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However, these models, like those of classical test theory, are using
the number of correct responses as the basic source of information
for estimating students' achievement.

As good teachers had already realized long ago, a lot of valuable
information can be gained by analyzing the students' wrong responses,
When a student answers a free response item (s)he gives the response
which (s)he considers to be the correct one. Therefore, diagnosing the
algorithm that led the student to his/her answer provides an important
source of information for asessing his/her achievement,

In 1light of recent developments in information progedsing made by

cognitive psvchologists, as well as by exper artificial intelligence,

it seems that psychometricians ought €6 "join the party" and incorporate

error analsyis as an integfal part of their efforts toward improved
----measurement . :

The purpose of this technical report is to provide the reader with some
" empirical results of error analysis in simple, signed number problems.
Types of errors (or wrong algorithms) and their consistency will be 1
defined and discussed. Since a wrong algorithm may sometimes lead to ‘
a correct answer the conventional scoring system will be compared with |

one based on error analysis (i.e., counting a response as correct only '
if the "correct" algorithm was used) in terms of reliability, latent ’1
trait estimates, and the underlying dimensionality.. 'y
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INTRODUCTION

Achievement tests, although customarily treated the same as ability
tests by most psychometricians (e.g.,Brown and Weiss, 1977; English,
Reckase & Patience, 1977;Bejar and Weiss, 1978;) are designed for
different purposes than are most ability tests. Achievement tests are
measuring an outcome of a treatment (i.e., instruction). Their main role
is to provide the teacher and the student with constructive feedback
about the teaching-learning process. Being related to a treatment,
achievement tests must satisfy criteria over and aobve those -
satisfied by most ability tests. In order to enhance the success of the
treatment, achievement tests need to have diagnostic capabilities.

When a student responds to a free-response item on an achievement
test, (s)he gives the answet which (s)he considers to be the "correct"
one. The student’s response reflects her/his mental process-~the rule
«(s)he follows in order to reach the answer. As has already been
realized by cognitive psychologists, their rules do not always
correspond with the algorithm taught in class. As stated by Resnick
(1976): "Children seek simplifying procedures that lead them to
construct or ‘invent’ more efficient routines that might be quite
difficult to teach directly" (Ibid p. 68). When investigating the
relation between the algorithm taught and later performance Resnick
concludes that "the efficlency is a result of fewer steps (not,
apparently, faster performance of component operations)" and that "the
transformation of algorithms by the learner, is more general than we
have thought up to now" (Ibid p. 72). Viewing the student’s response
pattern on an achievement test as reflecting the strategy (s)he uses
has important implications for instructional design.

Recent developments in automated diagnostic testing, made by experts
in artificial intelligence, also share this point of view regarding
achievements tests. The main efforts in this field are directed toward
constructing procedural networks that have the capability of identifying
student "bugs" or misconceptions. (See, for example: Brown and Burton,
1978).

It should be noticed that considering achievement tests as providing
a characteristic response rather than a right or wrong response makes a
straightforward analogy to tests in the affective domain, such as
personality or attitude tests. This similarity between achievement
tests, coming from the cognitive domain, and the tests from the
affective domain is apparently due to the common goal those tests serve,
as opposed to ability tests, namely the prescription of a treatment. It
is where change (improvement or correction) can take place, that we are
concerned with an appropriate treatment. We may therefore consider
treatment for purposes such as: changing one’s self image; changing a
person’s attitude toward himself, toward other people, objects or
issues; improving student achievements; correct student mistakes; etc.
It is unlikely, however, to think in terms of treatments in the area of
intelligence (e.g. design a treatment for changing one’s 1.Q.).
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It is realized that one may also want to test achievement for
purposes other than prescribing further imstruction. In situations such
as classification or selection one is merely interested in the
examinee’s level of achievement. However, it may be argued, that no
matter what the testing purpose is, achievement tests are measuring an
outcome of a treatment. This treatment is aimed at providing the
student with the correct algorithm. However, as was already mentioned,
the student is most likely to modify that algorithm. This modification
can result -in a wrong algorithm, which may yield correct answers
occasionally, depending on factors such as syntactic attributes of the
task presented to the student, that may have led him/her to construct
their modified algorithm. Searching for the algorithm reflected in the
students’ response-patterns may therefore become the gate to more
accurate measures of achievement.

Unfortunately, in the current state of psychometric work, this
aspect of achievement tests is ignored. Students’ responses to an
achievement test are judged according to the traditional way as either
correct or incorrect. The assessment of achievement is primarily based
on the number of correct answers. Even in recent psychometric
developments such as adaptive achievement tests, where the main purpose is to
tailor the item to the student’s level of achievement, no consideration
is given to the underlying algorithm or even to the nature of wrong
responses (e.g., English, Reckase & Patience, 1977, McKinley and
Reckase, 1980).

On the other hand, the cognitive theory of learning and instruction
is still far from lending itself to practical applications. As stated
by Robert Glaser a few years ago (1976) and which is, unfortunately,
true even today, "Experimental psychology of learning and cognitiun has
been almost exclusively a theoretical endeavor, with little effort
devoted to application and design of practical techniques for assisting
in the conduct of human affairs." On the other hand, as Glaser states:
"...psychometrics has become a major technological application of
psychology, with primary effort being devoted to practical techniques
and less effort to theoretical issues.'" However, as Glaser emphasizes:
"In recent years, there has been increasing interest in and social
pressure for the development of professional techniques for the
application of what knowledge there is of learning, cognitive processes,
and human development. It appears that some linking of theory and
practice needs to take place...”" (Ibid pp. 1-2).

It seems that error-analysis is one topic in which a joint effort of

cognitive psychologists and psychometricians can yield fruitful results

in terms of instructional design and measurement. The goal of this
technical report is to provide some empirical evidence to support this
statement.
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ISSUES AND METHODOLOGY

The Issues to be Discussed in This Report:

Based on data collected in seven classes of eighth graders who were
studying the topic of signed-numbers, the following issues will be
discussed:

1. Can the number of correct answers in a test serve as
a sufficient and a meaningful test score for measuring
students achievement and for prescribing further instructions?
2. To what extent do students commit stable errors?
3. Can a typology of alternative algorithms, used by students,
be identified from analyzing their responses on test items?
4. What 1s the impact of a scoring system based on the underlying
algorithm, as compared to the one based on number correct,
on the psychometric properties of the test?
5. Can response time serve as a partial indicator of the
mental process underlying the students’ responses?

The Data Collection Procedures:

The data to be presented in this report was collected in the fall of
1979 at Urbana Junior High School. Seven classes consisting of 127
eighth graders, taught by two teachers who were using the same
instructional method and materials, were observed during the entire
instructional period of signed-numbers. The instructional methods, as
well as the students’ behaviors, were documented by members of our
research team.

At the completion of the instruction, a 64-open-ended-item test,
consisting of 16 tasks of four parallel items each in addition and
subtraction of one or two digit integers, was administered on the PLATO
system (A copy of the test 1s presented in Appendix 1). 127 students
took that test and thelr response patterns, as well as their response
t imes, were stored and analyzed.

The Instructional Method:

Before starting the presentation and discussion of the results, a
short outline of the instructional approach will be given since 1t is
conceived of as a crucial component in the identification of the error
types.

The instructional unit began by introducing the basic terminology to
be used during the teaching process, i.e. "integers," "absolute values,"
"positive" and "negative'" numbers and their location with respect to the
number-line. Special notice was given to the number zero. Students
practiced solving addition problems using the number line, moving left
when adding negative numbers and right when adding positive numbers. 1In
the next stage rules for addition of signed-numbers were given and
students were asked to memorize them.




The rules given by the teachers for the addition operation were as
follows:

l. For adding two numbers with the same sign, add the absolute
values and put the common sign in front of the result;

2. For adding two numbers with different signs follow this
two-stage procedure:

Stage 1l: Find the difference between the absolute values;

Stage 2: Identify the number with the larger absolute value.
The sign of this number will determine the sign of
the result.

After students were given drill and practice quizzes and a test in
addition of signed-numbers, subtraction was introduced. It was
emphasized that any subtraction problem in signed-numbers can be easily
converted into an addition problem by following these two steps:

Step l: Change the operation sign from minus to plus;
Step 2: Change the sign of the second number.

After these two steps are taken, the subtraction problem is
converted into an addition problem and should be dealt with according to
the rules given for the addition operations.

According to the above-mentioned instructional method the subject
matter analysis of signed-number addition and subtraction operations can
be schematically expressed as follows:

Addition A: +[]1++[] Adding 2 integers with the
B: =[1+(] 3ame sign.
c: -[1+1(] Adding 2 integers with different
D: +[]+[] signs
Subtraction E: +[]--[{]—+[]++[] (=A)~ Subtraction problems
F: <[]=+{]—>~=[1+[]1(=B) | converted into
G: ~{)-~[]—~-[1H+[](=C) [ addition problems.
H:  +[]—+{]—> +[]1+=[] (=D)

Table 1 presents the relation of the 64-item test which was administered
at the completion of the instructional unit to this subject matter
analysis.

Insert Table 1 about here

Figure 1 presents a flow chart for solving signed-number problems
according to the insructional method described above.

Insert Figure 1l about here
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Table 1
The Subject Matter Analysis and the Corresponding
Test Tasks
Task Type Based Test  Task Parallel Items
On the Instruc- No. Type No.
tional Method
A +[1++(] 6 L+S 6, 22, 38, 54
A
B: ~{]+{} 10 =L+=5 10, 26, 42, 58 D
14 =S+=-L 14, 30, 46, 62 D
I
C: ~(1++(] 5 -S4L 5, 21, 37, 53 T
15 ~L+S 15, 31, 47, 63 I
0
D: +[)+~[] 3 L+=S 3, 19, 35, 51 N
11 S+L 11, 27, 43, 59
E: +(]-~(] 4 $-(-L) 4, 20, 36, 52
12 L~(-S) 12, 28, 44, 60 s
U
F: -[]1-+{] 2 -S-L 2, 18, 34, 50 B
9 ~L-§ 9, 25, 41, 57 T
13 =S-+L 13, 29, 45, 61 R
A
G: -[1--01 1 -5-(-L) 1, 17, 33, 49 c
8 -~L-(-S) 8, 24, 40, 56 T
I
H:  +[]—+[] 7 L-S 7, 23, 39, 55 0
16 S~L 16, 32, 48, 64 N

L= Number with larger absolute value
S= Number with smaller absolute value
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NUMBER CORRECT -- WHAT DOES IT TELL US?

Is the number of correct answers a sufficient and meaningful test
score for measuring students achievement and for designing further
instructions? As was already mentioned before, most of the testing in
the area of achievement, which is done in the classroom is, or at least
should be, closely related to the instructional process. Tests are
meant to provide the teacher with the necessary information as to how
the material is being grasped by the students. Information gained from
test answers can therefore serve as a very valuable feedback for the
teacher. Unfortunately, most of the teachers, as well as the
psychometricians who design and score achievement tests, consider only
the correct answers as useful information while totally ignoring
information from wrong responses. They treat all kinds of "wrong"
responses in the same way, namely, assigning them a score of zero. This
scoring system, to say the leas:, has the effect of pouring out the baby
along with the bath water!

Let“s consider the following examples presented in Table 2 which are
actual responses given by 11 eighth-grade students on a quiz in

Insert Table 2 about here

signed-numbers. (The quiz was given by the classroom teacher at the
completion of the instructional unit on addition.) It is obvious from
the table that the first three students, even though making the same
number of errors, have different kinds of "bugs" or misconceptions
concerning the material. The first student treats the parentheses: ( )
as if they were bars representing the absolute value of the number: |]|.
This misconception of symbols causes him to miss half of the problems in
the test. The second student, although scoring the same, shows a
procedural "bug” in computing the answer. He consistently misses a step
in the process and doesn’t distinguish between addition of numbers with
the same sign and those of different signs. As was already mentioned
before, when the teachers introduced the topic in class, they made a
distinction between three kinds of addition problems: when both signs
are positive; when both signs are negative; and when each sign is
different. For the last case the teachers listed the following two
steps to be taken in order to answer the problem:

1. To find the difference between the two numbers;
2. To find the number with the larger absolute value, and to
put the sign of that number in the result.

The second student consistently forgot step one. He always added the
two numbers and put the sign of the larger absolute value in the result.
Using this wrong algorithm he manages to get the correct answer in those
cases where the two numbers have the same sign. The third student seems
to have no problems with the operatins of signed-numbers. However, the
fact that he scored the same as the other two students was due to his




Responses of Four Eighth Grade Students on Six Addition

Table 2

Problems in Signed Numbers

Student No. 1 2 3 4
Problem No. Responses

le 34=7==4 -4 -10 <4 10
2. 7+(-3)=4 10 10 4 10
3. =6+-15=-21 ~21 -21 =22 -9
4o -64++15=9 9 21 8 21
5. (-23)+(-9)==32 32 -32 =31 -14
6. (-8)+(-4)=-12 12 -12 =12 -4
No. of Correct Answers 3 3 3 0
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weakness in addition and subtraction of whole numbers. Examinations of
these three response patterns makes one wonder whether the identical
test scores derived by the conventional method of "number correct"
indeed tells us anything valuable and useful for the instructinal
process or even for estimating the student’s level of achievement.

The fourth student, although getting all the problems wrong, has
also only one type of "bug" which clearly results from misunderstanding
a part of the instruction. When the teachers introduced the number-
line, they explained how to move left or right according to the
operation sign. This student misunderstood from where he was supposed
to start his move for addition. Instead of moving from the location of
the first number in the problem, he always moves from the origin (0).
When there are two different signs he ends up adding and puts a plus
sign in the result. When the two signs are the same he finds the
difference and puts the common sign in the result. Does his score
of zero on the test indicate the he knows nothing? '"Zero knowledge"
sounding absurd as it is may also have some very misleading implications
in the context of instructional design. Do zero test scores imply that
all such students are '"tabula rasa,'" and therefore can be taught the
topic by the same method? A positive answer to this question seems
profoundly wrong. It assumes that such students get nothing from the
former instruction. It fails to recognize that it is the student’s
interpretation of the former instruction that caused them to develop the
algorithm they have been using which, due to some misunderstanding,
happened to be wrong.

It clearly follows from the discussion so far, what would be the
most appropriate type of instruction to be provided to the students once
their "bug" has been identified. It should be an adaptive kind of
instruction specifically designed to deal with each student’s
misconception. It should explain to the student what (s)he 1is doing
wrong and what is the correct way to go. As to the identification of
the students’ "bugs,’ a short and efficient procedure should make use of
adaptive testing -- adaptive in the sense that each successive problem
presented to the examinee should be expected to maximize the amount of
relevant information for detecting the algorithm he is using.

In order to carry out a successful adaptive system of testing and
instruction, a typology of wrong algorithms needs to be generated.
Recent work by Brown and Burton (1978) who developed a procedural
network for identifying student "bugs" in subtraction of whole numbers,
and by Tatsuoka et al. (1980) who made use of error vectors for
identifying error types in signed number operations, provide efficient
computerized techniques toward this end.

The discussion so far has focused on the use of achievement tests
for the purpose of treatment, i.e. instruction. It is obvious that the
use of information from wrong responses in adaptive testing and adaptive
instruction have great potential in improving the teaching~learning
process. At the same time, error analysis is also valuable in measuring
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achievements for purposes other than instruction, e.g. for selection or
classification procedures where the main interest is in the achievement
level of the examinees. A more concrete and detailed example
i1llustrating the danger of relying on a test score based on the number
correct will be discussed in the next section.

Table 3 presents two complete actual response patterns given by
eighth graders on the 64-item test of signed-number operations. The two
students whose responses are presented in Table 3 received similar total
test scores (i.e. number of correct answers). However, a closer
examination of their entire pattern of responses reveals a remarkable
difference in the kind of misconceptions or 'bugs" each of them has.
Taking the information provided by error analysis into consideration
when judging their achievement level in the topic indicates a large
discrepancy between the two in terms of their "true" scores (i.e. the
score adjusted for incorrect algorithms).

Insert Table 3 about here

Student 1: The response pattern of this student indicates

that he has mastered the addition of signed-numbers. However,
he is erring in subtraction problems because of a misconception
he has concerning the way of converting a subtraction problem
into one in addition. The rule given by the teachers for

the conversion was to change two signs: The operation sign

and the sign of the second number. The rule student 1 is

using through all the subtraction problems 1s changing one

sign only--the operation sign, leaving the other sign unchanged.

The following are examples of the way this student converts
subtraction problems into addition. Notice that the fact he has
already mastered addition can also be seen in the correct answers he
gets on his incorrectly converted problems.

Insert Table 4 about here

Student 2: Although this student got 28 correct answers in the
test, a close look at his resonse pattern reveals that most of the
correct answers were reached by using an incorrect algorithm.

This student knows how to convert a subtraction problem into an
addition one. However, he didn’t master addition of signed
numbers. He hasn’t distinguished between adding integers with

the same sign and adding integers with different signs. He is
always adding the two integers and putting the sign of the

larger number in absolute value in the result.

The following table presents some examples of the algorithm
used by this student in solving signed-number problems.

Insert Table 5 about here

T — ,
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Table 4

Example of the Conversion Rule Used by Student Number 1

The The The The The
Original Correct Correct Student’s Student’s
Subtraction Conversion Answer Conversion Answer
Problem

-6-(-8) = -6+(+8) = 2 -6+(-8) = -14
-7-9 « =7+4(~9) = =16 =7+(+9) = 2
1-(-10) = 14+(+10) = 11 1+(-10) = -9
8-6 a  B+(-6) = 2 8+(+6) = 14
=16=-(-7) = -16+(+7) = -9 =16+(-7) = =23
-12-3 = =124(-3) = =15 ~12+(+3) = -9
9-(-7} = 9 (+7) = 16 94+(-7) = 2
-3-+12 = ~3+(-12) = =15 =3+(+12) = 9
2-11 s 24(-11) = =9 24(+11) = 13
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Table 5

Examples of the Algorithm Used by Student Number 2 in Solving
Signed Number Problems

Task The The The The Student ‘s Answers
Number Original Correct Student’s Student’s For the 4 Items
Problem Answer Algorithm Answer In the Task

Wrong Correct

1 -6-(-8) = 2 -6++8 14 4 -

3 1243 = 9 1243 15 § -

5 -3+12 = 9 -13412 15 4 -

7 8-6 - 2 846 14 4 -

8 -16-(-7)= =9 -16++7 -23 4 -
11 34+=5 = =2 3+-5 -8 4 - '
15 -6+ = =2 -6+4 -10 4 - "
16 2411 = -9 24+-11 -13 4 - |
2 -7-9 = -16 -7+-9 -16 3 1

4 1-(-10) = 11 14410 11 - 4

6 6+ - 10 6+4 10 - 4 |
9 -12-3 = -15 -124-3 -15 - 4 %
10 -146+5 = -19 ~144=5 -19 - 4 ‘
12 9-(-7) = 16 94+7 16 13 4
13 -3—412 = -15 —3+-12 -15 - 4

14 547 =

-12 -54=7 -12 - 4 '




-14=

It is clear from this response pattern that student 2 is still far
from reaching mastery in signed-number operations. However, he managed
to get almost the same score on this as did student 1 since his wrong
algorithm happened to yield the correct answers in the case of the
addition problems where the two signs were the same. In task 2 he got
only the first item correct; later on, he failed to envision the minus
sign in front of the second number, which in this task is the larger
absolute value. This explains why he got the answers to the other three
problems in this task correct in the absolute value but wrong in the
sign.

In a similar task (9) in which the only difference is that the first
number rather than the second has the larger absolute value, he managed
to get all four items correct. This further supports our interpre-
tations of his incorrect algorithm. It seems clear from the two complete
response patterns, which were discussed in detail above, that a valid
measure of achievement needs to consider information from wrong as well
as from correct responses. The number of correct responses itself may
be a misleading indicator since a correct answer can sometimes result
from a wrong algorithm. Therefore, in measuring achievement, for any
purpose, one would be more accurate if one considers the answers correct
only if the algorithm used is the correct one. Information about the
correctness of the algorithm can be gained by analyzing the entire
response pattern, paying special attention to the error types.

Our discussion so far illustrates the usefulness of error analysis
for both measurement and instructional design. Scores based on number
of correct answers were shown to be of no diagnostic value at all.
Moreover, they can even be misleading in judging the student’s
achievement level (for some more empirical evidence in this matter, see
section 4).




HOW STABLE ARE ERRORS?

The responses to the 64-item test described in the first section were
used for evaluating the stability of the errors across parallel items.
The different types of responses to the test items were coded according
to the following system:

For subtraction problems--

l. The code 1 was given to the correct answer.

2. The code 2 was given when the operation sign was
changed but the sign of the second number remained
unchanged.

3. The code 3 was given when the operaion sign, as well
as the signs of both numbers, were changed.

4. The code 4 was given when the operation sign and the
gign of the first number were changed.

5. The code 0 was given for all other computational
errors.

For addition problems--

1. The code 1 was given to the correct answer.

2. The code 2 was given when the sign of the second
number was changed.

3. The code 3 was given when the sign of the first number
was changed.

4. The code 4 was given when the signs of both numbers
were changed.

5. The code 0 was given for all other computational
errors.

Consistency or stability was defined as getting the same code on at
least three out of four parallel items. Table 6 presents frequencies of
consistency across the sixteen tasks in the test.

Insert Table 6 about here

A8 can be seen in the table, less than 6X of the students got
inconsistent responses for more than 20X of the tasks. This result
indicates a very high proportion of consistent responses. Table 7
presents the frequencies of coded responses for each task separately.
Table 8 presents a comparison between frequencies of consistent and
inconsistent wrong responses for each task. As can be seen

Insert Tables 7 & 8 about here

from these tables, over 90X of the students mastered the addition tasks.
Awmong those who didn’t master addition there is a slight tendency of
committing inconsistent errors rather than consistent ones. However,
among the subtraction problems, where mastery iranges from 58X to 862,
there are, on the average, more than twice as many consistent errors as
there are inconsistent ones.
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Table 6

Absolute Frequencies and Percents of Consistent
Responses for the Sixteen Test Tasks

Number ol Percent Cumulative Number of Tasks
Students Percents Consistently
Answered
56% 44.8 44.8 16
32 25.6 70. 4 15
17 13.6 84.0 14
13 10.4 94.4 13
3 2.4 96.8 12
1 0.8 97.6 11
1 0.8 98.4 10
0 0.0 98.4 9
2 1.6 100.0 8
T2 T T T T T T T T Ti00 T T T T T TTTTTTT

*Forty-three of the students answered correctly 15 tasks.
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Table 7

Absolute Frequencies and Peréentages of Coded

Responses for the Sixteen Test Tasks (N = 125)

Task Task Consistent Response Code: Inconsistent
No. Type Correct 1 E2% E3 E4 Response
N Z N 3 N 2 N X N 2
4 S~(-L) 81 64.8 24 19.2 6 4.8 1 0.8 13 10.4
12 L~-(-S) 85 68.0 24 19.2 2 1.6 1 0.8 13 10.4
2 ~S-L 73 58.4 27 21.6 2 1.6 2 1.6 21 16.8
9 ~L-§ 72 57.6 33 26.4 -~ - - - 20 16.0
13 -S~+L 90 72.0 26 20.8 1 0.8 1 0.8 7 5.6
1 -S~(-L) 93 74.4 9 7.2 5 4.0 8 6.4 10 8.0
8 -L-(-8) 103 82.4 13 10.4 -~ - 2 1.6 7 5.6
7 L-S 107 85.6 7 5.6 =~ - 1 0.8 10 8.0
16 S-L 88 70.4 4 3.2 2 1.6 19 15.2 12 9.6
6 L+S 124 99.2 - - - - - - 1 0.8
10 ~L+=S 114 91.2 4 3.2 - - 1 0.8 6 4.8
14 -S+-L 117 93.6 1 0.8 3 2.4 1 0.8 3 2.4
5 -S4 115 92.0 1 0.8 3 2.4 1 0.8 5 4.0
15 -L+S 118 94.4 4 3.2 - - - - 3 2.4
3 L+-S 115 92.0 3 2.4 -~ - 1 0.8 6 4.8
11 S+-L 115 92.0 1 6.8 3 2.4 - ~ 6 4.8
S = Number with smaller absolute value

L =

Number with larger absolute value

*Error Types:

1.

Error Codes for Subtraction:

a. %2 = Correct Only Operation of Sign

b. E3 = Changes Operation Sign and Signs of Both Numbers
c. E4 = Changes Operation Sign and Sign of First Number
Error Codes for Addition

a. E2 = Changes Sign of Second Number

b. E3 = Changes Sign of First Number

c. E4 = Changes Sign of Both Numbers

Cata
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Table 8

Absolute Frequencies and Percentages for Consistent
and Inconsistent Wrong Responses (N=125)

Task Task Number of Consistent Inconsistent
Number Type Wrong Wrong Wrong
Responses Responses Responses
N ) 4 N ) S

4 $=(=L) 44 k)| 70.5 13 29.5
12 L=(-8) 40 27 67.5 13 32.5
2 -S~1L 52 31 59.6 21 40.4

9 =L-S 53 33 62.3 20 37.7
13 -S=+L 35 28 80.0 7 20.0
1 =S$=(-L) 32 22 68.7 10 31.3

8 =L=(=8) 22 15 68.2 7 31.8

7 L=-§ 18 8 44.4 10 55.6
16 S-L 37 25 67.6 12 32.4
6 L+S 1 0 0.0 1 100.0
10 =L+=8 11 5 45.5 6 54.5
14 =S4=L 8 5 62.5 3 37.5
5 =S+L 10 5 50.0 5 50.0
15 -L+5 7 4 57.1 3 42.9
3 L+=S 10 4  40.0 6 60.0
11 S4+=L 10 4 40.0 6 60.0

§ = Number with smaller absolute value
L = Number with larger absolute value
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The tasks in which the most consistent errors occur are: Task 1:
-L-(-H); Task 4: L-(-H); Task 8: -H-(-L); Task 12: H-(L);

Task 13: -~L-+H; Task 16: L-H. The most frequent error

in those tasks is the one coded as 2 (i.e., forgetting to change the
sign of the second number).

An additional finding that can be seen in the presented tables above
is that similar tasks, which differ only with respect to the location of
the larger number, result in different percentages of correct responses
(compare tasks 7 and 16; 1 and 8; 10 and 14; 5 and 15). Some of them
differ also in the percentage of consistent wrong responses. Moreover,
notations such as brackets or explicitly writing a plus sign in front of
the second number do make a lot of difference, as can be seen from the
students’ responses. (Compare for example tasks 13 and 2; 13 and 1 in
Table 8.)

Such results couldn’t be predicted on the basis of the instructional
method and its underlying subject matter analysis. These results,
therefore, support our conclusion that some students get correct answers
by applying wrong rules, or, stated another way, some students are using
alternative algorithms which result from their misinterpretation of the
algorithms introduced in the instructional process. These alternative
algorithms occasionally happen to yield the correct answer and thus may
mislead us in trying to understand the student’s "bug.'" We therefore
suggest that the entire response pattern of the student be analyzed in
order to identify his/her algorithm rather than looking only at his/her
wrong answers.
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A TYPOLOGY OF ALTERNATIVE ALGORITHMS

In the search for student 'bugs' that were evident from the high
consistency level of errors, the entire response pattern of each student
who committed stable errors was carefully analyzed. This analysis,
which took the form of a search for the most efficient rule that
explains the specific response pattern, was done by three judges
independently.

The algorithm identified from the students’ response pattern
represents the most efficient rule we have found that can reproduce
those patterns. We do not claim that these algorithms indeed represent
the actual cognitive process that was going on in the students’ head.
Such a claim would have been too pretentious at this point since we do
not have enough information in order to be able to offer a
psychological validation. One way of validating the cognitive process
is to conduct clinical interviews. However, one should take the
conclusions based on such interviews with a grain of salt. In
interpreting some protocols from clinical interviews, it was found that
the interviewer’s responses (verbal or nonverbal) even when not
intended to be judgemental of the student’s performance, sometims cause
a pattern which couldn’t be explained otherwise (Resnick 1980).(2)
Another way to validate the cognitive process would be to measure
response-time. (A short discussion of this topic will be presented in
section 6),Since we used neither of those methods extensively in this
research study we consider the algorithms we have identified as
speculations of the student”s cognitive process and suggest taking them
just as approximations to be used for adaptive instruction purposes. We
do believe that by using the algorithmic approach one can improve the
efficiency of the instruction by "debugging" the misconception refelcted
in the identified algorithm.

It should be understood that by no means do we suggest, at this
point to adjust students’ responses on the basis of the presumed
correctness of their algorithm, for purposes other than diagnosis or
research. We are aware of the unfairness which may be involved in such
adjustments, as long as we are not certain that the identified algorithm
is indeed the one actually used by the student in deriving his/her
answer. (So far, we have been adjusting students scores for research
purposes only, the results of that part of the study are reported in
Section 5 of this report). We fully agree with the opinion presented by
Cazden (1976) in this matter. In his article entitled "On the
implication for instructional research', Cazden states that: "...it {is
essential to remember that a formal analysis of some knowledge or skill
doesn’t necessarily, or even probably, reflect the organization in
anyouue’s head, much less how it got there.... If we intend only
efffective instruction, then the justifying criterion of effectiveness
may be sufficient.... But if a model of cognitive process is sought,
then more thorough psychological validation is required. Anyone engaged
in such endeavors should read Holt s satire of task analysis in his
description of how children would be taught, presumably less

e m ML 4 s e dleanie e -
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sucessfully, how to talk, ... if only to be sure where and how he is
wrong" (1976, p. 321).

Bearing this in mind we hereby present a short description of the
criterion and the process we have been using for identifying the
algorithms. In the topic of signed-numbers there may sometimes be more
than one way of explaining the rules of operation beyond a given
response pattern. In deciding upon the nature of the algorithm we
considered the following criteria:

l. The rule underlying the response pattern should be as closely
related as possible to what has been taught in class;

2. The rule should explain the response pattern in the most
parsimonious way;

3. The whole response pattern should be reproduced by that rule;
(allowing exceptions with regard to tasks 7 and 16 which may have
been perceived by some students as belonging to a different category
or schemata, i.e., that of '"whole numbers’”, in which the "take
away" notion is most commonly being used).

The process of identifying the algorithm was essentially one of the
following mental hypothesis testing routine. We have hypothesized a
priori some misconceptions or '"bugs" that may occur as a result of the
instructions, those can be described as 'discharges" along the network
presented as a flow-chart in Figure l. Those hypothetical "bugs" were
used to generate response patterns for the 16 test tasks. The raw
answers were translated into the codes as described in section 3 and
these were matched with the actual resonse patterns given by the
students. We realize that since the instructional method emphasized the
rules for solving signed-number problems, some students could have
correctly answered the test by memorizing those rules without having an
insight or full understanding ais to why those rules are applied. We
are not intending to judge the aizorithms at that level since a correct
response pattern provides no additional information as to the level of
understanding. In this report we refer only to those records that
include some incorrect responses (which are consistent across parallel
items).

Appendix 3 presents a detailed list of those algorithms including
the codes given to the answers according to a coding system, and the
specific response which uniquely identifies each alternative algorithm.
The following is a summary list of the algorithms identified in our
current data:

1. Always subtracts and puts the sign which appears in
front of the larger number in absolute value. As can be
seen in the table, consistently following this rule results
in correct answers for seven out of the sixteen tasks.
However, it impiies failure to distinguish between addi-
tion and subtraction operatins, as well as between
operation-signs and number-signs.
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Z. In addition problems--Always adds and puts the sign
of the number with the larger absolute value.

In subtraction problems--Converts correctly into addi-
tion (according to the method taught in class) but fails to
carry out the addition because of the aforementioned "bug".
Nevertheless, the student using this algorithm manages to
get half the test tasks correct, as can be seen in the table.

3. In the addition of signed numbers, the student finds

the difference between the two numbers and assigns the

sign of the number with the larger absolute value to the
result. In subtraction (s)he follows these three steps:
First adds the absolute values, then changes the sign of

the operation and that of the second number, and finally
assigns the result the sign of the number with the larger
absolute value. Following this strategy the student manages
to get correct answers for 10 test tasks.

4. Whenever the problem consists of two similar signs the
student adds and puts a plus sign in the result. Fer
problems with two different signs, the student subtracts
and puts a minus sign in the result. Thus, without being
able to distinguish between addition and subtraction
problems, the student manages to get correct answers for
three test tasks.

5. Using the number line to figure out his jumps, the
student mistakenly always jumps from the origin (0)
instead of jumping from the value of the first number in
the problem. This "bug" causes the student to miss all
the test items, even though (s)he is able to differentiate
between the operations and between the number signs.

6. In subtraction, the student always forgets to change

‘the sign of the subtrahend. Obviously, this "bug" causes

him/her to miss all the subtraction tasks.

7. 1In subtraction, the student doesn’t change the signs

of the operation and the subtrahend. (S)he always treats

the parentheses as if they were bars indicating the

absolute value of the number. This combination of "bugs"
results in correct answers for three out of the nine
subtraction problems. (Notice that, even though this student
shows two "bugs'" in the subtraction problems, his/her

score based on the number correct is higher than the score

of a student following algorithm 6 who has a relatively
minor misconception).

8. In subtraction, the student puts a plus sign in fromnt
of the subtrahend (1.e. changes a minus to a plus but
doesn’t change a plus to a minus). Tasks 7 and 16 seem
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to "belong" to another "box" because of the missing signs.
Once the conversion has been carried out, the student
proceeds correctly with the converted addition problems.

9. In subtraction, the student always subtracts and puts
the sign of the number with the larger absolute value.

10. 1In subtraction, the student changes only the operation

sign into addition when there is a sign in front of the
subtrahend. When the plus sign of the subtrahend is
missing, the student considers the missing sign as the
operation sign. Following this algorithm (s)he manages

to get correct answers for four out of the nine subtraction
problems in the test. Once the conversion is done (s)he
proceeds 3olving correctly the converted addition problems.

ll. 1In subtraction, the student changes the signs of

both numbers as well as the operation sign. This wrong
conversion causes him/her to miss all the subtraction
problems in the test.

12. The student treats parentheses as if they were bars

indicating the absolute value. Since parentheses were
included only in the subtraction problem, this minor

misconception of symbols results in incorrect answers
to four out of the nine subtraction tasks in the test.

13. In addition, the student changes the sign of the

second number (applying incorrectly the rule for subtraction
to the addition problem). Following this rule (s)he

manages to get all the addition problems incorrect while
demonstrating mastery in solving the subtraction problems.

l4. In subtraction, the student subtracts the absolute

values and attaches the sign of the larger absolute number
to the results (except for problems with three minus
signs, i.e. Tasks 1 and 8).
In addition, the student adds the absolute values
and assigns the sign of the number with the larger absolute value
to the result, except for Task 3 which (s)he perhaps approaches in
an intuitive manner using the "take away" idea. Following
this strategy, the student manages to get correct answers
for seven tasks on the test.

15 1In subtra--ion, the student subtracts the absolute

values and a: - ns the result the sign of the number with the
larger absolute value, except for the case where there are
three minuses (i.e. Tasks 1 and 8) where (s)he adds and
attaches the common sign to the result.

In addition, the student subtracts and attaches the
sign of the number with the larger absolute value to the result
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except for Task 6 which doesn’t involve minus signs. Thus,
being unable to distinguish between addition and subtraction of
signed-numbers, the student manages to get correct answers for
six test tasks.

16. 1In subtraction, the student subtracts the absolute values

and attaches to the result that sign which appears in front of

the number with the larger absolute value. However, when the
problem involves three minuses, the rule is modified. The student
still subtracts absolute values, but assigns a plus sign to the
result. Thus, being unable to distinguish between operation signs
and number signs, the student manages to get correct answers

for three out of the nine test tasks.

It is clear from looking at those alternative algorithms that some
students are using a single rule which they apply to all types of
problems regardless of the operation signs. Others, however, have
invented a more complicated algorithm which is determined by factors
such as the location of the number with the larger absolute value in the
problem or whether or not the sign is explicitly written in the problem.
A subtraction problem with three minuses turns out to one that causes a
"modification” of the rule in some cases. However, addition problems
where the two numbers are positive and their signs are missing were
answered correctly by almost all the students (99%), regardless of the
rule they have been using for solving other problems. 1In subtraction
problems of that kind, the ones where the first number was the larger in
absolute value were answered correctly by 86% of the students, again
regardless of the rule they have been using for solving other
subtraction problems (including a similar task where the number with the
smaller absolute value came first). It is pretty obvious that these
problems were not perceived as "signed-number operations" and students
were capitalizing in their response on the "take away" idea they had
been taught for subtraction of whole numbers in earlier grades. In the
current data the most common of the alternative algorithms described
above are 6, 8 and 9. It is clear that some alternative algorithms
result from a single "bug" whereas others arise from a combination of
"bugs." Those vary in their seriousness and the number of steps to be
taken for correction. It is evident from the current data that while
addition was mastered pretty well by the great majority of students, the
subtraction procedure caused some confusion. However, several students
failed to distinguish between addition and subtraction operations.
Others failed to distinguish between operation signs and number signs.
Some students applied the subtraction rules in solving addition problems
whereas others had troubles with the notations.

It is clear that these differences in student "bugs" or
misconceptions could not have been detected without analyzing the
complete response pattern including incorrect as well as correct
responses.

Figure 2 presents a flow-chart for solving simple signed-number
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problems. This flow chart is based on the information gained from

Insert Figure 2 about here

analyzing the students response patterns with respect to the under-
lying algorithm.
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SOME PSYCHOMETRIC PROPERTIES OF A SCORING SYSTEM
BASED ON THE CORRECTNESS OF THE ALGORITHM

Since some wrong algorithms happen to yield correct answers, as was
illustrated in the previous chapter, a scoring system based on the
presumed correctness of the algorithm was adopted. Each consistent
response pattern was carefully analyzed and its underlying algorithm
(the rule which most efficiently reproduced such a pattern) was
identified. Only right answers that were determined by the correct
algorithm were credited; all other correct responses were assigned a
score of zero (including correct answers that resulted from wrong
algorithms). Applying this scoring system resulted in adjusting 32 out
of the 125 students’ records. Figure 3 shows the number of scores
adjusted in each task.

Insert Figure 3 about here

In order to test the effect of the scoring system, based on the
error analysis results, on the psychometric properties of the test, a
comparison between this method and the conventional one in terms of
reliability, dimensionality and latent trait estimates was carried out.

Procedure:

Following the conventional scoring system, a score of | was given to
the correct answer and 0 otherwise.

For the scoring procedure based on the error analysis results, a
score of 1 was given only when the correct answer was presumed to be
derived by the correct algorithm. Otherwise a score of 0 was assigned
to the answer. Since the test consisted of four parallel items for each
of the sixteen tasks, a task score was computed for each of the two
scoring systems. A ' mastery task score" of 1 was assigned to a student
who got a correct answer on at least three out of the four parallel
items. Otherwise a task score of 0 was assigned. The student’s
response patterns consisting of two binary vectors (corresponding to the
two scoring systems) for the 16 test tasks were compared in terms of
the correlation matrices among the tasks, the reliability coefficients
(a“s), the eigenvalues, and the oblique factor pattern matrices. The
computer package SPSS (Nie et al., 1975) was used for those analyses.

A computer program for multidimensional scaling KYST (Kruskal et al.,
1973) was used for mapping the task scores as points in a two-
dimensional space. The two latent-tralt peremeters (a‘s and b’s), the
discrimination and difficulty indices were computed via the "get ab"
program implemented on the PLATO system by R. Baillie.

Results:

A. Reliability

The standardized item reliability coefficient & (Cronbach
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1951) on the 16 task scores for 125 subjects was .84 for
the unadjusted rescoring (based on the conventional scoring
procedure) and .93 for the adjusted rescoring based on the
underlying algorithm.

Dimensionability

The correlations among the test task scores before and after
adjusting is shown in Appendix 4. As can be seen in the table,
there is a drastic change in the correlation matrix after the
adjustments were made. There are no negative correlations among

the tasks as there were before the rescoring. Ninety-nine

out of the total of 120 comparisons between pairs before

and after adjusting the scores yield significant differences. (4)

The reduction in the dimensionality of the adjusted scores

is evident from the comparison of the eigenvalues derived

from a principal component analysis. Those eigenvalues and the percent
of variance explained by them in the two sets of scores (before and
after adjustments) are presented in Table 9 and in Figure 4. As can
be seen in the table, only two eligenvalues exceed unity in the
adjusted scores as compared to four in the original data.

Insert Table 9 about here

Morever, the two eigenvalues account for a larger percent
of variance than do the four eigeavalues (77.9% in the two-
eigenvalue case as compared to 71.9% in the 4-eigenvalue case).

Insert Figure 4 about here

A two-dimensional plot of the test task before
after the adjustments is presented in Figure 5. As can be seen ]
in the figures, there is a remarkable difference in the con-
figuration of the te . points in the plan before and after the
adjustment. While before the adjusting, the plot looks
chaotic, after rescoring, two distinct sets of points }
are clearly ldentifable, one consisting of the subtraction 1
problems and the other of the addition ones. An oblique factor Ny

Insert Figure 5 about here

analysis using the square multiple correlations as initial
estimates of the communalities distinctly shows the nattern of
the test task loadings on the two factors. Appendix 5 presents
this pattern matrix. As can be seen in the table, the

first factor is highly loaded with all the subtraction problems
and the second one with all the addition problems.

Latent-Trait Estimates:

The effect of the scoring system based on the presumed correctness
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Table 9

Eigenvalues and Percent of Explained Variance of
Test Task Scores Before and After Adjustment (N=125)

Before adjusting After adjusting
A 3 A 3
Of Variance 0f Variance

6.289 39.3 9.361 58.5
2.632 16.5 3.109 19.4
1.511 9.4 .751 4.7
1.080 6.7 «485 3.0

. 989 6.2 «397 2.5

«573 3.6 . 327 2.0

«552 3.4 . 284 1.8

434 2.7 .263 1.6

-394 2.5 221 1.4

. 350 2.2 .190 1.2 '
<314 2.0 .153 1.0

. 264 1.7 .136 .9

. 207 1.3 .123 .8

. 167 1.0 . 085 .5

. 124 .8 .069 A

.119 .7 . 045 .3
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of the algorithm as compared to the conventional scoring

system wae studied in respect to latent-trait estimates. The
two-parameter logistic model for estimating the difficulty ‘b’s)
and discriminating power (a“s) indices was applied to the

set of subtraction problems before and after adjusting the scores.
We did not combine the addition and subtraction problem since the
ICC model we used assumes unidimensionality (Lord & Novick 1968).
As was shown earlier, the dimensinality of the data, as tested

by factor analysis was larger than one in both before

and after adjusting the scores. In the latter case, where

the dimensionality was crystalized, two dimensions emerged,

the first of which contained the subtraction problems. This
factor accounted for the greater ;roportion of variance. The
second factor contained the addition problems. Since most

of the subjects reached mastery on these problems, the parameter
estimation by the maximum likelihood was not carried out. However,
when this technique was applied to the set of subtraction problems

it took only a few iteration for the estimation procedure to converge

for the adjusted data (after deleting task 7: L = S type of
problem which doesn’t require knowledge in signed numbers).

When applied to the same set of items on the original data (before
adjusting the scores) the ML procedure did not converge. Thus,

we could not estimate the a’s and b’s for this data-set.




A

REACTION TIME -- IS IT A USEFUL MEASURE OF THE STRATEGY
UNDERLYING THE RESPOHSE?

As is evident from the discussion so far, the number of correct
answers turns out to be insufficient, and sometimes even a biased
measure of student achievements.

We have already demonstrated cases in which the student’s
tendency to modify the algorithm taught in class results in an
incorrect modified rule that occasionally yields correct answers.
Therefore, by looking only at the number of correct answers, one cannot
get accurate information as to the correctness of the strategy used by
the student.

An additional measurable source of information in the student’s
response is reaction time. Lachman et al. (1979) recently stated that
"The current state of choice reaction time has moved from a topic of
study to a methodological tool. It has a well-developed theoretical
framework, and its properties are rather clearly understood. Because
it is so useful, it is used in virtually every area of cognitive
psychological research.'" (Ibid. p. 182).

Cognitive psychologists specializing in instruction have realized
that when measured accurately, response latencies can provide fairly
good indicators as to the number of steps the individual takes in
solving a problem (See, for example: Woods et. al, 1975; Groen and
Parkman, 1972; Resnick, 1978). Thus, examination of response time may
provide valuable information for identifying the strategy used by the
student, and in this way contribute to a better dignosis of his/her
"bugs'" and to improved estimations of his/her achievement level.

In the current study, we have collecied response times for the
64-item test, but since the test wasn’t a priori designed for this
purpose, the a posteriori comparisons that can be made are limited. As
was described in Section 1, each task on the test consisted of four items
that were matched on operation signs, number signs and the location of
the larger absolute number in the problem. However, the absolute
numbers, their sums and differences were controlled only with respect to
the number of digits and the number of keys to be pressed for the
correct answer. As a result, response time on parallel items such as 34
(-4-6=-10) and 50 (-5-14=-19) is not expected to be equal due to the
different values of their differences. As has already been demonstrated
in response time studies, for a given model of subtraction or addition,
latencies rise as a function of the value of the number to be decreased.
(See, for example: Woods et. al, 1975; Groen and Pakman, 1972).

As can be seen from our data too, for students who mastered () all the
16 test tasks (to be referred to hereafter as '"experts'), the mean
latency for item 34 is 10.104 sec., whereas for item 50 it is 13.718
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seclﬁ) The difference between these two means, as tested by a t-test
for dependent samples, turns out to be significant (t=2.16; p<.05). Due
to this restriction, averaging latencies across task items seemed
illegitimate. Thus, we had to resort to comparisons of the item level.
Since those comparisons involved only problems with identical numbers,
obviously not all the task latencies could have been compared to one
another.

Another constraint to be considered when comparing latencies is the
location of the problems in the test. In responding to similar tasks,
the response to the second is usually faster than the first. This fact,
according to Lachman et. al (1979) can be taken as "evidence that the
person is capitalizing on an already activated ‘pathway’ in making the
second reponse." (Ibid. p. 181). Tatsuoka and Tatsuoka (1979) have
already demonstrated this phenomenon with a similar test of signed
number operations. Table 10 presents the comparisons among item
latencies that were made under the above mentioned constraints. Those
results are based on data from '"experts'” only and therefore are not
contaminated by latencies for incorrect strategies yielding correct
answers, nor are they affected by partial knowledge or guessing.

As can be seen in Table 10, most of the comparisons (71%) indicate
significant differences among the compared means. Moreover,

nser able atout here

except for two comparisons, all the other significant comparisons
confirm the a priori hypothesized directionality that was based on the
teaching method. These results clearly indicate that the more steps
involved in the solution, the more time it takes to arrive at the
correct answer. The two exceptions to this generalization involve items
from tasks 7 and 16. It has already been mentioned before that these
tasks, in which two plus signs are missing, were probably not conceived
as related to signed-number operations. Thus, the great majority of
students were solving those tasks by using the whole~number subtraction
or addition schemata which they have already mastered in earlier grades.




Table 10 - 36~
Comparisons of Latencies of Different Problems With
Identical Numbers
Comparison Problem Hypothesized N @ X S.D. t3 Sig.@
Number Type ) No. Directionality
1 { E 1-(-10)=11 4 E>B 30 12,132 5350 4.45 i
B ~10+(-1)=-11 26 7,663 2525
2 { E 10-(-1)=11 44 E>B 32 10, 345 5211 3.04 %=
B =10+(-1)=-11 26 7,617 2531
3 { D 1+(~10)=~9 59 D>B 31 9,724 4702 2.30 *
B =10+(-1)=-11 26 7,734 2551
4 { H 9-7=2 55 H > E 31 10,396 5209 -1.73 N.S.
E  9-(-7)=16 12 . 12,656 5511
5 { H 9-7=2 55 H>F 33 9,967 5243 -1.81 N.S.
F__-9-7=-16 57 12,232 537¢
6 { E  9-(~7)=16 12 F >E 31 12,656 5511 1.78 N.S.
F  =7-(+9)=-16 45 10,609 4004
7 { E -6-(-8)=14 52 E>D 34 11,318 4184 2.70 *
D 6+(~8)==2 43 8,623 4096
8 { F =-2-11=-13 18 F,> F, 28 12,571 5952 3.20  **
F -2-(+11)=-13 29 9,722 3472
9 {Il 2-11=-9 16 H>A 34 12,938 6048 3.44 A%
A 2+11=13 38 8,481 4156
10 { A 2+11=13 38 B >A 35 8,715 4600 -1.64 N.S.
B =2+(-11)=-13 46 11,235 8488
11 { B =2+(-11)=-13 46 c>¢C 34 11,348 8589 1.61 N.S.
C_ =2+11=Yy 53 8,864 3693
12 { G =2-(-11)=9 49 G=6G 32 14,566 7287 1.85 N.S.
G =11=(=2)=-9 40 12,040 4498
13 { F ~2-11=-13 18 F,> F, 28 12,571 5952 3.20  x*
F  =2-(+11)=-13 29 9,722 3472
14 C ~2+11=-9 53 . D>cC 34 8,925 3677 -2.52 *
{ D 2+(-11)=-9 27 11,489 5392
15 A 6+4=10 6 E>A 31 7,560 2807 -3.17  A*
{ E 6-(-4)=10 28 12,167 8167
16 H 7-5=2 23 H>E 33 8,752 4685 =3.04  **
{ E 3=(=7)=12 36 12,331 7077
17 C  ~5+3=-2 31 G>C 33 8,900 5155 -1.82 N.S.
{G ~3-(-5)=2 33 11,388 6205
18 { D 3+4(-5)=-2 11 G>D 30 7,300 2339 =3.76  *%
G =3-(-5)=2 33 11,109 6283
19 { ¢ ~4+13=9 37 C>A 32 10,879 4163 3.70 k%
A 4+13=17 S4 8,017 3268
20 { H 4-13=-9 64 H>A 32 14,299 7889 5.55 =%
A 4+13=17 54 7,371 1848
21 { A 4+413=]17 54 C>A 32 8,017 3268 =3.70 k%
c -4+13=9 37 10,879 4163
22 { E 13-(-4)=17 60 E>A 35 11,701 4180 6.51 K
A 4+13=17 54 7,774 3163
23 { H  4-13=-9 64 H>E 31 14,202 8000 2.16 *
E 13~(=4)=17 60 11, 350 3895
24 H 7-5=2 33 H>E 33 8,752 4685 -3.04  *%
{ E 5-(=7)=12 36 12,331 7077

(1) The letters represent the hierarchy of the subject matter analysis
based on the instructional model as described in Chapter 1 of this
report.

(2) This data is based on "experts responses (only those students
who mastered all the sixteen test tasks).

(3) t-Test for dependent samples.

{(4) * = p < .05; #* = p < .01

en
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SUMMARY AND CONCLUSIONS

Error analysis-~Don’t it make no-nevermind? The main focus of this
report was on issues specifically related to measurement of achievement
tests. The differences between achievement tests and ability tests were
discussed and empirical data was used to illustrate the paucity of infor-
mation conveyed by test scores based on the number of correct answers
in measuring achievement,

The data used consisted of responses to a 64~item test on signed-
numbers, responded to by 127 eighth graders at the completion of an
instructional unit in signed numbers. The test consisted of 16 tasks,
each of which had four parallel, open-ended items. It was administered
on PLATO and reaction~-time was stored for each response besides the
response itself. Using this data, the stability of errors across
parallel items was tested and it was shown to be pretty high for a vast
majority of students. A close examination of the entire response
pattern for those students who committed consistent errors resulted in
identifying a typology of 16 alternative algorithms used by students for
solving signed number operations. These algorithms varied with respect
to the number and the seriousness of the "bugs" or misconceptions
students developed concerning the subject matter. The idea that
students tend to modify the algorithm taught in class is already a well
recognized one among cognitive psychologists. The fact that some of
those modifications result in incorrect algorithms should concern
psychometricians as well, especially in the cases where wrong algorithms
happen to yield correct answers, as was often the case in our study.
Respose time was shown to be a useful tool in helping to identify the
underlying algorithm.

Based on these results it seems necessary in measuring achievements
to examine the entire response pattern, considering correct as well as
incorrect answers in order to be able to infer the underlying algorithm.
We have classified error types, coded them in a uniform way, and then
used the coded pattern to identify the algorithm. On the basis of the
identified algorithm, we have rescored the test so that only right
answers presumably derived by an incorrect algorithm received no credit.
This procedure resulted in a substantial gain from the psychometric
aspect. The adjusted scores turned out to be superior to the original
scores in terms of reliability and latent trait estimates. The
dimensionality of the adjusted scores was smaller and the structure
became much clearer as compared to that of the unadjusted scores.

These results may have some important implications for psychometric
work on achievement tests. '"Latent trait" has become a very popular
concept in the last few years among psychometricians. Sophisticated
mathematical models are being developed for estimating ability from
responses to test items. Adaptive testing, in which the items are meant
to be tailored to the examinee’s level of ability, are constructed using
the estimates derived from those models. 1t seems that transferring
this approach to achievement tests requires some modifications due to
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the different nature of achievement testing from ability testing. Be
the purpose of the achlevement test diagnosis or be it for estimating
achievement level in selection/classification programs, achievement
tests are always measuring an outcome of a treatment (i.e., instruction).
That treatment was meant to provide the student with an algorithm to be
used in solving problems in a specific subject matter area. The
student ‘s response on the test items reflect his/her modification of
that algorithm. The aim of the testing should therefore be to identify
that latent cognitive process in order to quantify the responses in a
meaningful and an efficient manner. Adaptive tests in this context
should aim at "debugging'" the student’s misconceptions so as to enable a
complete understanding of his/her algorithm or strategy in solving the
problem.
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FOOTNOTES

(1) Note: Only four error types are of interest as far as the
concept of signed numbers is concerned; (i.e., plus or minus the
sum or the difference of the two numbers in the problem). Errors
resulting from failure to master addition or subtraction of whole
numbers were coded as 0.

(2) Personal communication, April 1980.

(3) Support for this comes from protocols of clinical interviews with
students solving the same version of signed-number tests. Those
protocols were kindly provided to us by Mr. Seth Chaiklin of the
Learning & Development Center at the University of Pittsburgh, to whom
we are greatly indebted.

(4)The significance of the difference between each pair of correlations
was tested as follows:

a=_ 4 ~ %
where R min. = r before adjusting or
\/ 2 L-R, r after adjusting,
N-3 whichever is smaller.

(3) Task mastery was said to be the case in which a student got
the correct answer for at least 3 out of 4 parallel items in a task.

(6) Appendix 6 presents the latencies for all items for the group of "experts"
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Appendix 1

The Signed-Number Test

Test Iteme
1 11 II1 IV
1. =6-(-8)=2 17. =~1-(-10)=9 33. =3-(-5)=2 49. =2-(-11)=9
2, =7-9=-16 18. -2-11=-13 34. -4-6=-10 500 =5-14=-19
3. 124+-3=9 19. 7+-5=2 35. 15+-6=9 51  44-2=2
4. 1~(~10)=11 20. 3-(-12)=15 36, 5=(=7)=12 52. 6~(~8)=14
5. =3+12=9 2l. =1+10=9 37. =4+13=9 53. -2+11=9
6. 6+4=10 22. 10+8=18 38. 2+11=13 S54. 4+13=17
7. 8-6=2 23,  7-5=2 39. 4-2=2 55. 9-7=2
8. ~-16~(<7)=~9 24. =-12=-(-10)==-2 40. -11-(-2)==9 56. =7-(-5)=-2
9. =12-3=-15 25. =6-4=-10 41, =13-4=-17 57. =-9-7=-16
10. =1l4+=5=-19 26, =10+=1=-11 42, =T4=5=-12 58. -~10+-8=-18
11. 34=5=-2 27. 2+=11==9 43, 6+=8=-2 59. 14+-10=-9
12, 9-(-7)=16 28. 6~(~4)=10 44. 10-(-1)=11 60. 13-(-4)=17
13, =3—+12=-15 29, =2—+11=~13 ble  =7~4+9=-16 6l. -4—+6=-10
14, =5+-7==12 30. -6+—8=-14 46. ~24+-11=-13 62. =3+-12=-15
15. =6+4=-2 31, =543=-2 47, ~442==2 63, -8+6=-2
16. 2-11=-9 32. 5-14=-9 48. 7-16=-9 64. 4-13=-9
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Appendix 2

Prequencies (Percentage) of Classified Responses
to Each ltem in the Test of Signed-~Numbers

(N=127)

Itea Prodles Correct E2* E3 Eét Others
No. Type £ b 4 £ b 4 f X f 3 L 4
4. 1=(-10)=11 11 59 -9 2 9 13 ~-11 2 2

20 3-(-12)=13 15 66 -9 23 9 6 =15 2 3

36, 5-(-1)=12 12 65 =2 20 2 9 -12 3 3

52.  6-(-8)=14 146 68 -2 21 2 6 -4 2 L)

12, 9=(-7)=16 16 61 Z 31 <2 & =16 2 2

28,  6-(-4)=10 10 69 2 24 -2 6 -10 2 -

46, 10-(-1)=11 1non s 21 -9 3 11 2 2

60. 13-(=4)=l7 17 12 9 23 9 1 -17 2 2
2, =7-9=-16 -16 56 2 31 -2 7 16 2 4
18, ~2-1l=-13 -13 6l 9 28 -9 6 13 3 2

34, ~b-be-]0 -10 62 2 30 -2 3 10 3 2

50.  ~5-14=-19 -19 63 9 31 -9 2 19 2 2
9. ~12-3=-15 -15 53 -9 45 9 1 15 1 -

25.  ~6-4=-10 -10 60 -2 39 2 - 10 1 -

41, ~13-4=-17 -17 65 -9 31 9 1 17 - 3

$7. ~9-7=-16 -16 62 -2 35 2 - 16 2 2
13, ~3-412=-15 -15 68 9 27 -9 3 15 2 -

29,  ~2-+11=-13 -13 &7 9 24 -9 4 13 3 2

45,  ~7-+49=-16 -16 73 2 23 -2 1 16 2 1

6l. ~4~t6=-10 -10 73 2 2 -2 2 110 2 1
1. ~6-(-8)=2 2 69 =16 12 14 13 -2 11 5
17, ~1=-(-10)=9 9 70 ~-11 8 11 & -9 16 2

33, ~3~(-5)=2 2 76 -8 9 8 5 -2 9 1

49. ~2-(~-11)=9 9 1 13 9 13 5 -9 12 3
8. <16-(-7)=-9 -9 82 -23 $ 23 - 9 3 6

24, -12-(-10)=-2 -2 83 =22 12 22 - 2 3 2

40. -11-(=2)=-9 -9 83 -13 12 13 2 9 2 1

56.  <7-(~5)==2 -2 83 -12 10 12 2 2 3 2
7. 8-6=2 2 8% 14 6 ~14 - -2 5 -

23, 7-5=2 2 83 12 6 ~12 2 -2 8 1

38,  4-2=2 2 8 [ 7 -6 1 =2 & -

55. 9-7=2 2 82 16 9 ~16 1 <2 7 1

16, 2-11e-9 -9 65 13 10 -~13 5 9 18 2

32, 5-14=-9 -9 72 19 S ~19 S 9 15 3

48.  7-16=-9 -9 66 23 - =23 3 9 19 2

64.  4-13=-9 -9 8 17 6 ~17 2 9 7 4
6. 6+4=10 10 99 2 1 -2 - -10 - -

22. 10+8«=18 18 97 2 2 -2 1 -18 - -

38.  2+11=13 13 97 -9 1 9 1 -13 - 1

54, 4+413mi7 17 98 -9 1 9 1 =17 - -

10, ~14+-5=-19 -19 87 -9 9 $ - 19 2 1

260 -10+1=-11 -11 87 -9 9 9 - 11 3 -

42, =74=Se-]2 -12 92 =2 2 2 - 12 2 4

58. -10+-8=-18 -18 93 -2 & 2 - 18 1 2

l4e  =54=7=-]2 -12 87 2 3 -2 5 12 2 3

30,  -6+—8e=-14 -14 94 2 2 -2 1 W1 2

46. -2+-11=-13 -13 87 9 2 "-9 5 13 & 2

62. ~34=12e-15 -15 92 9 2 -9 & 15 1 -
S.  =3412e9 9 88 ~15 2 15 & -9 & 2

21, =1+10=9 9 89 ~11 & 11 5 -9 2 -

37, -4+13=9 9 89 ~17 3 17 2 -9 2 4

$3.  -2+11=9 9 93 ~13 2 13 3 -9 2 -

15,  -64he-2 -2 95 -10 4 10 - 2 1 -

31, =543e-2 -2 9% -8 & 8 - 2 1 1

47, <442=-2 -2 93 -6 & 6 - 2 3 -

63. -B+be-2 =2 93 14 5 14 ) 2 - 1
3. 124+=3=9 9 91 15 6 =-15 1 -9 1 1

19.  74=5=2 2 91 12 5 -12 1 -2 3 -

35.  15+-6=9 9 9c 21 - - -9 1 L

S1.  h+=2e2 2 92 6 2 -6 - -2 5 1

11, 34=5==2 -2 93 8 2 -8 3 2 2 -

27,  2+=11e-9 -9 90 13 3 -13 2 9 3 2

43. 64=B8a-2 -2 91 14 1 =14 3 2 3 2

39. 14~10=-9 -9 91 11 2 -1t 7 s - ]

:
1. Error Codes for Subtractiom:
8. [E2 = Correct Only Operation of Sign
b. €3 = Changes Operstion Sign and Signs of Both Wusbers
¢. L& = Changes Operstion Sign and Sign of Piret Wumber
2. Error Codes for Additiom
a. T2 = Changes Sign of Second Nusber
b. £} = Cha Sign of Piret Number
c. E& = Changes Sign of Both Wumbere

L R
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Appendix 3(a)

Wrong Algorithms That Yield Correct Answvers
(Only Records That Were Adjusted)

No. of Skill
SS No.

4 12 2 9 13 1 8 7 16 6 10 & 5 15 3 11
2 1 1 o0 1! 1y 3 2 1 3 1 1 1 3 2 2 13
A0 0 0 O o 0o 1 o o o0 o0 O o0 O O
1 O o0 2 2 2 1 1t 1 4 1 O 2 1 1 1 1
A 0 ©O0 o0 0O o o0 0 OO o0 ¥ O o0 O o0 0 o
1 &8 2 2 2 2 2 4 1 1 4 1 2 3 1 1 1 1
A 0 o0 ©0 0 o0 o0 o0 O o0 1 O O 0 0 o0 o
1 B 1 1 4 i 1 3 2 1 0 1 2 3 1 1 1 1
A o 0 o0 ¢ 0 1 ¢ 1 o O O o0 O O
r1 B 2 3 3 2 3 3 0.2 2 1 & & & 1 &
A O o0 o0 o o0 O 0 0 o 1t 0 ©0 0 o0 o0 o
1 B 2 2 2 3 2 1 1 1 4 1 0 I 3 2 1 3
A 0 0 0 0 O c 0 0 0o o o O 0 O O
1 8 2 0 2 1 2 4 1V 1 &4 1 2 3 0 1 1 o0
A O 0 O 0 ©0 0 o o 1 o o0 O o0 O o
1 8 2 2 2 2 0 2 2 1 4 1 2 0 1 1 v 1
A 0O ©0 0 0 o0 O O0 ! o ¥ o0 O O o0 O O
$1 5 t 1 2 2 2 1 1 t 4

A0 o0 0o ¢ 0 o0 0 1 o
3 8 0 2 2 2 2 1 1 1 o

A 0O o 0o O 0 0o o0 I o
4 B 2 2 2 2 2 4 1 1 &

A 0O O 0 O o o0 0 O o
2 3 3 1 1 1 1 1 b 1 &

0 1 1 1 1 1 1 0
1 8 2 2 0 2 2 1 4 0o 1

A0 o0 ¢ 0o o0 066 o0 0 o0
1 B 4 4 0 O t 4 4 0 1

A0 O 0 o o 0o 0 0 o
1 5 2 2 1 1 2 2 2 0 1

A 0O O 0o o ©o0o o O 0 o
1 » 0 3 2 2 2 & 1 1 4

A O O 0o o0 o0 O 0
TP 5 1 1 1 2 1 1 1 1

A 0 0 0 o 0 o0 o0 ! 0
2 8 1 t t 2 v 1 1 & 1

1 1 ¢ 0 1 1 1 O O
1 5 1 2 o o I 1 1 1 1

A 0 o0 o0 o0 1 1 1 1t 0
i1 & 2 2 1 1 o 1 2 0O o

A0 o0 0o O 0 ¢ 0 o0 0
1 8 3 2 2 2 2 1 1 1 &

A 0 0 O0 o0 O o 1 o
B = Before Adjustments
A = After Adjustaments
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Appendix 5

Oblique Factor Matrix for Rescored Task Scores

Task Number Task Type Loadings
Fs z

4 S=-(-L) -897 -.022

12 L-(-5) -915 .000

2 -S-L .886 -.047

9 -L-§ .887 -.033
i3 -S—+L -919 .013

1 -S~(-L) . 934 .015

8 -L-(-8) . 905 .050

7 L-S - 690 . 035

16 S-L . 841 .018 1
6 L+S 067 <531

10 -L+-S 057 . 846 }
14 -S+-L 045 .871 '
5 ~S+L -.034 . 906
15 ~L+4S§ 000 .931

3 L+-S -.088 . 894

11 S+-L -.019 .891

|

Loadings > .3 are underlined
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