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Linear Chebyshev Complex
Function Approximation

I. Introduction

The approximation of desired or given functional behavior by finite sets of
simpler or specified basis functions is a recurrent problem in many fields. For
example, in the mathematical field, we might wish to approximate a (desired)
complex integral by a set of (simpler) sinusoidal components. Or in an antenna
array processing application, we often want to realize a (given) low sidelobe
behavior by means of an array with (specified) element locations which are not
under our control.

For the case where the given functional behavior and the specified basis functions
are all real valued and defined on a finite discrete data set, and where the ap-
proximation is afforded by a real-weighted linear combination of these basis
functions, the optimum solution for minimizing the maximum magnitude error,
i.e., the Chebyshev norm, is in very good shape due to a fine algorithm given in [1].
Specifically, this algorithm solves the following mathematical problem: given real

. constants {f;}, {h,}, where 1<i€m, 1<k<n, m2n, the real quantities {a,}! are
h: determined that minimize the maximum absolute value of the error residuals

e= fi—i a, h, for 1€i€m. (1.1)
k=1

This algorithm has recently been used to good advantage in an array processing
application to design some real symmetric weighting functions with very good
sidelobe behavior, subject to constraints on the rate of decay of the distant sidelobes

[2].

Here we wish to employ the algorithm, as described above for real variables in
(1.1), for the minimization of the Chebyshev norm of

e (2= f(z) - ﬁ ah, (z) (1.2)
k=1

when f(z) and {h,(2)}} are complex, and z can take values in an arbitrary finite
discrete point set. The weighting coefficients {a,}7, may be complex, or alter-
natively, they may be restricted to be real. Applications are afforded by an antenna
array with arbitrarily specified element locations, but employing weights that are
restricted to be real, or alternatively by array weights that are also allowed to be
phased (complex). In Section II, the basic mathematical theory and algorithm for
‘ the minimization of (1.2) is developed. Numerical examples and applications of the
technique, some efforts attempted for extending the method to a continuum of
values of z, and a discussion constitute the rest of the main body of the report. An
Appendix presents a computer program in a form which should be useful to readers
interested in applying the technique to their own particular applications.
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Although the above algorithm [1] is limited to a discrete set of points, it has been
used fruittully to minimize the continuous error (1.2) over a real variable z in the
interval [z,, z,], when f and {h,} are real, in the following manner. First, an initial
set of m2n real points {z]'}™ was specified and the Chebyshev norm minimized in
the usual fashion, resulting in the coefficient set {a“k'},". For this set of optimum
coefficients, the locations {z?}] of the largest peaks of le (z)| were located, by
setting the derivative e/(z) to zero and solving numerically for {z‘%’}f; the number 1
of such peaks will generally be less than m, but larger than n. (This approach
presumes the availability of computable expressions for f'(z) and {h'k(z)};‘). Then
the modified set of points {z‘f’}f were used for another Chebyshev minimization,
resulting in coefficient set {a‘i’}'l‘. Repetition of this procedure stabilized after a few
trials with a unique set of {zi}f at which the maximum errors were equal and
irreducible. In the examples tried in (2], the number of peaks, f, at which the
magnitude error |e (z)] was largest and equal, turned out to be n+ 1. Further
discussion of this recursive approach is given in Section V.

I1. Mathematical Theory and Algorithm

Let fand h;, . . ., h, be complex valued functions defined on the finite discrete
point set Q,, = {z,, . . ., z,,}. For a complex vectora = (a,, . . ., a,) ¢C", define
the complex error

f(2) - kz_‘ ah (@) =e(z:a), zQ_. 2.1

The discrete linear Chebyshev approximation problem is to find a complex* vector
~N (2% ~ n
a=(,...,a)eC"sothat

E (f) = min max e (z;a)| = max|e (z:3)]. (2.2)
aeC" zQ 2Q

m

The quantity En(ﬂ is called the discrete Chebyshev, or minimax, error of the ap-
proximation on the point set Q_.

We do not solve this problem exactly. An algorithm presented in [3] for its
solution is erroneous; we have discovered examples (see Section 1V) such that the
recursive procedure described there need not converge to a solution of (2.2). We will
show that problem (2.2) can be replaced by a related approximate problem solvable
by available linear programming techniques. The exact solution of this related
problem yields approximate solutions of (2.2). The error in these approximate
solutions to (2.2) can be determined and, in fact, made arbitrarily small, using the
results we prove below; see Theorems 1 and 2.

It can be shown by standard mathematical methods [4, p.1] that a vector &
satisfying (2.2) exists, although it may not be unique. Sufficient conditions are
known that result in unique 2, but we do not need these conditions here. Therefore,
no further assumptionson f, h, . . ., h_ or the point set Q_ are made. In order to
proceed,we need the following result.

* The restriction of @ to real values is discussed at the end of this section.
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Lemma l. 1fz = x + iy, where x and y are real, then

|z| = max (xcos@ + ysin6) . 2.3)
-n<f<n

Proof. If z=0, the result is obvious. Suppose, then, that z#0. By the Cauchy- 1
Schwartz inequality, for every real 0, '

172 /2 _

xcos 0 + ysin8< (x2+y?)'"* (cos? 8 + sin29)'"2 = |z
so that
max (xcos® + ysin0)< |z} .
-n<f<n

For the particular value 8=arg(z), it is seen that (2.3) holds. This completes the
proof.

Now, let the real and imaginary parts of the complex error e, (z;a) be denoted by
R, (z;a) and [ (z;a), respectively. Thus, from Lemma 1,

le(z;a)] = max (R (z:a)cos 8 + I (z;a)sin 6) . (2.4)
-n<f<n

If, in this last equation, we take the maximum over any finite subset T of angles @ in
the interval -n<8<n, instead of all angles in the interval -n<8<n, we must have

le (z;a)| 2 max (R (z;a)cos 8 + I (z;a)sin 6) . 2.5)
GeT

It will be seen shortly that the next result is verv important and central to our
problem.

Lemma 2. Let 6 = n(j-1)/p, j= 1,2, ..., 2p, where the integer p=2. Let z=x +1y,
and let

M = max (xcos Gj + ysin Bj) . (2.6)

~

j=t...2p
Then
M <€ |z] € M sec (n/2p) . 2.7)
Proof. That |z| > M is obvious, so we only have to prove |z| < M sec (n/2p). Let

P(x,y) be the point in the Euclidean plane corresponding to the complex number
Z = X + iy # 0, sothat

X = |z] cos (arg z)
y = |z| sin (arg 2).
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Thus, for any angle ¢, we must have
(|z| cos (arg z) - x) cos ¢ + (|z|sin(argz)-y)sing =0
which, after simple algebraic manipulation, can be written
|z| = x'(p) sec a(ep) (2.8)

where x'(¢p) = X cos ¢ + y sin ¢ and a(p) = arg (ze~'®). Alternatively, (2.8) can be
derived geometrically by considering x’ to be the x coordinate of the point P(x,y)
after a rotation of the axes through the angle . From (2.8) we have

|lz| = x’(Gj) sec a(Gj) ,j=1,...,2p. 2.9)

Let the index k be such that

M =x'(6,) = max x’(ej).
I<j<2p (2.10)

With the particular angles 8. chosen here, x’(9j+p) =-x'(9j) forj=1,...,p,sothat
we must have x'(8,)>0. Since z#0 is fixed in (2.9), it is clear from (2.10) and the
definition of the angles a(GJ.) that

0<sec a(6,) = min [sec a(6)| < sec(n/2p).
1<j<2p !

Therefore,

|z| x'(6,) sec a(6,)

M sec(n/2p).
This concludes the proof.
We are now in a position to describe a problem that we can solve exactly and that

is related to the given discrete linear Chebyshev approximation problem (2.2). For
notational convenience, we define, for any complex vector acCn,

Gj(z;a) = R (z;a) cos Gj + 1 (z;@)sin 9," i=l ...,2p, (2.11)
where 6,, . . ., Gzp are the angles given explicitly in Lemma 2. We seek a complex
vectord = (4, . . ., 4, C"satisfying

M (D= min max max G.(z;a)
P aeC"  zeQg, j=1..2p

= max max Gj(z:a'i). (2.12)
2eQpm i=1,...2p

Using standard mathematical methods, it is easy to see that at least one such vector
4eCn exists. The connection between the problem (2.12) and the problem (2.2) is
explored in the next few results.




»

ey

D

PR W

Theorem I. Let p22 be an integer, and let 6; = n(j-1)/p,j = 1,2, . .
an(f) < En(f) < an(f) sec (n/2p).
Proof. Using @ and 4 as in (2.2) and (2.12), respectively, we have

M_(f) = max max Gj(z;é)
P 2#Q,, 1<j<2p

<€ max max Gj(z;a')
2Q, 1<j<2p

n

max |en(z;5)|
zQ,

= E(D

£ max |en(z;§)|
2Qp,

= max | max Gj(z;ﬁ) sec(n/2p)
2%Q,, | 1<j<2p

an(f) sec(n/2p) .
This concludes the proof.
Theorem 2. Let p22 be an integer, and let Oj = n(j-1)/p,j = 1,2, ..
&, = max le_(z:)|
Ze m
where the complex vector 46C is any vector satisfying (2.12). Then
E (< e”np(ﬂ <E (D sec(n/2p) .

Proof. Using 2 and 4 as before, we have

E(D< &, (0

max Ien(z;a'i)l
2Q,

N

max ) max G.(z;4) { sec(n/2p)
2#Q, |1sjs2p '

€ max max Gj(z;ﬁ')sec(n/Zp)
2Q,, 1%j82p

€ max le (z:d)[sec(n/2p)
zQ,

= E n(f) sec(n/2p).

., 2p. Then

(2.13)

from (2.12)

from (2.12)

implied by (2.7)

from (2.2)

from (2.2)

implied by (2.7)

. ,2p. Let
(2.14)

(2.15)

from (2.2)

from (2.14)

implied by (2.7)

from (2.12)

implied by (2.7)

TR 6403
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This concludes the proof.

Corollary 2. 1. Under the conditions of Theorem 2,
an(f)s E (h< c?np(f) . (2.16)
Proof. Immediate.

The preceding corollary evidently gives excellent upper and lower bounds on the
discrete linear Chebyshev approximation error E _(f), and these bounds are readily
available after the numerical computation of 4¢C» and an(f) has been co.npleted.
We point out that the above two theorems substantially generalize results in
[3, p.854].

Using the Maclaurin series for sec x in (2.15) gives the relative discrepancy

&aplf) — En(D) n2 1 (2.17)
0 —"— T <sec(n/2p)-1=— +0f—),p>. )
E.(©) P 8p* p! ®

Note that this upper bound on the relative error is independent of f, the point set
Q,, the basis functions {h, }, and n.

We will now explicitly formulate an overdetermined system of real linear
equations to be solved in the Chebyshev norm (to be defined) which is equivalent to
solving the problem (2.12). Referring to the choice of 6;’s in Lemma 2, we observe
that 6p+j = n+9j,j =1,...,p,and, and so from (2.11), we have

Gp+j(z;a) = -Gj(z;a) ,i=1,....,p.

Therefore, we may rewrite (2.12) as

M () = min max |G.(z;a)l . ‘
P aeC"  gism i 2.1
1€j$p

Now, breaking the following quantities into their real and imaginary components

f(z) = u(z) + iv(z)
h@) =r(2) +is(2 . k=1,...,n, (2.19)
a, =b, + ick,k=1, ..o N
we may write

n

R @a) = u@) -2 b+ 2 ¢ 5@

k=1
n n (2.20)
I (z;a) = v(2) - :Z_I b, s, (2) - :z ¢ (2.

Using (2.11) and (2.20) gives
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G)(?l:a) - u(z)cos 6J + v(zl)sin GJ.
n
-kz=1 b, [r,(z)cos 9J +5,(2) sin Sj]
13
- Z ¢, [r,(z)sin Gj -s,(z)cos Gj]. (2.21)
k=1
Note that Gj(z;; a) is a real linear equation in the 2n variables {b.} and {c,},
k = 1,...,n,and that all the coefficients of this equation are computable directly
from known data.
Define the mp x 2n real matrix B in the partitioned form
r— -
| D,
2 D,
B =
L Bm DmJ
with the p X n submatrices
1 B(=[b(f;)\-] and Dl=[d‘j’,’(],t=l,...,m
i whose general real entries are
bj‘;’ = r,(z,) cos 9,- +5,(z) sin GJ.
3 i=1, .ps k=1, ,n

dj) = r,(z)sin 6, - s,(z) cos 6, (2.22)
Also, define the real vector
LT S TR AR SNPS - L (2.23)
of length mp, where
g; = u(zl)cosej + v(z[)sinej,t=l, Lo.,my =1, ...,p.
Finally, define the real vector
X=1[b,....b,c,...,clt 2.24)

of length 2n. With this notation in hand, it is easily seen that the overdetermined
system of mp equations in 2n unknowns

Bx =g (2.25)
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has a residual error vector defined by
g - Bx
whose mp components are precisely the mp real numbers G(z;; a) arranged in a
special order. Therefore, the problem (2.18) can be solved by computing a solution
to the overdetermined linear system (2.25) in the Chebyshev norm; i.e., the largest
magnitude component of the residual vector g-Bx is minimized over all choices of
the vector x. '
This equivalent problem in linear algebra can, in principle, be solved exactly and 1
in a finite number of steps using linear programming methods [1], [3]. The proof of ‘
this fact is the content of the following self-contained mathematical result.
Theorem 3. Let A = [ajk] be a real r x s matrix with r2s21, and letb=(b,, . . . , b))
be a real vector of lengthr. Leta], . . . , @’ , w* denote a solution of the following
primal linear program in the s+2 real variables a, . . ., @, ,, w with 2r linear
constraints:
Minimize: w
subject to: a,20,...,a_, 20, w20,
S
E.a"a“‘ +a At w2b, j=1...,T,
(2.26)
-Elaka’k a Ay tw2-b, j=1, , T,
where
S
A=-2 a, j=1,...,r. (2.27)
) k=1 J
Define
X, =ap-al . k=1,...,s. (2.28)
If
i
- M = min max |b, - a.yl
‘ I<jer k= KK (2.29)
| with the minimum taken over all realy,, . . .,y then
M =@*=max |b-2 a, x|
1jgr ) k=1 ! (2.30)
where x;, . . . , X, are given by (2.28).
i
|
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Proof. We first prove that M<w*. From (2.28), we have o = a*  + X, which,
substituted into the constraints (2.26) and using (2.27), gives
> agx +w'2b ,j=1,...,r,
h=1
and
-[\_Zzlajkxk + w"?—bj ,i=1,...,r.
Clearly, these last sets of inequalities together imply
S
max |b -2 a, x|<w® (23D
1€jgr ! k=1 !
Hence, from (2.29), M<w®.
We next prove that w*<M. Letx}, . . ., x' denote any solution of (2.29). Then
we may write
S
- < -
lbj E,aikxk'\M’ j=,...,r
or, without absolute values,
5
- *<
bJ El a, X, < M
, J=,...,r (2.32)
S
b2 A xrcM.
Now, define
B.., = max {0,-min x;} (2.33)
. 1<k<s
Bo=xf+B,,,, k=1,...,s.
Clearly, the s +2 real numbers B, . . ., .., M are non-negative by construction.
Furthermore, substituting x; = B, - B, k = 1, ..., s, into (2.32), and using
(2.27), gives
S
b - E‘ajkﬁk'psn A<M
S
-b, + kZ=Iajk{3k + B, ASM.
Clearly these inequalities show that the numbers 8, . . ., B, ,, M satisfy all the

constraints (2.26). Hence, it must be that w*<M. Since we have already established
that M€w*, we conclude that M = w”*. Hence the inequality (2.31) must actually be
an equality in light of the definition (2.29). This completes the proof.
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Theorem 3 does not require that the solutions of either the linear program or of
(2.29) be unique. Theorem 3 siates only that from a given solution of the linear
program, we may construct a solution of (2.29) using (2.28). Conversely, it is easy
to see that any solution of (2.29) can be used to construct a solution of the linear
program using (2.33).

An excellent algorithm, which we will refer to as ACM 495, is available in the
literature (1] for solving the linear program of Theorem 3. It requires as input only
the overdetermined system of equations Ax =b. The linear program is then set up
and solved by the algorithm, so that knowledge of linear programming techniques is
not necessary to use the algorithm in practice. The computational procedure, in-
ternal to the algorithm, actually solves the dual of the above primal linear program
using a modification of the simplex method. The dual formulation of this problem
is available in [5, p. 296]. We will not discuss the details of the linear programming
technique further in this report.

A very simple modification [3, p. 863] of ACM 495 yields an algorithm for
solving any real overdetermined system of linear equations in the Chebyshev norm
subject to the additional constraints that all the residuals be non-negative. For A
and b as in Theorem 3, this problem takes the form

S
minimize max bj -Z a;, xk) (2.34)

Xyseens Xs I<j<e k=1

subject to the r constraints

-Za 20, j=1,...,r. (2.35)
’ k=1
The solution x,, . . . , X_returned by this modified algorithm is correct, even though

the residuals returned may be in error. The correct residuals, if desired, must be
calculated directly from the solution. Alternatively, if the residuals are required to
be non-positive, then the same modified algorithm will work with A and b replaced
by -A and -b, respectively.

Requiring non-negative residuals in the overdetermined system (2.25) has in-
teresting geometrical interpretations. For example, if we take p=2 in Lemma 2
then 8, = Oand 8, = n/2. Thus, from (2.11), G (z;a) and G,(z;a) are merely the real
and 1magmary parts of the complex error e (z; a) Thus, the 2m components of the
residual vector g-Bx are precisely the real and imaginary parts of e 2:2) evaluated
at all m data points. Therefore, if the system (2.25) is required to have non-negative
residuals, we have forced the error curve to lie entirely in the first quadrant of the
complex plane. More generally, we may always constrain e (z:a) to lie in a given
convex wedge shaped sector # of the complex plane with vertex at the origin, by
making different, but appropriate, choices of the angles 8, and 6,. Further ex-
ploration of this idea shows that upper and lower bounds for the error W D,
defined by

k.. .



——

W ()= min  max le (z:a)]
acC" 2Qp

subject to: en(z;a)d/’, zQ
where e (z:a) is given by (2.1), can be obtained in terms of the error Wnp(f), defined

by

W (D— min  max max G(z a)

aeC"  zQp j=l...p
subject to: Gj(z;a) 20, zQ ,j=1,....p,
where Gj(z a) is given by (2.21), but for a different set of angles 6, . . Op The

quantity W p(f) may be computed by solving the linear system analogous 1o (2.25)
in the Chebyshev norm with the constraint of non-negative residuals. This approach
is especially effective when the vertex angle of the wedge does not exceed n/2. This
topic is not pursued further in this report.

Suppose, finally, that the complex solution vector acC" of problem (2.12) is
required to be strictly real, while f and {h, } are complex. Then, in the vector x of
(2.29), ¢ ... =¢, = 0. Thus, the overdetermined system Bx=g of mp
equatnons in 2n unknowns can be replaced by a smaller system BX = g of mp
equations in only n unknowns, where the mp X n real matrix B is defined in
partitioned form by

u n
B,
B,
8=
i B_ (2.36)
where the p X n submatrices B, . B are unchanged from (2.22), and the real
vector & = fb,...,b ]T A soluuon of Bt = g in the Chebyshev norm can be

computed using Iinear programmmg and algorithm ACM 495 as before.

II1. Numerical Examples and Efficiency of Approach .

We illustrate the procedure of the preceding section by approximating the
complex function f(x)=exp (i3x) by a weighted sum of the basis functions 1,
exp(ix), exp(i2x). That is, we seck to minimize the magnitude of the complex error
curve

3
€,(x) = exp(i3x) -l\z a, exp(i(k-1)x) 3.1)
=1

over interval [0, n/4], by choice of a,, a,, a,, by solving the problem M p(ﬂ of
(2.12). Two cases are of interest; in the first, the coefficients {a, } are restricted to

TR 6403



{ TR 6403

be real, whereas in the sevond, these coetticients can be complex. The number m, ot
cquispaced v-values at which (3 1y s sampled, s taken 1o be aither 11, 101, or 1001,
] thereby ensuning that the smabler sample sizes are subsers of the larger vizes, The
value of p, winchos halt the number ot phase-shitted values of (3 1) empioved in the
error minimizaton, is tahen to be 2, 6, 18, S4, again ensuring the subset behavior ot
the smatler size cases. Note that p and the phase shafts, |} l}. are as given in Theorem
Lin Secuon {1

The optimum real coefficients in (3.1) for the problem an(f) are given in table 1
for these choices of m and p, and a plot of the magnitude of the error for several
representative cases is given in figure 1. The best approximation of all cases con-
sidered is afforded by m = 1001, p = 54* and its error curve is plotted as a solid line;
its maximum error is .1078, which is realized at two points in the interval [0, n/4].
The cases for smaller m (less sampling of the abscissa) and smaller p (less sampling
of the phase of the complex error) are poorer; for example, the maximum error for
m =11, p=2is.1184, realized at only one point, namely x = n/4.

Table 1. Coefficients for the Real Weight Case

m P a, a, a,

11 2 936738  -2.443144 2.518388
6 828404  -2.280319  2.396455

18 .858547  -2.32188S5 2.425096

54 844146  -2.301461 2.410611

101 2 936781  -2.443223  2.518458

. 6 831314 -2.284548  2.399525

! 18 865131  -2.331446  2.432033
54 853823 -2.315301  2.420506

A 1001 2 936785  -2.443232  2.518466
1 6 831237  -2.284448  2.399461
18 865213 -2.331571 2.432127
54 853443  -2.314772  2.420138

4 We have not plotied the other error curves with real coetficients for m =101 and
1001, because they are indistinguishable from figure 1, as a perusal of table 1 shows.
For example, the coefficients for m =11, p=2 are very close to those tor m = 101.
' p=2 and m=1001, p=2. Thus, our sampling in x is already '‘fine enough™ at
m =11. However, there is a significant change in the coefficients as p is varied. for a
fixed value of m; that is, p =2 vields very coarse phase-sampling of the error curve

and should definitely be made larger.

The Chebyshev error curve (m=1001, p=>54) in figure 1 realizes its maximum
value at only n-1 points, rather than at n+ 1 points, where n =3 is the number of
coefficients for this example. This is probably related to the fact that we have

*Inthis case, we observetharay « V2as + a, ¥0,
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Figure 1. Error Curves for Real Coefficients; m = 11

minimized both the real and imaginary parts of the complex error, but have allowed
ourselves to use only real coetficients.

The solution of the problem .\l“p(f) for complex weights is given in table 2 for the
same choices of m and p as above. Again, the change in coefficient values is more
marked with p than with m. Magnitude-error curves for m =11 and 10] are given in
figures 2 and 3, respectively; the curves for m = 1001 are indistinguishable from
those for m = 101 and are not presented.

Table 2. Coefficients for the Complex Weight Case

m p Re@) Im,) Re(a,) Im(a;) Re(a,) Im(a,)
12 364737 954343 -2.021670 -2.119639 2.669023  1.153207
6 .378045 .907888 -2.016657 -2.018598 2.648834  1.100488
18 .373079 .898715 -2.003032 -2.003205 2.639992  1.094451
54 .371586 .896504 -1.999352 -1.999473 2.637788  1.092947
101 2 .362962 .953469 -2.018255 -2.119960 2.667544  1.154238
6 .376532 .904026 -2.012095 -2.014055 2.646131  1.09946]
18 .370549 893500 -1.995913 -1.997062 2.635782  1.093144
54 .368950 .890017 -1.991172 -1.991196 2.632622  1.090777
1001 2 .362947 953499 -2.018253 -2.120028 2.667560  1.154275
6 .376502 .903926 -2.011979 -2.013914 2.646047 1.099417
18 370711 .893848 -1.996440 -1.997545 2.636145  1.093278
§4 369179 890566 -1.991954 -1.991974 2.633175  1.091006
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The Chebyvshev error curve (m=1001, p=154) is now symmetric about the
midpoint of the interval of interest and has tour equal error peaks of value L0147,
This error is 7.3 times smaller than that for the real coefficient case. Also the
number of equal error peaks now equals | plus the number of coefficients; whether
this property holds generally is not known.

Upper and lower bounds on the discrete Chebyshev error E (1) for the real and
complex coefficient cases are given in table 3. These bounds are precisely those
presented in (2.16). They correspond to sampling the complex error (3.1) both in the
abscissa x and in the phase of e;(x). The lower bounds monotonically increase with
increasing m or p. The upper bounds decrease with increasing p, but increase with
increasing m. All these trends follow from the fact that smaller sample sizes are
subsets of the larger sizes.

Table 3. Bounds on the Discrete Chebyshev Error E (f)

i
m p Real Coefficients Complex Coefficients
Lower Bound Upper Bound Lower Bound Upper Bound
11 2 .083718 .118396 .012089 .017097
6 .105074 .108780 013963 014456
18 .107307 107717 .014143 014197
54 .107612 .107658 .014168 .014174
101 2 .083731 .118414 .012252 .017328
] 6 .105192 .108893 .014436 .014946
; 18 .107556 .107967 014677 014733
54 .107767 .107813 .014703 .014709
1001 2 .083734 .113418 012255 .017331
6 .105191 .108901 .014440 .014950
18 .107565 .107976 .014679 .014735
54 107775 .107821 .014704 014712

However, the maximum magnitude error, evaluated over the continuum of x-
values in the interval [0, n/4] (actually computed on a dense discrete sampling
space), obeys none of these monotonic relations, as table 4 demonstrates. For
example, the maximum error in the real case for m =11, p=18 is less than that for
m=11, p=54. Also, the maximum error in the complex case for m=11, p=6 is
greater than that for m=101, p=6. The reason for this behavior is that we have
minimized a discrete approximation to our problem of interest, sampling both in the
abscissa x and in the phase values of the complex error. However, the numerical
discrepancies are small, as they must be for reasonably fine sampling in both
variables. (A recursive gradient procedure could be used with any of these coet-
ficient sets to improve the final maximum magnitude-error if desired.)

: The FORTRAN program listing in the Appendix is the exact code used to

! generate the complex weights in example (3.1) for m =101 and p =6. The imbedded
comments should enable anyone seeking to use and understand the code to do so.
Further remarks are given in the discussion in Section VI.
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Table 4. Maximum Magnitude Error,
Computed Over 2001 Equispaced Points in [0, n/4]

m p Real Coefficients Complex Coefficients
11 p .118396 017097
6 .108780 015142
18 .107890 .015004
54 .107983 .015005
101 2 .118415 017329
6 .108893 .014946
18 .107967 .014733
54 107813 014711
1001 2 118417 .017331
6 .108902 .014950
18 .107976 014735
54 .107821 014712

Effici ~cv and timing estimates for actual calculation of complex Chebyshev
apprsadiueons by the method of this report is an important consideration in some
applications. If we define an operation as consisting of a multiplication followed by
an addition, then it is known [6] that the number of operations per simplex iteration
requi-1 d by algorithm ACM 495 [1] is exactly the number of equations times the
number of unknowns. In our case, the number of equations ts mp, and the number
of unknowns is 2n if the coefficients are complex, or n if the coefficients are
required to be real. Thus, the operation count per iteration is either 2nmp or nmp.
The number of iterations required is difficult 1o estimate, since it depends on the
particular problem. However, in randomly generated problems, it has been ob-
served [6] that the number of iterations, I, is approximately the number of
unknowns times some small constant ¢, where usually 1<c<3. (Similar estimates
have been observed [7,p.160], [8] in more general linear programs as well.) Thus, in
our case, I =2¢n if the coefficients are complex and [ =cn if they are real.

The CPU time should be proportional to the total operation count, which equals
the product of the number of iterations and the number of operations per iteration.
That is, we expect the CPU time to be proportional to n’mp. For the particular
example here, however, we obtain an excellent fit to the limited data in table 5 with

CPU time (msec) = .128 n!-13m!-i8 p!.18
where n =6 if the coefficients are complex, and n=13 if they are real. This fit was
obtained by letting the exponents of n, m, and p vary separately. Other examples,
however, lead us to anticipate that, more generally,
CPUtime « n®(mp)'3,
with a proportionality factor of the order of .01-.03 msec, where n is either twice the

number of approximation coefficients if the coefficients are complex, or exactly the
number of coefficients if they are required to be real.
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Table 5. Number of Simplex Iterations and CPU Time

m p Real Coefficients Complex Coefficients
Simplex CPU (s) Simplex CPU (s)

11 2 6 .02 10 .05
6 8 .08 15 .16

18 11 .23 21 .58

54 13 .81 27 2.25
101 2 7 .25 10 .40
6 9 .73 17 1.60

18 13 2.65 21 5.78

54 15 11.39 28 24.27
1001 2 9 3.05 13 5.00
6 10 10.34 17 19.38

18 13 48.16 24 105.47

54 16 170.52 28 359.20

The CPU time estimates apply, of course, only to the DEC VAX 11/780 com-
puter on which the calculations were performed. The virtual memory feature of this
system allows very large problems to be solved; however, for sufficiently large
problems, the system overhead incurred (page faulting, and so on) may significantly
and adversely affect these estimates.

IV. Application to Array Design with a Constraint

Consider a linear antenna array with N elements located at arbitrary fixed
positions {xk}’;“, receiving a plane wave arrival of wavelength A from direction 6,

-lz seas%, relative to a normal to the array. If the array is steered to look in
n

direction 6,, -% <6,<~; then the complex transfer function of the beamformer is
given by

N
T(u) = Z w, exp(-id u) ,
k=1 4.1
where {w, } ‘are the element weights, and

d, = 2nx /A for ISKSN,

~u=sing -sinfy .

Observe that the total range of u depends on the look direction 6y: for example, if
6y = 0, then the range of u is the closed interval [-1,1]. The peak response of T(u)
should occur at u =0, so we normalize (without loss of generality) according to
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To realize small sidelobes, we must minimize I'T(u)! for all u values in some subset
U of the total range of u. For example, it 8, = 0, the total range ot u is 1-1.1], and
U could be the union of intervals {~1,-ug] and [u,1], where u >0 is chosen small
relative to 1. For the special case of real weights {w }, since from (4.1),
T(-u) = T*(u), we can contine attention to U = [u, , 1]. The normalization con-
straint is most easily accounted for by solving for wy; and eliminating it; we obtain
then

N-1
T(u) = exp(-idyu) 53 w, (exp(-idu) - exp(-id,u)) . 4.2)
k=1

This problem now fits the framework of (2.1) if we identify

zZ=1u
n = N-1
en(z) = T(u)

f(z) = exp(-idyu)

ak=wk

h, ()
Qm

exp(-idNu) - exp(—idku)
finite subset of U . 4.3)

There has been no statement, thus far, as to the real or complex nature of the
weights {wk}. This distinction depends upon the application and the capability of
the beamformer. Both cases fit the above tframework; the only difference is that the
number of unknowns to be solved for will be twice as large for the complex weights
as for the real weights.

If the array is half-wavelength equispaced, then the computed element weights
will be identical to the classical Dolph-Chebyshev weights and can, in this instance,
be computed analytically. The general case of arbitrary spacings, however, cannot
be computed analytically, yet the algorithm presented in this report can always be
applied.

In the remainder of this section, we presume that the elements are equispaced at
half-wavelength. Then x, = kA/2 and (4.1) becomes

N
T) = Z w, exp(-inku) . 4.4)
k=1

) Observe now that T(u) in (4.4) has period 2 in u, regardless of whether the weights

{wk} are real or complex, or whether some elements have tailed, i.e., zero weight
L values. This means that we can study and control T(u) in (4.4) over any convenient
. u-interval of length 2, and need not confine our investigation to [-1,1]. In par-
ticular, we concentrate on the u-interval [0,2] in the following.

As an illustration of the capability of the minimization technique of this report, a
50-element half-wavelength equispaced linear array was initially designed tor peak

18
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sidelobes of -30 dB relative to the main peak. This is of course a staidard Dolph-
Chebyshev case, and gives -30 dB sidelobes throughout the u-range [u,, 2-u,],
where u, = .0538117.* Then 10% of the elements were randomly eliminated from
the array, but the remaining weights were unchanged; this corresponds to 5 elements
failing in the array. The relative response of this particular array, with elements 7,
22, 40, 43, 50 failed, is illustrated in figure 4, The peak sidelobe has increased from
-30 dB 10 -21.58 dB, a degradation of 8.4 dB, and there is a large variety of dit-
ferent size peaks.

0 F ' |

-10

dB

LA | f\nm\f\z\ \
A Y

0 25 5 .75 1 1.25 1.5 1.75 2
us sinea - sinel

-40

Figure 4, Relative Pattern for 5 Elements Failed

When our method with p=2 and m = 251 equispaced points in [u,, 2-u] is ap-
plied 1o this defective array, and the remaining 45 elements are weighted with real
coefficients, subject to the constraints that the mainlobe width be the same as the
ideal 50-element array, and that the steering range in u be the same, the resultant
array pattern is displayed in figure 5. The peak sidelobe is now -23.62 dB, an im-
provement of 2.04 dB over figure 4; however, there is still a significant variation in
the values of the sidelobes, due to an insufficient number of phase controls, namely
only p=2.

| When we increase the parameter values to p=38, m =501, the resultant best real

. weights are displayed graphically in figure 6 and the corresponding array pattern is
F@ given in figure 7. The gaps in figure 6 at locations 7, 22, 40, 43, 50 correspond to
zero weighting at the failed elements. The general character of the weights is a bell-

ff *For an N-element array and -t dB peak sidelobes, we have u,= '2/m) ar¢ cos(l/zo) where

X 220={r+ NPT VM 4 fr-Afr2oT M 1= 10720, and M =N-1.
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Figure 6. Best Real Weights for p =8, m =501
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u=sing, — sindy
Figure 7. Relative Pattern for p = 8, m = 501, Real Weights

shaped one of ail positive numbers, but there is significant fluctuation in the actual
weight values, of the order of 10%. The pattern in figure 7 has a peak sidelobe of
-25.20 dB, an improvement of 3.62 dB over figure 4, but still 4.80 dB poorer than
the ideal 50-element array.

When the weights were allowed to be complex, and the maximum sidelobe
minimized in the same steering range [u,, 2-u,] for p=2 and m =501 equispaced
points in [u,, 2-u,}, the best complex weights turned out to be virtually pure real.
and the corresponding pattern was almost identical to figure 5. A much improved
pattern for complex weights was achieved when we took p=8, m =501; in fact. the
best complex weights were real (within 10-¢ relative error) and the pattern was the
same as figure 7. Although we had anticipated a betrer pattern for the complex
weight case than for the real weights, that did not materialize; the best complex
weights for this equispaced linear array with 5 missing elements were real. The
reason for this behavior is unknown, but it is an encouraging result from the array
design viewpoint, for it indicates that there is no need to allow phasing at the in-
dividual elements; gain alone will achieve all the sidelobe reduction that can be
achieved. This conclusion is drawn only for the half-wavelength equi-spaced line
array with omnidirectional element response.

The use of linear programming to design antenna arrays is not entirely new. In [9]
and [10], linear programming was used to synthesize desired complex transfer
functions to within 3 dB of the best possible sidelobe level. Their method
corresponds to taking p = 2 in the method presented in this report.

o 1l
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The computation of the real weights of Higure 6 (wherep - 2. m =251 and n=44)
and of tigure 7 (where p=8, m =301, and n 44 reguired 1.2 minutes. 205
iterations and 38.4 minutes 402 iterations, reseccrnely, On the other hand, when
the weights were allowed to be comples (replacing n =44 by n = 88, but leaving p
and m unchanged in both cases), the computations required 7.0 minutes. 657
iterations and 179 minutes ' 262 iwerattons, respectinely. The two of these four cases
requiring the smallest CPU vimes encountered almost no system overhead due to
program size. However, the two cases requiring the largest CPU times encountered
very significant system overhead because their large memory requirements caused
significant usage of the virtual memory feature of the DEC VAX 11/780. The 38.4
minute case required over 3.6 million page faults, while the 179 minute case
required over 11 million page faults. It is important to bear in mind that the DEC
VAX 11/780 is essentially a mini-computer, and that without virtual memory, only
the largest mainframe computers could have solved either of these two problems.

V. Efforts to Extend the Method

Our basic problem is to minimize the maximum magnitude of ccmplex error
n
e =f2)-2 a h(2) .1)
k=1

over a continuum of values of z, when f, {h }, and {a } are complex. We im-
mediately approximate this desired problem by discretizing the z variable to a finite
number of values, in order to make the problem computable. Furthermore, at any z
value of interest, we additionally discretize the number of phase errors we are
willing to consider. To be specific, since the algorithm in [1] applies only to real
quantities, we consider the ‘‘projection’’ of a rotated version of the complex error:

P(z,¥) = Re{exp(i¥) e (2). . (5.2)

Then, since the argument of complex error (5.1) is unknown a priori, we let ¥ take
on a finite set of values spaced over any n radian interval, and minimize the
magnitude of projection (5.2) over all these selected W values. This is equivalent to
the method of Section II.

In an effort to eliminate this second discretization process in ¥, a perturbation
method was put forth in [3] that claimed guaranteed convergence to the optimum
weights, for any given finite discrete set of z-values. When applied to the examples
in (3], the proposed perturbation technique did indeed converge. However, when
applied to the following example, of approximation of exp(i3x) by the three basis
functions 1, exp(ix), exp(i2x), over 100 equispaced points in the domain {0, n/4] in
X, it sometimes failed to converge, depending on the initial weights emploved. The
reason for this failure is that the ‘‘direction of the minimum® furnished by the
perturbation is often totally irrelevant, and the best scale factor to apply to this
perturbation is very small. Thus there occurs a small random meander in the
coefficient space, and occasional convergence to a non-optimum point.
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A modification of this technique was attempted wherein the magnitude of the
perturbation was bounded. Although this improved the situation somewhat,
convergence to the optimum was not always obtained.

It was thought that this meander in coefficient space might be eliminated by
tracking the exact z-values at which (5.1) is a maximuin. Recall that in the real case
discussed in the Introduction, convergence to the absolute optimum over a con-
tinuum of real z-values was achieved in a practical example by re-evaluating the z-
points of maximum error and using these in a recursive approach. When this idea
was extended to the two continuous variables z, ¥ in (5.2), and only the 2n +1
largest error points were retained, convergence was not obtained. When however,
the single ‘“‘point’’ of a maximum, i.e., a pair of values (z,, ¥, ), was replaced by a
‘“‘patch’’, i.e., a set of values {(zkp, ‘Pkp)} covering the maximum point (z,, ¥,), the
convergence to the absolute optimum for the examples considered was apparently
achieved. The patch width in W was of the order of a degree in most cases. The
problem with this latter modification is that a large number of computations of the
error function and its derivative must be evaluated, and the improvement over the
method of Section 11 is insignificant when p there is large.

If the final error in (5.2), after application of the method of Section II, is
inadequate, due to inadequate sampling in z and/or ¥, it is possible, for a given
coefficient set {a, }, to locate the point (z_, ¥ ) at which (5.2) is largest, and then
use a gradient approach to decrease this maximum error at (z_, ¥ ). Of course. the
particular point of maximum will jump around as the set {ak} is perturbed;
nevertheless, the technique does converge (although slowly) and does lead 1 ) smaller
errors at the maximum of (5.2) in a continuum for zand W¥.

V1. Discussion and Summary

It has been observed that two of the locations of maximum magnitude error often
occur at the endpoints, if the specified domain in (1.2) is a real interval; for
example, see figures 2 and 3. (The example of real coefficients in figure | had one of
the maximum error points at an endpoint, but not the other. However, if we had
specified domain [-n/4, /4] in that example, we would have observed four peak-
error points, two of which would have been at endpoints, due to the conjugate
property of the desired function and the basis functions.) Since the endpoints may
be the only ones we can anticipate @ priori and specify as locations of maximum
error, an obviously useful procedure is to use more values of phase shift ¥ in (5.2)
(alternatively, the angles {8.} in Lemma 2) at the endpoints than in the interior. so
as to better control these very-likely locations of maximum error. For example, we
might use p =6 in the interior of a specified real interval domain of zand usep=12
or 20 at the two endpoints. This does not add greatly to the total computation, since
there are generally far more interior points than (two) endpoints. The program in
the Appendix may be readily used with different values of p at different data points
by exploiting the INDEX array in the user-supplied subroutine named ZPHASE.

The p different phase shifts W selected in (5.2) have been chosen here to be equally
spaced over a 180° span (along with their 180° mates). This is the most reasonable
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selection in the absence of @ priori knowledge of the complex error, its magnitude,
and phase because it gives the best upper bound (2.7) in Lemma 2 of any set of
phases. However, one could select any value of W to investigate the error; for
example, different sets of values of W could be used at various values of abscissa z.
The program in the Appendix may be used with any desired set of phases at any, or
all, of the data points simply by altering the user-supplied subroutine named
ZPHASE.

The potential for significant round-off error accumulation is always present in
linear Chebyshev complex function approximation. For example, in approximating
f(x) = cos (12x) + i sin (3x) by a complex linear combination of the 12 basis
functions 1, exp(ix), . . ., exp (i11x) on the interval [0, n/4], the complex coef-
ficients of best approximation were observed to be large in magnitude and lie in all
quadrants of the complex plane; therefore, significant numerical round-off error
occurred during computation of the residuals within algorithm ACM 495(1]. Even if
the coefficients of best approximation had happened to be better behaved, serious
cancellation error may still occur in some problems because of the very nature of
complex arithmetic. It might, therefore, be wise to use a double precision version of
algorithm ACM 495 routinely in complex Chebyshev approximation problems (o
alleviate such cancellation errors.

One method of detecting the presence of significant round-off errors is supplied
by the nature of the approximation problem itself. That is, Theorem 1 and the third
step of the proof of Theorem 2 together imply that

an(f)<cfnp(f)< an(f) sec (n/2p) . a1

Once M (f) and the coefficients have been computed in algorithm ACM 495, these
bounds may be checked to see if significant numerical round-off error has occurred.
In the example presented in the Appendix, rounding to 5 significant digits gives

.014436 = an(f)< cfnp(f) = an(f) sec (n/2p) = .014946 .

However, if we round to 6 significant digits instead, it is seen that the second
inequality in (6.1) does not quite hold. We conclude that the effects of round-off
errors, although visible in the results, are not significant in this example. (Single
precision numbers on the DEC VAX 11/780 have approximately 7 significant
decimal digits.)

A sensitivity analysis on the optimum coefficients may be in order in some ap-
plications to determine their utility. This consideration is completely independent of
their numerical accuracy. For example, in an antenna array design problem where
some elements are spaced significantly less than a half-wavelength apart, it might
well turn out that the optimum coefficients need to be spec.fied with a relative error
of better than 1075, Then, although the mathematical results may be correct and
accurate, practical usage is precluded. This sensitivity can be determined by per-
turbing the optimum weights a few percent and observing if a drastic change occurs
] on the desired sidelobe behavior. (Such arrays are referred to as super-directive
arrays.)




References

1. 1. Barrodale and C. Phillips, ‘‘Solution of an Overdetermined System of
Linear Equations in the Chebyshev Norm,’’ Algorithm 495, ACM Transactions on
Mathematical Software, vol. 1, no. 3, September 1975, pp 264-270.

2. A. H. Nuttall, **Some Windows with Very Good Sidelobe Behavior,"* IEEE
Transactions on Acoustics, Speech, and Signal Processing, vol. ASSP-29, no. 1,
February 1981. (Also in NUSC Technical Report 6239, 9 April 1980.)

3. I. Barrodale, L. M. Delves, and J. C. Mason, ‘‘Linear Chebyshev Ap-
proximation of Complex-Valued Functions,”” Mathematics of Compuration, vol.
32, no. 143, July 1978, pp. 853-863. MR 58 #3313.

4. G. Meinardus, Approximation of Functions: Theory and Numerical Methods,
Springer-Verlag, 1967.

5. 1. Barrodale and A. Young, *‘Algorithms for Best L, and L Linear Ap-
proximations on a Discrete Set,”” Numerische Mathematik, vol. 8, 1966, pp. 295-
306.

6. 1. Barrodale, private communication, 18 December 1980.

7. G. B. Dantzig, Linear Programming and Extensions, Princeton University
Press, Princeton, N.J., 1963.

8. E. H. McCall, Performance Results of the Simplex Algorithm for a Set of
Real-World Linear Programming Models, Technical Report 80-4, Computer
Science Department, University of Minnesota, Minneapolis, Minnesota, January
1980.

9. G. W. McMahon, B. Hubley, and A. Mohammed, ‘“‘Design of Optimum
Directional Arrays Using Linear Programming Techniques', Journal of the
Acoustical Society of America, vol. 51, no. 1, part 2, 1972, pp. 304-309.

10. ' G. L. Wiison, ‘“Computer Optimization of Transducer-Array Patterns,”’
Journal of the Acoustical Society of America, vol. 59, no. 1, Jan. 1976, pp. 195-
203.

TR 6403

25726
Reverse Blank




TR 6403

Appendix

The Computer Program

$ RUN ZACM

CPU TIME 1IN SEC
PAGE FAULTS
NUMBEx GF ITERATIGNS

1.°1

LU ]
-

17
NUMBER GF DATA POLNTS M 10
NUMBER OF BASIS FUNCTIONS W
NUMBER GF PHASES PEx POINT P

N un
(7%}

Ue14436293E=01
0.149460100-01
0.149455512=-01

LGWER ROUND FOR REST CHenYSAEV BPRAR
UPPER ROVAD FOR BEST CMeRySHEV ERKROK
LOWER BOUND #* SECANI( PL/(2*P) )

CALCULATEU RANK = 6 ,hS EXFFCTED.

UNIQUE SOLUTION:

REAL PART IARG PART
.. 1 0.37053193 0.,904N02507
1 2 -2,01209474 *2,V01405549
s 3 2,640131¢8 1,09945144
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$ TYPE ZMAIN,FOR

SESRSSIRSSIRESRLESIRESIEFIAS RS EIARSSIS SRS SBSRINNNSES00ES
ThIS mAIN RQUTINE SOLVFS A LINEAR COVYPLEX FUNCTION
APPKOXIMATION PROBLEV, THE COMPUTED APPROXIMATION CAN

BE MADE AS CLOSE TO THF BeST CHERYSHEV, OR MINIMAX,
APPROXIMATION AS DESIRFD, TnF APPROXIMATION IS CONSTRUCTED
On A FINITE DATA SET FROM AKRBITRARY BASIS FUNCTIONS,
SESFEEBIBFIFSEBREERSESEFSINFERISESERRSES S SRR ERSBERRERIRSY

SRS EFRANIRESEBSEASREASEIRRSSSEIUSIIREIFASSAERTSEEIRESSXERESS
REFERENCE:

ROY L, STREIT AND ALBERT %, MNUTTALL, "LINEAR CHEBYSHEV
COMPLEX FUNCTION APPRUXIMATION,"™ nUSC TECHNICAL REPORT 6403,
NAVAL UNPERAATER SYSTEVS CELTER, nEw LONDON, CT,06320,
BESEFSRRRERISERRELNSFRISRANERIEENISRRSEXRIEARECAERSARETSEBERE

SERFEEFSERARFEISEFNEEFHERRLEENRRRSRINASEASSARERSERNSERRSRERB SN
THIS APPROACH SULVES AT MGST m*P LINEAR EQUATIONS IN 2%N
UNKNOWNS IN TnE CAEBYSHEV NCRM; THAT IS, THE MAXIMUM MAGNITUDE
RESIDUAL IS MINIMIZED, ALL EQURTIONS ANy UNKNUWNS ARE REAL,
TnE SOLUTION IS COMPUTFD USING LINEAR PROGRAMMING,

SINGLE PRECISION IS USED TO SOLVE THE SYSTEM OF EQUATIONS;
HOWEVER, DOUBLFE PRECISION IS USED TO SFT UP THE SYSTEM

ITSELF IN ORDER TO MINIMIZE POSSIoLE ROUND=OFF ERRORS,

SRS ARESESPEREREFERSSERIREREERNERSSIRFSR SR ERIESAETAIFIANERY

BESEFEIISEIISSFSERIRBANEEBRERRR SR RANE DAL RRNRAREEB KRN RKK
THE N COMPLEX COEFFICIENTS OF APPROXIMATION ARE GIVEN BY:

COFF(K) ¢ I * COFEF(NeK) . K=1-2,...'N.

ThE COEF ARRAY 1S COMPUTFU IN SUBRQUTIMNE ACA49S5,
BEEFSISIBINEEIDSNANERSBANERTRSNISESRRNRREPATRXSEEI AT EREANY

SESNSSBIINEIISSFISNATENSSSRAERESHAIRRSEFRRSANEFRREARASAREINSS
USERS “UST SPECLFY THE FOLILCOWING SIX MUMRERS!

ThE NUMBER QF BASIS FunCTIONS:
PARAFETER N=3

THE NUMBER (F DATA PCLNTS:
PARAMETER “=101

ThE NUMBEK OF PHASES PFR uvATA PUILT: (P ,GFE. 21
PARAMETEFR P36

»UST THE FINAL CNEFFICIENIS BE REAL? (IREAL=1 IFF YES])
PARAMETER TREAL=0

MUST (HE RESIDUALS BF NJN=NEGAT.VE? (1S10£S=1 IFF YES)
PARAMETEP ISIOES=¢

0on o0 0on 00 non DONODODNNDODOHONONONOHANNANNDODOHODNOONNONDNONOONON

RELATIVE FERROR CRITERICH: (mELFRR=0,0 IFF CHEBYSHEV SQLUTION)
DATA REWFRR/0,0/
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¢
c - )
¢ USERS NEEUL CHANGE NOTHING MGRE (N THIS ROUTINE, BUT
o THEY MUST MAKE APPROPRIATE CHANGES IN THE FOLLOWING
(o SUBROUTINES CALLED BY THIS MAIN ROUTINE:
o
c ZFUNCT - DFFIiFS THe FUNCTION APPROXIMATED
(o ZBASIS - DEFINES THE BASTS FUNCIIONS
o ZABSCS - DEFINES THE FIWITE DATA SET
o ZPHASE - DEFILES THE PHASES AT ALL DATA POINTS
c
c EEXREEPERR PSR EBESLERE SRS XXX R ER RS EE R AR AR EENEREE S LR BEPEEF XN XD
C
PARAMETER MIP=M#P , MDIM=MIP+1,N22%N,NDIMaN2+3
DIMENSION BDATA(NDIM,MDIM),FDATA(MDIM) ,COEF(NDIMN),
1 INDEX (™)
DCUALE PRECISION COSDTA(MIP),SINDTA(MIP),ARG(MIP),ZRDATA(NM),
1 ZIDATA(M) ,RESIVDR(M),RESTOI(M),CHEBER,DZERO,PI
INTEGER OCODE,RANK
DATA ZER0/0,0/
DATA DZERQ/0,D0/
DATA PI1/3.141592653589793238D0/
o
¢ SET THE UNIT ROUND=QFF ERROR (FOR VAX 11/780)
DATA TOL/.596E=7/
o
(o BEFEEEXEER
¢ INITIALIZE
[of LtE 2222222 2]
(]
IF(MIP.GE,N)GO TO 50
PRINT Si,MIP,N
51 FORMAT(/,’ *%%x3 [N TIALIZATION CE£RROR: M*pP MUST EXCEED A’,
1 ,’ %%x%% 3UT: MsP = °,I1N,’, AND N = *,110,
2 /,* sEERN’,
3 /,’ *%x%x EXECUTION TERMINATED’)
GO TO 9999
50 CONTINUE
(o
DO 89 I=xi,N2
COEF(I)=ZERO
89 CONTINUE
DU 91 I=1,M
RESIDR(I)=DZERD
RESINI(I)SDZEKD
91 CONTINUE
(o
(o} SERRESESRERARENEXY
(o DEFINE THE PROBLEM
c PERSRERENEEENEREXRS
1 o]
! o DETERMINE THE DATA PNINTS
CALL ZABSCS(ZRDATA,ZIDATA,M)
| ¢
, o DETeuRMTINE THE PnASES AT ALL DATa PNINTS
I1P=P
, CALL ZPHASF(INDEX,ARG,",IP,4IPSUM,RLSIDR,RFESIDI)
‘ ¢
o COMPUTE TnF NECESSARY SIMES AnD COSINES
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an

aOanOnOn OO0

N0OAONDOO 060 0NN

110

114

100

112

118

134

103

107

CALL ZTRIGD(AKG,COSDTA,SINDTA,MIPSUM,INDEX)

SET UP THE OVER=DETERMTNED SYSTEM OF REAL EQUATIONS
CALL ZFNSET(BDATA,FDATA,COSDTA,S3IwDTA,INDEX,NDIM,N,M,
ZRDATA,ZIDATIA,TREAL)

SET CONSTRAINT IF COFFFICIEnTS #UST BE REAL
NSET=n2
IF(IREAL,EQ.1)NSEI3N

SET OPTION FOR ONe SIDED SOLUTION OF GVER=-DETERMINED SYSTEM
NSTDES=2
IF(ISIDES.EQ.1)NSIDES=]

GET IWITIAL TIMING AND PAGING INFOPMATION (FOR THE VAX 11/780)
CALL GETJPI(NCPU1l,NPFS1)

AEEEEARARRE RS ANA RSB RN R R AR R R AR R RN AN SRS NN ERERNS SR A
SOLVE THF OVER<DETERMINED SYSYTEM 0OF mIPSUM EQUATIONS
IN NSET UnKwOaNS., ALL EQUATIONS AnD UNKNOWNS ARe RERL,
EENNEERNS SRR SRR ESR RS AN EEREFRANRANISR SRR RS SRNSESRRBESRS

CALL ACM49S(MIPSUM,NSET,MOIN,NDIV,BDATA,rDATA,TOL,RELERR,COEF,
RANK,RESMAX,ITER,O0CODE,NSIDES)

COMPUTE THE RESIDUALS DIRECTLY FOR GREATER ACCURACY
CALL ZRESID(RESIDOR,RFSIDI,N,M,COEF,ZRDATA,ZL{DATA,CHEBER)

GET FINAL TIMING AND PAGING INFORMATIQN (FOR VAX 11/780)

~ CALL GETJPI(NCPU2,NPFS2)

ERESREEXFERERARSES

PRINT SUMMARY DATA
EEEESEAREERERRXNES

PRINT ELAPSED TIMING AND PAGING TUNFORMATION (FOR VAX 11/780)
DCPU=(NCPU2=NCPU1)/100,

IDPF=nPFS2=NPFS1 .

PKRINT 110,DCPU

FURMAT(/,’ CPU TIME IN SEC = *,1F10,2)

PRInNT 114,I0PF

FORAAT(’ PAGE FAULTS *y110)

PRINT 100,Y[ER

FORMAT(* NUMBER OF ITERATIONS = °,110)

PRINT 111,

FORYAT(/,’ NUMBRER OF DATA PQIANTS M o= *,110)
PRINT 142,N

FURMAT(’ NUMBER OF S5A3IS FULCTIUNS N = *,I10)

PxInT 115,P

FORMAT(’ wUMRER OF PHASES DPER PUINT P = *,110)

IF (IXKFAL.EQ,1)PRINT 134

FORMAT(/,® THE COEFFICIeMTS ARF REQUIRFD T0 BE REAL,’)

PRINT 103 ,RESHMAX
FURMALC/,’ LOWER 3QuND FOR BEST CHEBYSHEV ERROR 2 *°,1E16,8)
PRINT 107,CHESEX

FOGRMAT(’* UPPEx 0QuNp» FOR BEST CnFBYSYEV FERFUR = ’,1D16,.8)
SEC=RESMAX/COS(PI/(2,004P))




109

171
118

119

117
181

124

121
122
123

133

anNnno0nn

102

aONNONn

9999

$ TYPE ZFUNCT,FUR

OO0 ON

-

IR 6401

PRINT 109,SEC
FORMAT(® LOWER oOJMD & SECALT( Fl/(2°*P) 5 ‘,1E16,8)

IF (RANK.EQ.NSET)GO TG 119

PRINT 171,RANK

FURMATC/,’ CALCULATED RANK = *,I110,°’ .’)

PRINT 118,NSFT

FORMAT(/,53(°%°%),/,53(°%*),/," YHE hAKK SHOULD EOQUAL °*,110,°,’,
/,° CHECK FOR PUSSTIBLE ERRCRS Ti& PRUGKAM ANU/OR PROBLEM,’,
/7,5%53C°%°),/,53('%°))

Gu TO 181

CONTINUE

PRINT 117,RANK

FORMAT(/,* CALCULATED RANK = °*,110,° ,AS EXPECTED,’)
CONTINUE

PRINT RELATIVE ERrOR OF “AXI¥UY ReESIDUAL IF NECESSARY
IF(RELERR,GT.ZERJ)PRINT 124,RELERR

FORMAT(//,’ RELATIVe ERROw IN TAE MAXIMuUw RESIDUAL INCURRED®,
/,* BY THIS APPROXIMAIE SOLUTION = *,1E16.8,7)

IF(OCODE.EQ.CIPRINT 121

IF(OCODEL.EQ.1)PRINT 122

TF(OCCDELEQ.?2)PKINT 1213

FORMAT(/,° THE FOULOWING SOLUTIGM IS PRORAPLY NON=UNIQUES’,/)
FORMAT(/,* UNLIQUE SJOLUTIOnN:’,/)

FORMAT(/,* PREMATURE TFRMINATLCH DUe TO ROUND=OFF ERRORS.’,
/,:° BEST COMPUTED SULuTINN:’®,/)

PRINT 133
FORMAT(15X, *REAL PART’, 7X,°IMAG PAKT’)

222 RS RS R PSR RR R 2SR R R R R RS

PRINT THE CUOEFFICIZNTS UF APPRNXIMATICON
EEESEFRSESERERRRRERERRNERN AR ESRRESER RN K

PRINT 102,(I,COEF(1),COEF(N+1)},121,n)
FGRMAT(15,34X,2F16.3)

EEAEEXRIELXFIFERERTE

EnD OF MAIN PKOGRAM
EFRXRSESERRRERELERX

EinD

EESARREABEREASAIBERANSTEEANSRARURNERRAENQGEEY
SURRAUTINE ZFUNCT FVALUATZES Tn® AfFOPrNXTMATED
CUMPLEX FJUNCTIOn AT A SPEJIFIeD DATA PQIVT.

EEESEEESEEERNAEREARTARERNER SRS ARSERARgNRE

s s s s I e T I IImmTTTTTy
ZFNR = REALl PART UF 7TmF FuvCTuOw (ouTPUT)
ZFNL = LVAG PARY UF THAE FunNCTION (CuTPUT)
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ZR = REAL PART QF TdE DATA pPOINT (INPUT)
z1 2 IMAG PART OF THE DATA POINT (InPUT)
ERASERNIANNNSRRSER RN EF RS SRS ESENSES

SUBROUTINE ZFUNCT(ZFNR,ZFNY,ZR,21)
DOUBLE PRECISION ZR,Z[,ZFnR,ZfN1
EEEBARRNERSERERAEEERRINFEERANNETRERR

BEGIN USFR CODE FOR SPECIFIC PROBLEM
ERRREESAREEESAEAEERERRANERREESBERNER

naaaan n aaonon

ZFNR=2COS(3,D0%7ZK)
ZFNI=SIN(3,00%2ZR)

SEPRESRAE R XSS XRFREERAKEERER XK REES

END USER CODE FOR SPECIFIC PROBLEM
ERESEEENERNSERRFEEIRBSTERRA KRR AN

EEEREEXFERXR XL XFELXSELES

END OF SUBRQUTINE ZFUnCT
EERSEEBERERRRERSREERER KK

aONNOONANNN

RETURN
END

$ TYPE ZBASIS,.FOR

' EESSESSERARSRREEBEEAREBEEXARRSREEREACLRERERES
SURROUTINE ZBASIS EVALUATES THE T2=TH COVPLEX
BASIS FUMCTIOwn AT A SPECIFIED NDATA PNINT,

SERRSHTESLEELSEESLBEREEXLEBLFERERRERELEREERERS

SEPEEEEFIRRRNASEEABEREA ARSI SRR ERRSNEFE AR A SRRABRRRE
Io 2 THE BAOIS #1WCTIAN 1.DeX, wHeRE

13 = " 2' LN ) (INPUT)
ZFMR = RFAL PART OF Tne TpelH RASIS FUNCTINV (CUTPUT)
2FN]l = IMAG PART JF TnF IpelH HASIS FuNCTINN (OUTPUT)
ZR 2 REAL PaRy OF TdF SPECIFIZN NATA FOINY (IMPUT)
Z1 2 IMAG PART QF TnE SPECIFTEN SaTA PAINL (INPUT)
ERFEISEFRFELERERREEDETELEREBELELLTREBERRSRNIRFSNERERER

SUBKNUTIME ZRASLIS(Ie,2FWR,2F"],2R,21)
PUUBLE PRECISLON 2R,Z[,4FwR,ZrN1
AEPAFERINEIINIPAAASSISEAERISRASERRRS

REGIN USER COUE FuR SpFCIr1C pPRURLEM
S ERSISURERERTIEVELRL LN LRSS R R

(s Xz Ne N Xe) (2] OONOAONONNONDONONOHON

ZFYR=COS((T13=1.,00)%LR)
ZENLIZSSINC(TIB=1,uN)®LR)

R R R R R S S N RN PR N S PP F RSN R]

o
c




O0OOONNNAOO

END USER CODE FOR SPECTFIC PROBLFM
EEXREFEEREREESERRERSBAERRENSFRERES

EXXREEBELEREERETRREREEES

END OF SUBROUTINE ZBASIS
EENEEEEAREAFFEBEERNRNENS

RETURN
END

$ TYPE 2ABSCS,FOR

NOONAND 0O O00ONNO0OOKONNO

10

NOOOAONOONAO

I ot APt o T Y O s

EEESSERNRRNFBERANSEERAXREERBRIBASEEERRAR 4 K5 S
SUBROUTINE ZABSCS DEFINES THE DATA POINTS ON
WHICH THE APPROXIMATION IS CONSIRUCTFD,

EEEEERTRREER SRR SRRXERERRERREREEEXREF R4 S0

SESFERERERNRERREEERENEAERFLREREEAESEAS R SRS AERRRRER LN
ZRDATA(I) = REAL PART OF THE I=TH NDATA POIN[ (OUTPUT)
ZIDATA(I) = IMAG PART GF THE 1=IH DATA POINT (OUTPUT)
s TOTAL NUMBER QF DATA POINMNTS (INPUT)
t;ttt:tttttvtt#tt;t4:;t:attttttvtttttttt:tt::;ttttttt

SUBROUTINE ZABSCS(2RDATA,ZIDATA,™)

DOUBLE PRECISION ZRDATA(1),ZIDATA(1)

EXFEES RIS XXX RERSERRRLXKXXSERFRREEE

REGIN USER CODE FOR SPFCTIFIC PROBLEMW
EEBEEEARERARERRNEERNAREANBREEEN RN

DOUBLE PRECISION X,PI
DATA P1/3.141592653589793238D00/

DO 10 I=1,™
X=PI¥(T=1,D0)/(4,0N%(M=1,D0))
ZRDATA(I)=Y

ZIDATA(IY=0,DO

CONTIANUE

XA RS2 RS RS R R AR 2R R L 2 )

EnD USER CODE FGR SPECTIFIC PROUBLE4
EXSSBERBERREEBRLBEABEATFR4ENRBEN 4SS

SARAFEABEIENSAIRAR R AN

EnD OF SUBPUUTIWE 2ARSCS
SEBEESETARIASEBAESBRANDY

RETURN
END

L T LR

TR 6403
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$ TYPE ZPHASE,FOR

FEEPNEFEEERREERESERERARRRSFER SN AR KA AR A NSRS RN ES
SUBROUTINE ZPnASE DEFINES THE PnASES AT FACH DATA
POINT, AS WELL AS THE TUTAL NUMSER OF PHASES.
NOTE THAT Td4E TOTAL NUM3ER OF PHASES EOuALS THE
TOTAL NUMBFR QOF EJUATICONS STLVED 3Y ACM495.
SARSESSAEEAENREFRASREEREEREERRNESERRAREEE R RN RRRRS N

x%% CAUTIUN *3% THE TOTAL NUMBER QF PHASFS MUST NEVER
252258552588 EXCEED THE PRULDUCT mM*p, HOWEVER, THE
SSXFEXEXERs583% NUMZER OF PHASES MAY BE VARIED FROM DATA
SEsxsssxsas5%3% POINT TG DATA POINT, SEE NUSC REPORT 5043,

EXXFASERSRREXRERRIERNSERNERREANRENERER S AR S AR ERRSREERAERNRERESS

INDEX(I) = NUMBER OF PHASES AT THE I=TH DATA POINT (OUTPUT)
! ARG = AGGREGATE ARRAY OF ALL PHASES AT ALL DATA
POINTS IN LEXICOGRAPHICAL ORDER (OUTPUT)
~ = NUMBER OF DATA POINTS (INPUT)
P = THE INTEGER PARAMETFR P OF MAIN ROUTINE (INPUT)
MIPSUM 3 TOTAL NUMBER OF PHASES In THE ARRAY ARG (OUTPUT)

THE FOLLOWING TWO ARRAYS ARE ZFRN FILLED, UNLESS AN
INITIAL APPROXIMATION HAS Bg£Eiw PROVIDED TN THE MAIN
ROUTINE. USE ONLY IF NEEDED, OR ELSE IGNNRE THEM.

RESIDR(I)= REAL PART OF CuMPLEX RESIDUAL AT THE I-TH

DATA PUILKT (INPUT)
RESIDI(I)= IMAG PART OF COPLEX RESIDUAL AT TdE I=TH
DATA POIANT (INPUT)

EEERRRERNEFEAEERELSR SRS RERERENRAERARAEREA S AP AR ERER SR RATAS XS

SUBROUTINE ZPHASE(INDEX,ARG,M,P,MIPSUM,RESIDR,RESIDI)

O 000000000000 OONNONNONONN

INTEGER P
DIMENSTON ToDEX(1)
' DOUBLE PRECISIOw ARG(1),PESIDK(1),PeSINIC1)

(2222 R R ZE PSSR EERR 222 RS RS2SR R RS )

BEGIN USEK COUFE FQUR SFFECIFYC rRURLEM
(22X EE RS ERRR SRR SRR RS R R S 2 25

s r"r‘—“

THIS CODE DEFINES THF PhASES
PI*(J=1)/P ’J=1'2't-.'pl
Al EACH OF (Mg m UATA POINTS.

NOOODOOOON

‘ DOUBLE PRECISIOw PI,X
DATA PI/3,1415926535R979323sD0/

NDEFINE THE NUMBER OF PHASES AT c£2CH DATA POINT

000

NG 10 I=1,»
INDEX(T)=2P
10 CONTIMUE

¢ DeFINE ALL 1MHE PHASES
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MLOOP=O
DO 20 I=i,M
LOOPSINDEX(I)
XsLoop
DO 30 J=1,LO0P
MLOOP=zMLOOP+1
ARG(MLOOP)SPI*(J=1)/X
30 CONTINUE
20 CONTINUE

TOTAL NUMBER OF PHASES

MIPSUM=sMLCQOP

1222222222222 R 22222 RS2 2R 22 R 222 2 2

END USER CODE FQR SPECIFIC PROBLEM
SERARSERNSBERRRERRNSEEBRSFRAERRRRS

L2222 2222222 R 2222 22 L L)

END OF SUBROUTINE ZPHASE
SEEESSEXARAFRRRERERER XS

NOAOONNONONO OO0

RETURN
END

$ TYPE ZTRIGD,FOR

L2322 SRR LSRR R 2R 222 2R 2R 2R 2R R R R 222222 2 E R 2t L)

SUBROUTINE ZTRIGD COMPUTES THE REQUIRED SINES AND COSINES
IR RIS IS 222 R AR LR PR SSESSL SIS R LR ERL L L

SUBROUTINE ZTRIGD(ARG,COSDTA,SINDTA,MIPSUM, INDEX)

-
a 0000

DOUBLE PRECISION X,ARG(1),COSDTA(1),SINDTA(L)
DIMENSION INDEX(1)

DO 10 I=1,M1PSUN
X=ARG(1) -
COSDTA(I)=COS(X)

2 SINDTA(I)=SIN(X)

16 CONTINUE

L2222 R 222222 222 2

END OF SUBROUTINE ZTRIGD
EEERRSERNRAEEERARRRNELES

NnOanOnon

RETURN
END

T $ TYPE ZFNSET,.FOR
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EEEARAERE R RN S RARERA RN SRR RRE R RSB RN AR RN R R AN ENBRRR AR EERRES
SUBROUTINE ZFNSET SETS UP THE TRANSPOSE NF THE COEFFICIENT
MATRIX OF THE REQUIRED OVERDETZRMINED SYSTEM NF EQUATIONS
In THE ARRAY WAMED 8DATA, SPECIFICALLY,

TRANSPOSE(BDATA) * X = FDATA

WHERE FDATA IS THE COWSTANT VECIOR AND X IS THFE UNKNOWN
SOLUTION VECTOR, IHE FDATA ARRAY IS ALSU FILLED BY THIS
SUBROUTINE, IF THE X VECTUR IS RFQUIREZD Ty BE REAL, THEN
ThE "LAST" nALF NF EACH OF THE REQUIRED EQUATIONS ARE
IGNORED IN THE FINAL COMPUTATIONS, nENCE, THIS PART OF THE
BDATA ARRAY IS NOT COMPUTED IF ANC UNLY TF IREAL =1
EEBRESRBAABERSRERRERENBERSEABEREFREEERK AR EREERNBEXN AN BRSNS

ONOOOHOOOONONOHONN

SUBROUTINE ZFNSET(BUATA,FDATA,CUSCTA,SINNTA,INDEX,NDIM,N,M,
1 ZRDATA,Z2IDATA,IRTAL)

DIMENSION INDeX(1),B8NPATACWOIM,1),eDATACL)
DOUBLE PRECLSION 4ZR,Z21,ZROATA(1),ZT0A24(1),CNSDTA(1),SINDTA(Y),
1 LFNR,ZFNI

FILL THE FDATA ARRAY

Oonn

MLOOP=0
DO 10 1=1,%
ZR=ZRDATA(I)
ZI=LIDATA(I)
CALL ZFUNCT(ZFNR,ZFNI,ZR,41)
LOOP=INDEX(I)
Do 20 J=1,LO0OP
MLNOP=VLNOP+1
FUATA(MLOQP)SLFWRSCUSDOTA(MLUOP)+ZFNISSINDTA(MLOOP)
20 CON,LINUE
10 CONTINUE

-

FILL THE BDATA ARRAY

(e Xe K]

PO 30 K=1,N
Ie=K
MLNOP=0
% NDu 40 I=1,™
i ZRSZRDATAC(I)
ZI=ZIDATA(I)
CALL ZRASIS(IR,2FwR,2FN]I,ZR,Z2]1)
LGOP=INDEX(I)
Du S0 J=1,L00P
MLOOP=MLNOC+1
BUATA(K ,MLOOP)=ZFNRICOSDOTA(HICNS)+ZrN1*SINNTA(MLOCOP)

(g}

IF (IREAL.Fy.4)GD TS S0
BOATA(K+N,vLO0P)=2ZFvR*SINLTA(MLONP)=Z¢ NI*CNSNTA(MLOOP)

50  CONTTAUE
a0  CONTINUE
30 CONTIwUE ‘

36
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EREEXBBEXSREREXEEFNEERES

END OF SUBRQUTINE ZFNSET
IR IT I PRS2SR AL 222 L 2

RETURN
EnD

TYPE ZRESID.FOR

20

EXEREXEAREBERREERERSRSIEEERSEEEIFI RS2SR TEBNRSERNINSE
SUBROUTINE ZRESID CUMPUTES THE COMPLEX RESIDUAL AT EACH

OF THE DATA POINTS OTRECTLY FRCM THe DEFINITION,
133112231 EL RS R SRS R AR AR 2R R R R 22 22 2 2

EEEESEEBRRRERETRRIEERENSNEERI SRS SIS RRERSEEIBESRERXEEE

RESIDR(I) = REAL PAwT OF KRESIDUAL AT THE I=TH DATA POINT
RESIDICI) = IMAG PART OF RFSIDUAL AT THE I=TH DATA POINT

N = MUMBER QOF BASIS FuMCTINWS

M = NUMBER OF DATA POINTS

COEF (1) = REAL PART OF THE I~-TH COEFFICIENT, IZ1,2,...,N
COEF(N+1) = IMAG PAKT NFf THE I=1H CCEFFICIENT, I*®1,2,.4e¢N
ZRDATACL) = REAL PART OF THE I=TH DATA POINT , 1B1,2,.e0,2
ZIDATACI) = IMAG PART OF THE I=TH DATA PQINT , 121,2,.40sM
CHEBER = MAXIMUM VAGNITUCE 2eSIDUAL (rHEBYSHEV ERROR)

RSB RARFEESABREEBEERNEBFS SIS SRS EESSS PSSR EERREEESENES

SUBROUTINE ZRESID(RESLDR,KESYDI,N,%,COEF,ZROATA,ZIDATA,
ChEBER)

DOUBLE PRECISION RESTIUR(1),RESTOI(1),ZRDATA(1),ZIDATA(L),
ZR,21,2FNR,2ZFN1,CHEBER,RESR,RESI
DIMENSION COEF(1)

CHEBER==1,D0
DO 10 I=3,M
ZrR=ZRDATA(I)
Z1=2ZIDATA(I)

CALL ZFUNCT(ZFNR,ZFNI,%R,2T)

RESR=LFNR
RESI=ZFnNI
ZR=ZROAIA(T)
ZI=ZTIDATA(I)
0Qg 20 J=si,N
13=J

CALy ZBAS1S(18,ZFwR,2ZFNI,2P,21)

CUEFR=CQEF(v) i
COEFTI=CCOEF (N+J) |
RESR=RESOR=(CNEZFR*ZFNR=COFFT*ZFV])

RESI=REST=(COLFR*ZFNI+CUEFT*ZF\kK)

CONTIwUE

RESIDR(IIZRESR
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RESIDI(I)=RESI

ZR=SORT(RESR¥RESR+RES]I*¥RESI)
IF(ZR.GT,CHEBEZR)CHEBER=ZR
10 CONTINUE

EEFREERASSEERANEEXEEESEE

END OF SUBROUTINE ZRFSID
SEEERERSERERERRETFRTERES

OnONNONn

RETURN
END

TYPE ACM495,FOR

[~ ]

EEEERRBREAEXXRREARREEBESRERRRRKARENS SRS SRERRRAS SR EXRRXREREY
SUBROUTINE ACM495 SOLVES THE REAL OVER~DETERMINED SYSTEM OF
M LINEAR EQUATIONS IN N UnKNOWNS

TRANSPOSE(A) *% X = E

IN THE CHEBYSHEV NORM; THAT TS, THE MAXIMUM MAGNITUDE
COMPONENT OF THE RESILUAL VECTOR { = B=TRANSPOSE(A)*X )}
IS5 MINIMIZED QOVER ALL CHDICEZS OF THE UNKNGWN VECTOR X,

ONF SIDED CHEBYSH&V SOLUTIONS CAN ALSO BE COMPUTED; THAT IS,
THE MAXIMUM COMPONENT OF THE RESIDUAL VECTOR IS MINIMIZED
SUBJECT TO THE REWUIREMENT THAT TnE RESIOUAL VECTOR BE
NON=NEGATIVE, (SEE REF. 2,PAGE 863,)
EEFREERXIEERARERRESNEESXSERXERBARETREBXRNSERRRRSEBASERAXEARREES

EXERARXXEREE XS AR EXRRLRERRXSEREF RS XA R LR E LXK E A RS ERRERE B XS R EXERE RS

REFERENCE:

1. I. BARRODALE AnD C, PHILLIPS, "SGLUTINn OF AN OVERDETERMINED
SYSTEM OfF LINEAR EQUATIONS I THE CRERYSHEV NORM,"™ ACM
TRANSO ON MATH, SOFTWARE' VoL, 1, nNCo 3' SEPTEMBER 1975'

PP, 264=270,

2. 1. BAPRODALE, L. %, DELVES, AMD J, C. MASON, "LINEAR
CHEBYSHEV APPRUXIMATIOW OF CUMPLEX=VALUED FUNCTIONS,"
MATH. CnMP.' VOL. J?, l‘lo. ‘43' \JULX 1978, PP. 8‘3.8630
SEERASEA AR RS R AR AR ERR AR R RN REAANS RS USSR RAARERERRSAERRARRARERREE R

OO NDNT;: 0000000000000 0O00O00OONON

SUBROUTINE ACM49S(M,,MDIA,wDi¥,A,8,T0L,RELERR, 2, RANK,
1 RESHAX,ITeR,0CO0E,NSTOES)

EESSRERRNEFAEFRAEENRESSARZASSANSRAREETRERREFAREIRRRAXABINES

M = NUMBER UF EyJATIOWNS,

N = NUMBER OF UNKi#OwNS, (N #UST NOT EXCEED M)

MDIM = NUMRER OF COLUMNS GF A, (¥DIM.GE.v+1)

NDIM = NUMRER NF R0OAS UF A, (NOTX.GE.N+I)

A = TwO DIMENSIONAL REAL ARRAY UIMEnSINNFD A(NDIM,MDIM),
ON ENTRY, THE TRANSPOSE OF THE #ATRIY OF COEFFICIENTS i
OF THE QVER-DETZRNINEL SYSTEM MuST BE STORED IN THE ]

OQOONNDOOOON

38
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FIRST ™ COLUMiS AND N ROWS OF A, THESE VALUES ARE
DESTROYED BY THIS SUBROUTINE,
B = ONE DIMENSIONAL REAL ARRAY CF LENGTH MDIM,
ON ENTRY, B CUNTAINS THE RIGHT HAND SIDES OF THE
M EQUATIONS OFf THE OVER=DETERMINED SYSTEM IN ITS FIRST
M LOCATIONS, ON EXIT, B CONTAINS THE RESIDUALS FOR THE
EQUATIONS IN ITS FIRST M LOCATICNS. (SEE NSIDES,) THESE
RESIDUALS ARE NOT COMPUTED DIRFCTLY FROM THE DEFINITION,
TOL = A SMALL POSITIVE TOLERANCE, TYPICALLY THE UNIT
ROUND=OFF ERRQOR OF THE COMPUTER,
RELERR = A REAL VARIABLE wHICH ON ENTRY MUST EQUAL 0,
IF A CHEBYSHEV SOLUTION IS REQUYRED. IF RELERR
1S PQSITIVE, THIS SUBROUTINE CALCULATES AN
APPROXIMATE SOLUTION WITH RELERR AS AN UPPER
BOUND ON THE RELATIVE ERROR ON ITS LARGEST
RESIDUAL, ON EXIT, RELERR GIVES A SMALLER UPPER
BOUND FOR THIS RELATIVE ERROR, (SEE REF, ,)
X = ONE DIMENSIUNAL REAL ARRAY OF LENGTH NDIM,
ON EXIT, X CONTAINS A SOLUTIO~ TO THE PROBLEM IN THE
FIRST N LOCATIONS, THE CONTENIS OF X(N+1),e0ee¢,X(NDINM)
ARE UNCHANGED,
RANK = AN INTEGER WHICH GIVES ON EXIT THE RANK OF THE
COEFFICIENT MATRIX. (WILL DEPEND ON TOL,)
RESMAX = ON EXIT, THE LARGEST MAGNITUDE RESIDUAL,
OCODE = 0 IF OPTIMAL SOLUTION IS PROBABLY NONUNIQUE, A DEFINITE
STATEMENT REQUIRES FURTHER COMPUTATION WHICH IS NOT
DEEMED TD BE COST EFFECTIVE,
= 1 IF UNIQUE OPTIMAL SOLUTION.
= 2 IF CALCULATIONS TERMINATFD PREMATURELY DUE TO
ACCUMULATED ROUND=OFF ERRORS.
NSIDES = 1 IF ONE SIDED CHEBYSHEV SQLUTION IS COMPUTED.,
IN THIS CASE THE RESIDUALS RETURNED FROM THIS
PROGRAM ARE ERRONEOUS AND wUST BE COMPUTED IN
THE CALLING RQUTINE. (SEE REF, 2.)]
= 2 IF TA0 SIDED CHEBYSHEV APPROXIMATION IS COMPUTED,
THIS IS THE STANDARD FORM, THE RESIDUALS RETURNED
FROm THIS PROGRAM ARE CORRECT IN THIS CASE. MORE
NUMERICAL ACCURACY IN THE RESIDUALS MAY RESULT
FROM DIRECT CALCULATICGN IN THE CALLING PROGRAM,
FXRXXXEENEXFERXLTERLRERRNRRRAEERANEXEERF RS A ER RN ARERENEEXRERAERER

DIMENSIQON A(NDIM,MDI¥),B8(MDIM),X(NDIM)
INTEGER PROW,PCOL,RANK,RANKP1,0CODE

THE FOLLOWING NUMBER IS MACHINE DEPENDENT,
DATA BIG/1.a+38/

ITTITITITITITTY.

INITIALIZATION
ERRSARBARERESS

IF(NSIDES,LE.,1)SIDES=],
IF(NSINDES,GE.2)S1I0Es22,
MPlaMed

NPisN+1

NpP2zNe2

NP3I=N+3

NPiMR=]

RANKSHN
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RELTMP=RELERR
RELERR=ZO0,
DO 10 J=i,M
A(NP1,J)=1,
A(NP2,0)3=B(J)
A(NP3,J)eN+J
' 10  CONTINUE
- A(NP1,MP1)=0,
ITER=0
0CODEs1
DO 20 I=i,N
X(I)=0,
ACI,MP1)=]
20 CONTINUE

FEEERES

LEVEL
SERREEY

NANON

LEV=1l
K=0
30 KaK+l

no

THE NEXT VARIABLE IS NOT USED, BUT IS IN THE PUBLISHED CODE,
KP1=K+1

NPIMK=NPl=K
MODE=Q
DO 40 J=K,M
v, B(J)=1,
F 40 CONTINUE

DETERMINE THE VECTOR TO ENTER THE BASIS

aonn

S0 D==81G
DO 60 J=K,M

» IF(B(J).EQ,0,)GO TO 60
: DD=ABS(A(NP2,J))

IF(DD,LE.D)GO TQ 60

PCOL=J
! D=DD

60 CONTINUE
IF(K,GT.,1)GO TO 70

TEST FOR ZERO RIGHT HAND SIvE

anNnon

TF(D.GT.TOL)SD €3 Tv
‘ RESMAX=0,
! MODe=¢
i GO TN 380

DETERMINE THE VECTOR N LEAVE THF RASIS

(s XaXa]

70 DaTOL
00 &80 I=1,NP1MK
NDEABS(CA(I,PCOL))
1f(0D0.,LE.D)GO TQ 39
g PrOws]
0=00

40
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80 CONTINUE
IF(D.GT.TOL)GO TO 330

CHECK FOR LINEAR DEPENDENCE IN LEVEL 1

0NN

B(PCOL)=0,
! IF(MODE.EQ,1)GO TO 50
. DO 100 J=K,s

IF(B(J)EQ.0,)GO TO 100
DO 90 I={,NPIMK
IFCABSCACI,J)) . LE.TOL)GO TO 90
MODE=1
GO0 TO 50

90  CONTINUE

100  CONTINUE
RANKEK=1
NPL1MR=NP1=RANK
OCODE=0
GO TO 160

110 IF(PCOL.EQ.K)GO TO 1390

INTERCHANGE COLUMNS IN LEVEL 1

Nnoan

DO 120 1Is}i,NP3
D=A(I,PCOL)
ACI,PCOLI=A(I,K)
ACI,K)=D
120 CONTINUE
130 IF(PROW,EQ.NPIMK)GO TO 150

c
! C INTERCHANGE ROWS IN LEVEL 1
’ ¢

DO 140 Jsi,MP}
DaA(PROW,J)
. A(NP1MK,J)=D
F. 140 CONTINUE
150 IF(K.LT,N)GO TO 30
100 IF(RANK.EQ.M)GC TO 380
RANKP1zRANK+1

ERREEER
LEVEL 2
EREEERE
LEV=2

DETERMINE THAE VECTOR TO EnTEP THE RASIS

OO0 00000

| D=TOL
DO 170 J=RALXPI,M
DD=ABS(A(PZ,J))
IF(DD,LE.D)GO TU 170
PCOLSY
D=DD

1 170 CONTINUE

COMPARE CHEBYSHEV ERRCR WwITh TOL

anon

41
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180

190

Nnoaonon

200

210

220

230

naaon

240
250

000 00000

260

270

280

IF(D.GT.TOL)GO TO 180

RESMAX=0,

MODE=3

GO TO 380
IFC(A(NP2,PCOL).LT,=TOL)GO TO 200
A(NP1,PCOL)=SIDES=A(NP1,PCOL)

DO 190 IsNPLIMR,NP3
IF(I.EQ.NP1)GO TO 190
A(T,PCOL)s=A(I,PCOL)

CONTINUE

ARRANGE FOR ALL ENTRIES IN PIVOT COLUMN
(EXCEPT PIVOT) TO BE NEGATIVE

DG 220 ISNPLIMR,N
IF(ACI,PCOL),LT.TOL)GO TO 220
DO 210 J=1,M
A(NP1,J)sA(NPL,J)+SIDES#A(I,J)
A(I,J)==A(1,J)

CONTINUE

ACI,MP1)m=A(I, MPY)

CONTINUE

PROW=NPL

GO T0 330

IF(RANKP1,EQ.M)GO TO 380
IF(PCOL.EQ.M)GO TO 250

INTERCHANGE COLUMNS IN LEVFL 2

DG 240 ISNPIMR,NP)
D=A(I,PCOL)
ACI,PCOLYZA(I, M)
ACI M)=D

CONTINUE

MMizMe]

E3FEERN

LEVEL 3
FEINREX

LEV=]
DETERMINE TnE VECICR TO ENTEP TnE BASIS

Dz=TOL

VAL=SIDES*A(NP2,M)

DO 280 J=RAWKP1,MuM1
IFCA(NPZ,0).5E.0)GC TO 270
PCOL=J

D=A(NP2,J)

MGDE=0

GO 10 280 ‘
DD=VAL=A(NP2,J)

IF(DD,GE.D)GO TG 2RO

MODE=1 ;
PCOL=J

D=DD

CONTINUE
IF(D.GE.=TOLYGO TO 380




"~

anon

(e NeNel

noaoaan

290

300

310

320

330

340

350
360

370

380
390

DD==D/A(NP2,M)
IF(DD.GE.RELTMP)GO TO 290
RELERR=DD

MODE=4

GO TO 380

IF(MODE.EQ,0)GO TO 310

DQ 300 I=NPIMR,NP1
A(I,PCOL)=SIDES*A(I, M)=A(I,PCOL)
CONTINUE

A(NP2,PCOL)=D
A(NP3,PCOL)==A(NP3,PCOL)

DETERMINE THE VECTOR T0O LEAVE THE BASIS

D=B1IG

DO 320 I=NP1MR,NP}
IFCACLI,PCOL),LE,TOL)GO TO 320
DO=A(I,M)/A(I,PCOL)
IF(DD,GE.,D)GO TO 320
PROws]

D=DD

CONTINUE
IF(D.LT,BIG)GO TO 330
0CODE=2

GO TO 380

PIVOT ON A(PROW,PCOL)

PIVOT=A(PROW,PCOL)

DO 340 Js=i,M
A(PROW,J)=A(PROW,J)/PIVOT
CONTINUE

DG 360 JU=1,Mm
IF(J.EQ.PCOL)GO TO 3690
D=A(PROW,J)

DG 350 IsNPIMR,NP2
IFCI.EQ.PROW)GO TC 350
ACI,J)=A(I,J)=D%A(I,PCOL)
CONTINUE

CONTINUE

TPIVOT==PIVGT

DG 370 I=NPIMR,iNP2
A(T,PCOL)=A(I,PCOL)/TPIVNT
CONTINUE
A(PROw,PCOL)=1,/PIVOT
D=A(PROW,MP1)
A(PROW,MP1)=A(NPI,PCOL)
A(NP3,PCOL)=D

ITER=ITER+1

GG T0 (110,230,260),LeV

I IIIIIITITIE T

PREPARE OUTPUT
EEESRAERRSFEER

DO 390 J=i,s

B(J)=0,

CONTINUE
IF(MODE.EQ,2)G2 TO 450

itk el SU RS SRS S

TR 6403
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anan

anoanaon

400

410

420

430

440
450

DO 400 J=1,RANK

KsA(NP3,J)

X(K)=A(NP2,J)

CONTINUE
IF(MODE.EQ.3,0R,RANK,EQ.M)GD TO 450
DO 410 I=aNPIMR,NP}
K=ABS(ACI,MP1))=FLOAT(N)
B(K)SA(NP2,M)*SIGN(L,,ACI, MPI))
CONTINUE

IF(RANKPL,EQ,.M)GD TO 430

DO 420 JU=RANKPY, MM
K=ABS(A(NP3,J))=FLOAT(N)
B(K)Y=(A(NP2,M)=A(NP2,J))*SIGNC(1,,A(NP3,J))
CONTINUE

TEST FOR NON=UNIQUE SOLUTION

D0 440 I=sNPIMR,NP1

IF(ABSC(A(I,M)), GT.TOL)GO TO 440

OCODE=0

GO T0O 450

CONTINUE
IF(MODE.NE.2,AND . MODE ,NE,3IRESMAXSA(NP2,M)
IF(RANK.EQ.M)RESMAX=0,
IF(MODE.EQ.4)RESVAXZRESHAX=~D

EEEEXSBAREEXURERRESARIARR

END OF SUBRQUTINE ACM495
EIITIIIEETTET I RS2 Y P 10

RETURN
END
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