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- ABSTRACT

“iA sisple class of discrete-time nonlinear sto-
chastic control problems with quadratic costs for
linear systems with randomly~jumping state-dependent
parameters are solved using dynamic prograsming. The
resulting controllers exhibit ‘active hedging'
proparties.

1. 2Introduction

Complex engineering systems occasionally fafl to
function as desired, regardlass of how well they are
designed and sanufactured. This can result in cat-
astrophically high human and monetary costa. Tradi-
tionally, engineering systems have been made reliadble
by the use of highly zsliable s and bly
procedures so that failures are unlikely, and through
the use of redundancy in design so that individual
failures need not be catastrophic to the entire sys-
tes. A different approach is to use probabilistic
information about component failures as well as ob-
servations made during systes operation to achieve an
adaptive, dynamic form of reliability in which the
systea aatlcipates fsilures and avolds or adapts to
them.  In this paper wve devalop a dasign methodology
for feedback controllers with this fault-tolerance.

Fault-prone systems gensrally experience abrupt
changes in structure and state from phenosena such as
oo-pomnt And subsystem failures and repairs, changing

tions, ch in sctate equilid~
xxm potnu and abrupt envi 1 distrud
A characterizing attribute of fault-prone systems is
their operation in different forms, whare sach form
corresponds to some combination of these events.

We will represent fault-prone systems by dis-
crete-tine ‘hybrid' continuous-plus-discrete-state
sodels. These model can be used to represent non-
linear systems with multiple squilibria. They can be
srepresented as a set of linearized models (of phase
or x dynamics), whars the torm des-
ignates the appropriate operating region of the phase.
As long as the phase subsystem state ramains within
the dosain of attraction of its current equilibrius
point, the system is in a form associated with that
point. When it leaves this region, tha form changes.
This kind of model should be amenable to detailed
analysis since it consists of linear ‘pieces’. It
has been proposed for the modailing of electric power
systems ([10),(11)) because it appears to capturs
some important aspects of thase systess.

For example, an ‘initiating evant' (component
failure or exogenous disturbance) that causes & change
in the phase dynamics can lead to laxge phase
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transient responses. because the System is not near
the equilibrium of the nev form. These transienta
may force voltages Or currents (trhat is, the phase
subsystem stats) to exceed allowable values, causing
new form changes as protective relays switch, com-
ponents burn-out, etc. These fora changes are ac-
companied by new phase equilibrius values which the
phase may be far away from; thus there are extended
transients which may cause still more form changes,
and 0 on. Such cascades or ‘waves® of system fail-
ures have been obsarved to octur in large scale black~
outs (see, for exazple, (8)).

Continuous time control problems involving hybrid
systess have been considered by a numbex of authors.
A survey of these results is included in (7).
Krasovskii and Lidskii [5) obtained mpost 6f the re-~
sults which are available for continuous tios models.
These problems were 4lso studied by Nonham [12) and
Sworder {6). Discrete time versioans of these problems
have not been investigated as thoroughly. Somne re-
sults appear in {1]-13], and in the (sudoptimal) mul-
tiple model adaptive algorithm described in (4), (9].
2. Modelling of Fault-Probs Systems

-
The state of a fault-prone systes can be dscom-~
posed into two parts: & form process., p, which in-
dicates the operational status of the system, and the
rest of the state which we call the phase proceds, x.
A logical structure for modelling this kird of systam
is the hybrid arrangement depicted in Figure 1. It is
a feedback connection of tvo subsystems: A phase sub-~
system that represents ths dynamic evolution of the
state between form shifts, and a form subsystem that
describes form transitions.

Exogeneocus Phase Inputs
({Diaturbances and PHASE Outputs
Controls) SUBSYSTEMS
’ roRY
] SUBSYSTEN
Outputs Exogeneous
Fornm Inputs
(Disturbances
and Controls)
tigqure 1: General Hydrid Systen Structure.
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The phase subsystem has state x (usually taking
values in a finite-dimensional vector space). It can
be modelled by deterministic or stochastic finite-
dinensional vector differential or differance equa-
tions. The parameters of thess models will depnd
upon the form, p, which feads into the phase sub-
Ssysten.  Ia this way the dynamic effects of component
failures and other form shifts can be captured in the
phase oodel.

The prase subsystem can also experience abrupt
jumps in 1ts state. These jumps might model the ins-
tantaneous results of form shifts; in electrical sys-
tems, voltage and current jumps that accompany broken
connections or sensor failures are examples of this.
Phase jumps need not be associated with form shifts,
fowever. Aircraft acceleration changes ceused by
flying into air pockets, transient sensor hiases, and
voltage jumps in electrical systems caused by light-
ning bolts are examples.

The form subsystem has a scalar state p (usually
taking values in a finite set). A crucial consid-
eration in the modelling of stochastic hybrid system
is the realistic representation of form transitions.
We wish to consider hybrid systems where the form can
change in two kinds of ways:

indapendently of the phase (as though no phase-
to~form link in Figure 1)

- a3 a (possibly random) function of the phase
{that is, with feedback). i

Exanples of phase-independent form shifts are
dom ‘fio wi €’ P t failures and lightaing-

induced failures in electrical powsr distribution
systems. Examples of phase-dependent form shifts in
electrical power systems include restructuring of the
system when generator-protecting relays and circuit-
breakers trip, human operator control actions based
on observation of the phase dynamics (such as switch-
ing on auxilary g s) and tr ission-line
failures due to current overloads. Note that both
kinds of form shifts can be totally unpredictable
{as in random ‘no wearout' component failures),
totally predictable (as in scheduled direct control
actions) or partially predictable (as in the switch-
ing of relays precisely (or approximately) when a
Tandom quantity reaches & given threshold).

Mathematically, we will describe & hybrid sys-
tem in discrete time, in terms of a state vector,
(xk. ok) indixed by a time parameter. The form Dk

belongs to a finite set ¥={1....,m}; the phase x

belongs to X", and  the time horizon is k=0,1,...,N.
The joint stochastic process ("k' B, k~0,...,N} is

generally assumed to be Markovian although neither
{x,} nor {0} need pe. We adopt the following otder

of operation convention:
(1) at time k, the system state is (&klok)
(2) control w is determined from LY and Oy

where pk(loj.x)lo and ka(i.j,x)-l.
3

The phase process (xt) coeys

‘xox'{”""k"’k'“x‘“k"
Hikel,x . cooan =ih Mo L,
Jem 'xk ku‘k A Txel k

AN{(m, j.k) e N(m,3,%) - %im,3,k-1)
where ‘“k) is & sequence cf discrete-tize vector white

noise and the N(m,j,k) are counters recording the -
number of form juaps friz = $o j thzough tize k

(if ™)) and the number =f ghase-only jumps while

in form m (if m=j).

3. General Problem Forzulation

A fault-tolerant cintroller should enable a sys-
tem to Operate acceptatlv well in many (or all) of
its forms. The meanir *acceptably well' may vary
with the form, reflec: changes in operating costs,
constraints and capab es of the systen. There are
two types of control a: ns available for hybrid
systems: phase control cf x and form control of p.

In general, both <:.nds of control will Le feed-
back controls dependii; cpon possibly noisy obser-
vations of current (or ;ast) values of the hybrid
systes state (x,p). 1f chese quantities are not per-
fectly observable then tie design of phase and form
estimators is an integral part of the overall control
problem. In this paper we consider only the phase
control, u, which is f~2.ind by minimizing the expected
value of a cost functicral

N-1
Juw=g § L{K.x .9, .0 )=
o Xk Y
N-1
I I RN SRT WS FEM 1L TENS B S T

k=0 :
over control sequences .u:.u l} where the

l““'“"

"“”‘k'pk’“k) are orzrating costs that penalize

control energy expezditure and systen perfor-
mance differently :n each form.

""‘""xu"’x"’mz""x' are julip costs that are
charged if 2 . when the fora changes. These
aight represent <*arz-~up or shut-down costs of
equipment, or uncesirable transient phenowvena;
1oad shedding costs in electric power systems
are examples.

& A,

upon the

Qlﬁ‘-oul are termina. costs

final state (incli2.ng form) of the system.

In this research we ;ropose extensions of the
well-known Linear Quadraz:c (1Q) problea to systems
having randomly junpirs :araseters, as appropriate
formulations for fault-::lerant control problems.
Our app h differs {ro: the usual pethods of re-

{)) during time interval (k,k+l), LY is g
from x , px and control u,

k
{4) finally, D‘“1 is generated from Rkﬂ'pk and
control Lo

This convention allows a failure or other form shift
to be modelled as occurring at the final time k=N,
The form process (pk) is modelled by:

Prob{p(ket)=i|p(k)=), x(k¢1)ax} = gy thedom

1iability enginsezing, :n that we are seekinyg a
feedback, on-line methol %o obtain system reliability.
These jump linear quaizazic (JLQ) control problems
involve stochastic hytr.3 systess nodelied by linear
difference equations (:n a and x) and the costs are
all (at most) quadraziz in (x,u).

These JLQ cantral problems will be solved via
dynamic programming. >Tere are two principle fac-
tors that determine tre :fficulty of these ;roblems:



« PForm Depandence on the Phass

Case A: The foru is independent of the phase
Case B: The form despends upon current (or past)

values of the phase (ie: with feedback).
Availability of Form Observations

Case I: The form is observed perfectly (without

roise). The phase is either parfectly

observed or observed in the presence of

noise.

Case II: The form is not observed pexfectly; thus
it must be estimated.

Most of tha results in the literature have fo-
cused on Case IA. In this paper, we examine a class
of problems corresponding to case IB above, illus-
trating the differences and additional comglexity of
contxol probless of this kind. The problems cor-
responding to Case Il are correspondingly sore com-
plex, and will be the subject of future research.

4. The Scalar, Noiseless, Piecewise-Constant
Problen

Consider the following scalar, noiseless, two-
form, one-transition discrete-time JIQ phase control
problem with perfect (nh.ok) observations:

X1 T AB% P B B ce{1,2}
. ¥ 2 2
min B Qo v () 1exQ o) ()
Ugeeesuy o keO

where the transition probabilities are piecewise-
constant in x (with finitely many pieces):

(Dk(l.l) 0.(1.2)) -(bll(u lkﬂ)) .

(2,1) p, (2.2) o 1
x O

for
v fi-li< x < vt

where at time k, x-x.z,...,'G. and
v i cvi) da 4)
. (<< v 19 .

That is, at time k the transition probabilities in
(1) have le constant (in x) pieces. A wide variety

of phase dependencies can be modelled Dy piecewiss-
Constant approximations like (3)-(4).

Once the system encers form 2, it stays there.
Thus the usual 1Q solution yislds:

vyl .0 =21 = n:ka ke0,1,....,N (5)
* I‘(I)Ob:ﬂ)ﬂ"l(l) k
Ke0,1, ., N-1
16)
where
1, .2
vl (2
K (20-g, (10a)(2) K, (D)= _.L_:*_;_l._.__ )
R (2)e0) 20K, (2)
K, (2100, 12)

o

It is clear that
2
Vylng oo ml) = =0 (1) ()

The following recursive algorittm must be solved to
obtain Vk (‘k'pk-“ and *{(:k.ak-l) for k=N-1,...,0.
Proposition:

At tise k, suppose that Vu(ﬁt’ak, is piecewise~

quadratic and u;(ﬁpok) is piecevisc-lipear lin x),
sach with L pisces (thus l.'l.):

2 - = .
vktnk.pk-ll-&kkkfl.i)ox“r\(l.uwl(l.x) (9
. . T
“k('\'pk.” - L‘,v\u,x)xk + Lk(l.il {10)
tor
Wy (i-1)< xkuk(ug u, (1) .(u)

where at time k, x-x.z....,.k and
[}
-=8 U (OI< () < m ) 5 -
*
Then V, (% .9y ,"1) and up_ g (% 00y} are also

piecewise-quadratic and piecewise-linear in x,
respactively!

2 - .
aije .
Vied By Ppoy "M R Loidem K, a0k 1] 1)

(2)
U 1 Pyl e i oE L) an
for
R TE I N T 13 Y aa
Gel,2,.. ., ).
The number of pieces, LY obeys
noy W, < 3mey -1 s

Proof: The number wk is obtain as follows: Arxange
the (l+m ) nusbers f»tm).....u‘(l.)) in (11) and the
(V1) nusbers (“u”"’xm‘""‘n“"’u“‘x” onithe
real line (for vku) a5 in (3)). We then have an
ordered set
- 4 y.(0)< vk(l)<...< 'k“k, ‘ L 16)
ot uo&k) distinct values. Thus
v - 7
‘k Lm oYy 1. an
since -» and +» are each present twice.
Now define the y, different L regions
ta 1y =19 b by
A [$¢ 1]
A 1) S {xvli-Dca (= L MUY L PRVRR N
for yii) as in (16}, Note: the equalities in (18)
are arbitrarily chosen to be on the right-they could

be on the left instead; the same is true in (3, In
each &, (i) region, only one of the “ aifferent

probability v.hn-\‘()i is valid. tet L (1) denote



this valid index. That is,

for xkeAk(i‘. it pk(x.z) - lk(j) then lk(i)'j.
In each Akh' zregion, only one of the .k different
Let £, (i) de-
That is,
for zgkibk(i). if uk()‘-ll< ‘k(“xk £ "k‘j)
then Ek(i}-j.

" 1%y e Py 1) and
uk-x('k 1%-1"M 1n (12) (13) are obtained by sol-

cost-to-go Vx(xk.u pieces is valid.
note the index of the valid piece.

Then the pieces of V

ving following minimization problem for each xx 1
value:

( =1]= min {v
V1M e

where i denotes JS‘GAX(S).

L WSTRILS.

{19)
This requires the solving of the Wk separate pro-

blems, and comparing their costs for each LRy to

determine the optimal at that value, Fortunately
the *k problems each have optimal costs-to-go that

are piecewise-quadratic in x with, at most, ) pieces
{each valid over different ranges of X1 values).

Thus in the very worst case, when etach of these thres
pieces iz valid for some x"_l. there are at most

Jvk pieces to "x-x“\-x"’u-l"" Solving (19) wa get
eyl
1 L L
SR WAL W SRR R WU L
i oa (k<8 @)
2 - -

<ﬁ‘-x‘g-z“"x"'x”"x-:&-x“"’r‘x"&-x“"’x"i’
168, (<a (x_, <6 (1)

2R R R
Ky K thet 8 e LR A L ;\-1“";"1’

\ it Qk-t(lk ‘x-x‘“"\:-x (20}
with corresponding control lavs
upop ey B
L‘\x-x“"g";"k-x"-‘;k-xu"i"t’
RN ST
Lottt € oL utg)
ie 8 thca  (ix <O (1)
LCSUR RIS SRR
it 0 (nca  thx (2n

(the superscripts L and R aze for left and right),
whuere

uiu.t.u-u»\kunv\u,znx‘m&m wun

K (1,2,E)={1-2 (R} (1.)+A (1)K (2) (22)
LY x (IR &
A PO S =
elu.t.Ehu-kam“..c)oxkum‘(z) (24)
and for i-l,....wk:
o wh
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Yy -1 (R, oenl R aLe e
-1 ~3 st
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"k-x '.
R aue gzt i 08 W an
Dy ReR o8 130 ) (12§05, (D/D
R A .
B (L2 6%y G/a, is, (1) (28)
L & vt
Lo 02,805y, 1-2)/a s, (1) 2 (29}
(LR, (1)
" 24 8 e R 5 Sl
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Ky (Lot o dma (UK (12,60,
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.[1~ b (DK (126 ]

2 -~
R {Deb (IX L £

{is)
A
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e e on?
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2 ~
‘"3(*1u“bx-lu)xku'li'ei”
- =
)S‘u,!.s,ei)-o. ‘Slu"'i'tx”gu“‘)‘ 13,(1.!.1,Ei)=o

Tha minimization in {(19) can be computed by first de
termining Ok_l(i) and Gk_l(i), for each isl....wh

using (25)-(26). Then the three costs for each
Vo1 B_17Py 1%, €0, (1)) can be computed via (20)

for each i. All these ka quadratic pieces are then
compared over the ‘k-l values where they hold, so as

to determine the optimal cost.
5. Discussion and Research Plans

In general, the algorithm will involve a large
number of calculations even for relatively small N.
The comparisons in (19) become quite tedious to do
by hand. Fortunately there exist symbolic mathema-
tical problem-solving computer programming languages
which can be used to implement the algorxitha.

At each time k, the phass subsystem state space is
broken up into regions. In some of these regions,
the optimal control law does not influence the trans-
ition probabilities of the next form through control
of x; these are the non-superscripted control lavs

in (21) (ie; where ok-l“)('k-lu’lk-liek-lu’)' for

other regions, the phase control is used to alter
transition probabilities: that is, to actively hedge.
These are the leftwards (superscript

L ‘k-x“”‘u-xf-”k-x“” or rightwards (superscript R

“k-x“'ﬁ(-x’ex-x‘“’ control laws in (21).
The number of comparisons required in (19) de-
pends upon how the intervals (Gk_l(i),%‘_l(i)) over~

lap and how they fill the real line. At most, if
every possible cost in (20) is optimal for some X1

value, there will be 3Y pieces in the optimal ex~
pacted costs-to-go and control laws.

For some problems it may be possible to bound
the regions in which the controller actively hedges.
That is, there may exist some b such that, for |x|>b,
the controller doey not actively hedge. For such
problems we might solve the non-hedging control pro-
blems that are valid outside of this region and then
interpolats these costs-to-go over the (bounded)
hedging region. In this way & computationally ef-
ficient approximation to the optimal hedging control-
ler might be obtained.

The extension of these results to problems vith
driving noise is currently being examined. When the
ghase subsystem is subject to input noise, the piece-
wise-quadratic nature of the optimal cost-to-go is
lost due to the smoothing effects of the noise.
Process noise alters form transition probabilities
because of their phase dependence. Driving noise

S
also makes it inmpossible to drive the phase with cer-
tainty to the region boundaries, as in the noiseless
case.

For finite time-horizon problems, if we assume that
the driving noise has bounded magnitude then there are
large portions of the phase space ( R} in which the
quadratic nature of the cost is paintained. These are
regions where no possible noise is big enough to force
the phase into a different x-region.

If the phase process is not perfectly observed
because of additive observation noise, the situation
is more complicated than in the phase-independent case.
Even if the form is perfectly observed, uncertainty
about x is a source of uncertainty about form trans-
itions that must be reflectad in the optimal contxoi
law. It is not clear whether separation or certainty-
equivalence resulrs wili hold for such problems.

The scalar case addressed above is, of course,
anly of academic interest. It is the vector cases
(where x€ R") that are the important ones. In the
scalar case, the boundaries between x-regions are
trivial-- they are poin%s. In n-dimensicnal spaces,
they will be (n-1)-dinzeansional surfaces. Active hedg-
ing appears to involve 2riving the phase to ‘'best’
place on the region boundary. This is A simple fixed
end-point optimization in the scalar case, in higher
dimensions we must cptimize over a surface. A further
complication arise in problems that inciude phase dis-
continuities. These jumps in x will complicate the
problem because, as with driving noise, it will not be
possible to drive the phase into x-regions with cer-
tainty.

In conclugion, we have presented a design meth-
odology for feedback control of a class of simple
fault-prone systems based on optimization of suitable
cost functionals. The solutions exhibit hedging
properties desirable in these feedback controllers,

.and provide ingight into the structure of solutions to

more complex problexns. Howsver, much work remains to
be done in extending the concepts used in this work
towards the understanding of the feedback control of
general hybrid systems.
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