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GENERATION AND IMPROVEMENT OF THE GYROTRON ELECTRON
BEAM IN A BIASED CUSP MAGNETIC FIELD

I. INTRODUCTION

The present work is motivated by some recent interest in and proposed schemes for improving
the qualities of the electron beam used in gyrotron devices. Ideally, a gyrotron electron beam should

have the following properties:

() It is monoenergetic.

(ii) Tt is cold, that is, all the electrons have the same perpendicular velocity (v,) and streaming
velocity (v.), where v, and v. refer to velocities perpendicular and parallel to the applied magnetic field,

respectively.

(iii) Most of the electron kinetic energy is in the form of transverse gyrational motion (i.e.,
v, >> v.). This is so because, in contrast 1o a TWT or klystron, the free energy in the gyrotrons
resides in the electron gyrational motion rather than the streaming motion. A typical desirable case is

Vi = ZV:.

(iv) All the electrons have the same guiding center radius. Hence they experience the same

wave field, and optimization could be accomplished for all of them.

Because of these requirements, electron guns developed for conventional microwave devices are

generally unsuitable for use in gyrotrons. At present, the magnetron injection gun generates the best

quality electron beam'!’ and is commonly employed in gyrotrons.

Manuscript submitted on February 23, 1981

FIOVRPVY B WK W




.j‘r

KYLER AND CHU

Of the four requirements stated above, (i) is fairly easy to meet, but the remaining ones, added
together, present considerable difficulties in the desiyn of an electron gun. In particular, as will be
shown in Sec. III, there is a trade-off between (ii) and (iii). For example, one could increase the velo-
city ratio a(= v, /v.), at the cosi of increased velocity spread, through adiabatic compression of the
electron beam in a slowly rising magnetic field. This method has been suggested by Hirshfield* for
enhancing the efficiency of gyromonotrons, which can tolerate relatively large velocity spread. An

experimental test of this method is planned at Yale University. Conversely, for devices more sensitive

to velocity spread, one could decompress the electron beam to reduce its velocity spread at the cost 7f
reduced a. The magnetic decompression method has been suggested by Keren® for improving the gain

and bandwidth of the slow wave cyclotron amplifier.

Recently, many researchers! have been looking into the possibility of converting a substantial part
of the energy of a purely streaming beam (easily available from. [ur exainple, a Pierce electron gun)
into a gyrational beam by passing it through a rapidly rising magnetic field gap. Preliminary experimen-
tal tests of this scheme are being carried out by Smith (Naval Research Laboratory),® Wachtel (Hebrew

University),’ and Hirshfield (Yale University).’

All the schemes described above employ a biased cusp magnetic field as profiled in Fig. 1. Elqc-
tron motion is adiabatic or nonadiabatic in the transition region (of length L) depending on the number
of gyrations the electron makes during the transition. The purpose of the present work is twofold.
First, we derive some analytical formulae to examine the adiabatic compression and decompression of a
gyrotron beam. It is shown that adiabatic compression of the beam is indeed a viable method for
improving the efficiency of the gyromonotron. Second, we develop a single particle trajectory code to
examine the nonadiabatic conversion of a streaming beam into a gyrating beam. We find that the gen-
eration of a good quality gyrotron beam requires a very thin streaming beam and a large magnetic field
compression ratio. This conclusion is supported by extensive data taken with the simple trajectory

code. However, a detailed assessment of the feasibility of such a scheme should be carried out with a

full scale simulation code.®

()
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II. MODEL

The motion of an electron in a static magnetic fieid B is governed by the equation

o
dt P ymc pxB, Y

where y = (1 = v¥/c?)~V2 p = ymv, and v is the velocity.

The magnetic field of interest is axisymmetric and has no azimuthal component, i.e.,

B(rz) = B,(r.2)e, + B.(r.2)e.,

where B,(r.z) and B.(r.z) can be expressed in terms of B.(0,z), the z-component of the magnetic field

on the axis,’

°" =" dz""
B.(rz) ﬂ_l =11 [ ] T B.(0,2), (2)
B(rny= 3 LL|L B.(0.2), 3)
n=0 (n')z dz’"
The corresponding vector potential is
A(rz) = Ay(rz) ey,
where
°° (_l)ﬂ‘ d2n 2
Ay (rz2) n-l T(n = 1)'[ l T B.(0,2). (4)

Thus B is uniquely specified by B.(0.z). In our numerical evaluation of the electron trajectory, two
models of B.(0,z) are used: the hyperbolic tangent model and the Moster-Moinar model (Fig. 1), as

described below:

(A) The hyperbolic tangent model is given by:

B.(0.z) = -;—(a, +B)+ -;-(B. ~ B)) tanh (z/L). (5)

Substituting Eq. (5) into Egs. (2)-(4) and retaining terms up to sixth order in r/L, we cbtain

3
- (B, ~ -1 22 1| r 72 cach? L — cach? <
B, (rz) = (B,— B)) [ l ]sech + 6l 2 tanh T sech T sech i
L3N K4 6.5 _ 4 2 b 42 1 2
G ' Ll lZ sech 3 11 sech 7 tanh T + 2 wanh T sech L" (6)
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2
2)m L + 1L 22 app? Z
B. (r2) 2(B|+Bg)+(82 B)[ tanhL a2 sech Ltanh 2
4
| 4 Z 2 . 3 2 1 2
l ][2 sech L tanh 2 tanh I sech ]
6_ = 4_ 3 - 2 - 5_
288[ l[l7sech Ltanh L+26sech Ltanh L 2 sech? Ltanh ll (N

AQ(I’Z)--(B|+82)+(32‘B)[ lanhz

+ L

16

4 Z 2 _ 3 Z 2 Z
2 sech LtmhL tanh Lsech L”

2
L 2 2 Z.. 1.
L] sech LmnhL+96[Ll

(B) The Moster-Molnar model

The Moster-Molnar field is produced by two semi-infinite solenoids separated by a thin iron pole

piece. The on-axis B. field is given by

B.(0,z) = (B, — B,) F (z) + B,, 9)
where
1 L 1
—lan-ll=] - £ = >
[un‘zl 2 1+ LI].Z/O
F(z) = _L 271-1
-— l_ .i Zz -
ltan 1+ L ] I,‘ <0
Substitution of Eq. (9) into Eqgs. (2)-(4) gives
. 21-2 | 3 2 -4
r 2 r 2 F4
B, (r.2) 1',(B, Bz)L1+L +2LH1 SL”1+L]
[} . 2 4 21-6
2z z
3 42[[_ + 135 Ll 1+ I ] ] (10)
B:(f.Z) - (B| - Bz) Fz) + Bz
| . . -3 3 4 . 2 . -5
r
-q-”(lil B,)'Ll[ 2 T +5 Tl —3+5L] 1+ T ]
5 ] 2 4 21-7
r z 2z z
6'L] [3 M’L +7L +L ] an

1
Aq(’,Z) - é [(B] - Bz) F(z) + Bz] + ; (B] - Bz)";’]

iz

3 213

+1

1+ : -3+ [1+

1-5
] l (12)
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L L




N,

NRL MEMORANDUM REPORT 4401

Figure 1 shows the hyperbolic tangent field [Eq, (5)] and the Moster-Molnar field [Eq. (9)] for
the same values of B, and B,. As can be seen, the two field profiles are similar, each approaching a
constant value as |z| — o. The two alternative fields allow one to check the sensitivity of results to

profile changes.

In the two models, B, and B, are arbitrary constants. For the special case B, = —B,, they reduce

1o the regular cusp magnetic field.}

Because of axisymmetry, the canonical angular momentum P, is conserved, where
Py = ymrvy = erd,y/c.
Any inaccuracy due to either numerical errors or the truncation of the infinite sums in Eqgs. (2)-(4) will
result in the nonconservation of P,. Hence the degree of conservation of P, has been monitored to

insure the accuracy of our calculations.
II1. ADIABATIC COMPRESSION AND DECOMPRESSION OF THE ELECTRON BEAM

In Fig. 1, we assume that a monoenergetic electron beam propagates from left to right and restrict
our consideration to the following two cases: (i) B, > B, > 0 (compression), and (ii) B, > B, > 0
(decompression). We also assume that the magnetic field observed by the electrons varies slowly (a
small fractional change in one gyro-period) so that the electron magnetic momentum is conserved, i.e.,
pl/By = ph/ By, (13)
where subscripts "1" and "2" refer to regions far to the left and the right of the transition region, respec-
tively. Conservation of total kinetic momentum in a static magnetic field requires that

pli + 03 = ph + 03 (14)
Combining Egs. (13) and (14), we obtain

ph = ph +p3 — pHBy/B,,
=pi (1 +al(l - 1], (15)
where a = p,/p. and f = B,/B,. From Egs. (13) and (15), we obtain

ay=a, fU {1 +al(l ~ N7V (16)

W
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2
a,
a,]'

and
1 +a}
1l +a?

f-

Eqgs. (15)-(17) give

Pa= pa L +a (1= f]V?
= p (1 +a )/ +aPIVE

an

(18)

To relate the momentum spread in region 2 to that in region I, we let Ap, and Ap. be, respec-

tively, the perpendicular and parallel momentum spreads of the electron beam and assume Ap, << p,

Ap. << Ap.. The monoenergetic assumption,

p} + pl= constant
then gives

Ap. = a Ap;.
Using Egs. (19). (20) and the first equality of Eq. (15), we obtain

P:2A poa= f by APy
= fp1Ap;/fa.
Combining the second equality of Eq. (15) with Egs. (16) and (21) gives

2
Ap:y _ |az2| A
P:2 at P .

Eliminating p.; and p., in Eq. (22) with the aid of Eg. (18), we obtain

Ap:Z -

(19)

(20)

(2D

(22)

(23)

Egs. (22) and (23) show how the relative parallel momentum spread (Ap./p.) and absolute parallel

momentum spread (Ap.) change as one varies the velocity ratio a through adiabatic compression.

Since y is the same for all the electrons, the parallel velocity spread varies in the same manner. [n gen-

eral, the higher the velocity ratio of the electron beam is, the higher its velocity spread will be. The

parallel velocity (or momentum) spread is physically a more meaningful quantity than the perpendicular

velocity spread because it causes individual electrons to see different Doppler shifted wave frequencies

and consequently smears the wave-electron resonance.

ud '4,_I M. § P _-Imv
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From the definition of a, we can express the spread in a in terms of the spread in momentum as

follows:
Ap,
o R 2 (24)
a a P-
Finally, we note from Eq. (15) that the condition for electron reflection (p., = 0) is
21+ 1/af (25)

As an example, we apply the results of this section to a monoenergetic (70 keV) electron beam
with @ = 2 and Ap./p. = 5%.% Theory'? predicts that the maximum gyromonotron efficiency obtainable
with this electron beam is ~67%. However if the beam is adiabatically compressed to & = 2.5 before
entering the interaction region, a maximum efficiency of ~78% is predicted. In the following, we
examine the feasibility and requirements of such a scheme. Substituting @, = 2.5 and a, = 2 into Eq.
(22), we find that the momentum spread after compression increases to 7.8%, still a negligibly low
value for gyromonotrons. From Eq. (17), we obtain f = 1. 078, i.e., it takes a 7.8% magnetic field
tncrease to raise a from 2 to 2.5. It should be noted that in the interaction region (i.e., the cavity)
there will be an additional magnetic field increase of ~8% for the purpose of efficiency optimization.!?
Thus, the electron beam will experience a total magnetic field increase of ~16%. The question then
arises whether some of the beam elecirons will be reflected. Substituting @ = 2 and Ap./p. = 5% into
Eq. (24), we obtain Aa = 0.125. Thus, we can crudely estimate that « of the uncompressed electrons
ranges from 1.875 to 2.125. It is the upper value we need to examine to determine whether there will
be reflections. Substituting this value for a; into Eq. (25), we find that it requires a 22% magnetic field
increase for the electrons with the highest a to be reflected, representing a safety margin of 6% pro-

vided a negligible portion of electrons lies beyond the assumed a range.

IV. NONADIABATIC CONVERSION OF ELECTRON PARALLEL ENERGY

INTO PERPENDICULAR ENERGY

In this section, we examine the trajectory characteristics of a single electron in traversing a biased

cusp magnetic field. The Moster-Molnar field given by Egs. (10) and (10) will be used to model the
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i field (Fig. 1). We assume the electron energy to be 70 keV, a voltage representative of those com-

monly used in high power gyrotrons. Initially, the electron is at the far left of the cusp (Fig. 1) pro-
| pagating axially toward the right at a distance of r; from the axis. With B, B,, L and r, specified, Eq.
(1) is then numerically integrated from z/L << 0to z/L >> 0. A deferred limit integrating subrou-

\ tine'! is used which employs Richardson extrapolation to achieve higher order accuracy and has built-in

error control. In all the calculations, P, is conserved to better than 10™*, indicating good numerical

accuracy.

The main quantity of interest is the electron velocity ratio a (=v,/v.) after passing through the
] cusp. Figure 2 shows plots of @ versus the initial electron radial position r; for various values of B, and
B,. Note that r, B, and B, are all normalized to the transition distance L. Some general

characteristics are summarized below.

(i) a is very sensitive to r,, Hence an electron beam of zero momentum spread but finite cross

section would end up with a momentum spread (Ap.) at the right hand side of the cusp. As will be

seen, this is a major limitation for the generation of a good quality gyrotron electron beam.

(ii) Low values of B, combined with high values of B, generally produce higher values of a (Fig.
2a-c). However, if the average magnetic field in the cusp region is so high that the electron makes

more than one gyration, a starts to decrease (Fig. 2d-f).

(iii) If B, < 0, the electron encircles the axis after reaching the right hand ride of the cusp.
Similarly, it touches the axis if B, = 0 and stays on one side of the axis if B; > . The case 8, = 0
apparently will lead to a concentration of charge near the axis. Space charge effects have been demon-

strated to be important in such a case.'?

(iv) The Moster-Molnar field was used in obtaining Fig. 2. To examine the sensitivity of these
results to profile variation, we have replaced the Moster-Molnar profile with the hyperbolic tangent
profile, keeping everything else equal. It is found that « is generally lower, by as much as 30%. in the

smoother hyperbolic tangent profile.
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Turning now to the prospect of generating a good quality gyrotron beam by the use of the biased

cusp magnetic field, we first consider a specific example — the data on Fig. 2d marked by

o B.L = 12 kG - cm. We choose the point at r,/L = 0.35 for which « = 0.1. The slope of the curve

near r; /L = 0.35 gives the following relation:

Aa/a = 3.3 Ar7/L, (26)

where Ar is the thickness of the annular beam before entering the cusp (Fig. 3). Substituting a = 0.1
and Eq. (26) into Eq. (24), we obtain the parailel momentum spread as a function of Ar,

Ap./p. = 327 x 1072 Ar/L. (27)

For the gyrotrons, an a value of 2 is acceptable. Thus we need to raise the a value from 0.1 to 2 by

adiabatically compressing the beam. Substituting a, = 0.1 and a> = 2 into Eq. (17), we find that the

required magnetic field compression ratio is £ = 80. Hence the final magnetic field B, is given by

B,L =960 KG - cm (28)
and from Eq. (22) and (27), the final momentum spread is

Ap./p. =13.1 Ar/L (29)

In the abcve example, all quantities are normalized to L. Thus, we have the flexibility of choosing a

specific value of B,. Letting B, = 50 kG, we obtain L = 19.2 cm, B, = 0.104 kG, B, = 0.625 kG,

2 St a2

and r, = 6.72 cm. Finally, if the allowable momentum spread (Ap./p.) is 7.5%, Ar as obtained from

Eq. (29) is 0.1 cm. Hence the total cross section of the beam is

S RO SO PR 5

A= 2wr, Ar = 4.6 cm?.

Assuming a current density of 54/cm?, a total beam current of 23 4 could be achieved.

Beams generated from thermonic cathode are usually limited in current density. The operation of
a gyrotron, however, often requires a high current electron beam. Thus, the cross-sectionai area (A) of
the initiai beam is a good measure of the merit of the beam generation scheme discussed above. Since
A = 2mrr, Ar, A could be enlarged by increasing either the beam thickness Ar or the beam radius r,. As
Fig. 2 indicates, increasing Ar would lead to an increase in momentum spread. On the other hand,

increasing r, would require a large magnetic field compression ratio (following the cusp) to bring the
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radius down. It is seen from Eq. (22) that large magnetic compression ratio also tends to amplify what-
ever momentum spread the beam has acquired in the cusp. Thus, cither method for enlarging the
beam cross-sectional area degrades the quality of the beam. The issue is then which method produces
less spoiling effect. This is best resolved with a broad survey of the data shown in Fig. 2. Table I lists
many more examples obtained in the same manner and subject to the same requirements as in the
above example (i.e, a = 2, Ap./p. = 7.5%, and B, = 50 kG). The entries are listed in descending
order of the initial cross sectional area 4. As mentioned earlier, B, in Table I was arbitrarily chosen to
be 50 kG. The same beam parameters (a = 2, Ap,/p. = 7.5%) could be achieved in a smaller (or
targer) magnetic field provided B, and B, are smaller (or larger) and r, Ar, L, and r, are larger (or

smaller) by the same factor.

As we observe from Table [, although there are slight deviations from case to case, the general
trends are that (i) to obtain a good quality beam, one always has to start with a thin beam (i.e.,
Ar << r;) independent of the cross-sectional area needed, and (ii) to obtain a high current beam with

the same quality, a large magnetic field compression is necessary (i.e., small #, and B,, recailing 8, =

50 kG for all data).

Using an idealized, infinitely sharp cusp, Baird and Attard!? have derived a useful generic relation,

Ar A (30)
p: f,-

which predicts the minimum achievable momentum spread as a function of a, Ar, and r,. The results
presented in Table I indicate a momentum spread approximately 1.1 to 1.7 times larger than what Eq.

(30) predicts due to the finite width of the cusp.
V. SUMMARY AND DISCUSSION

We have shown in Sec. III that a typical gyrotron beam available today (@ < Ap./p. < 10%)

could be improved by the method of adiabatic magnetic compression for high efficiency operation of

gyromonotrons. The idea is to trade the momentum spread, which at 10% represents a high safety
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margin for gyromonotrons, for higher velocity ratio (a) and consequently higher efficiency. In Sec. IV,
we have drawn some general conclusions on the generation of gyrotron beams through biased cusp
magnetic field. These conclusions are based on a simplified model in which the space charge effect is
neglected, and, further, the initial electron beam is assumed to be cold (Ap. = 0), In most cases of
interest to microwave devices, the beam space charge effect is of higher order. It is also well known
that electron beams generated from a Pierce electron gun can indeed have very small momentum
spread. Although these facts lend some credibility to our general conclusions, we emphasize that our
quantitive results are not suitable for use as design parameters. Rather, they serve as a useful guide for
full scale simulations in which the beam space charge effect as well as the initial momentum spread
could be accounted for. A final design of the gyrotron electron gun awaits the resuits of such full scale

simulations.

The authors would like to acknowledge many helpful discussions with Drs. J. M. Baird, D.
Dialetis, A. T. Drobot, Y. Y. Lau, M. E. Read, and S. Smith. C. Kyler would aiso like to thank Drs. J.
Brown, R. Parker, and B. Lotze for arranging a summer research position at NRL. This work was sup-

ported by Dept. of Energy (Contract DE-AIO1-80ERS2065) and Office of Naval Research (Contract

N00014-80-C-0075).
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Table 1. Various sets of parameters for achieving a 70 keV
electron beam with « = 2 and Ap./p. = 7.5% in a magnetic
field of 50 kG. Initially, the beam has no perpendicular
momentum or momentum spread. After gaining a small p, (or
a) in the biased cusp magnetic field, the beam is adiabaticaily
compressed to reach the final  value (cf. Fig. 3).

‘ A I Al’ B, Bz L ff
» cm?) ! (m) | (m) | ®G) | &kG) | (em) | (cm)
p———— ————————— — e
' 34.0 17.6 0.307 | 0.040 0.397 | 500 0.498
13.6 11.2 0.194 | 0.063 0.502 | 317 0.396
6.38 1.5 0.135 | 0.093 0.559 | 215 0.326
n 6.8 0.088 | 0.192 1.92 104 0.040
1.63 4.03 0.065 | 0.174 0.694 | 11.5 0.238
1.33 4.16 0.051 | 0.313 2.50 6.4 0.052
1.16 3.43 0.054 | 0.204 0.408 98 0.220
0.421 2.41 0.028 | 0.541 3.2¢ 37 0.068
0.125 1.34 0.015 | 0.971 3.88 2.1 0.091
0.112 0.99 0.018 | 0.354 3.89 2.8 0.085
0.100 1.17 0.014 | 1.110 2.22 1.8 0.097
0.090 1.06 0.014 | 0.329 2.64 30 0.090
0.030 0.501 | 0.009 | 0.687 3.43 1.5 0.072
0.022 0.470 | 0.007 | 1.38 2.77 0.72 | 0.111
0.013 0.360 | 0.006 | 1.79 19.6 0.56 | 0.126
0.008 0.280 | 0.004 | 2.32 18.6 043 | 0.146
0.005 0.230 | 0.003 | 2.77 139 0.36 | 0.160
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B2 -— HYPERBOLIC TANGENT
MODEL

--—MOSTER-
MOLNAR MODEL

/

B, (on axis)

L
4 -3 -2 - 0 1 2 3 4
z/L

Fig. 1 — Comparison of the two magnetic fietld models {Egs. ($5) and (9)]
used in the electron trajectory calculation.
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tigure is not drawn to scale. Detailed parameters are provided in Table .
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