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ABSTRACT

'Employing a recent homogeneous strain-dependent creep damage

theory, the propagation of a failure front in a beam under pure bend-

ing is studied. A local inhomogeneous strain-dependent creep damage

theory is then postulated, based on creep damage data obtained at

J.R.C. Ispra for specimens of various lengths. Using this inhomo-

geneous theory, solutions for various loading conditions are obtained,

and are shown to be in better agreement with observation than previous

theories. Finally, the effect of random material parameters on the

rupture time is considered for the constant tensile stress test and

for the beam under pure bending.
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NOTATION

a,bc' damage constants, Equation (63)

- al~a 2  nondimensional coefficients, Equation (92)

A instantaneous cross-sectional area

A AO  initial cross-sectional area

' Ar  effective undamaged cross-sectional area, Equation (4)

: Asmall area increment, Equation, Equation (90)

A nondimensional area, Equation (92)

b,c damage constants, Equation (64)

~b' -- normalized random variable
~bo

B'V material damage constants, Equation (6)

B 0nondimensional constant, Equation (115)
0 8T

C-Co0e damage constant, Equation (27)

SC damage constant, Equation (26)
0

d width of the distribution of damage, Equation (72)

D damage, Equation (28)

D 0initial damage at t=O, Equation (58)

D R  experimental critical value of damage

D T  total damage, Equation (59)

bdamage difference, Equation (59)

6R  local critical value of damage

-AV average damage at rupture, Equation (62)
DR

E elastic modulus

E D  specific dissipated energy, Equation (17)

E* fictitious elastic modulus used to approximate transient

creep
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f(S),g(S) functions of S , Equation (15)

F(S),G(S) functions of S , Equation (14)

h effective half depth of rectangular beam

h 0  initial effective half depth of rectangular beam

H(x) combined material parameter, Equation (61)

I nondimensional material constant, Equation (86)

J property of beam cross-section, Equation (41)

second invariant of stress deviators Equation (35a)

K,n creep constants, Equation (2)

K ,n creep constants for instantaneous deformation, Equation
0 0

(13)

material rupture constant, Equation (17)

9length of beam

M bending moment, Equation (40)

P constant load suddenly applied at t - 0o

q,r material powers, Equations (9,10)

Q constant evaluated at rupture, Equation (62)

R instantaneous cross-sectional radius

sgn( ) signum function, Equation (38)

S effective stress

t time

LCR rupture time at the stress a

t rupture time at the stress a

tR rupture time

t RH Hoff's ductile rupture time, Equation (3)

tRI time at initial rupti-_e of beam, Equation (45)

tRK Kachanov's brittle rupture time, Equation (7)

tR1 half rupture time of beam, Equation (57)
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T absolute temperature

T constant temperature

U( ) unit step function

w width of rectangular beam

xoy °  initial coordinates of beam, Figure 1

x,y moving coordinates of beam, Figure 1

" apy,6 damage constant, Equation (26)

C c axial creep strain, Equation (1)c

C €total lateral strain, Equation (77)

CmR creep strain at rupture
QR

c creep strain rate at the stress a
0 0

EVECII principal strain rates, Equation (20)

CR creep strain rate at the reference stress aR

Equation (108)

C strain in damage law for multiaxial states of stress,
c

Equation (34)

parameters in lognormal probability density function,

Equation (102)

constant corresponds to two types of rupture under

multiaxial stress, Equation (21)

rate of curvature of beam, Equation (39)

V elastic Poisson's ratio
e

v steady creep Poisson's ratio, Equation (77)s

half thickness of deteriorated region of beam

p density

PO initial density
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a one-dimensional tensile stress

o constant stress0

a cparticular applied constant tensile stress, Equation (62)

a. constant tensile stress, Equation (18)

o maximum normal tensile stress, Equation (44)max

aR reference stress, Equation (108)#R

a principal stresses, Equation (19)

.* stress in damage law for multiaxial states of stress,

Equation (34)

potential function, Equation (19)

continuity, Equation (4)

W Kachanov material damage parameter, Equation (5)

( )O indicates nominal value

( ) indicates d/dt

( )' indicates derivative with respect to agrument

(^) designates random variable



1. INTRODUCTION

With the development of heat resistant metallic alloys, it is now

possible to increase the operating temperatures in thermal machines

(e.g., jet turbines and nuclear reactors) and thereby obtain better

thermodynamic efficiencies. At these elevated operating temperatures

the phenomenon of creep is often very significant, and in particular

the nrohlp m of creep rupture is of major concern when considering the

safety of such thermal machines. Creep rupture in even a small struc-

( tural component of a nuclear reactor may not only jeopardize the

operation of the entire system, but can also result in a serious hazard

to the surroundings. With the availability of high speed computers

and modern numerical techniques the designer may now obtain accurate

creep rupture analyses; this accuracy is primarily limited by the

reliability of the creep rupture theory employed. The present research

is directed toward the development of improved creep rupture theories,

through the inclusion of the effects of strain, inhomogeneity and ran-

domness, and the application of these theories to illustrative examples.

Deterministic, homogeneous, uniaxial creep rupture theory has been

developed along two major approaches: I. The continuum mechanical

approach, and II. The physical metallurgical approach. The first

approach has been used by researchers specializing in continuum and

structural mechanics, and in applied mathematics. For the most part

such researchers have been interested in the macroscopic phenomenon of

rupture due to creep, and have sought an interpretation of the charac-

teristics of uniaxial creep strain on rupture data curves. The second
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approach has been used by researchers specializing in metallurgy and

solid state physics. They have been interested in quantitative and

qualitative studies of the microscopic damage which leads to rupture.

Multiaxial creep rupture theory is then usually obtained by a ten-

sorially reasonable extension of uniaxial theory with the damage

itself usually still treated as a scalar, although in some more

general formulations the damage has been treated as a tensor.

In the present study we first discuss various deterministic,

* homogeneous, strain-independent, uniaxial and multiaxial creep rupture

theories. Then the deterministic, homogeneous, uniaxial tensile,

strain-dependent creep damage theory recently developed by Belloni,

Bernasconi, Cozzarelli and Piatti [1,2,3], using both the continuum

mechanical and physical metallurgical approaches, is discussed in

. detail, and generalized to the cases of compressive and multiaxial

stress. The problem of the development of a failure front in a beam

under pure bending is studae" using this strain-dependent creep

damage theory. A local damage law is then obtained for inhomogeneous

materials under constant tensile stress, by means of an analysis of

creep damage data for specimens of various lengths, and this law is

extended to the case of variable tensile or compressive stress. This

local damage law for variable -egss is used to obtain solutions in a

bar under constant load accompanied by lateral contraction. Finally,

for the problems previously treated deterministically, the effect of

randomness in the material paramlers on the rupture time is analyzed

by probability techniques.

Section 2 contains the literatar- suivey of previous creep

rupture theories. The strain-dependent creep damage theory and its

k-Ad



application to a beam under pure bending is presented in Section 3.

In Section 4 we obtain the local damage law for inhomogeneous materials,

and solutions are obtained for various loading conditions. Finally,

the randomness of the material parameters is considered in Section 5,

and an overall summary is given in Section 6.
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2. LITERATURE SURVEY OF PREVIOUS

CREEP RUPTURE THEORIES

As mentioned before, there are two major approaches to the develop-

ment of uniaxial creep rupture theories, i.e., continuum mechanical

and physical metallurgical. An early accomplishment in the continuum

mechanical approach was due to Hoff [4], who assumed a ductile mode of

creep rupture. This phenomenon occurs at high tensile stresses as the

cross-sectional area A narrows in time due to lateral contraction and

theoretically decreases to zero at rupture; such ductile rupture

generally occurs in a short period of time. The logarithmic strain-

displacement relation for large deformation, along with an assumption

of incompressible lateral contraction for a bar under constant load,

yields the relation

co 0 e c(1)

where G is the time-dependent stress, ca is the initial stress,

and E: is the time-dependent creep strain. In addition, Hoff

employed the Norton's law for steady creep

n
cc Ka (2)

where K< and n are material creep parmeters. Employing the ductile

rupture criterion (A -~ 0 and t..ts F_- at rupture) Logether with

Equations (1,2), Hoff obtained ani expression for the ductile rupture

time t Ras

Rod
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1 (3)tR =no

nesu Kn aR0

which exhibits a linear behavior when plotted as ln o versus ln tR

In practice, materials are frequently subjected to tensile stresses

below that required for ductile rupture, and it takes a longer time for

a bar to fail and it does so without obvious lateral contraction. This

mode of failure is called brittle creep rupture. In order to describe

this type of rupture, Kachanov [5] accounted for material deterioration

(or damaqg) by introducing a quantity called the continuity k in

accordance with

A
r(4)

0

where A is the initial cross-sectional area and Ar is the effec-

tive undamaged cross-sectional area. Since the damage is assumed to

be distributed over the material rather than concentrated at a crack,

this approach is sometimes called a distributed damage theory (see

Krajcinovic [6]). Instead of the continuity it is generally more

convenient to employ the material damage parameter

A A
o0- r()

W P A (5)
0

and Kachancv postulated for the damage rate the power law

= 3 (6)

where B and v are material damage constants. If we ignore lateral

contraction under constant load, a is simply equal to the constant
P

stress ao = 0 where P0 is the constant load. Equation (5) indicates
A0
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that if we assume that there is no damage in the initial state then at

t = 0 w = 0 (or Ar = Ao ) , and also that at rupture w- 1 (i.e.,

Ar = 0) although this theoretical limit is never actually reached.

Using this brittle rupture criterion and Equation (6), the rupture

time for purely brittle creep rupture at constant stress, is obtained

as

t= B (7)

R (lv) a
0

This relation again shows a linear behavior in a ln ao versus ln tR

plot.

Kachanov also used Equations (1) and (2) for o(t) in Equation

(6) for the general constant load test with lateral contraction included.

This is called a one-way damage creep interaction, since deformation

is assumed to affect the rate of damage, while damage is assumed not to

affect the rate of deformation. The rupture time is obtained from

this approach as

n
-- tRK n-v

tR = t1l - 1 (1 - -- _ (8)R LRln t

where tR11 and tRK are the Hoif and Kachanov rupture times given

by Equations (3,7) respectively.

Following Hoff's and Kachanov's basic ideas, many researchers

have introduced improvements in either the creep law and/or the

damage law. Rabatnov [7] proposd the two-way damage crcep interac-

tion equations

...L ij. . ..k - -- 7 ];,r.....: . . III ' " .. . .. L " "I .. I 111 . .. . ...
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¢ K on(1 - q (9)

B '( 1 - )-r (10)

where q and r are material powers, and where the presence of w

in Equation (9) may be interpreted as an inclusion of tertiary creep

since c increase with time. From these equations, one now obtains
C

the rupture time simply as

B (1-r)a 0

and in addition the creep strain at rupture is obtained as

1 K n-v1
CR = l+r B o (12)

Odqvist [8] added a term to the creep law to account for nonlinear

instantaneous deformation (and for transient creep in an approximate

manner), i.e.,

d (
n o ) n

c = Kd (o )+ K (13)

where K and n are instantaneous deformation material parameters.
00

Broberg [9] also added a term to Rabotnov's Equation (10) to account

for instantaneous damage, and proposed the modified pair of equations

zc = G'(S)9 + F(S) (14)

- g'(S)S + f(S) (15)

where S a/(l - W). Bostrdn et al. [10] proposed a logarithmic

definition of damage by analogy with the logarithmic strain as



A

in (16)
A
r

Westlund [ii] and Belloni et al. [121 have given interesting compari-

son of the various theories developed from the Hoff and Kachamov

approaches. In the next section we shall present in detail the recent

strain-dependent creep damage theory of Belloni, bernasconi, Cozzarelli

and Piatti [1,2,3].

in addition to the developnnts foilowing Hoff's and Kachanov's

damage theories, there are also tome approaches from the energy point

of view. Kopecki and Walczak [13 used the dissipated energy as the

rupture criterion, i.e., at rupture

f(E D ) constant = K (17)
D

where ED  is the specific dissipated energy and K is a material

rupture constant. It is postulated in [131 that if the energy barrier

as expressed by Equation %... has been overcome, the material lcses

its ability to dissipat,, energy and rupture occurs. Janson and Hult [14]

employed a combined approach wit, a single defect along with distributed

damage, and the strain enerpy wa expressed in terms ot an effective

stress S . it is postulated in 4i4] that when this energy reaches a

critical value equal to the worle needed to create two new separate

surfaces (i.e., a single crack) tho i.aterial will rupture.

The physical metallurgical approach has been employed by Hult et al.

[151, where an attempt was made to relate ddrmage to the change in thi.

velocity of sound in the material. Also, the variatiorn of electrical

resistivity was used as an index 0J ayi . Furthermore, neutron

diffraction or x-ray diffract on technicues have also been used to
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measure damage. Piatti et al. [1u] Lave developed very sensitive

differential density measurement techniques as an index of damage due

to void nucleation and growth, and this is discussed further in

Section 3. Finally, the tedious method of actual void counting with

the aid of optical and electron microscopes has also been employed.

Due to the complexity of creep rupture under multiaxial states of

stress, there is at present no completely satisfactory three-

dimensional theory. In fact, even the elementary one-dimensional

theory is complicated by the fact that much more damage occurs under

. tension than under compression (e.g., see Schiller et al. [17]).

Odqvist [18] generalized the uniaxial theory by replacing the uniaxial

stress in the damage law by the maximum principal tensile stress in

accordance with

tR

f ValOKi L dt- tK (18),

0

where ama x  is the maximum principal tensile stress, and tK is the

rupture time under the constant uniaxial stress a However,

Johnson, Henderson and Khan [19] and Henderson and Mathur [20,21] have

experimentally demonstrated that the rupture time of different

materials appears to depend on different rupture criteria. Hayhurst [221

has shown that copper and aluminium alloys demonstrate two extreme types

of rupture behavior under multiaxial stress. For copper a maximum ten-

sile stress criterion such as Equation (18) was found to be valid,

while for aluminium alloys a maximum shear stress criterion was more

appropriate.
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MarLin aiid Leckie L2
- and 6ayhurst and Leckie [24] have propobec

a combined theory which included these two limiting cases. For

lhoru=aous damage (i.e., the eftict of damage is included in all three

priluipal sLressev,) a potential lunction @ was assumed as

1

i i n+ !o -=1(19)

0

ihe principal -train rates ure dutrived from as

n

<I

I (20a)

L (20b)

San) j are the principal stresses,

S Ll and L l are the corrc.,punding principal strain rates, and

, are nominal values. Thuu the damage law was given by

Ij, - 6
= -* !1 ' (21)

and it follows that for U = Lquation (21) corresponds to a maximum

tensile stress criterion and for u = 1 Equation ;211) corresponds to

a maximum shear stress crituii 'or :kn;omogeneous damage (i.e.,

tIhe e (fAt ul damage is included. oiy in o the potential function

was given b',.

1
!h prinip Istai ro (22)

The principal strain rates tlwfn were deiived from Lquation (22) as

............ !
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= = -~ o J/o (23a)

C -0 (23b)

and the damage law was

= - - e aii1 /a (24)

The previous multiaxial theories express the material damage

in terms of scalar quantities. On the other hand, Murakami and Ohmo

[25] have assumed that material damage can be expressed as a symmetric

tensor of rank two. Recently, a tensor of rank eight was proposed by
4

Chaboche [26] for the multiaxial material damage. This damage tensor

was reduced to a tensor of rank two using the symmetry of the stress

tensor. In the following section we present a recent damage theory,

in which strain plays a significant role.
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3. 1ilE STRlAIN-DEPEN)ENI CREEP DAMAGLi THEURY

In tile previous section all of thle damage laws were expressec

as independent of tile Straill, but recent experimental results obtained

by belloni, Lernascuni and Piatti at thle Euraton Laboratoxy [11 sug-

gest that strain may in iact b, I dominanit variable in damage accumula-

tion. Thebe resuits establish th,- connection between relative density

variation, which is takeni as a iiwasure ot damage, and the creep strain,

temperature, st;rLuss and time. hius, the damage law is in general

expressed as

.4~ ,iL llj t) (25)

where is tu initial Los t, A is the rteduction in density

due to Void tonuation and growthi, and T is thle temperature.

J a Strain-Dependent ur,'eP Daoce i'OWvZ Law

'Ihe straini-depenident creep udiixage L;.eory presented in 1lj hids been

experimentally verified using vvrv -;lflsitive difieiential dens'ity

n.uat'urertut techn i yueb 2-7 -- 'i BiV the.-ie tccllitiLuL tie damaged Spedi-

men and an undamaged durxiy ii i,, ia Ir and in a heavy

I I I it .0 t' all caalytlcal Uaanct a nd then relative density variations

as :';,a I : IC or uvef l k are Computed from a simple iorula.

nv s, m. ; A.n eXLcnl:,I e COThpuLIZer *qr i., I cal rvgrcssionl amia'.'s4s, a good

adjr:emter.t war-. t,!-Ld~i islied wti ill itpi.! ut -Its for thle case

U; onc dimmen!; unal. constant t,-iai- Lrets kab approximated b -, constant

luau),', , !in;th cpardble w,,j law. urIP for L*,c .Iamabe law
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C e a tl (26)
PO o c 0

Equation (26) simplifies to

AP a 0 t6  (27)Po c 0

if the temperature is constant at T and C is the constant

C Coe- /To . In Equations (26,27) a, 8, Y, 6 are exponents which

characterize respectively the effects of creep strain, temperature,

stress and time on the damage. The experimental data indicate that

the creep strain is always the most important factor among these four

4damage variables. Also, the four exponents were shown to be positive

constants, which depend on the material and, within certain limits, do

not depend on the test conditions. Also, in [1) the Kachanov damage

parameter w was shown to be essentially equal to - -  by means of
P0O

a simple conservation of mass calculation.

In the present study, Equation (27) will be rewritten in the more

general form

D(t) = C c o (28)c o

where D(t) denotes the damage and does not necessarily correspond

with _-p . Combining Equations (2,28) (i.e., excluding transient
PO

creep) one obtains the rupture time for constant tensile stress as

1

tR = K n+} (29)

where DR  is the critical value of damage at rupture. This is again

a linear relation in a In a versus In tR plot. By assui,:ag that



14

the rupture: ti:ie, in Equ atioum t, arc the amc , onIe car. C"iL

a correspondence between Kaclanov's theory and Equation (28), yielding

flcI.
4

- N "

(1+6

1

B = -b_ ;£ -__- (31)
l+v Uk

This is an important result since it ntakes it possible to interpret

Kachanov's theory from the metallurgical point of view.

Cozzarelli and Bernasconi extended Equation (28) to the cabe

of variable tensile stress (t) a.

~t
"- a r  , r / -

D(t) C e (t) :(t, t2)

0

where for out) c Lquation kJ) reverts to the form in Equation (28).

Furthermore, it possesses the pwy:;ically necessary characteristic that

D(t) be continuous even it the :Itress history is discontinuous. Using

Equation (32), rupture t:e- c "rii also determined for variouL loading

conditions, such as ste,-etrzss, conetant wtress rate, relaxation and

constant load with lateral wont < ction. Huit [30] and Clirzanowski Kjl]

assumed that ti-ere is no dar.a e ,roduced under compression, a:;d in [17]

it was sho,,'n tLhat the cxporilnent ii .aata essentialiy justify such an

assumption. Hence, Lquatio, .)t .'eneralized further as

L0

L:(t) = C c (t) (t / ')]d ' (33)

where 3(t) oan be eitl,er tens ii or coresiv,. and U(o) is the

unit step function.
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Although multiaxial strain-dependent creep damage is not of major

interest in the present study, we shall propose a multiaxial law for

possible future study. Since rupture will occur when the maximum

damage reaches a critical value, the material damage will simply be

expressed in terms of scalar quantities which will produce this

maximum damage. We assume that a one-way damage creep interaction is

valid, that the principal axes remain fixed during the creep process,

and that either the maximum tensile stress or the maximum shear stress

criterion is valid. The damage law (28) is then generalized for multi-

axial states of stress as

_4

D C E t (34)
c

where, for a maximum tensile stress criterion, e and a are the~c

maximum principal strain and stress and are given by (see Finnie and

Heller [32])

* = ,n-l y 1 0 + ] (35a)
ec BJ [o -  1(1+

o (35b)

where J1 ll- ) + (cLi- d 2+) III-oi . On the other

hand, for a maximum shear criterion, E and u are the maximumc

shear strain and stress, and are gLven by

* 3 ,n-l
Cc BJ (O 1- i (36a)

* Y c -  l ) ( 3 6 b )

In Section 3.b, we use Equation (33) to study the case of a beam

under pure bending.



3.b Damage in a Beam under Puit i.endinv,

Consider an initially straliit beam, with a unifom rectangular

cross-sect ion of width w and initial effective depth 2ho, and sub-

Jected to pure bending by constant moment :- . As mentioned in the

last section, there is essentially no damage produced under compression

and therefore the beam will deteriorate only on tbat side of the

neutral axis that is under tensile stress. Since the maximum tensilu

stress occurs at the top outside fiber (see Figure 1), rupture will

initiate at this fiber and then a failure front (see [5]) will propagate

down through the entire cross-section. The neutral axis is at the cen-

4 troid of the undamaged material, and we denote the initial neutral

axis as x and the initial axis in the direction of the depth as yo.

As rupture develops and the failure front propag'ates the neutral axis

moves down and is now identifieL Ls x ;tiL intersection of x wii.

YO defines the moving origin of the instantaneous depth coordinate y

In order for Nortono. law 2) to be valid for both tensile and

compressive stresses, it is rewritten in the form

Ko. sgn(o)
c

where sgn 6) is the signum ruination defined a-

- tor J

and wher.' n is not necessar il ,, tr.:ted to ' , t .e r

Fmploving the Iuler-Bernouil i Sc ,umpt if: ect ions reMA in

plane, we obtain the strain ratt in terms of uh curvatuie ia,.

a
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£ = yK (39)c

An expression for the bending moment is then found from Equations

(37,39) as

1

M = oydA = J sgn( ) (40)

where

1+
J n ndA (41)

which depends on the geometry of the cross-section and the creep

power n . For a beam of rectangular cross-section with width w and

instantaneous depth 2h , we have

2+ 1J= 2n wh n (42)

2n+1

2 3
For n = 1 this reduces to -wh , which is the ordinary second

moment of area for a rectangular beam. The stress is obtained from a

combination of Equations (37,39,4U) as

1

Cy XI- sgn(y) (43)

Initially, the maximum tensile stress Omax  in the beam occurs at the

top outside fiber y yo = h , and is given by
0

1

Mi(ho) n
M0 0 (44)

max J
0
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)+-

where J II
o 2n+1 0

The entire cross-section of the beam will resist the applied bend-

ing moment until a failure front forms at v = h Since tho maximum

tensile stress will remain constanit up to the Lime of initial rupture,

this time is given by Equation (2-j) as

DR 4th ; n -

t-i " -  - n-7 ' ui+ 0
t tRI ... CA (45)

Beginning at t = tRI the failure front will travel downwaru, and the

maximur tensile stress is thfen at the failure front and travels along

with it. During Lhis rupture propagation process the maximum tensile

stress is no lunger a constant. Figure 1 shIows that at any time

S> tRi the thickness of the deteriorated region is 2Crt), and the

effective depLi of the beam has been reduced to a value 2h(t) < 2ho

it is clear from the figure that h = h(t) + t) and y(t) = yo(t)

+ h - l t) where v(t is : sured from the shifted position of

the neutral axis. 'ithe (istribut on o1 str,-ss is then given by

1

G(t) s g n(t)0() J(t) sgn~vj 0

and the strain is

t

(t) = K j d(t 7)

0

From Equations (33,46,47), vwe finally obtain the damage at y(t) :- Q

as

D(t) .. ... ... . .....Kn ¢'  
[V~ )+i - --' dL'~ > M /1  

L o t +h -~ ' ]'6 d
!(t")n ' ht' t/

C KM " -4 t
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Also, at the time t > tRI , with the failure front at the position

y = h(t) , it is clear that at this front yo(t) + ho = 2h(t) and

D(t) = D . Therefore, Equation (48) yields

t
D CK a Mna+y 2n+l)n )-l-2n-- C2- K I [ 2 h ( t ) - h ( t ' ) h ( t ' ) dr'}

f 2n+l [2r )ht'J~' 6n 5 t (9

x 2nw

From the experimental data given in [3], we find that although in

general y < Sn the value of y is in the vicinity of 6n For

the sake of simplicity we shall assume here that y = 6n (also see J2]),

in which case Equation (49) then simplifies to

tDR = CK Mnc +f 2n+ln f  -l-n +50

*." -R i2nw j [2h(t)-h(t'lh(t') dt'5

Differentiating Equation (50) with respect to t ,we find that

t
i:2h h(t')--2 dt'+h-2 = 0 (51)

where 1 designates dh/dt . In addition, we have the initial condi-

tion

h =h at t =tR (52)
0 R

Upon substituting Equation (52) back into Equation (51), another

initial condition is found as

h

0 o (53)
R I
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A second order differentiail equation 1,r - r.av be obtained b'

differentiating Equation (51) with rebpect to t and eliminating the

integral, yielding

h + 2(n-l) h (h) - = u (54)

This equation is of the same form as that derived by Kachanov [5] and

Odqvist [18]. Solving differential Equation (54) with initial condi-

tions (52,53), we then obtain the useful result

7 + " 2n-1--. = 1 + - - 1 . . (53)
LR 2n- h

Ro

At the instant of complete rupture, i.e., when h = 0 , the rupture

time is given simply as

t]< 2-1 + 
(56)tl 2n-1

At the instant that tii "ross-section has deteriorated to half

of its initial effective depth, i.e., h = -h we obtain the halfofo

rupture time t., as

tR'2 -2n+l,
. 1 + -- -(2) (57)

tR1

The ratio as computed fr, L. ation (57) is only slightly dif-
tRi tR

ferent fron. -- [Equation (3)], and this difference decreases as
tRI

n increases. ihis interesting result indicates that it will take

only a small part of the total 'kJetime for the cross-s-,ction of the

beam to go from a state of 50% deterio' tion to complete rupture, and

the rupture strength of the ,eam dereases as n increases. Figure 2
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shows h plotted as a function of t- for the following two steels

ha RI
[3]:

AISI 310 stainless steel at 600'C, where n 7

2.25Cr lMo ferritic steel at 550°C, where n 5.6

The figure clearly shows the acceleration of the propagation of the

failure front and the weakening of the beam as n increases. As

indicated in [18], when half the depth of the beam has deteriorated,

the rupture process becomes more and more ductile due to the develop-

-4 ment of a high stress distribution. Since the above development does

not contain a Poisson effect such as in the ductile rupture theory of

Hoff, it is less accurate in this latter time interval.

In the next section, the inhomogeneity of the material will be

considered in order to further improve the strain-dependent creep

damage theory.
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4. INHOMOGENEOUS STRAIN-DEPENDENT CREEP RUPTURE

The theories in the previous two sections all assume that the

material is imogereous, and accordingly the matrial parametcrs are

independent of position. H1owever, in actual materials there are

numerous imperfections, which results in significant inhomogenieity

in the structure sensitive creep parameters. It was noted by Broberg

133] that both the H1off and Kachanov theories, as applied to a bar in

tension, have a tendency to overestimate the lifetime to rupture. lie

showed that this may be attributed to variations of the creep strain

* and creep damage parameters (K and B) along the axis of the bar result-

ing from inhomogeneity in the material. Similarly, we shall clearly

oemonstrate in this section that in the strain-dependent creep danagc

theory the inhomogeneity of the material (coupled with the fact that

the experimental value!. of thc , ritical damage DR are measured over

a finite distance rather than at a pointy can account for the fact that

DR  is far less than the theoretlcal limit value of 1.

4.a inhomogeneous Stran-Depenunt Damage Law foi Constant Stress

The problem of spatial .. c gnvrally random) in the

.;aterial creep parameters is di: cusLd in detail in Cozzarelli [34],

where it is noted that for .simplicitv one may in somt cases neglect

spatial fluctuation in the creki power n while allowinp niy Lii,_

creep reciprocal vimcositv K to fiuctua'c (a, i. brobert 1331 and

Bruberg and Westlund [35j). Lxtin, 6 thi s concept tu the present
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creep rupture problem, we assume tha all of the powers n, a, y, 6

are constant while K and the damage coefficient C may fluctuate

-patially due to material inhomogeneity. For one dimensional constant

tensile stress, the Norton creep law then takes the form

n

SC (x,t) =Kix) a t (8

where K(x) depends on the axial coordinate x In order to account

for inhomogeneous damage that is present prior to loading, we intro-

* duce tne concept of a damage difference D , which is defined as

4D(x,t) = DT(x,t) - Do(x) (59)

where D (x,t) is the total damage and Do(x) is the initial damage
T0

* at t =0 . At a particular constant temperature T ,we postulate

by extension of strain-dependent law (28) the local damage law

D(x,t) = C(X)c (x,t) Ct 6  (60)

Upon substituting Equation (58) into Equation (60), we then obtain

na+Yta+6

5(xt) H(x)o t (61)0

where we have introduced the combined material parameter H(x) =

C(x)K(x) .

For a particular applied constant tensile stress a at constantc

temperature T , a one-dimensional specimen of length 2. will reach
0

rupture at some position x0 and at a particular time tCR * In the

neighborhood of this position we may compute the average damage at

rupture DR AV(x) over interval xo ' x' x as
R 0
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L)R xt <dx H (x')cX'

R
x-AV <) o oV-x x-X Q (62)

0 0

where Q = C t CR . The experimental results given in [17]

contain very useful data for the fractional density change plotted as

a function of the mass for various one dimensional specimens of dif-

ferent lengths cut from the test specimen at the position of rupture.
- A

These data thus provide the variation of DR AV(x) with pAx ; for

simplicity we will at present place x at the origin (i.e., x = 0)o 0

and also assume that the initial damage D (x) = 0 . We found that

-AV
0 can be approximated very nicely by means of a least squares curve
R

fit as the simple expression

RAV (x) a 6'3(-e
-

)
c p Ax

(R pAx (3

where a,b',c' are positive constants for a particular material. As

an example we used the constant stress data in [17] for AISI 310 stain-

less steel at temperature T = 600C and constant strain rate c =
o c

27.8 x 10- 6/sec, and obtained the values a = 0.0015662, b' = 0.0013289,

3 2 2
and c' = 33.048296 with p = 7.8 Kg/mm and A -12.6 x 10 mm .

From Equations (b2,63) we can now' obtain for the combined material

parameter the simple exponential exp-ession

11(x) =1 (a + b ecx) (64)
Q

where b = b'c' and c = c'pA in peneral, and b = 4.3918 x 10 - 2

and c = 3.2480 x 105 in the above :ample.
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For the above data, Figure 3 shows a good agreement between D AV (x)

as calculated from Equation (63) and the actual data points from Ref.

[17]. The figure also contains a plot of U(x)xQ in accordance with

Equation (64). From this curve [and Equation (64)] we see that H(x)xQ

reaches a peak of magnitude b superposed on top of the constant value

a . We may thus interpret the quantity b as a measure of the strength

of a local imperfection. The local inhomogeneous damage law is now

given by a combination of Equations (61) and (64), yielding

D(x,t) = -(a + be-C )o Y (65)
Q0

It follows from Equation (63) and (65) that under the constant tensile

stress a c the local critical damage is

= -AV + DRAVDR(O0tcR) R (0) (xa + b ) (66)

where x = x = 0 corresponds to the rupture point. It is clear from

Equation (66) that the critical value of damage at the rupture point

is always greater than or equal to the average value. We also have for

the asymptotic value of DRAV

R AV(D) = a (67)

which is in fact the experimental value of the critical damage reported

in [1]. From the values of a and b presented above for AISI 310 stain-

less steel at 600C and Equations (66,67), we obtain for the local

-2critical value of damage DR = a + b d 4.5 x 10 and for the experi-

mental critical value of damage DR = a , 1.5 x 10- 3 . Clearly, DR

is significantly closer to the theoretical limiting value of 1 than



t)

i s D HinS va. --1 I ,L (2 c : C , ~ impro'vd i urtiher iI we Il±c

additional ex¢pcriiaental data in tic sn-aller inltrvai L t PAX , U.1.

If c do iot place X at tLe origin, we can simply modify
0

Iquatioti (b, " r X x .X as 1oilows

, .I -Uk5'->. 0  
if'I+' t b

D x,L) La + DC oh t

Since Equation (U6) is valid only on one side of x , we may extend

it further to the case X " X i% assuming tliat the damage is syummet-
0

rically distributed about x We thus obtain for U . x .

nLL+) Lit:
(x,t) =  ht x)o (09a)o0

with

H(x) (a + be-c  01) (69b)

For each value of x there is a corresponding rupture time, and

actual rupture will occur ot tni minimum uf these rupture times. The

rupture time for any applied constant tensile stress o with D kx)0 0

assumed as zero may now be obt-iined from Lquations (69) as

Sa+b o(nc- (7u)

As mentioned in Section k l:mpr-2sion will produce essentially

no dau.age and we can generalize Equation (65) for both tensile and

compressive stresses to the forli

D~xL)= 7 (a + be -  t+ 1,3 ) (71)

If additional simplicity is rc(-:uxi,, , one can approximate Equation

(71) by
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D(x,t) = a+b[U(x-xo+ d)-U(x-x o - d )a na+6ta+U() (72)

which distributes the damage uniformly over a small region with center

at x and of width d . In this case one obtains the same rupture

time as in Equation (70), but rupture will now occur at any point within

this region.

We shall now extend the constant load solution for homogeneous

materials presented in [2], using the above inhomogeneous formulation.

4.b Inhomogeneous Creep Rupture Under Constant Load-Large Deformation

AIf lateral contraction due to the Poisson effect is not ignored,

the cross-sectional area of a bar under a constant tensile load P
0

is clearly a decreasing function of time. As a result, the stress

increases with time in accordance with

P
o(x,t) A(x,t) (73)

where the area A(x,L) may in general also vary with the axial

coordinate x . In order to generalize inhomogeneous damage Equation

(60) to the case of variable stress, we first rewrite it in the form

1
! D~x,t) -(4at i G 0 (74)

at C(x)E E (X,t),]
c

Then by analogy with the procedure employed for homogeneous damage

(see [2), we postulate that for variable stress the o in Equatiun

(74) may be simply replaced by o(x,t). Integrating this result with

the initial condition O(x,O) = U , we obtain the integral form



Equation (10) is consistant with the postulate that the rate of damage

be.a function of the crteep s;traIn rate, creep strain, damage and

st ress, i.e.

D~~t f~ C X't" L) D x't) , X OXt) (16)

I-or C(,L) z _1(uat ion k 7J 1 I-ari; re.uCes to Ehuatiun(t)

ilec tol-ali~ic strain tivenl as in Courtino, et a!. [36j by

S C

*where L i-s u elaStiC MOdUins , and and v are the elastic

and steady crey,- Pussion's ratio> respuctiveiv. For siMplicity' We

-5ka1l neiec !L t rans lent. crc,2t .t tiS can bte corrected in an approxi-

mate :.,anncr b%- ruplaCin , i- wI L I L a smaller fictitious nodulus,

o1 Clust i citY r.ec k -p s-train for an inho-nogenuous material

then I oliows I ron L-quaL liun y, 6) -ab.~~

bv a combinat ion ol h i_, iOn1s /3 Wc o:bta i th-e result

L XtL s A%(x,t)-

Four thei ;t ri in ratte we ki,, tI. foa 1tnc m r finite deformat ion

* - < ~ t L
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where R(X,t) is the instantaneous cross-sectional radius. This leads

to the partial differential equation in A(X,t)

1 A/t _ vepo A/~Dt _ _ n
./ _ _e.. -A/ )KsK(X)P n -_n1(81)

2 A L A s 0 A

which at some constant value of x x may be rewritten in thec

ordinary differential form

Pnd= e o An-2 1A - n-i
sK11 dt e-A dA A n dA, t > , x = x (82)
5 0 E 2 c

Integrating Equation (82) with initial condition A(x,O + ) = A , we0

obtain the solution

n 2nv - 2n,, o, co!'A = i e o nmv1  e eo !A1  l-2n v Ku otL t>O0AoJ (n--)E Aoj j (n-l)E s 0

(63)

which being valid for any x is in fact valid for all x Equation
C

(83) is a solution for A(X,t) in implicit form, and thus must in

general be solved by numerical techniques. However, we may approxim'ate
A
A within the brackets by unity, and obtain the approximate closed form

0
solution

1
-2n(n-l)LEK(x)

A(xt) nil - S - _-- n tn > U ( 4)
A L (n-l)E-2nvo o

The stress then follows from Equations (73) and (64) as

A - 2nin-l)Lv Kkx) 1

o(X,t) = ( 171 - (nl)_ne °  t (85)
A (xt) 0 o (n-l)L-2'nvC, o

Substituting Equation (83) into Equation (76) and evaluating the

integral, we also obtain the crUcp -train as
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troll,~~LCU /
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- CL)
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ruptUre17Cfr~i a r-upture -( L~ tR (x) expresseL by b-quatLuon (c7),

wiacii is an j.;mi it -unicticenii and t R.(X) .Actual rupture wiii
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A(x,t) = A -A(xt) , A(x,t) A (gu)

where in accordance with small deformation theory A(x,t) is a small

quantity. With transient creep still excluded, subbtituting Equation

(90) into Equation (81) and neglecting higher order terms we obtain the

linear partial differential equation with variable coefficients.

"eC 0 lKA/t nAK nU E+ 2j A n  v K x u ) o.- + K(x) o C' 0, t> 0 (
~E j A 0 s o (A 0 S 0=0

For convenience we rewrite Equation (91) as

- a 2 (x)
a + a2 (x)A + - 0 t > 0 92)

A e o-I n n
where A = , a1 = o 2 and a2 (x) = n v on  At some

0
fixed position x = x , Equation (92) is the ordinary differential

C

equation with constant coefficients

2, a2

a -A+ a +-= L> , x x
1 9t 2 n 'c

Employing the initial condition U(::,Q+) tile solution is easily

obtained as
a2

1 1 1
A(x,t) = e - - > 0 (94)

n

which is valid for all x since thu result is independent of ui~e

choice of x
c

Substituting Equation (94) into Equation (73) and neglecting tie

higher order terms, we obtain tor the stress

a,x)
- - t

a1

o(x,t) = °  nt +e (95)
n



Thu expression tur t!'e creep -a,: .. :olow5 rfo:, ,quation-, 7,

as

a, (x)
t-

na, a I

_L__fi_ - e 1 (96)
c o af(x)

Finally, the damage for small deformation is obtained from Equations

(75,95) as

D x ,- ) (x)
i ---- 1..

D~~)=C(X)e(x~t) a ° o i- -L-'tC.- d~ 1 -e I (97)

The method discusscd inu So, aon ,(b) for determining the ruT Lure

time and the location of rupturte cIearlv also applies here. in general,

for a given DR we must minimize t(x) as prscribed by Equation

(97), .n order to locate the position where rupture will take place.

Then by substituting this particular value of x back into Equation

(97) we may find the value " L For the special homogeneous case

L (x) = 0 and K(x) K , rupturt, wiii clearly occur at x x
0 0

and the rupture time t R  I btai rom

- a2 t.

aa aI a R__

c o 0 p 2 ( 91

in the ne-L uct on we -xumin . ,. ct of randomness in the material

parameters on the rupture t ir..
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5. EFFECT OF PANDOM PARAMETERS ON CREEP RUPTURE

Creep parameters are very highly dependent on the microscopic

imperfection variations introduced in the manufacturing process and on

the small temperature variations encountered in practice, and such

variations are very difficult to control. It thus follows that this

lack of precise information concerning imperfection and temperature

fluctuations will be reflected in considerable uncertainty in predict-

ing lifetime to rupture. Classical probability techniques were

employed by Cozzarelli and Huang [37-39] in the study of steady creep

of structures with random material parameters. Huang and Valentin [40]

extended this work to the study of creep deformation and creep rupture

in cylindrical tubes. Such techniques are frequently difficult to

apply unless some rather simple models are introduced or some major

simplifications are made. In order to reduce the difficulty encountered

in such nonlinear creep studies, researchers frequently employ the

concept of a reference stress at which the strain rate is insensitive to

the creep power n (e.g., see Penny and Narriot [41J). In a prob-

abilistic study of creep rupture hroberg [331 observed that in a in c

versus in o plot a variation in n leads to a pole at a certain

stress, i.e., at the reference stress uI " Recently Boyle [42-44] has

also developed a systematic method for the application of the reference

stress technique in the study of creep rupture wiLh random effects. in

this section we will employ our inhomogeneous strain-dependent rupture
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model to sLudy' Ll :, ct oF d2fl :L '. aramjeturs oUi the rupture Li2me for

the zase of a bar under constant . nsile stress and a beam under pure

bending.

5.a Random inhomou:eneous ureep ihupture for Uniaxial Constant Stress

We consider first the simpli, inhomoeneous constant stress case

which was treated deterministicallv in 4(a). As we previously noted,

the constant b in 11(x) [see Lquation (b9b)] may be considered a

measure of the strength of a local imperfection. In this subsection,

we shall simply assume that the randomness in the material occurs

A only through random fluctuations cf b . Equation (69) with b a

random variable is then written as

a + b ec 10 0  t (99)

where the carat denotes a random quantity, and it is clear that now

the damage is a random i.rc-s. -From Equation (99) we see at once

that rupture will occur at position x = x and the rupture time is

the random variable

I I
=: -i] ',o-(nrt+yf + a a+6 (100)

DR (a+b)(10

Combining Equations (7U,10u) we Lvc

t R  I- (a -1 ) (101)

R

where t an,] 11 arc tLe d: 1, is values o tR and (a + U)
H. 0 R

0

LLo
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for b equal to its mean value b0 . As previously noted, the experi-

mental results indicate that b is always positive, and thus the random

variable b' (defined as , _ b will be distributed from zero to
b
0

infinity. In order to evaluate the effect of randomness in b' on tR

we shall assume that b' is a two parameters log normal random variable

[45], which distribution is frequently used to describe randomness in

positive material constants (e.g., see [34]).

The first order density function of S' is accordingly given by

(in b'-r)
2

Se 2 U(b') (102)
S- T -u b'

The two parameters T and n in Equation (102) specify the mean, variance

and most probable value of b' in accordance with

r+

.gb'} = nb , = e (103a)
!b'

2 2q+t2 ~
b = e (eT -1) (103b)

AXb') = ef -T2  (103c)

tR
The first order density function of - (Equation (101)) is then

tR

obtained as (see [46]) o

In L -[(H t )-(a+6)-a]-r}

tRB (a+6) 0o 2
fR/t~o o Rc [ (HoR)- (a+6) -a](H tR) l+a+6

U It(104)

R
0

and the mean rupture time follows as



=i (a+b ' U dO' (105)

O O

which in general must be evaluated nurnricilly.

By using a Taylor series expansion about r,, and neglecting

higher order terms, we may obtain a simple closed form approximation for

E as

0

tR + _ 1 -
'  +

E,- R  1, a+b 2 +. 1 a+b e
It 0 0

R

I~ "2ri+W- ie '

x e- (106)

}L

Another simple closed form approxi:ation for E may be obtained

through the use of two-point est :,Late- s [47]. By Ltis method the first

order density function of ,' is approximated by two delta functions,

which have the same ziean, . cond jnd third central moments as b'

Accordingly, we obtain

1 1tK_" [a+-b ('b+ b) j a++. i - -)J +(107tR +T o'bC-A) 
_60(107)

0

Table 1 gives a comparis,' 1. -..... as obtained by numerical

0

,ntegration of Equation (l.u5) Lnd bc <ipproximate formulas (106,107) for

AISi 310 stainiess steel at b01, C, where o = 0.7 and 6 = 0.012, and

with T 
= 0.5. It shows that in this case these two closed form formu-

las do give a good uestirate of Lv: - Also, Figure 4 gives curves
-t P '

of L1t plotted versus,:, , i stainless steel at 600C

0
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with r = 0.5 and 0.8 as obtained by numerical integration of EquaLion

(105). We see from these curves that, for a given value of T , values

of n in only a rather small interval yield values of Ev-- in the
0

vicinity of 1. In the next subsection we treat a more complex example,

and also allow several parameters to be random variables.

5.b Random Creep Rupture in a Beam Under Pure Bending

Consider the same problem treated deterministically in 3(b), but

now with a random inhomogeneous damage coefficient and random creep

parameters. For the reasons previously discussed, we shall first rewrite

Norton's law in terms of a reference stress cR in the form

cc = ERK n sgn(a) (108)

where eR and n are in general random variables, and where cR is

the strain rate at the reference stress aR . Note that at a = 
0 R the

strain rate E is unaffected by random fluctuation in n (see Refs.

[37] for a detailed discussion of Equation (108)). Proceeding as in

the deterministic case we obtain governing equations

E = y K (109a)
c

o _n

M = 3 sgn(K) (109b)

2n - (I09c)
= wh2h (n 10c

1

0 sgn(y) (1090)

^max M- (109c)max = 26 Uwh2
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Also, the damage law wtuI D (D = 0 will Le taken as
0

D(x,t) = (x) JL(x,t) ma t (110)max

where C(x) is a random process in x

We shall assume that C(x) takes the similar form as Equation

(69b), i.e.,

"(x) = a + b e ' (ii)

but now both a and S may be random variables due to the material

imperfections. Then the damage is a random process, expressed in terms

of four random variable material parameters, obtained by substituting

Equations (108,111) into Equation (10), giving

5 i(x,t) -t ( -- 5 e-c'X-Xo'). X" <y max+6 (112)

Although there are several expressions for the reference stress cR

given in 43J, they difiK r verY little from the simplest expression

= for the interval 3 < n . 11 . Ifherefore, for convenience
R, in IL

we choose cR= in Equation 4l12) and obtain a simpler form for

the damage law as

D(Xt) = (a + C e o )," ni,-- .,- (113)

1',om Equation il3} , it is clear that rupture will occur at x = x
O

(if D (X) = J, and the initial rupture time (i.e., the time at which

00

the beam begin.- to rupture) i a t rmondo variable

. - I)i<i 1 _ i. ,, -
' +

tlr 1 t..... . .... . (114)

Assuming that a ' '' I atrd n arte inde~pendent random variables,
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we may find an expression for the mean of the initial rupture time as

t1 ia+6~ fb

Et =o (-) f (a) f ub) dadb

0 -0

uW an+

lci1 2n+l nX+6
f (f )d. f^(n)dn (115)

R ER 1 K 2nn

a 2n +1 -

r = -;--) __(_n) a+6 and tl is the determin-weeB ao~b o 1 o o

istic value of when a, b, { and n are equal to their mean
R1

values afboo and n
0 t

RIAs in last section, we may approximate the mean of by a
tRl

Taylor series expansion, yielding o

11

f RI c ci 2
¢.~ L-+ +2

B(o na+mb) ,+ U+6) )_ ~
a b 21a+a6))

RIa

x n  a+6 1 62 F(2n+l.- (-+-

L 22 dn2 L 2n -n=r n

We may also use the two-point estimate technique to obtain an alterna-

tive simple approximate expression Ior E L- as

0
^1 1

E t B n T )+(-+ +T )+( nbTb)]
(t~l J % T [(aa)+( nb+) ] a+$[a+aoa 0 i0

+[ (n a_ a)+(Tl b +I ) d ,/ 6 [ a a)+(r, b_.Ib ) 1 +--)



T +1-
LX

+ T, n 11

n~2( + n) nr -1 n)

Given the properties of all L rndo:n varlable.si one may :Low evaluate

either by a numericdl ii Lcgratiunf of L t u(115) or approxi-

0ael b\' mealis of the closetd for., ;ormuiiis (llb,li7).

Fael
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6. BRIEF SUMMAIRY

The continuum mechanical and the physical metallurgical approaches

employed in various previous deterministic, homogeneous, strain-

independent, uniaxial creep rupture theories were first discussed

in some detail. Previous multiaxial creep rupture theories were

also briefly discussed, with the damage treated either as a scalar or

as a tensor quantity. Then the deterministic, homogeneous, uniaxial

tensile, strain-dependent creep damage theory developed by Belloni,

Bernasconi, Cozzarelli and Piatti from both the continuum mechanical

and physical metallurgical approaches was studied in considerable

detail.

Based on previous experimental results obtained at J.R.C. Ispra

it was postulated that no damage is produced by compression, and

using this postulation the Belloni et al. strain-dependent creep

damage theory was generalized to include compressive stress. A

multiaxial strain-dependent creep damage theory was also developed

by a simple extension of the uniaxial theory with the damage treated

as a scalar. The problem of a beam under pure bending was then

studied using this strain-dependent creep damage theory. At the

instant of initial rupture a failure front is formed at the top out-

side fiber of the beam, and then this failure front propagates

through the entire cross-section, resulting in a complete rupture of

the beam.

An analysis of creep rupture data from J.R.C. Ispra for speci-

mens of various lengths at constant temperature and under contant

tensile stress resulted in the postulation of a local inhomogeneous
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L, thu~ t~uor t. L,& -1 I V..u~c .:

local 1flor..T, II..Cu:, . .<.. r- i: lu j ut

Ldensa lt x,c tIiv Er lvc C L .I uo tC A.c 1,Lu. A... r) Cc aal

load for but- larL.< aii. L- . iicL-'r

Also, :. ilOocau , .aa ttCrfla. -U;)LLrt mudel

csU -ed to0 xa11 ir ZItii- , *A tL liUL~ I ',,tl I rs o. rubtu re 'izme

Using clIassical [prob'at itLws. : Li;c C oi a Ibar unde!r

constant Lun,, ile s trc Lt, c r, Itc 0L, 1'ead 0: t I e LOUIna

material rxiranEta(-r wa- t:- L. -d a raadul. var jabi. 'i'le cauva~uc

of the rupture LtC W&- at h.co o' P from ;iurericixi initeg ration an(c

from two simple closed form 3r~ma ~Whic h wure InI ,L.c cr

nient with the rf.'-~uts of tl,,- nun i icul intc rat .i on. Ihis meza:, valu-e

demonstrated t:I.t thle rupture L S !i it ;,"11 LC'p Ident on random

imperfection~ ,i it n, baC .. unlder pure bending with

several kaa.tescioseii :0; rai11Jon-. variables was reexamined usinig

a similar approach.



43

KLFERLNLi-S

1. Belloni, G., Lernasconi, (,. and Piatti, G.: "Damage and Rupture

in AISI 310 Austenistic Stcel." Meccanica, Vol. 12, N.2, 84-96

(1977).

2. Cozzarelli, i.A. and Berinasccii, G.: "%rL-cp Damage under One-

Dimensional Variable ieile tr~ss. JRi. chn. Note -.e 1.77

173/2. 10.1/2u, June 1977. Also tc appear in nt. J. Non-Linear

Mech.

3. Piatti, G. , Brniasconi, (;. a.c Lo.zarelli, F.A. : "Damage Equations

" for Creep Rupture in Stetls." ircc. i:ifth Int. Conf. in Reactor

Technology, paper L 11/4, iLcriii,, August 1979.

4. Hoff, N.J.: ".ecking and uiIturu f iods Subjected to Constant

Tensile Loads." J. App.Xc., 'oi. 20, Trans. ASME, Vol. 75,

105-108 (1933).

5. Kachanov, L.M.: "i<upture i:a, uncer Creep Conditions." Problems

of Conintuum Xechanics,, -I u2-2.6, SIAN, Philadelphia (19l).

6. Krajcinovic, D.: "Distributed Damage 'fheory of beam in Pure

Bending." J. Appl. Meci., Trans. ASMYL, Vol. 4u, 592-59 (1979).

7. Rabotnov, Y.N.: "Creep Rupturt." Proc. of the Twelfth lit. Congr.

of Appl. Mech., Springer-Verlag, Berlin (1909).

8. Odqvist, I.K.G.: "On Theorie. of Creep Rupture." lit. Svn:}p. on

Second-Order Effects in i,1alticit Plasticity and i luia Dynamics,

Pergamon Press, London (19u4).

9. Broberg, I.: "A New Critterion for Brittle Creep Rupture." J. Appl.

Mech., Vol. 41, N.3, 809-811 (1974).



jj. L0,; t rbL'n J. , ro.t e . a~ 1'- r i nows K

"On l'ailure Cond.it ion i cot 1 tic "Iedia and Structurtcs."

cSvnjp.d on Mcii. of i'uatcMdanard lDcdiets, Springer-

Verlag, Berlin ~-.)

11 . V.estlund, '. : "A quiI -ta,. 0.a~.to 1 Phernomenloaical

Creep Rupture S~otin Xienc -, Vol. lc-, N.4,

17/5-178 (1ci~)- ).

12. L; 1.o n i, G ., iern a sco n i i-, d Pia!-i, ". Creep Damage Models;."

Lh. 6 in Cre 1 11 2 n Mat crls and Structures, 195-

27, Lds . Bernas cn i . i2iiatt i , L.,Appid Science Pubi .,

Londoni (196(j)

13. Kopeck.,. and Vaiczal., j . "1C Lnerg-y Dissipation Barrier a6

a Criterion of Creep Ru;tLun ot Rotating Discs." Archiwun Budowy

M a -, z T on X.1', 11 i9 -,

14. Janson, J . anu iiulL, J.: d Ycture Mechanics and Damage Mechanics

A C omb in ed A p I r,) MiiI( .Xecanziupplique, Vol. 1 , IN~

13. hult, J. et a!.: 1sr i celrgCreep Meeting, ispra (1977) .

lb. Piatti, (I., Lubuk, 1A . and NItera, R. : "ihe Measurement of Snaill

1) ernisitv \'ari aL ions in L ol i. IRC Techn. Note N. 1. 77.L) 173/2.

Pijatti , G. and LQI , '2 st i and Modelling U, Mechani-

cal l'rcpertiu>, oi Metal.' (.- 1i~~;2tral -. 1ellCe ,



45

18. Odqvist, F.K.G.: Mathematical 'ihory ci Creep and Creep Rupture,

2nd Ed., Oxford Clarendon 'ress, Oxforu (1974).

19. Johnson, A. E. , Henderson, -;. and KLan, .: 'Complex-Struss

Creep, Relaxation and Fracturu of XeLi -!IC Alloys." Ch. 4,

H.M.S.O., London (1962).

20. Johnson, A. I,., Henderson, J. and 'ati,ur, V.D.: The Engineer,

Vol. 202, 261 (1956).

21. Johnson, A.E., Henderson, J. and Mathur, V.D.: Aircraft Engineer-

ing, Vol. 32, 161 (1960).

22. Hayhurst, D.1-.: "Creep ,upture under Multi-Axial States of Stress."

J. Mech. Phys. Solids, Vol. 20, 381--9u (1972).

23. Martin, J.B. and Leckie, i.A.: "On the Creep Rupture of Structures."

J. Mech. 'hvs. Solids, Vol. u, 223-23a ,192.

24. Hayhurst, D.R. and Lec~ki,, .A.: 'Ie Lie 2ct eL Creep ConstituLi\'

and Damage Relationships upon the iiupture imc ot a Solid Circuiar

Torsion Bar." J. Mccn. 'v'>. Solids, Vol. 21, 431-446 (1973).

25. Murakami, S. and himo, . "reep Damage Analvsis in 'lhin-Walle'i

Tubes." Transaction of 'ilL 3apain Society of Mlechanical Lnginecrs.

26. Chaboche, J. -L.: "Thermodvnamic and I ienomenological Description

of Cyclic Viscoelasticitv witl. I~anae." KRngii. IrDnalstlot L

European Space Agency) 0:lUW , iubl. 1i"-3 1 ilT3

27. Bell, G.A.: "The Measure;awnt o; Smail ihanges in DUns itv in LarIII

Specimens." Austr.7 Api . %cL., Vol. 9,i - "

28. Kuhlmann-Wildpord, 0. and :i, . ":I,r V ,',.t od :or

mental Determination of S lllst I enitv changes." R,'. SrCI. 1',t r.

Vol. 34, 114-115 (1963).



)9. i'a L cit. I . tK u al m.

soiids." Eric. J.jj ~ u i -It.~~

lu J. S u , 73 (Phtr r J-, k- *., a.unc c.K1'. 7.

I dt c Interaction trssud11. .tohSc.

32. Finnlie, 1. anld ECIIIr, r e__ thn6 ;cer.ing >laterials ,

Mchraw-i-iii Lool (,o.

33. drobt:rg, l. : "A Probab Ll . 'f _ Lurpretaticun of Creep Rupture

,Curves . " Arch. Lhch 'cl.i-' (~7

34 . Cozzarelli , l.A. ' anco in St-r'Ucturax COEnpoflilt'b

Subj ect to Creep ." C ii _ii i;u !i:aterials and

StruCLurt~s, G'-JC.jc:i~cn . and ".4atti , (;.g

Scienice Puhi . L .'I

35. Brobeing, ii. a7;(l L, e-tIunci, .i r c:hp ue Specimens with

Random Mterial Irr, . u f~d tructure, , Voi. -

36. Courtine, j. Cuzzarflii, I .. n_ 7l':, .1% : "Lffect of Timu

(I pene tl( C-1 Lrip cm 1) :11:. -. o Wave Propaga-

I UIW:. t -. t 1 t, I L L, S u L )Is . 3 -6 L . L)

383. ihuanK, k,.N. 311C C07Z 1 aI , dd> Creeip lending 'n j Beam

w ith; "atcruoi . i, r-. 1 rank i li c .- j , o 1-4



47

39. Huang, W.N. and Cozzarill, F.A.: "Damped Lateral Vibration in

an Axially Creeping Beam with Random Material Parameters." Int.

J. Solids Structures, Vol. 9, N.6, 706-78b (1973).

40.. Huang, W.N. and Valentin, R.A.: "The Effect of Random Tempera-

ture Fluctuation on Creep and Creep Rupture of Cylindrical Tubes."

Nuclear Lngng. Des., Vol. 28, 269-298 (1974).

41. Penny, R.K. and Marriott, D.L.: Design for Creep, McGraw-Hill

Book Co. (UK), London (197l).

42. Boyle, J.T.: "A Consistent Interpretation of the Reference Stress

Method in Creep Design." Mech. Res. Conr.., Vol. 4, 41-44 (1977).

43. Boyle, J.T.: "Fundamental Concepts in the Reference Stress Method

for Creep Design." Proc. 5th Int. Conf. on Structural Mechanics

in Reactor Technology, Berlin (1979).

44. Boyle, J.T.: "Approximations in the Reference Stress Method for

Creep Design." Int. J. Mcch. Sci., Vol. 22, 73-62 (1980).

45. Aitchison, J. and Brown, J.A.C.: L he Lognormal Distribution,

Cambridge University Press, London (1957).

46. Papoulis, A.: Probabilitv, Random Variables, and Stochastic

Processes, McGraw-Hill Book Co., New York (1965).

47. Rosenblueth, L.: "Point Lstinates for Probability MomenL."

Proc. Nat. Acad. Sci. USA, Vol. 72, N.10, 3812-3814 (1975).



yoo~

-I-

h

M M0

Figure 1. Geometry of Beam Under Pure Bending
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