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SUMIRY

‘The problem of a crack in a large stiffened sheet subjected to uniform stress

remote from the crack has been analvsed using complex variable techniques: the stiffeners

are perpendicular to the crack and are each fixed to the sheet by a single row of rigid

fastencrs. Three quantities of envineering importance are derived, (i) the stress

intensity factor of the crack, (ii) the forces at the points of attachment near the crack
and (iii) the maximum joad in each stiffener. The dependence of these quantities on the
stiffness and spacing of the stiffeners and on the spacing of the fasteners is evaluated
for a crack located in the sheet c¢ither svmmetrically between two stiffeners or

When the crack extends under the stiffener two cases
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symmetrically under a stiffener.

are considered, the stiffener broken or unbroken.
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! INTRODUCT LON
A common form of wing and tusclape couston Lo crios sheets which are rein-
forced with stiffeners in order to provide acoguars oot angestability, and to retard
crack growth, The stiffeners mav be integrel witi the cheet a8 when the component 1s
machined from a thick plate, or they may be attached cither continuously by welding or
using an adhesive, or with discrete fasteuncrs, by spot-welding or riveting. If such

reinforced sheets are subjected to fluctuating stresses, fatigue cracks may occur.

Cracks may occur at any time during service lite, and, in order to set inspection
schedules and repair or replacement procedures for safe operation, it is necessary to be
able to calculate both the growth of the crack and the critical crack-length beyond which
failure occurs. These are both controlled by the stress Intensity factor at the crack
tip. The effects of structural parameters such as stiftener spacing, their relative

stiffness and fastener spacing on the stress 1ntensity factor are studied in this Report.

The retardation of crack-growth In the presence of stiffeners arises from the fact
that, as the crack-tip grows near a4 stiffener, a greater proportion of the load is
supported by that stiffener and this reduces the stress level in the sheet near the crack.
Hence the stress intensity factor is reduced and so the growth-rate of the crack due to
fatigue loads will also be reduced. The trauster of load from the sheet to the stiffener
occurs at the points of attachment. There are thus equal aud opposite forces from the
sheet and stiffener acting on the fasteners (in an uncracked sheet these forces would be
zero). It follows therefore, that near the crack the nominal stress in the stiffener
increases and that local concentrations of stress occur at the points of attachment.
These increased stresses may cause additional fatigue cracks tu be initiated in the sheet
or the stiffener at the points of attachment, and may cven lead to the failure of a
stiffener. A broken stiffener wil! not necessarily cause a complete structural failure,
but it will significantly change the stress intensitt factor: the ottects of both broken

and unbroken stiffeners are considered in this Keport

In order to optimise the design of a stitfencd shect structure it is therefore
necessary to know not only the stress inteusity factor in the presence of a crack, but
alsu the maximum attachment loads and the maximum stittener leads. These loads are
evaluated in this Report and their dependence on structural parameters 1llustrated.

A knowledge of these loads and of the stress Intensity factor enables assessments to be
made of the possible failure modes of a component. Fallure may occur as a result of

crack growth, or the failure of a fastener or the breaking of a stiffener.

Whilst many aspects of stiffened structures with cracks have been considered
previously, most uf the studles do not adequately cover the parameters of interest to
the aerospace industry. In previous work stress intensity factors have been obtained
for a crack near a continuously attached stiffencrl—a, and for a crack near a stiffener
with discrete points of attachmunts-g. In these studies it was assumed that the stiffener
would either fracture completely or remain intact as the crack passed under it. In
practice partial cracking of the stiffener may occur and this has been consideredlo'll.

The effects of both fastener deflection and In-plane bending stiffness on the stress
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intensity factor has been analysed for stiffeners with both continuous and discrete !

methods of aitachment. Debonding of continuously attached stiffeners and its effect on

. . . 15,16
the stress intensity factor has been studied 3 .

The effect of yielding at the crack
tip on the stress in the stiffener has been examinedI7 and the effects of attaching the

stiffener by a double row of rivets has been analysedls.

Except for Poe's work7, these investigations have not included parametric studies.
The results presented in this Report supplement those given by Poe7 and in particular
cover the range of parameters important in the design and construction of aircraft
structures. Results of similar parametric studies for cracks near stiffeners attached

by a double rather than a single row of rivets will be reported later.

2 MODEL OF STIFFENED SHEET

The model configurations studied in this Report are shown in Figs | and 2. Both
configurations consist of an infinite flat sheet containing a crack of length 2a; the
sheet is reinforced by a periodic set of stiffeners attached at discrete intervals along
lines perpendicular to the crackline. The sheet of thickness t has a Young's modulus
E and a Poisson's ratio v , and the stiffeners of cross-sectional area As have a
Young's modulus E . In one configuration the crack is located midway between two
stiffeners (see Fig 1) and in the other the crack is centred on one of the stiffeners
(see Fig 2). For the stiffener-centred crack, the stiffener which crosses the crack

may be either intact or broken at the crackline.

For the purpose of these fracture mechanics calculations, it is assumed that the
stiffeners are concentrated at the sheet surface and that they have zero in-plane bending
stiffness. They are fixed to the sheet a distance b apart with rigid fasteners of
diameter d a distance p apart. The sheet is in a state of plane stress and is
subjected to a uniform tensile stress o remote from and perpendicular to the crack.

In order to maintain strain compatibility between the sheet and the stiffener, the

stiffeners are subjected to a stress cs(= OES/E) remote from the crack.

For the configurations in Figs | and 2 the number of stiffeners was taken to be
six and seven respectively. This was found sufficient, for all crack lengths, to
represent an infinite number of stiffeners; increasing the number had negligible effects
on the numerical results. The number of points of attachment per stiffener was increased
until the stress intensity factor changed by less than 0.017; the attachment forces are
less accurate with errors up to 47. For the range of parameters studied Poe7 has shown
that the results are insensitive to values of d/p ¢ 0.25 ; the value 0.25, which is

typical of aerospace structures, was used in this work.

3 METHOD OF ANALYSIS

In the analysis each stiffener is represented as a distribution of point forces.
This distribution is determined so as to satisfy compatibility of displacements and
equilibrium of forces between the sheet and the stiffener where they are attached. The
forces which occur at the points of attachment (eg rivet locations) are obtained by

solving a set of simultaneous equations which arises from the compatibility conditions.

44
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The load concentration in each stittener is obtalned by summing the point forces and the
antform end Toad on the stiftener.  The stress intensity tactor is determined by summing
the effects due to the forces asing a4 koown Green's function tor a single force, and
adding the result to that tor g4 «rack in g unitormly stressed sheet.

The compatibility condition, which requires that the displacement of the sheet
between any two points of attachment must equal the displacement of the stiffener between

. . . 17
the same two attachment points, can be written as follows

a b d
AV + Ly = v . (1)
m,n m,n m,n
- . . oA .
The relative displacement, SV, Tepresents the elongation of the sheet between the
1
’
ath and (n+l)th fastener along the mth stiffener due to the »:mote stress - . The

attachment points are numbered consecutively from the crackline, n = 1 being the one

; . . b . . .
nearest the crack. The relative displacement Av 1s the elongation in the sheet,
_ > . o d .
between the nth and the (n+1)th fastener, due to the point forces and ‘v 1s the
m,n

corresponding ¢longation of the stiftener due to both the uniform stress JES/E and

the attachment forces. The relative displacements can be written in terms of the complex
function defined by Erdogan]q: this has been done by Cartwright and Richl7 for a crack
of lenpth 2a lving along the real (x) axis with the centre at z = O(z = x + iy, 1 = += 1) .

The relative displacement 1s defined as

. A a(l o+ ) {4 ~a
v s v (z Yy ~ v (z W (2)
m,n 2E m,n+i m, i
where L, oand are the coordinates of the (u+l)th and the nth fastener in the
I, Liy Lt )
o ‘ . _a _a . . .
ath stiffener, and the tunctions ¢ (z +’) and v (z ) are dimensionless displace-
m,n m,n

ments iu the v direction at ecach of these points respectively. For the special case
3 i 5

of the displacement between the x-axis and the first polnt of attachment, this becomes

; -a + )
- L N2 A AP (2a)
m, I m, !
fhe elongation v is piven by
m,n
M N
b O+ _b _b
LY = i v (2 P -V (z H4 3
““m,n TRt }: Tl { k,:’ n+l) Kk, m,n) )
K=1 =1
and
™ N
b (1 + ) _b
LV T m— P v (z Loz (3a)
m, {} ot Z k,: (k..' m,l)
k=1 =1
_b _b . . . i
where v (z 4 ) and v (z Lz ) are respectively the dimensionless displace-
k,: m,n+1 K, myn
ments at 7 and =z resulting from a pair of collinear opposing forces P
¢ myn+| ¢ m,n ¢ R p ¢ [p_ & k¥
acting perpendicular to and away trom the crackline at z . and 2, The summation
, ! )

limit N s the number ot fasteners cach side of the crackline and M 1is the number of
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stiffeners. The elongation Avm n the stiffener between the nth and the (n+l)th

fasteners is given by

N
d pc p s
e+ > 1/
Vi, n E AE § o, (4a)
s S .

and between the first fastener and the x axis by

P X
pPLT
d 0 0 s
f = + )
Vo0 5 A E }: }m,j (4b)
s '8
3=l
s . - . . . .

where Pm i 1s the force at the jth fastener in the mth stiffener, ¢ at z ; and Py

is the distance from the crackline to the first fastener in each stiffener. The first
term on the right hand side of equations (4a) and (4b) is the uniform extension of the
interval due to the remote stress WES/E applied to the stiffener. The second term is
the uniform extension of the interval between the nth and the (n+})th fastener in the

mth stiffener, resulting from the attachment forces at and beyond the (n+l)th fastener.

. . -a -.b
Details of the functions v

, v and Vd are given in the Appendix of Ref 17.
m,n’ ‘m,n m,n

Equilibrium at each point of attachment is given by

N I (k= I,M; 5 = 1,N) . (5)

The substitution of equations (2) to (5) into equation (1) gives the following

series of simultaneous equations, which can be solved for the unknown attachment forces

k, ¢
M N N
- b )Yn _
+ v ) bt . 2, )
t ) Z Z fk,x v (Zk,.' 7m,n+1 v (Zk, ’ Zm,n)] * 2n z Im,J
k=1 i=] j=n+1
N (i )A
~ n _ + -d _ =4
Ty 4 [v (Zm,n+l) v (zm,n)] (6)
- bl
where A = 23?‘ , no= 2 , p = Ik ;
AFE i, )
s's A
s's
h
and vy, = — and ¥ = 1 for n 3 |
) P n

The stress intensity factor KI is given by

M

KI 1 EN
= 4 G(z. . 7
o b ngat [k,i (ZL,J) M
orma k=1 "=
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where U(zk ) 1s the Green's function for the stress Intensily factor resulting from a
)
pair of collincar opposing unit forces located at “y and ;k and acting in the
v ! s’
sheet in a direction away from and perpendicular to the crackline.
When the mth stiffener is broken at the crackline the compatibility condition for
the interval across the crackline in that stiffener is replaced by
N
CA 4 N (8)
s s i, j
= -
which expresses the condition that the force o the tirst tnterval of the broken mth
.- . . . vl . . .
stiffener i1s zero. Detalls of the functions V. » = a, b, d are given in the Appendix

,i
of Ref 17.

The above formulation is applicable to a configuration in which the stiffeners can
be spaced an arbitrary distance apart; each is located across and perpendicular to the
crackline and has an equal number of fasteners elther side of the crackline. However in
order to limit the number of variables, solutions have been obtained for equally spaced

stiffeners located symetrically about the position of the crack. Some solutions are

available elsewherels’zo for a crack located asymmetrically with respect to the stiffeners.
4 THEORETICAL RESULTS
401 Bay centred crack

The normalised stress intensity factors KI/(rv?E) for the bay centred crack shown
in Fig | are plotted in Figs 3, 4 and 5 as a function of (a/b) the ratio of the semi-
crack length a  to the stiffener spacing b . Results are given for the ratios of the
attachment pitch p to the stiffener spacing equal to 1/3, 1/6 and 1/12 in Figs 3, 4
and 5 respectively. Each figure shows results for four values of 1, the ratio of the
stiffness of the stiffeners to that of sheet and stiffeners combined. The values chosen,
0.1, 0.2, 0.3 and 0.5 cover the range used in typical alrcratt structures; u is given,
in terms of the sheet and stiffener properties, by

ASLS
T EFAE (9)
s's

For small values of a/b , all stress intensity Jactors approach avma the stress
intensity factor for an isolated crack of length 2a in an unreinforced sheet subjected to
a uniform stress normal to the direction uf the crackline. As the crack tips approach
the stiffener the stress intensity factor decreases. For fixed values of p/b and a/b ,
the stress intensity factor decrevases as the relative stiffness u is increased.
Decreasing the attachment pitch at constant a/b causes the stress intensity factor to

be reduced for all values of u .

The load concentration at the crackline in the mth stiffener is given by the ratio

Lm/(mbt) where Lm is the load in the stiffener when the sheet is cracked and obt is




the load carried by one bav (width b) when the sheet s uncracked.  The ratio depends on

the peint forces in the following way:

1 N
‘m
il b P (10
bt bt m, )
1=t
or
N
1,
Los . P (]
B A I ’ )
. s £
1
since
[ y A = uvbhu o, (12
sk
The maximum cencentration of load at the crackline occurs in the two stiffeners
wdjacent 1o the craek: valves of 1 /b)Y are shown (full lines) as a funcrion of  a/b
I
in Figs A, 7 and 8 for values i o/b equal to /3, 1/6 and 1/12 respcctively. The

normalised attachment force Pl Stht) at the first fastener on cach side of the ecrack-

P

line in the two stitfeners are also shown (dashed lines) in Figs 6, 7 aad 8 as a function
of a/b for the same valnes of p/b .  Attachment forces at other locations are, in
general, less than these. Mesults are given for both tihe load concentration lactor and
the attachment force at values of the relative stiffness o cqual to 0.1, 0.2, ©.3 and

0.5.

For sma!l values of a/b , the first attachment forces IW , are negligible and
s
the load concentration approaches /(1 - 1) the value for an uncracked shect.  This Is
in accord with the behaviour of the stress intensity factor which approaches that far the

unstiff.ned st-et for smatl a/b  (see Figs 3 to 5). As the relative vrack length  a/b

increases the load concentration in the stiffeners also increases. For fixed values of
the relative atrachment piteh p/b  and reiative crack length a/b , the load concentra-
tion Incresses as the relative stiffness L 1s increased. Decreasing the attachment
pitch causes the load concentration in the stiffener to be further Increased. Thus the
reductions in the stress intensity factors shown in Figs 3 to 5 dre a direct resuit of

the increase in luads carried bv the stiffeners.,

Yor a/b - 0.4 at values of p/b = 1/12 (see for example Fig 8) the force Pl |

at the first attachment point 1s negative. lhis indicates that the force Is acting awav

’

from the line of the crack and hence would tend to increase the stress intensity factor,
However positive forces at the other attachment points will be sufficient to ensure that
the stress intensity factor does not increase. For these ratios of relative crack

length and attachment pitch (.. a/b - 0.4, p/b - 1/12) the attachment force Pl,l is

not necessarily the largest one in the stiffener, as it is for a/b - 0.4 or larger
values of p/b . However tor a/b - 0.4, p/b - 1/12 all the attachment forces are small,
of the order of V!,l shown in Fig 8. Thus for practical purposes P," may be treated
as the maximum attachment forcve in the stiffener for all values of the parameters piven.
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- Stittener ventred crack:  all stitteners unbroken

Normalised stress intensity factors KI/(‘»TI) tave bheen calculated for the
stiftencr ceatred crack (see Fly J) with all the stiffeners unbroken. Thev are plotted
s a function ot the relative crack fength  a/b in Figs 2, 10 and 11 for th;ee values
of the relative attachment piteb p/b o, 1/3, 1/6 and 1/12 respectively. Fach figure shows

results ror values of the relative stitfness o equal to 0.1, 0.7, 0.3 and 0.5. Again

tor small values ot a’'b all stress iniensity tactors approach the value for an isolated
crack in oan unreintorced sheet. As the erack lengthens the increased luad supported by
the central stiftener caases the stress intensity tactor to be redoced to less than that

for the Isolated crack; wad for still lonwer cracks there s a pronounced reduction in

the stress intensity factor as rhe crack tips pass the two stiffeners on cach side of the

central stittencr ra‘h - 0. the dependence ot the stress intensity factor on the
relative piteh p/band the relative stiffoaess o are similar to that tor the bay
centred crack:  reducing psbooand increasing L0 causes a reduction in the stress

intensity tactor tor all values ot a4/hb

Mhe Toad concentration L/ bty at the crackline in the central, most highly
foaded, stifteacr is shown in Figs 12, 13 and 14 (full lines) as a function of a/b for
values of  p/b o oequal to 1/3, I/6 and 1/12 respectively. The normalised attachment force
PU,IY('bt) at the rirst, most highly loaded, attachment point either side of the crack-
line in the central stiffener is also shown in Figs 12 to 14 (dashed lines) as a function
of a’/b  for the same values of p/b . Results are given for both the load concentration
and the attachment force for o equal to 0,1, 0.2, 0.3 und 0.5. For small values of

a/b  the maxinmunm attachment torce Py is negligible and the load LO at the crackline

in the central stiftener approaches bt/ (1 = 4)  the value if the sheet were uncracked.

>

This 1s 1In agsreement with the behaviour of the stress intensity factor which also
approacins that for the unstiftfened sheet at small values of a/b  (see Figs 9, 10 and 11).
The dependency of the load coucentration on the relative attachment pitch p/b  and the
relative stiffoness . are similar to that for the bay centred crack: reducing p/b and
increasing . both have the eftfect of causing an Increase in the load concentration at

the crackline in the central stiffencr. Again there is a reduction in the stress

intensity factor resulting trom the increase in lvad supported by the stiffeners.

4.3 Stiffener ventred crack: central stiftooer broken

“a

The normalised stress intensity lactors KI/(ww a) are plotted in Figs 15, 16 and
17 for the stiffener centred crack (see Fig 2) in which the central stiffener is broken
at the crack line. They are plotted as a function of the relative crack length a/b  in
Figs 15, 16 and 17. Results are given for values of p/*» equal to 1/3, 1/6 and 1/12
respectively. FEach figure shows results for values of the relative stiffness u equal
to O.1, 0.2, 0.3 and 0.5, The effect of the broken stiffener is to iIncrease the stress
intensity factor tu greater than that for a similar crack in an unstiffened sheet. This
increase is greater at small values of  a/b where the crack is entirely in the region ot
high stress near the end of the broken stiffener. For a given value o a/b(- 0,8) , both

increasing the relative stiftness 1. and decreasiny the relative attachment pitch  p/b

l---.-IIl---I-lIlIllllllllllllI‘
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have the citect of facreasing the stress intensity tactor. This dependence 1s reversed
for lonwer cracks (a0 1.0) and becomes similar to that for the case where the central
)

stiftfencr i1s unbroken, see section 4.2.

~y

The load concentration l/( ht)  at the crackline in the two most highly loaded
stifteners imnediately on ecach side of the broken central stiffener are shown, as a
tunction o1 a/b o, in Fies 18, 1% and 20 tor p/b  equal to 1/3, 1/6 and 1/12 respectively.
Resuits dre given at vildaes ot the relative stifioess 5 equal to 0.1, 0.2, 0.3 and 0.5.
For small values of  asb the load concentration approaches /(1 - ) , the value if
the shee  were unvracked. The dependence ot the loead concentration on . and p/b  Is

stmilar to that for the bav cenrred crack and the stiffener centred crack with all

stlifeners Intact, = tor all vaiues of  a/sb the load concentration increases as p/h
is reduced and . 1s Increased.
Two wttachment forees are Important In this case PO . and P' | the forces
N »
at the 1irst fastener on cach side of the crackline, of both the central and the adjacent
stifiency respectivelv. Values o [ l’(*bt) and P, I/(c‘bt) are also shown in
oy

s
Pigs 18, 1Y and 20 as a {function of a/b  for p/b equal to 1/3, 1/6 and 1/12 respec-
cively. The results were obtained for values of 1 equal to 0.i, 0.2, 0.3 and 0.5.

The forve P | approaches zero at small values of a/b and increascs abruptly as the

crack tip approaches the stiffeners (a/b > 0.8). The force acts in a direction
p app b

P
o,
away from the crackline; 1: therefore opens the crack and increases the stress iutensity

factor, and 1t is largest at small values of a/b . This is in agreement with the
results shown 1n Figs 15, 16 and !7 where for small a/b , the stress intensity factor is
greater than that for a similar crack in an unstiffened sheet.

The rorce & | at the first fastener of the broken stiftfener decreases as the
value oi p/b decreases and 1ncreases as ¢ increases. With Ivcreasing values of  a/b

the force . approaches a constant value and fer a/b - 1 (. crack tips at or bevend
i

the first unbroken stifteners; the magnitude is sufficiently small relative to P for

it to have a negligible offect on the stress intensity factor,

3 CONCLUSTONS
(1) Stress intensity factors have been obtained for a crack in a stiffened sheet for a

wide range of typical structural configurations. These results are useful for parametric

design studies of cracked structures subjected to both static and fatigue loads.

(2) The stress intensity factors, stiffener load concentrations and maximum attachment
forces are all required in order to assess the various failure modes of stiffened

structures.

(3) The formulation and the methods of solution are applicable to configurations with
unequally spaced stiffeners and can be used to obtain results for cracks near stiffencrs
which are attached by a double row of rivets. Results for such configurations will be

reported later.,

[
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LIST OF SYMBOLS

semi~crack lenpth

cross=sectional area of stitfeners

stiffener spacing

diameter of attachment (rivet)

Young's modulus of elasticity of sheet

Young's modulus of elasticity of stiffener

Green's function for a point force in the positive y direction at

P
1,]
summat ion suffices

upetilng mode stress intensity factor

load in the mth stiffener at the crackline (v = ()
summation suffices

number ot stiffeners

number of attachments points in each stiffener on each side of the
crackline

distance between attachments
distance from crackline to nearest attachment

attachment force at z j in the sheet
attachment force at z. . in the stiffener

=P, /0 A)
i,] s's
thickess of sheet

dimensionless displacement in sheet due to uniform stress
dimensionless displacement in sheet due to attachment force
relative displacement in sheet due to uniform stress
relative displacement in sheet due to attachment forces

relative displacement in stiffener due to uniform stress and attachment
tforces

rectangular cartesian coordinates

:x+iy

coordinate of ith attachment in jth stiffener

p(J/IW

= a/p

it

JaEt /(A ¥ )
s's
stiftness ratio = A E /(btE + A F )
s's s s
Poisson's ratio
uniform stress on sheet

uniform stress on stitfeners
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Fig8 Load concentration and first attachment force for the pair of stiffeners nearest to a
bay centred crack. p/b=1/12
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Fig 12
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Fig 12 Load concentration and first attachment force for a central unbroken stiffener:
p/b=1/3
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Fig 18
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Fig 18 Force at the first attachment in a central broken stiffener and the load concen-
tration and first attachment force in the adjacent pair of stiffeners: p/b = 1/3
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Fig 19 Force at the first attachment in a central broken stiffener and the load concen-

tration and first attachment force in the adjacent pair of stiffeners: p/b = 1/6
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Fig 20

Fig 20 Force at the first attachment in a central broken stiffener and the load concen-
tration and the first attachment force in the adjacent pair of stiffeners. p/b = 1/12
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