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-on that surface are uniquely determined up to a reflection. The computational
analysis proceeds in three main steps. First it is shown that surface tilt and
one component of the angular velocity may be obtained entirely from the first
spatial derivatives of the velocty field. Second it is shown that surface slant
and the remaining two components of the angular velocity are computable if the
first spatial derivatives of the acceleration field are also given. Finally
the problem of constructing a velocity field from the temporally changing optic
array is briefly discussed.
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Inferring Shape From Motion Fields

D.D. Hoffman

AIISIRACI'

'[hle humian visuial 53 stcm has tile ability to utili/e inotion in formiation to irfer the shapcs
of surfaces. Mlore specifically, we are able to derive descriptions of rigidlly rotating smooth
sw faces en~tirely fromt thc orthographic projection of the motions of their surface mnark-
ings.
A comlputatiom a.m analysis of I' (ik ability is proposed based onl a "shape from inion'' proposition.
'FhS rpotinSta(CS thalt gi cn the f~tspatial dcrivatives of tile orthographically projected
%clocitv and acceleration fields of a rigidly rotating regulir suirfaice, then thce angular Velocity
anld dhe surface norinal at ech0 Visible p~oint onl that surface arc uniqfuely deterined uip to a
reflection.
*lbhe compuitational analysis proceeds in three nmain steps. First it is shown that surface tilt and
onle C0onipolcmi of' thle angoular Velocity ilay be obtained :nitirely from thle first spatial derivatives of
the Velocity field. Second it is shownl that surfatce slant anld the remnaininig two componcnits of time
amlgillar Velocity are coinplitalblc if the first spatial derivatives of' tilc accelemationl field are also givcn.
inally fihe problem ofCOnlsti ucting a velocity field from the temporally changin~g optic array is briefly

discussed.
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HOFFMAN 2 SHAPE FROM MOTION

1. Introduction

Visual motion provides a po\%erful base for inferences about the layout of the immediate environ-
mernt and the motions of the various constituents of that environment. The focus of this paper is
one inference that dhe human Visual system does appear to perform routinely based on visual motion
alone. In particular, the human visual system has a remarkable ability to utili/c motion information to-
infer the threc dimensional shapes of surfaces. More specifically, wc are able to derivc correct descrip-
tions of rigidly rotating smooth surfaces entirely from thc orthographic projection of the motions of
their surface markings.

A demonstration of this ability, similar to that of Ulhnan (1979), is illustrated in figure 1. Dots
are randomly placed on a sphere in the memory of a computer. Successive snapshot of this random
dot sphere are generated at five degree intervals and orthographically projected in quick temporal
succession (using an ISI of 20 msec and a presentation time per frame of 20 msec) oil a computer
driven crt. Figure la shows three successive frames as they %%ould appear statically on the crt. As
is obvious from the figure each individual frame gives no impression of being a sphere.' Rather it
just looks like a somewhat circular array of random dots. However. when the franes are presented
in quick temporal succession one obtains a compelling perception of a smooth sphere in rotation (see
figure Ib).

It is important to note that the perception is of a smooth spherical surface, not, for example, of
invisible wires connecting the individual dots as in Johannson's biological motion (Johanison, 1973).
One has the feeling that there is an almost tangible smooth black pearl with little lights attached to
its surfa ce. The importance of noting this is that it indicates the type of description that appears to
be built by the visual system. It is a description whose prinitives relate to stufaces rather than to
positions of isolated points.2

That this visual ability is a nontrivial feat becomes apparent when it is realized that the mapping
from the environment onto the retina is many to one. The information available to the visual system
undcrdetermuines the surface which is the source of the motion observed, so that any conclusions
drawn about that surface are in principle nondemonstrative. Yc, surprisingly, our perception is, in
general, of a unique surface in rotation. More surprisingly, it is more often than not correct. Clearly
the visual system must be utilizing generally valid constraints about the nature of surfaces and objects
in our world in order to obtain this unique solution. One constraint of central importance in obtaining
a unique surface is the rigidity constraint, the environment is usually, though not always, composed of
rigid objects (Ulhman, 1979; lohansson, 1964 & 1975; 1lay, 1966; Green 1961: Wallach & O'Connell,
1953; Gibson & Gibson, 1')7). L.atcr this constraint will be given a precise mathematical formulation
and its utility in arri ing at a unique interpretation clearly illustrated.

The goal of this paper is to provide a description of this perceptual ability at a level which Marr
and Poggio have called a computational theory (Marr & Poggio, 1977). The computational analysis
proposed is based on a "shape firom motion" proposition3 which states that given the first spatial

'Ibis eliminates single frame informatzon ,such as texture gradients from being a plausible explanation - *his ability.
2 lhbis does not discount the possibilitq, (f course, that positions of points might be computed first and .,ooth surraces

fitled throtiih them afterwards In fact. just such a scheme appears to be utilied in stereo vision (Grimson, 1980).

3'lhe term "prnpo,,lion" is not intended to im|ply an) hubristic claims regarding the complexity of this result or its
derivation Rather . is intendhd to emphasi/s that the present inquiry is a computational analysis.

It
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HOFFMAN 3SHAPE FROM MOTION
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Figure 1. (a) TIhree succcssi,'e frames of a rotating random dot sphere. I- ach framc is rotatcd five
degrees, to thc right ahout thce vertical atxis with respect to the pre,, ious Iframe. (h)Theli rcsulting

,p~hcic.'II percept when thc fratmes arc prescntcd in quick succcssion.
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HOFFMAN 4 SHAPE FROM MOTION

surface

Figure 2. Surface rececntafin, using slant. a, and tilt, r. Rather than representinig thc surface normal at a
poinit in tern.. of surface gradients (z, and zu,) it is convenienit to adopt the slant and tilt consention proposed
1t both Stevetis (1980) and Attoca-s. (1972) Firiecl). tilt indicates in which direction a surface is rotated fromi
the obscncr's frontal plane and slant indic~ttc% how much it is rotated away fromn the frontal plane in that
dirction. Whereas surface gradients tend to infinitv at occluding contours, tilt ranges only between 0 and 180
degrees and slant ranges froin 0 to 90~ degrees. 'lli equations of transformation are ar - tannt V + 4

!V

and 7- = tan- v/,,/zz.

derivatives of the orthographically projctced velocity and accelcration fields of a rigidly rotating
regular surfaice, its angular velocity and the sutrface norntal at each visiblc point on the surface are

* ttniquely determined uip to at reflection about the image plane.

I or clarity the computational analysis is piresented in threc main steps. irst it is show n that surface
lilt (see figure 2) and one con-Ipotnent (of die angular velocity may be obtiinedl froi llhe first spatial
derikatives of the velocity field. 'I hten it is shown that surface slar; and the remaining Iwo co~mpo~nents
of the angulhir w eocity are cotnptiLible if the first spatial deri~ai ves of' [lhe accelcraition field are also
given. Finally. since the Co~mptatio~nal analysis assumes% as, one of its gi~cins a vseocity field, the
prthleni of constructing a velicity field from (lhe temporally changing optic arrav discussed briefly.

jI
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HOFFMAN 5SHAPE FROM MOTION

2. Twllo Prei ious (oniputitmional knalyses

The a1hilit% oif the humfan viSual system to in for the correct threeC dimenC~sional description of an ob-
ject froml its projected motion alone has been ins estigated coinputationally scscral tilfls before. Two
of these: pies bus analyses ss ill he br'iCtly diSCulssed to illustrate the two basic types of computational
approaches that can hie taken to this problem and the two basic types of resulting descriptions.

tllmnan ( 1979) took what may be called the "discrete approach" to the problem. 'llhc givens
for hli comptationial analysis are thrce successkse snapshots of isolated points moving in a rigid
configuraition. I lie resultinge description hie builds ik cssentiall\ .a set of tr-iples gis Ing thc thrce dimen-
sitonal po si tions. of the potints in relation to each other. F- ondalneniitalIt t lm a n's elegant analysis is his
st ructu re fh tt i it olon" Ibet)rem in Mich states th at (lhe st rue t tire tif")l or (n-c(p Iaar poin ts in a rigid

configuration k~ recos erahlc f'roin three orthographic projections.

Ali eXiiiiple ot' the 'ContinlUOUS approachl to the pit blemi cii be ltOund in I ongtieti] iggins and
Praldly ( 1980)., Rathlier thanl utiliuing discrete orthographic project ions ais input, they assume a
elocit\ field alrisinlg front a perspecti e projecton. The resulting dvccription etimpited involves stir-

[aces iiistead of, sets of triples. In Short thley prose that gis en the pcispectis 1 projectioni and first and
Seconid spaitial dens als Cs ofa thesebcityv field presented tot a tilt)\ i og observer it is inl principle possible
to coit ite bohte obe~r iinad thsuo r iitdin, at etch point in the isual field.

The present anlals sis fllk into the continuous categr'\. IM :tofields, areT aSLumedL aS theC inlput and a
deseniporof tifte suirface oif interest in termns of the Sur face normal (lntilt) at each visible point is
the desired r-esolt. Where the current anial\ sis differs [w in that of I ongtitLIC ligginlS and Pr-aidny and

*other pres ions s .ork ss ithill the ContinuLous approach is that here tfrthographic projection is assumred
in stead of' pe rspectike pritojectioin. Ci mseq tie i tIy iii this anal ssis it p)roses impossible to deive both
the obsers er's mnotion and a complete surface descriptitnm nerelv frin the selocity field and its spatial
dens atk. s. I hie relations oif these variouIS approaches is Su111MIiidt inl figure 3.

3. %%Ii) I Ni Ort hogramphic Project ion?

* Why htother pei forming a comptutational antAy~sis oif the problem assuming orthographic
p rtojec tioin? After all) it Asill lie slit mn that less iiit nfoin a miiou t local suirfaice proiperties can be
comiputed from the s locit\ field in o rthograiphic prtijeetion tliii iii perspective. Specifically, surface
slant computat it i rqobres thle temiporal derisatise of the s elocity field. Ihere are several motivations.

First, is Uillman ( 1979) points out. perspective effects arie toften rather noisy and Unreliable. To
titili/C 11i1mi1 ItC11 %a ysould requiire very care.ful) ineislirenients by the s iSuLW systcmn.

second. of In igra ph ic pi r 9 ctiin iproitv5ides .1 goo uto cail t proximat ioni to the actual retinal projec-
lion. A the tirem Ifini differenltial topology allows us tit conclude that A'.hates or the true retinal

tSci crjt otticr rvw~irchcrs haw. eumttitid aspects 4tt this pitknt frntm a ctiintous pontii of iicw Kcndcrink & Van
I hii rni, t Pf N\ikats i & I o(iti, 19741 Giibson, 1950).

22
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PROJECTION

ORTHOGRAPHIC PERSPECTIVE

DISCRETE ULLMAN (1979) ULLMAN (1979)

z
0

PRAZDNY (1980)
0

7- COTIUOS CURRENT KOENDERINK
CONINUUS ANALYSIS van DOORN (1976)

NAKAYAMA &
LOOMIS (1974)

Figure 3. A categoritation of the %arious computational approaches to the problem or deriving shape from
mnotion The categoriiation schcmc is given by crossing projection type (orthographic or perspective) with
inotion 1)pc (discrete frames versus optical flow).

ptojcction is, it is locally equivalent to orthographic projection.

A third Motivation is providcd by thc results of some psychophysical tests donc by Ullman. Using a
cylinder comnposed of random dots hie showed that o~bservers can rccovcr thc correct structurc entirely
fromi the orthographic projection of the mtotiton of the dots whcn the cylinder is rotated about its
axis. I ltowevcr tohservers cannot recover the structure under perspective projection when the object
is alternately receding and approaching without any rotation. '[his is significant becatuse a computa-
tional analysis shows that if perspective effects are taken into account the structure can in principle be
recovcred from receding and approaching motion alone. These results tend to support the psychologi-

cal rcality of at computational theory based on a locally orthographic projection for the recoJvery of
shape from mfotionl.

Alternate computational analyses provide clear candidate hypotheses that may be tested for their
psychological reality and that each lend different insights into the stubject of study. For example it
will he shown later that the Ilt component of the surface normal is much more easily recovered than
the slant component. both in the nature of the motion in formation required and the compuitations in-

Ibe theorcm Ls callcd the ILocal Submersion I'licorein (%cc, for examiple, Guillcmin & Pollack (1974)). It states. Suppose
that f:r\ "-- V is a submnersion at xr, and y = (r) lIhen there exists local coordinates around x and y such that for
k > 1. f(i~ ..... rk) =( .xj) [hat is. f is locally equiv'alent to the canonical submersion near x."



HOFFMAN 7 SHAPE FROM MOTION

\ oh ed. This is an interesting result and one that could prox ide :i basis for psychophysical examl-ination
of thle ps\chological rclt fhsaalysis.

FVial, the equaltionS for SUrface orientation and inot ion deri\ed using orthographic projection
are mnuch simpler than those derk~ed under peispectix e projcctioii. Not only) are thle the equations
simpler. file\ dot not requireC melasuremlents of thle setiiti/spatial dens an Cs of the velocity field as is
I\ pica!1 inl thle perspecive case.

4. GCelnitrical Mvodel

Vihe idkeali/ed geOITI(I- unlderil ig thle foflo%% ing Computat1.11ionlal analssis is illuistra ted inl figure 4. A
I igid pa10 Ochf so r Ilice. S 11, ci side red to he an open sc t (t' pi ts cacJ of %% hiich has all associated
Poisitioni \ci to; R. thei position \ector For a point on S with respect to the xr. U,. z coordinate system is
gixeni by:

Michro i. j, k are unit sectois along thle X, y, z axes respecisl\. The sulrface. S, has ani an~gular velocity
12 gi\ on by:

Q wU)Ii WJ +~ -jo 'ik (2)

with respect to the xr. U, z coordinate systemf.

Note that 11 ma\ either resuilt from rotar\ motions ot thle so rfaeec or froim imovemnlit of the image
plane, 1. "s i respect to S or both. As long as Q~ is not ,ero it doesn't ma11tter* whether the surface is
rotating and thle ohsers er reminsrv staitionar, or xi hether the surftace is Stationary anid tie observer's
imlotion itl i respect tile so r face inc I tdes an allgui Ia r emi po nien t.

Associated \i S is a \elocity ector field. V, xi hich at in\ point p(~ S is given by:

V = Ql X R + T()

where T is any net translation betsx ee thle obsers er and thle surfae.6

The \elocits field as ailaible to the observer is an orthographic (parallel) projection of the velocity
field, V, associated %s itli S 1011(1 the imnage plane, 1.

Now this is cleiarly an idcali/ation. The rel obsers er is definite!\ not gis en a eclocity field but
must coilsiruct' suchl a field from the temnporall\ chainig optic arra\. tIsIl pi oblein will he discussed
briefly Later. For the anal~ sis of the present pio blem of inferung the shape of S. tile orthographically
pro~jected velocity field is assumned ats a given.

With this simple geometrical model ais back ron d thle comnputaitional analysis of the problem of
in ferring shape trim orthographically projecd inotioin is niow, presented as the proof to the following
p ropositlion.

"Actually T is an% ri transtauion between itic iihwriu andi thc am oi f rtIaion of the surface I IOWC\CT, thc tiaartion

iconi is of no contsequence for the present anatys is since it mi drop ouf when the spatiat dcnivaiihs of (3) arc taken.

L..1
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j I

Figuire 4. (ICo( lnctiical nodel iilnlcriying the c llApLt i ,1o , t.11vsis. S is sollic s uf .Lc with angular
wl'cil\ 12. The resulting wchcity ficld V is olIhographicalk projcted (into the fimge plane I.

"° q "g
S. ~ l I I iI u n n 'I I a
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5. The Shape I- rout flit iou P'ropiositijon

(uio iiteirslVa!drv iics ofl u Irhp// .24 pP ( J4~ 141 4/444 '11 1d (C(TIt rluonfields of
a 17v'l1 fl ) . ji-ing reiduar suI, Ilif C, 1/ti1ulair I( /4441 *'ll 0 ( 14 1lmil 1/ fi (/4,I /4 m b/4' /44/11l he
*4UIp/ilC 411' IllldII~ doef404l114'd 1/)1) o t/l1ett144 about III, '4J41g' phlne.

IPr4)4lhIle p44401 441 this proposition41 Ink(lb s del III- CqiOWnII I the 11, 0 Linponents (or, -r) of
til suilttc1o floniallV at each \ isihle po4int 1nd1i t~ II 111c rimnc f *nen the mintilar \clocit) (WI,

w ,). F-or elaItt\ 441l rsc I tilt ioll tile proof4 Is dit' Ridd 111t) 1444) lIcIa\IIl" 11) the 111"t leInIIia equations

IN) dhe tilt, T. JI44141I~ 44l cIlpt)(lienlt o1 the anguilar kC14)CIt\ . X- ne dcn\ ecd mnd di,.t. usscd. In the seco~nd
lemmaI~ the Salle I, di)Ie t4 thle Slant. CF, J.411(I thrCIIIJ4IIIiILO144 444 01I1CIt's Of [Ile an1gular W.locity.

Sand W2.

fl/4 11 1t /0/. 7-, 4al c(' /I 4)4/14/4 /,I)/
1 / n 1 i1I)'// I'll '4;2 lilt in'u:r t/ (iii 4 o t1444 he aAis

opr114o 4,I4,4 14' flit' 4)414.4 /4/4l44 ." 411C (44lJ/4)i/444 '.' 41 1 1114 j.441 SI441141 ,14P!v,4lm f the 44 or-4 41

1144tp/ *i44/411 11(/1 /411 it t it/li.

lo4 4lI1kc. [lte chimU1s of tills' lCmilm cle,44e4 filicC S l~~it' thle tilt fields~ '~soiatd wi~thl two'~

simlple sk1Ift4cC' II1 11424itIICe 4 illiIte'I 4 \\ilt \%10 1i~1', the ,4410141,44 %4el0nvit C0)II1I)4cillt Lo)j, IS aS-

s4 iC 111ed.

Pf"'11 I,4 44/ lif / /)11) . sine' lt' pI4'cleciof phIJc. 1. 1,,4 tihoin4'nil 14 (lhe unlit \ ector. k, dhe or-
thogiraphlc p4jeclhiol 441'l thiClt4Cit% fid., V. Is illt'n by:,

V'-V (V k)k (4)

What tis esNentiall'4 IlIC/ealis Ithait thle C 11roIp' 4nis Ite' C111 c!\ fich d along thle x and y aXeS SUrvivc

g4tI44lXphlic p444jC~tI)4I1 kiill. e 0 lteie h eitporciht l dong the z- mss (i.e.. along the observer's
hlne of "110 is eliminated c4.4mpletel\. (iolcil'cq4enl the 4(I aI\ lci\t'C of' thle %el(4city field

that nieed he (omlputed are alongv th rl letn.I
1 44t444g spatialI partial derk'atives by

stiihsctipts, dic 1 6 St spatial,1 derI'4ati\4CS of the \C lI 4.4k hldi (Cquatnon 3) along thie x and t/ axcs are:

i, Qx R + Q x R. (6)

Blefo re in'4estgAtIing equation01S (5) and (0) futrther it is hielpful to introduce a mathermatical exprcs-
s4444 for thec ni-udit\ conlstr.Iint that will allow these cqulaions to4 he simplified. the mltkti'aon for tlie
pa t 11 cLT1.4 ri t en1o I Imii expressio4n to he uised heic is siml 0pe. One cotnsequnene of' surface rigidity is
that IftIe ci ye sufEce Can have only one angitlar '4 locity. 12. Regardless of which ieighborhood of

7hi 44.4j44I4W4' I)t the oilhow4,4plc protj io4n t( .1 %4ct4 IN h444444e4 444444 Wiltill (1980),
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TILT FIELD FIELD OF SURFACE NORMALS

A

(b) i- - -.-- -'- L

F~igure' 5. Tlilt fields compared with fields ofI surface nrmnals fo~r two surfa ces. Acco)r .ig to emma

I one cm obtain the correct till ield ( 1, -) fromn the velocity field but, unfirtu~natly, not the field of

surface normlalS (. "r). A tilt field is an exa~mple of a=fielofdirection (Do Carni, 1976, p.178). Since

no ingnitde informnation is known, only the direction of il. the tilt fields in (a)l and (b) re indicated

hi costat length vectors pninin ; in the direction of tilt. 'ice surfaces are (a) a sphere and (b) a

cylinder.

!r

(b ,~ il", 'I -"~ r. - " -... - - 1..



HOFFMAN I SHAPE FROM MOTION

(lhe 'n I ,, estillilied ol onle taltic tiit 11 a il b,,ac iii itd. 1111- 1 1 ', il en1to u Statig that the

W, W. U 0 (7)

I Ii, '41,1n1tlaii% 1,iLisa [0 C1'eliminate the hi'l tel ' 4 1 o.- I IJit inild Nikics of equations '5) and (6).

I he simplified expressions are:
V, it R, (8)

V,, i R,, (9)

lie re
R i z~k (10)

R, z,'k (

JIe e 'I ti~~~d~ita eil li'e 1" '11i dit Njb.'i Ii. lioi li .1 l\ Cii point p ~S.

Ilo ~in lI itiln let it V i aild I, V/~ ' ~telt\iili pitiail dcriaati es he denoted

h., tt&I pt'. 1-1ldel ti l,it'lihil tlIe \eliielt' held 'i\'Ii'hle to tile iibl el is a set oit pairs. (u, v),

k\ here it I, thler CiilnpolICI t~ 1, ihl 'h y t-illi1poilenil (d the \elici> \et lt .it a gi\ cn piiU Ii (lie field.

I hle hlut "patia11 le (~itita' t thle \e~lIIei held, "ihlh aae \a 1"hto~ piii~e lic siiflicient to wiipute 7.

anld Wj, bet siInp 1 1kIt, It,,, v. ind I,,, I heM'w teo 0liiMtd in lgoue 6.

li\ eypindtiii thle inditcated cioss, products Ill CkjiIs01 (S) andJ (9) and aa ritilig out ie r and y

comlponenits l thle resuklts 'I" Wseprate eqILatluliS. Ca 11 I\ C e1 [iite 1um0ic equJtiun f!rom1 \hich r
tnd Wi W1 il e deICIved:

?It1  L0Z (12)

V., ),j - WI1.r(13)

it, 1  jZ~, L* ~(14)

k1,a6uMs (1) (I5) relat !'Our quantities; MIM ill principle he measimied ('mom the image, (u,,

Ul', "In), Ill thle tao eunupainents of thle l'1 s ijitiec norl.1 ((7, 1 .111d thle thre components of

thie angtl eltets (Wt W2 , WI). SinIce we hateC Fniv qililn k:.r1M MI d fie miknim ns, the surface normnal

andanglair wlocit. ice iiiildetnmnd iveer t asiv i w., 7., and Uld I1w2:

Vxr Ii j \/(?i, 1 vJ2 v- (16)

r z, tan 11,r fal W (WI17

Wi I i -V (18)

which ciiiJiidvs the ptioot of lemima 1. Iiiiis( )(t5 h amson~jn osat

8AIkg1'b.C II.1vIo i epc~d l e i f ;i neqao 1)W b insonain osat
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(a)

(b)

1,Q u) + (u) - t4o)]/2d 0?9Y: -- 1(,2 j (usj - ui 1 /2d

PIi~ ~ v) + (vi - vofl1/2d O~v/t5Y r- (v2 - m)) + (vi - vi)1/2d

Figure 6. T[he orihographically projctced velocity field and its first spatial derivatives. (a) illustrates
thle decomposition of a VClociiy Vector at a point in the field into its x component. u, and its y
wnomponcia. ii. (b) illus(rawcs how thc spatial derivatives u1, uy, v and vy can be approximated at

solme poini. p. from thc local velocity field.
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5.2 Remarks on lemnma 1.

Anf important proble~m for the comiputational ifl'iestigation i f early vision is the initial carving up of
the visuial arriq into tentatie objects and at hackgroUnd. Ilb's is important because it is at fundlamental1
colten tioii of, die bottom tip Computational approach that there exist atitononious low level visual
processes capable of prox idig it useful initial segregation of die visuall world inrdepetldct of higher
]exel Cognitive inlflue~nCcs. For example. it is at piq goal of' the primal sketch and 2-J 1 ) sketch,
carly visuial representuations proposed by Mart (1976) mid NMarr and Nishihara (1978). to make explicit
exactly that information in a visuail imnage which is required to build usi-ul descriptions of the image
in terms of objects and their relations. The processes p~roposed both to huild and to operate upon
these representaitions are insariably bottom upI. I fthis endeax or fails, so too does much of the comn-
putational apploach to %ision. TIherefore at high priority acti iy Of COMnputat.onal research in vision is
to p~rovide con\ incing existence p~roof,, (e.g., running curirpUter programns) for this contention.

Visual motion seems at likely candidae base 1f(r tentative structuring of the %istial array via
.11.tOn11Oinos processes. Thbis has been su~ggested mans timies before. Ullman ( 1979. p. 76) proposes
that at primitive motion correspondence process might be cautsalbN related to the child's acquisition
of object Constancy ox ci' Changing views of an object. Mail md Ullmuan (1979) have suggested that
retinal \elocitx fieldis may bie ised to segregatc tlie visuaLl ss orld h exploiting the "principle of con-
tinluous flow'". Ilhis pirinciple states that "the eClocitN flid oft mot tion wsithin the Image of at rigid object

Maries Conl'i ttolisly almost everywhere."

, hle results of lenlimna I suggest fiour further miotion based segregation mnethods. T[he first two arise
again from die ftmct that at rigid body can have butl ine lngLar11 VelOCit at any instant. Since lemma I
prox ides nituetods to compute uw. and ui 1w2 locallN . it is possible ito segregate the field into regions of
Constant w1. arid constant w /w2. In fact, the segregations obtained by thie twAo methods should agree,

pro% iding tlie necessary redundancy to check for gross errors.

Mhe third rirethod is based oit noitinig tat the diciiminaiit (if ei-iiition ( 10) for wi remains real over
regtons III thu imiage which are die projections of'siio~otli rigid su Cae iherefore points where w3

becomes complex indicaite regionis in the imiage A here the rigidilN constrait is % olated (or where the
sumrfamce hais at discontinuity fromt die current viewApoint).

Finally, we Canl titie conlstrits on tilt fields. [or smooth rigid surfaces at "pritnciple of continuous
tilt" analogou tota rpoe y arr and Ulliuan ft ir opticail flow mi.i be in oked to segregate
the %isrilai'ra\ IbisN 1liiciple staites that "the tilt field v~ithin the image oif a rigid Object varies
conltinuouly] almnost cxery~fhere.''

I huse 6 iir segt'egniti( ii tech niquICS are not i ittiorphic to Marl- and (I lman's principle of con-
ItiolNu s flow. filie methods suggested here segregate the image into legioins w hich are tlie projections
of rgdObjects. I he prinu~iple of continuous, flow& cannot. S ince it does not explicitly incorporate a

rigid i t constrai ut.ll the principle of conlinious flow cannot be Used to disti nguishi regions of smooth

11i is ea0il prosud h1 suhstitiiiont from equations W ) (1tS) into the mpprrmame termsi of the disciuminant of (16).
iiiliiig giseN + A ~shich is alwa~,s greatier than ero tImpicuit in equations (t t2>1t5) is rhe rigidity

assUfliption

ilnibc shord rueid does appear ini the statement of their priincipte, hut it is equatty true that "thc %etocity fireid of motion

Athin tie ima1ge uf a bend:ng Oiledi %;tries C4lumuiifl~OhJsh altiis cser~where"
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flow in the image which arise from rigid objects from those which arise from bending or otherwise
non-rigid substances. Consequently the segregations provided by the different methods are not identi-
cal but are useful for different purposes.

5.3 Lemma 2.

The surface slant, a. and 1h remaining iwo components of the angular ve!ocity w, and U)2. are
computable given the spatial derivatives of the orthographically projec/ed accelerahton field in addition to
itheo of the elocity field.

Proof of I emma 2. '1w acceleration field associated %ith a smooth rigid surface is found by taking
the time dcrivative of equation (3). Indicating temporal derivaties by primes we have:

V'=z' XR+O XR'+ ' (19)

where
R'=1X R V (20)

Q' = w'i + wj + ask (21)

If we take the first spatial derivatives of(19), simplify the results using the rigidity constraint of (7),
and expand the indicated cross products as before, we obtain the four equations:

,U1 -- w,, - W _ W + 2, (22)

A - W + LIW5ZI

= Wa3 - w/'z, + ,2uzZ., + WIhz (24)

V/ = - W ; Y + " UA), - W 2 - W 2 (25)

F:quations (12)-(15) and (22)-(25) Mate eight quantities measurable in principle from the image,
(u". Up. vV 1, ~u'. u,,, v2, v,,), to the eight unknowns of interest: the local surface nonnal, (o, r),
the three components of the angular velocity. (wl, w2, wj). and the three components of the angular
acceleration. (w', w'. w ). The simple fact that we have eight equations in eight unknowns does not
necessarily imply that this system has but a finite number of solutions. To ascertain if there are a finite
number of solutions we apply the inverse function thecrem. 1 This theorem allows us to conclude

"I'm an informal di.scussion of the utility of the invere funclin theorem, retout's theorem. and Sard's theorem for
problems involving systems of nonliear aquations see Rithaids. Ruhin, and Iloffman (1981).

-Lii

- *~'.&-':-~ -.- - -
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that A hereo er the luj thjiaj ()Ithc',c cillit'0tm I 11 u t'Lalur thle Imippi g defined h thle q.iaions is
loc.1ll% tine to tite and (1i, li I l dilletiipht'ism. C. ou'equueuu1k an rots ill poma where tile

JLh;au1 Is nilnuut%: uleN011ted And ti01 putt t ,u'. Cuimlitit (it'suLtioIP. Fhe determinant of'the
l'itlh11,1 itt Pll ) ( I5) 1111(2) (25) is:

L20 0 Zr0 0 0 0
0v 0 0 0 0

0o11 0 -y1 0 0 0
0 -Wi - Z 0 0 0 0 0

U)I i + W'2 0 Wt1.z -2w2 ulz1  - 2wj 0 zr 0
o IV 4 Fw "Z, w 1 + W2  W1 wuz 0 zy, -1

W W 1-t' 0 L01j "uZj + Lai WZ1  -Z' 0 1

0 w W , --w' - 2w1  , W j 2z,---2 w~j - z. 0 0

I his~ Jil, thi, I iank etglt ( miun'kende~I the N\ stcil 4f Cq~tuiikins Ims' but a finite set of 'soltiofls

Ill Veel11.1 2! B IBeltiti themei I "e kntikk lhat thle sum tl te inuultiphcitte'. ()f the s.oluutions does
[lit c.'\ced the pimdut ()I the degrees. if the equations.

We he~l% 11h n11 (1Cthre 'Ire Iut~ I finite ninhet (4, '.o0iim git en thc '.putial derjulaives of the

\clcitt\ mid ,L,,Acrt ikis ad' t )mn pia. In Itdct (12) 115) -11d (22) (25) Lan he soIl~cd uniquely (tip

toi a1 i etle~ Rtt) Itl a, it, muid w2 in temits If w':

t7o tant j3 (26)

W (,- wu0y v" (27)

W) = TOn,, + W)V T u,. (28)

where
a1 (w'J + it' (t) w'u W, (t2' 2 ~(~ (29)

(~t--v~2(w +u~y I uxv~ 11 +)w~ WD v + v~w -v)(0

1 /~ it )(wu I um)" ',u, v )(wt -f uv,) I ')'(w' 4 1&',) (1

Ihli'. Concluades thie proof' ti lemmia 2 and oh' the shape hfrot mot ion propoisition.

211igec rate ( onditions can be fourid 1t% delci ting A~~hct thi docrminant is icro.
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5.4 Remiiarks o ic Shaipe Froill N101tioll Proposition

It has been Sho w n thait thie alliln a r ve locity an1 d the smi tf ice noi rmalI at cach %isihle pom iiiif a1 1 igidly
rotating regular surface ire uniiquely determined upl to a reflectioni if oite is gi~ ie the orthographic
proljection and first spatial derivatikcs of the associated '.elocit and acceleration ficlds. 'Ilis proposi-
tion and its proof are proposed ats the basis for at computational theory of the humian %isual ability to
percem the shape of a smooth mioving surface froin its mnotion alone.

Some disclaimers are in order. F:irst, onlN argumnents for the sufficicnc of this approach, not its
nlecessit\. ha~e been suggested. Altcrnatie computationail theories are ai ailahie. somle of which wcre
discussed earlier. It is a matter t'r empirical iihestigation to deterinuc h if an). of the current
theories is, to sonme extent psychoogically real.

I Vo pieces of psYchophysical esidence mia) he Adduced Co t'vuge thle greater ps~chological reality
(,(thle piesen(t arproach m~er preii lolls ones, F~irst are Lllliiian's ( 1979) experiments. no oned before,
%kilich IiidicaIte that1 oild) oitliographic. not perspectise. igiforiation seemis to he uitili/edl hy the visual
s~stimiin ii cco~ cling surface shapes. [he sCond is that thie resulting peVcel)tciaI effect (illustrated
In figie I ) is ot, a sm~ooth sifc as tCJSopposed to 1isola ted p)oints connected h\ In\ ISiO* Wiles. [his
Stlggc si gI e. tCI r pSVLhuhIgicat reaility for aili a pdI h *a h it icli hi ii ds a des liion "(1 those prim itivies

relate to sorfaces.

\ ,ccond dislaimer must hle mientioied. T[le \isnal Nskstem imia mili/c aidditional generally valid
conistimiiis I'r the interpretation of' surfaice shapes from motion. For eaimple. shortcuts in computing
the slant. a. might he based onl noting that a muist he 9(1 degrees at estemina occluding contours
aind must \,ry snioothvy bct\A en them. Another potentiall) po%%ertiil coiistrai nt is that thle tilt field
ilII ust lie locall oI~ rthogonal to thle iminage oif its occl udinig cciiitoni r (fo r smoo(thI so rfuices). I'lh us ftirther

iiiestigiition cc( valid mcis to reduce thle clliiputaitl(iial comiplexity of' this tpp~ioach is wairranted
hetr ,ci iseus (.;. ins fori w, p)S)cllhuh giL al reajlity can he sustained.

6. Computing Velocity Fields

I o this point thle analysis has assumled thle 'elocits field and its first spatial den' atises are given. 13

Clki ris this is not the case for a real obsers er. [hle real ohsers er is presented itli a teniporally
h~Inging optic array. If a eclocit) field is requirevd it tmst he comlluclchi tilte ha.nging opuic

airray,

I hie plohlcn (if cl"rpitilig a ielocit) field has remaied notrvaldsitle much~j recent research.
OnIe can sho\% that the Illoill informiation avaible ait any single point iii a cliaiiging litic array is

iisiilhicont to uniquely determine the %elowcit) field atl that point. Conse(Iticntly miin oitthe research
ini thle field of optical flowk haisbeen de'oted to discovering \,tl! iileans iii legrating iioltion informa-
lion from illocalI neighbhorhoo ds to uniiiquel y determ inre the flow at each polinit in thie ii ig Iiborh od.

A dectailed analysis of the problem u f deterinin rg optical flow is presented inl I torn and Schtinck
I 980), v hich also includes a representative list of referenes01 onIte topic.

1ACIuLItt) 011)~ the rirst spaiial dcni~.t vcs ha~c been used.

cal 4--
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7. Summary

A comnputattional anarlysis of the human N isual ability to infer suirface shapes entirely fromn their mno-
tion has been presented. Thle analysis proceeded in three main steps. First it was shown that surfacc
tilt, 7-, and tile component of angular velocity orthogonal to thc imnage plane. w3. may be derivcd from
just tho spatial dcrivatis s of the velocity field (aISSumIing orthographic projection). Tlhen it was shown
that suirface slant, a, and the tAo components of angular clocit ly ing parallel to the itnagc plane, L01
and w2, are comnputable if the first spatial dcrivatives (if thle accelcration field are also available. Finally
thle problem of comiputing Nelocity fields fromn changing optic arrays %as dis'..sscd briefly.
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