778

ae

0.1 0.451694280 v.5254177¢
U3 U.537995084 0.58785082
0.5 0.621980235 0.65763049
079 0./0591326 0.
0.9 0.77256064 0. 78598?35
0,75 020796547 0.817

O 0.87055463 b.b/ﬂ.00-1
V.74 §.085472562 0.89255539
¢.999 0.92238192 §.723/409Y
0.999% 0.933104G75 0.93409494

R
s 0GT 20 S

?

o

77

Dol ¢.45047422 0.5032.58?4
V.29 C.9VIB43L9 U.559077
0.5 (.88, 8/ 0.;.&0443?
0.75 0.66398199 0 68790454
JuY o 0.731425¢8 4’1 192
0.5 0./694v744 U“ 89id
0.79 0.833510374 0.83‘;053'
VL9YS ULBLAS8I3E v.B85863833

n

[
3
Vid

0.999 0.89224295 0.894342745
8621

0.9995 0.9G49868%0 0.9045




7 POINTS
F QUANT ILE
09 0.479247208
Y B RATEN
Ol L6998V Y
AR ST S
LT ULBalult
I AN SR DY TS
LY DLPde0ldlle
V.Y9 0 L0334
CLYRY 0,984
Vv 0,993018s)
LTTTS QLYYE TS 6

s
Vieu v

¢ OPUINTS

b QUANTILE
0.035 0.527320283
0.1 0,593754336
0.25 0.69730048
ved 0.77886869
0.5 0.8793/1
0.9 0.95137412
).95 0.9536109.34
2.99 0.98034243
0.979% 0,9862438
0.997 0.9939513s
G799 0.9957476

-

s—————
9
/

STRETCH

Y FUINDS

L WUANIILE  BETA AFPRUX
Govy 4018521 0,5952020594
0.1 0.34150138 0,000398585
0,00 veoaleds "2l v.6774810.7
0.5 CL75 10834 0.76156287
G2 0 82130730 0.83329893
Vo9 wL ol 917 0.8877511%
C.90 0.91101125 0.9143577
V.99 0.75148424 0.952493235
So995 0.9621F115 0.9628034!
C.999 0.975492305 0.978685.754
0.9995 0.983060405 0.9831824/%

10 FOINTS

I WUANTILE BETA AFFROX
Q.05 0.45/72414 0.53.7848v4
Qo1 0L9030Y138 0,57229 "ol
Q.05 VLL7761435 €.63044° 03
0.0 0.658304736 0.46949:069
Q.79 0.73504214 G.0 L7795
ULF 00797786545 0.811120559
0.95 0.831943~ €.6307800648

Y FLINTS

K WUANTILE  BETA AFFROX
0.0 V.4.7740895) 0. 88302077
Uol 0.3232303¢ 0.0F2617404
W20 0.80774892 0.6584473

0 0.8Y6761645 0.72937827
8 0..7708078 0.79069296
0.839367334 0.8492370!

9 V.ES1S3B405 0.87785 0

T oL TS0 0L92225 8L
90 0.9338Y0230 U.¥35560.70
g
v

[N o I 0

<

4
7 0.957255880 0.90 0 0 At

.?
¢
.9
5
4
IIP0 0.96441034 0.95485¢6s

U

)

Ue
V.

77 0.556189973%
L990 0.Y027058%
299 v.73200831

9770 0.9414535

0.8900723¢9
0.9056.7259¢5
0.93530531
0.942399C5

8

STREICH .

9 FOINTS

F GUANTILE RETA APPROX
.05 0.52600627 0.59560351
0.1 0.58284621 0.54080958
.25 0.6740108 0.71376376
0.9 0.76516585 0.79838877%
0,79 0,84159322 0.85325097
0.9 0.8958955246 0.90124649
0.95 0.921688s 0.92478423
0.99 0.95744947 (.95837836
0.995 0.96686892 0.96743158
0.799 0.981178805 0.98133905
0.9995 0.98518138 0.985292956
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16 POINTS

P QUANTILE BETA APPROX
0,05 051155715 0.5v4427sL
Ot 0.001528956 0.637580 0
V.29 0.642479464 0.592¢.71 34
0.5 0.72592883 0.75.770450
0.28 H.80005840 0B/ YSYED
U.9 0.8D96/762454 ¢.86611701%
0.95 0.88555%17 0.8915448%6
0.79 0.¥29036655 0.9312.°20)
0.795 0.94158129 0.943070/
C.99¢ 0.96225791 0.76586440%
V9995 0.96839221 0.%6v008Y




9

STRETCH

¢ FOINIS 10 FOINTS
! QUANTILE ¥ QUANTILE BRETA AFPROX
0.03 0.370864245 0.00 0.56348471 0.63155703
0.1 0. 6316380° 0.1 0.617614622 0.6/384963
0.2% 0.72773032 0.25 0 70332769 0.74142507%
.9 0.820380725 0.5 0.78778987 0.80977395
V.79 0.8928370% 0.75 0.857691325 0.46860804
0.9 0.93923049 0.9 0.90685706 0 91183142

G.95 0.95897727 .95 0.93006854 0.93293719
0.99 0.9826436% 0.99 0.96210245 0.96295981
¢.995 0.98787645 0.995 0.970512904 0.97103171
0.799 0.99465376 0.999 0.953265445 0.98343234
V.Y9PE 0.756240176 0.9995 0.986828364 0.98693137
! [
T
)
Ls1RETCH
10 FUINTS
P QUANTILE

Q.03 (.600636436
0.1 0.663152253
0.20 0../752629794
0.0 0.83773769%
Y 0.903396444
0.94547133
2 ‘.96322874
9 0.Y8345:2306
99 0.98914961
9
9

-

Q
e
o
o7
%
7

.9
999 0.99522547
L9995 0.996636905

OOOO
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Table 3. Formulas for Computing the Ath Moment Around the Origin
of the Maximum p-Stretch. *

2
STRETCH
2 PTS. : 2
6
J FT1S. ¢ 12 - --
A
2
24 72
4 PTS. ¢ == - == + /72
A A
3 2
120 480 720
5 PTS, ¢ - —=- + —-- = === 4 480
A A A
4 3 2
720 3600 7200 7200
& PIS. ¢ —-- = -=== § =rme = ewe= + 3600
A A A A
S 4 3 2
5040 30240 75600 100800 73600
7 PYIS, ¢ =~ ~~~= 4 =c=c= o em-ee $ rrmeme o emeee + 30240
[ A A A A
b 5 4 3 2
40320 282240 8446720 1411200 1411200 8446720
8 PTS. # -=---~ - ====== 4 m—mmem - o L ke + 282240
» A A A A [} A
7 b § 4 3 2
342880 2903040 101560440 20321280 25401400 20321280
9 PTS. 1 = --==-= 4 —mmmmm= = —memeoas 4 mmemmmm o memeaes b —mmmeme
A A A A 4 A
8 7 4 5 4 3
10150640
v mmmee—e~ ¢ 2903040
A
2
3428800 32459200 130636800 304819200 457228800 457228800
10 FTS. § ---~=-> = ==-===-- 4 m--messss - emmecsoo- # mmmvsesem = soosme—es
A A A A A [
9 8 7 ) 5 4
304819200 1306346800
4 mmmmmmess m mmmean-- + 32659200
A [}
Y 3 2

1 t
*Each 1isted formula must be multiplied by Il yvey to achieve the A
1=0

moment around the origin for k points (see page 18).
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3

STRETCH
3 PTS. s 6 A+ 6
24
4 PTG, ¢+ -- + 48 A
A
2
2
15 A 15 A 240
5 PTG, 3 = mme=m = —-=— 4 === + 360 A - 120
A A A
2 2 2
2
1440 J60 A 340 A 720
6 PIS., & -—--= =~ -==o-- + ----- + -~-- ¢ 2880 A - 1440
A A A A
3 2 2 2
3 2 2
280 A 560 A 17080 A 25200 5470 A 9450 A 5040
7 FI§, § =—=v=m= = —---o- s mmee—-a $ mmmem e em—ooe- ¢ =mmm—m = -
A A A A f A A
93 33 93 3 2 2 2
+ 25200 A - 15120
3 2 2
201600 17920 A 35840 A 116480 4 161280 80640 A
8 PTS. & ------ 4 ommmmmmmm o mmeemeee + mmemmm-- $ mmmme = memee—e-
A A A A A A
4 93 33 93 3 2
161280 A 161280
+ mmmmmee—m - —meeee + 241920 A - 1561280
-] A
2 2




4 3 2 3
945 A 12285 A 101115 A 2966355 A 5080320 60480 A
9 PIS. 3 - --=--- § mmmmmmee o cmemcmmem = memmeee- + e 4 mm—mema-
A fi A A A A
16 4 8 4 16 4 8 A 4 3
2 2
342880 A 1028160 A 1134000 A 2494800 A 2903040
- e T ECT R P e 4 mmmmmeme o e + 2540160 A
A f A 4 A
3 3 2 2 2
- 1814400
4 3 2
50803200 9450 A 170100 A 1237950 A 1417500 A 50803200
10 PTS, ¢ ===----= = —-oee- $ memmresm= - fecrsaasss - seceoe-e- + mem-o—--
A A A A A A
5 4 4 4 4 4
3 2 2
1433400 A 8601600 A 28672000 & 29030400 16329600 A 33102400 A
b mmmmmmmme o cmmeeemee $ mwmmm—cres e emmcecen - emmee—ee—e- D atabet T
A A A A A A
3 3 3 3 2 2
47174400 ‘
it + 29030400 A - 21772800 f
A :
2 !
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4

STRETCH
2
4 PIS. ¢+ 12 4 + 36 4 + 24
120 2
S PTS. ¢ - -=— + 120 A + 120 A + 240
A
2
2
20 A 450 A 720 2
6 FIS. 3 ~=-=- + omommm - - + 1080 A + 360 A + 1440
A A A
2 d 2
4 3 2
105 & 315 4 3885 A 12285 A 5040 2
o B T R et + vemmens - oo + 10080 A4 + 10080
A A A A 4
42 22 42 22 2
4 3 2
201600 945 A 1470 A 7875 A 153930 A 241920 2
b PTS. 8 ====-- = sommms o mmeesmes o ccceee- t mommeoem o e + 100800 A
A A A A A A
3 2 2 2 2 2
- 20160 A + BO&40
3 2 4 § 2
4480 A 13440 A 716800 4 20790 A 3780 A 228690 A
9 FTE. 2 ~------ L e e i L L L L I
A A A A A A
3 3 3 2 2 2
1368700 A 342880 2
+ osmmeo—ess o meeeo + 1088640 A4 - 362880 A + 725760
f A
2 2
6 S 4 3 2
2800 A 2800 A 417200 A 176400 A 159880000 A %
10 PTS. 2 =-=--== = ~---oom = ooeo mmews b memmeaoo- + soemmo—mooe-
A A A A A
81 3 27 3 813 3 813
4 3 2
180219200 A 387450 A 170100 A 4035150 A 17180100 A 3628800
. mmmeeeccmee o mmmemm—o-- b cmcmcme s - emseceam-na $ mmmecbemas & memaeaa
A A A A A A
273 2 2 2 4 2

+.12700800 A

- 5443200 A + 72576400




5
STRETCH
3 2
5 PTS. ¢ 20 A + 120 A + 220 A + 120
720 3 2
6 PIS, 1 --- + 240 A + 720 A + 1920 A
A
2
2
630 A 5670 A 5040 3 2
7 PIS. 8 = ====-= = cocco- = -=-= 4 2520 A + 5040 A + 12600 A + 10080
A A A
2 2 2
4 3 2
210 A 2940 & 7350 A 35700 A 40320 3 2
8 PIS., & ------ + - 4 m==m--- - sesemss - o--e- + 26880 A + 40320 A
A A A A A
2 2 2 2 2
+ 94080 A + 80440
4 b} 4 3 2
315 A 4725 A 3445 4 352485 4 667485 4 239085 A
9 PTS., & = =-==== = ===---- + —-oome- 4+ —mmemme- ¥ mmmmemees - mesoseeo
A A A A A A
8 2 82 82 g2 42 2
3462880 3 2
- emeee- + 302400 A + 362880 A + 7846240 A + 725760 i
A
2
6 J 4 3
50803200 1890 A 15120 A 103950 A 1096200 A 1595160 A
10 PTG, & ~=~~=--= = =--=-2- - soscecee o mcocemeo- 4 memmmmemms o —ees—oemeo
A A A A A ()
3 2 2 2 2 2
18990720 A 54432000 3 2
+ soommsmmes - ceceeoe- + 3628800 A+ 3428800 A ¢ 7257600 A + 7257600
A A
2 2
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6

STRETCH
4 3 2
6 PIS. : 30A + 300 A + 1050 A + 1500 A + 720
5040 4 3 2
7 PTS. t - -=== + 420 A + 2520 A + 9480 A + 7560 A + 10080
A
2
2
5040 A 65520 4 161280 4 3 2
8 PIS. & —------ 4 e 4 e + 5040 A + 23520 A + 75600 &
A A A
2 2 2
+ 137760 A - 120940
4 3 2
1890 A 41580 A 292950 A 616140 A 362880 '
9 PTS. 1 = mommmes = mmmmmmom s e o el o + 60480 4
A A A A A
2 2 2 2 2
]
3 2
+ 241920 A+ 665280 A+ 1209600 A + 725740
6 5 4 3 2
1575 A 42525 A 340675 A 335475 A 4093425 A 5679450 A
10 PIS. 5 ==----- TIREPEEEE ¥ ommmeoeene Rl
A A A A A A
42 42 42 42 22 2
3428800 A 3 2
- —meeee- + 756000 A+ 2721600 A+ 6501600 A + 11793400 A + 7257600
A
2
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7
STRETCH
5 4 3 2
5 PTS. 1 42 A + 630 A + 3570 A + 9450 A+ 11508 A + 5040
40320 5 s 3 2
8 PIS. & ----- e 672 A 4 6720 A ¢ 36960 A ¢ 73920 A ¢+ 123648 A
A
2
2
A5360 A 771120 4 2903040 5 \ 3
9 PIS. § = —mmmmmme = mmmmmme= = ====mes + 9072 A ¢+ 75600 A + 347760 A
A A A
2 2 2
2
| + 1013040 & - 356832 A + 3265920
. 4 3 2
3 18900 A 567000 A 6104700 A 27329400 A 47174400
10 PTS. § ~==mm-e- § mmmmmmmne b mmmmmmnmee b —cmmmmmmee 4 mmammmee
A A A A A
) 2 2 2 2 2
5 A 3 2
. 9979200 A + 14394240 A - 43545600

+ 120960 A+ 907200 A+ 3628800 A
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= , s

8
STRETCH
é 3 4 3 2
8 PTIS. ¢t S6 A + 1176 A ¢+ 9800 A + 41140 A + 90944 A + 98784 A + 40320
342880 6 3 4 3 C
¢ PIS, 3 - -—=-=- + 1008 A + 15120 A + 115920 A + A40B240 A ¢+ 971712 A
A
2
+ 665280 A + 725760
2
453600 A 9525600 A 47174400 4 5
10 FTS5. § ==-===-~- 4 mmemmmmm- $ mmmmmmo + 15120 A+ 196580 A
A A A
2 2 2
4 3 2
+ 1285200 A ¢+ 5367600 A + 4142880 A ¢ 32538240 A - 43545600
9
STRETLH
7 6 S 4 3 2
9 PIS. ¢ 72 A4 + 2016 A + 23184 A ¢ 141120 A + 4873468 A + 745504 4
+ 940896 A + 362880
3628800 7 6 5 4 3
10 PIS. § ~=----- + 1440 A ¢+ 30240 A + 312480 A ¢+ 1463200 A + 5664960 A
A

)

b PIR2960 A ¢ 12185120 A

10

STRETCH

8 7 6 3 4 3
10 PTS. 2 90 A + 3240 A + 49140 A + 408240 A + 2020410 A + 60355560 A
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