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ABSTRACT

'\A probabilistic graph consists of vertices and links
that fail with some known probabilities. For such a

graph, ove'aZZ reZiability is the probability that
there exists comunication between all vertex-pairs.

In this paper, some useful results are presented to

simplify the overall reliability computation of an

undirected graph when the failure events of the links

are statistically Independent.,-
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Some Results on the Overall Reliability of Undirected Graphs

by

A. SaWanarmane. M. Chang and Z. Khell

1. IntroductlU

A probabilistic graph consists of a set of vertices and links that fail with some known pro-

bebility distribution. In reliability analysis of such a graph, one of the problems of considerable

interest is the oveM rvWWbiW. For a probabilistic graph, overall reliability is the probability

that there exists communication between all vertex.pairs.

Wing and Demetriou (11 studied this problem by considering all possible vertex-pairs in

the graph but the approach is not tractable for large graphs. Fu 121 provided approximate solu-

tion usming the well known techniques of electrical network analysis. Bell and Van Slyke 131

proposed a method o( enumerating modified cusets by backtracking. Setyanaryana 141,

Satyanarayana and Hagtrom IS made topological observations and propomed subgraph

enumeration algorithms to compute the overall reliability. However all these methods have

worst cne computation time that grows exponentially in the size of the graph. Furthermore.

this problem is believed to possess no algorithms with a polynomial time bound 161. Therefore.

it is essential to explore the use of graph partitioning techniques for efficient computation of the

overall reliability. Graph partitioning may involve splitting the graph into reduced graphs, each

analyzed separately and then the results combined. When the computational complexity grows

more than linearly in the size of the graph. substantial savings may be achieved using reduced

graphs instead of the given We graph.

In this paper, we present some results concerning the overall reliability of an undirected
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grp in which the failure events of links are assumed to be statistically independent. FUrthe

ramificaties Of then results, the algorithmic implementaton and Computational complexity

will be discussed elsewhere (71. Suppose G is an undircWe graph and wis a VeOWe Of degree

k >I in G. In Section 2, We Present a Scheme for decompsing G into (+1reduced graphs,

ad express the reliability of G in terms of these reducd graphs. In section 3. we Prest two

simple results which are useful in expressing the reliability of a biconnecte graph in term of

the reliabiites of its subp raphg

2. Overall ReIlablflty of an Undkrected Graph

On of the e-rliest decomposition techniques Is that of(/orig the -a~ With respect to

a particular link 13,91. For a given undirected graph G. two reduced graphs G-e and G, are

obae by deleting and contracting respectively a link f in G. Deome by R(G) the overall

reliability of G. and Prie) by P,

R (G) pR (G,) + 0 -p,)R (G-e).

Consider the example graph 0 of Fig.lI. Using Property 1. the overall reliability

R (G) - p,(p,+pl-pjp2)+(l-p)(pjpz).

For a complete solution of R(G) when G is larger, Property I my be repeatedly applied

to the reduced graphs. Deause of the binary structure of this procedure, the computation tree

prows exponentially In the sine of G. Simple technique for reducing the size of the computs-

tion tree we therefore important. lsIdes the obvious savings obtained by not factoring on

essential or irelevant inks, replacement of parallel links by a single fink with the appropriate

probability is anothe simple reduction (91. DalI (101 and Johnson (111 independently have

shown that the complexity of an algorithm based on repeated application of Property I and per-

forming parallel reductions is of order (n-I)! for a complete graph on n vertices. This algorithm

in (10, 111j is perhape the best known for computing overall reliability.

In wha follows, we preset a decomposition scheme in which the graph is factored with
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repect to a particular vertex. This whm results in a better computational bound than in

110,111. In section 3 we introduce another decomposition technique to be applied on a bicon-

nected graph.

Let m be a vertex o(d gr k>I in O such that e , .... e the links incident on

m. Also, without los o enralty enenity, lkt K - 11 2 .... k) be the other end vertices of

links ei. ez, .... e,. Denote by G-m the subgraph obtained by deleting vertex n and its

incident links from G. Let X QK mid Gx be the reduced graph obtained by coalescing vertices

of X in G-rn. We have the folowin lemma:

Laea. 1:

z()- i . (1 -,j)iR(G-) + .j " rK-i( - pj) R(Gr).

whe pj -jej).

PW. By deleting and contracting links #I. e2 .... e, successively from vertex M in G. and

applying Property 1 repeatedly on the resulting graphs, we can asily show that

R(G) - I, (I -p,) R(G).

zoo

Since G - G-m for V - 1. we have the lanme, QED.

To illustrate Lemma i, consider the example G o Fig.2. We flctor G on vertex 4. Ver-

tices 1,2 and 3 are saent to 4. G-m and aDl poesible graph obtained from G-m by coeac.

Ing 1,2.3 In adl pomible combinations taking two vertices m three vertices at a time ae show

in Fig.2. By Lemma I the overall reliability of G can be written a

R(G) -pt(l-p)(I-p,)+(-p,)(!-p,)+p,(!-pi)(I-p)IR (C-r)

+Isg(p i-p) ( G-ji ( I t lp~)+p( -p)R ( I,) ( l-p ) R stp( lp )

"P+ P( I-arap) IIP,)(I-P) I~.p( -p) )I-Pt)(l,,) aP*p(Ip

Cearly, for a given vertex m of degree k. the number of possible nonempty subsets X is

24-J. This Is te number of reduced raphs obtained if G and the reduced graphs ar
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6

Sccessively factored w.r.t links el, ez, .... 0, Uin Property I until none of them Contain

thes links. Among the 2k-1 grapha, k-I of them correspond to G-m. Lemma I reopizes

this fact and the number of reduced graphs obtained by factoring 0 on M is 2*-k. For com.

pting the overall reliability of G, application of Lemma I thus provides a significant computa-

tionl advantage over Property I. In fact, we can do even better when we realize that the

2h-k-! terms in the second sum correspond to the partition of the event that at least two links

out of Il,, t, .... er) are functional. By the following theorem, we show that the number of

reduced graphs need to be considered is [2+1.

Theeem I: The overall reliability of G,

R(G) - I1 Rfl(-Pj)I R(G-m)+ ap, n (I-p,) R( ,,4 ),
0-1 Jo, Ij Op.<j

where dl,.j is the graph obtained from G by contracting links e, and ej (i<j) and deleting

links t*. (iq<j).

Pre. Let f, and f . be the events that out of (el, e2. .... ra, exactly one link functions and at

least two links function, respectively. Then,

R(G) - Pra vr-ics in G are connectd fe + Pr ai vmts in G are connectedn f.

We know ,(fl) -Z af(I-,). For f,. to occur, one or more of the pairs It,. e,),
a j.l

i<j. must be functional. Applying the formula AlIA U 5) -PrPIA} +Prig ~n i on the lexi-

cpaphicl ordering of these link pairs, we obtain a partition of J2.:

"1 (I-p,).

Conditioning on this partition and that for fi, we have

R(G) "Zp, 1l(,-pj) haI vead ies in G are cmm dle, functies but not e,. Ju

+ z.,P, f (I-p.) PlM vertaves in G are coa.mced I e, and e, funo

b.t 1ll #,V . rj)

or-
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• -. (I-p) j(G-m) +Tppj rj (1-p,) (6,j.I)- QE.

We now illusrate Theorem I using the graph of Fig.2. Reduced graphs (G-m). 611.1,

tujJ and dwi obtained by faorint G on vertex 4 are shown in Fi3. By Theorem 1 we have

R(G) -{pI(l-pR)(l-p,) +p2(1-pI)(l-p3) +pA(-p,)(l-PR)) R (G-m)
+PL z R (61.,21) +PL#3(I-p2) X (djjjj) +PZP3(l-pl) it (012))
POPS (PI-P2)(I-0) +P2(I-P)I-pI) +P3(l-Pj)(l-t)}

+(P) +Ps -P3P$)PPZ +(p4 +PI -P4Ps)PIpJ(l-P2) +PsPp(l-pt).

3. Oveall Reilaikity d a Bleieeted Graph

For a connected graph G, a vertex a is a cw-vmx if removing a splits G into two or

more parts. Suppose G1, G2, .... G are the subgraphs of G which partition the links of G and

furthermore, have a cut-vertex of G in common among them. The overall reliability of G can

then be easily expressed as a product of the overall reliabilities of GI. G2, ..., Gt.

G is b cnect,,d if it contains no cut-vertices, but there exists a pair of vertices whose

deletion disconnects G. To emphasize the fact that deletion of a pair of vertices disconnects G,

it is sometimes referred to as a stn,, bicnncwtd graph. Suppose G, and G2 are the two sub-

graphs of G such that GI U G2-G and Gi ') G2 contains only two vertices i and J. Let C61

and 02 denote the graphs obtained by coalescing i and j in G, and Gz respectively. We have

the following theorem, which may be viewed as a generalization of Property 1.

Tleefem 2: The overall reliability or G,

R(G) - R(G,)R(c ) + IR(c 1) -R(G,)}(G 2 ).
Pr-The proo is by induction on the number o links in G2.

Suppose Gz has exactly one link e. Using Property I on r we have

R(G) - ,R(0 1) +(I-p,)R (GI).

Since R(G 2) -p, and R(63) -1, we have

R(G) - R(Gi)R() .R(G:)R(di) -R(G)R(G 2).

and the theorem is true.
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Illustration for Theorem 1
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Suppose the theorem is true for any G2 with k links. Consider a graph G such that its G2

has k+l links. Let e be a link in G2 and G, be the graph obtained by contracting e in G. By

Property 1,

it (G) - pR (G,) +(I-p,). (G-e).

Note that deletion of i and J still disconnects G, and of course G-e. Let G, be partitioned as

G, and G3, w.r.t. vertices i and j, where G2, is identical to the graph obtained from G2 by con-

tracting e. G2, has k links and hence the theorem is true for G, and we have

R (G,) - R (G1)R (6,) +R (G2,)R (0,)-R (GI)R (G2,),

where 62 is the graph obtained from G2, by coalescing i and j. Similarly, G-e can be parti-

tioned w.r.t. i and j and let the subgraphs be G, and G2-e. Here again G2-e has k links and

hence we have

R(G-e) - R 0()R(C2) +R(G2-e)R(d,) -R(GI)R(G2-e),

where 62 is the graph obtained from Gr-e by coalescing i and j. Therefore,

R (G) - p, (R (GI)R (62) +R (G2,)R (01) -R (G,)R (G2,))

+(I-p,)( (G,)R (02) +R (G2-e)R (61) -R (GI) R (G2-e))

- R (Gi){pR (62) +(I-p,)R (02)) +R (01)lp,R (G2,) +(1-p,)R (G2-e)}

-R (G)(p,. (G2,) +(l-p,)R (G2-e)I.

By Property 1, the above reduces to

,R(G) - R(G)R(02) +R(G2)R(d 1 ) -R(G)R(Gz).

By induction on k, the theorem is true for all G. QED.

Theorem 2 is illustrated using the example graph of FiB.2. G1. 01, Gz and 02 are shown

in F5.4. By Theorem 2,

R (G) - (PIP2 +PIP4 +P2P 4 -2pIp2p4)(p3 +ps -p3ps) + P3P5(P1 +P4-PtPd)
-(Ppppj4+pjp4-2Pjp 4)p PVs.

We have seen that by meam of Theorem 2, the overall reliability of G-G, U G2 can be

expressed in terms of the overall reliability of its two subgraphs and their coalesced graphs (01

and 0 ). In addition to the property that deletion of a pair of vertices i and J disconnects G,
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suppoeG6, nG3conains alink ebetweei and J. AR(G) can thenbe expressed in tamnof

0 1, 62, G1-e and Gz-e using the following theorem.

Theee 3:

R(G - 1(R(G.)R(G2) - (l-p.)R(Gr-e)R(G2-e)I.
A

POW.~ Lot GI, and G2, be the graphs obtained by contracting e in G, and Ga respectively.

Since G, U (GI-e) -G and Ga fl(GI-e) -fi, J1. the conditions of Theorem 2 are satdled

and we have

R (G) -,R (G1)R (G2,) 4.R (Gz-e)IRt (G,,) -,R (G)).

By Property 1. R(GI) -p.R(G,,) +(l-p,)R(G,-e), which implies

R (G,,) -- LIR (G1) -(O-e)R (GI-t)) p, POO

Similarly for R (Ga.). Substituting the above for R (G,,) and R (G2,) in the expression for

R (G) yields the theorem. QED.

Theorem 3, which expresses R (G) in terms of G1, G2 and their corresponding open sub-

graphs GI-e. Gz-e, is illustrated by FigS, where

R (G) - -I(PIPZ +PIP4 +P2P4 -2pjpz,4)(P2P3 +P2P$ +P3PS - 2p2p3ps) -(1-p 2)(pjp4App,)I.
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