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~.on that surface are uniquely determined up to a reflection.

The computational

First it is shown that surface tilt and
one component of the angular velocity may be obtained entirely from the first

analysis proceeds in three main steps.

spatial derivatives of the velocty field. Second it is shown that surface slant
and the remaining two components of the angular velocity are computable if the
first spatial derivatives of the acceleration field are also given. Finally

the problem of eonstructing a velocity field from the temporally changing optic
array is briefly discussed.
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Inferring Shape From Motion Fields

D.D. Hoffman

ABSTRACT

The human visual system has the ability to utilize motion information w0 infer the shapes
of surfaces,  More specifically, we are able 1o derive descriptions of rigidly rotating smooth
suifuces entirely from the orthographic projection of the motions of their surface mark-
ings.

A computationas analysis of (his ability is proposed based on a “shape from motion™ proposition.
This proposition states that given the first spatial derivatives of the orthographically projected
velocity and acceleration ficlds of a rigidly rotating regular surface, then the angulai velocity
and the surface normal at cach visible point on that surface arc uniquely determined up to a
refiection,

The computational analysis proceeds in three main steps. First it is shown that surface tilt and
onc component of the angular velocity may be obtained entirely from the first spatial derivatives of
the velocity field. Sccond it is shown that surface slant and the remaining two components of the
angular velocity are computable if the first spatial derivatives of the acceleration ficld are also given.
Finally the prablem of constructing a velocity ficld from the temporally changing optic array is briefly
discussed.
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HOFFMAN 2 SHAPE FROM MOTION

1. Introduction

Visual motion provides a powerful base for inferences about the layout of the immediate environ-
ment and the motions of the various constituents of that environment. The focus of this paper is
one inference that the human visual system does appear to perform routinely based on visual motion
alone. In particular, the human visual system has a remarkable ability to utilize motion information to:
infer the three dimensional shapes of surfaces. More specifically, we are able to derive correct descrip-
tions of rigidly rotating smooth surfaces entirely from the orthographic projection of the motions of
their surface markings.

A demonstration of this ability, similar to that of Ullman (1979), is illustrated in figure 1. Dots
are randomly placed on a sphere in the memory of a computer. Successive snapshoty of this random
dot sphere are generated at five degree intervals and orthographically projected in quick temporal
succession (using an IS1 of 20 msec and a presentation time per frame of 20 msec) on a computer
driven crt. Figure 1a shows three successive frames as they would appear statically on the crt. As
is abvious from the figure cach individual frame gives no impression of being a sphere.! Rather it
just looks like a somewhat circular array of random dots. However. when the frames are presented
in quick temiporal succession onc obtains a compelling perception of a simooth sphere in rotation (see
figure 1b).

It is important to note that the perception is of a smooth spherical surface, not, for exammple, of

invisible wires connecting the individual dots as in Johannson’s biclegical motion (Johaanson, 1973).

Onc has the feeling that there is an almost tangible smooth bluck pearl with little lights attached to

its surface. 'The importance of noting this is that it indicates the type of description that appears to

! be built by the visual system. It is a description whose primitives relate to surfaces rather than to
' positions of isolated points.2

That this visual ability is a nontrivial feat becomes apparent when it is realized that the mapping
from the environment onto the retina is many to one. 'The information available to the visual system
underdetermines the surface which is the source of the motion observed, so that any conclusions
drawn about that surface arc in principle nondemonstrative. Yct, surprisingly, our perception is, in

R general, of a unique surface in rotation. More surprisingly, it is more often than not correct. Clearly
the visual system must be utilizing generally valid constraints about the nature of surfaces and objects
in our world in order to obtain this unique solution. One constraint of central importance in obtaining

. a unique surface is the rigidity constraint; the environment is usually, thoagh not always, composed of
rigid objects (Ullman, 1979; Tohansson, 1964 & 1975; Hay, 1966; Green 1961; Wallach & O’Connell,

Yt 1953; Gibson & Gibson, 1957). Later this constraint will be given a precise mathematical formulation

and its utility in arriving at a unique interpretation clearly illustrated.

The goal of this paper is to provide a description of this perceptual ability at a level which Marr
and Poggio have called a computational theory (Marr & Poggio, 1977). The computational analysis
propused is based on a “shape from motion™ proposition® which states that given the first spatial
Vthis eliminates single frame information such as (exture gradicnts from being a plausible cxplanation - “his ability.

2This docs not discount the powsibility, of course, that positions of points might be computed first and »:.ooth surfaces
fiticd through them aflerwards. In fact, just such a scheme appears to be wtilized in stereo vision (Grimson, 1980).

', Y he term “proposition” is not intended 1o imply any hubristic claims regarding the complexity of this result or its
derivation Rather . iy intended to cmphasize that the present inquity is a computational analysis.
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: Figure 1. (a) Three successive frames of a rotating random dot sphere. Each frame is rotated five

degrees to the night about the vertical axis with respect to the previous frame. (b) “The resulting
spherical pereept when the frames are presented in quick succession.
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Figure 2. Surface representations using slant, o, and till, . Rather than representing the surface normal at a
point in tern:s of surface gradients (z; und z,) it is convenient 1o adopt the slant and tilt convention proposed
by both Stevens (1980) and Attncave (1972). Briefly. tilt indicates in which direction a surface is rotated from
the observer's frontal plane and slant indicates how much it is rotated away from the fromal plane in that
direction. Whereas surface gradients tend to infinity at occluding contours, tilt ranges only between 0 and 180
degrees and slant ranges from 0 1o 90 degrees. The cquations of transformation are o == tan ~! \/zf + zs
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and 7 = tan—" \/2,/z.

derivatives of the orthographically projected velocity and acceleration ficlds of a rigidly rotating
regular surface, its angular velocity and the surface normal at each visibie point on the surface are
unigucly determined up to a reflection about the image plane.

For clarity the computational analysis is presented in three main steps. First it is shown that surface
tile (see figure 2) and one contponent of the angular velocity may be obtained from the first spatial
derivatives of the velocity ficld. 'Liaen it is shown that surface slart and the remaining two components
of the angular velocity are computable if the first spatial derivaives of the acceleration ficld are also
given.  Finally, since the computational analysis assumes as onc of its givens ¢ veiocity ficld, the
problem of constructing a velocity ficld from the temporally changing optic array i« discussed bricfly.
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2. Two Previous Computational Analyses

The ability of the humaan visual system to infer the correct three dimensional description of an ob-
ject from its projected motion alone has been investigated computationally several times before, Two
of these previous analyses will be briefly discussed to ilfustrate the two basic types of computational
approaches that can be taken o this problem and the two basic types of resulting descriptions.

Ullman (1979) took what may be called the “discrete approach™ to the problem. The givens
for hi- computational analysis are three successive snapshots of isolated points moving in a rigid
configuration. the resulting description he builds is essentially a set of triples giving the three dimen-
stonal positions of the points in relation to cach other. Fundamental to Uliman’s clegant analysis is his
“structure from motion™ theorem which states that the structure of four non-coplanar points in a rigid
configuration is recoverable from three orthographic projections.

An example of the “continuous approach™ to the problem can be found in I onguet-Higgins and
Prasdny (1980)." Rather than utilizing discrete orthographic projections as input, they assume a
velocity ficld arising from a perspective projection. The resnlting description computed involves sur-
taces instead of sets of triples. In short they prove that given the perspective projection and first and
second spatial derivatives of the velocity fickd presented to a moving abserver it is in principle possible
to compuic both the observer’s motion and the surface gradients at cach pointin the visual ficld.

The present analysis falls into the continuous category. Flow fields are assumed as the input and a
description of the surface of interest in terms of the surtuce normal (shant. tilt) at cach visible point is
the desired result. Where the current analysis differs from that of T onguct-1liggins and Prazdny and
other previous work within the continuous approach is that here orthographic projection is assumed
instead of perspective projection. Conscquently in this analysis it proves impassible to derive both
the observer’s motion and a complete surface description merely from the velocity ficld and its spatial
derivatives. the celatons of these various approaches is summarized in figure 3.

3. Why Use Orthiographic Projection?

Why bother performing a computational analysis of the problem assuming orthographic
projection?  After all 1t will be shown that less information about local surface propertics can be
computed from the velocity field in orthographic projection than in perspective. Specifically, surface
slant computation requires the temporal derivative of the velocity field, There are several motivations,

First, as Uliman (1979) points out, perspective effects are often rather noisy and unreliable. To
utilize them locally would require very careful measurements by the visual system,
Sccond. orthographic projection provides a good local approximation to the actual retinal projec-

tion. A theorem from dillerential opalogy allows us to conclude that whatever the true retinal

Severad other researchers have evanined aspects of this problem from a continuous pout of view (Koenderink & Van
Doorn, 1976, Nakasama & Loomis, 1974 Gibson, 1950).
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PROJECTION

ORTHOGRAPHIC PERSPECTIVE

DISCRETE | y_LmaN(1979) | ULLMAN (1979)

2
o
|‘6 PRAZDNY (1980)
] = CONTINUOUS CORENT KOENDERINK &
ANALYSIS van DOORN(1976)
NAKAYAMA 8
LOOMIS (1974)

Figure 3. A categorization of the various computational approaches to the problem of deriving shape from
motion  The categorization schemce is given by crossing projection type (orthographic or perspective) with
motion 1ype {discrete frames versus optical flow).

projection is, it is locally equivalent to orthographic projection.3

A third motivation is provided by the results of sume psychophysical tests donc by Ullman. Using a
cylinder composed of random dots he showed that observers can recover the correct structure entirely
from the orthographic projection of the motion of the dots when the cylinder is rotated about its
axis. However obscrvers cannot recover the structure under perspective projection when the object
is alternately receding and approaching without any rotation. This is sighificant because a computa-
sy tional analysis shows that if perspective effects are taken into account the structure can in principle be
recovered from receding and approaching motion alone. These results tend to support the psychologi-
cal reality of a computational theory based on a locally orthographic projection for the recovery of
shape from maotion.

- Alternate computational analyses provide clear candidate hypotheses that may be tested for their
psychological reality and that cach lend different insights into the subject of study. FFor example it
will he shown later that the tilt component of the surface normal is much more casily recovered than

- the slant component, both in the nature of the motion information required and the computations in-

’ “The theorem is calied the Local Submersion ‘Theorem (sce, for example, Guiliemin & Pollack (1974)). 1t states, “Suppose
that f:X »- Y is a submersion at r, and y = f(r). Then there exiss local coordinates around r and y such that for )
k>0 flay,-. . ;)= (£&),..., 1) That is, [ is locally cquivalent to the canonical submersion near x.” 1
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volved. This is an interesting result and one that could provide a basis for psychophysical examination
of the psychological reality of this analysis.

Finally, the equations for surface orientation and motion derived using orthographic projection
are much simpler than those derived under perspective projection. Not only are the the equations
sunpler. they do not require measurements of the second spatial derivatives of the velacity ficld as is
typical in the perspective case.

4. Geometrical Model
The idealized geometry underlying the following computational analysis is illustrated in figure 4, A
rigid pateh of surface. S, is considered to be an open set of poiats cach of which has an associated
pasition vector R The position vector for a point on S with respect to the £y, z coordinate system is

given by
. R =zi-} yj+2{z,y)k (1)
where i, §. k are unitvectors along the x, y. 2 axes respectively. The surface, S, has an angular velocity
; Q2 given by:
N =wl +wy + wik 2)
with respect to the .y, 2 coordinate system.

! Note that €2 may cither result from rotary motions of the surface or from maovement of the image
plane, 1, with respect 0 8 or both. As long as € is not 7cro it doesn’'t matter whether the surface is
rotating and the observer remains stationary or whether the surface is stationary and the observer's
motion with respect to the surfuace inctudes an angular compaoncent.

Associated with S is a velocity vector ficld, V. which at any point pe S is given by:

R V=QOxR+T 3)

where T is any net translation between the obsener and the surface ®
! The velocity field available to the observer is an orthographic (parallel) projection of the velocity
. field, V., associated with S anta the image plane, 1.

Now this is clearly an idealization, The real observer is definitely not given a velocity ficld but
must construct such a ficld from the emporally changing optic array. ‘This problem will be discussed
bricfly later. For the analysis of the present problem ol infernng the shape of S, the orthographically
. projected velocity ficld is assumed as a given,

With this simple geometrical model as background the computational analysis of the problem of
inferring shape from orthographically projected motion is now presented as the proof to the following
v proposition,

SActually T is any net translation between the observet and the avs of roanon of the surface Lowever, the translation
term 1s of no consequence Tor the present analysis since it will drop out when the spatial derivatives of (3) are taken.

- il RPPRW
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’ Figure 4. Geometrical model underlying the computationai analysis. S is some surfuce with angular j
velociny £, The resulting velocity ficld Vs orthographically projected onto the image plane £,
,\i'
dw
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5. The Shape From Motion Proposition

Given the first spanal deriver ves of the orthocraphicalls projecied selocn and aceeleration fields of
« rigidly rotating resular surfuce, the engular velocay and surticee normal at cack vissble point on the
surface are umguely determomed up to a reflection aboud the image plane.

Proot” The proot of this propuosition tnvolves deriving cquations for the tao components (o, 7) of
the surtice normal, N'at cach visible pointand for the three compeaents of the angular velocity (wy.
wy. wy). Forclanty of presentation the proot s divided o tao fommas, I the first lemma equations
for the ult, 7. and one component of the angular seloctty . w,. are derived and Jdiscussed. In the second
lemma the same s done for the slkint o, and the remaining two components of the angulas velocity,

wi and wy.

SE emma 1,

Bode the b, 10wt cach vesible pomt on S and the coniponent of angudar vdocin about the axis
orthogoral 1o the mnage plane, wy, are compagrabc gnen only the girst spatial devivatives of the or
thograpleeally projecred veloenty field,

Fomake the claims of this lemima clearer fizure S hustiates e tle ficlds associated with two
simiple surfaces and tigure 4 ifostrates with which aas the angular velodity component, wy, 1S as-
soctated.

! Proat of fevma 100 Since the projection plane, 1. is orthogenal 1o the unit vector, &, the or-

thographic projection of the velocity fickd, Vs gven by
ViV (VKK (4)

What this essentially means is that the components o the selocity fiehd along the r and y axes survive
arthographic projection unaltered, whereas the component along the 2 avis e, along the observer's
e of sight) s eliminated completely. Consequentiy the onby spatiab derivanves of the velocity field
that need be computed are along the r and i directions. Denotmg spatial partial derivatives by
subseripts, the first spatial derivatives of the velodity fickd (cquation 3) along the £ and y axes are:

o V,=(, ~ R+ Q xR, (5

V, == (I, x R-}- 11 X R, (6)

Before investigating equations (5) and (6) further it is helpful to introduce a mathematical expres-

ston for the vigidity constraint that will allow these cquations to be simplified. The motivation for the

- particular mathematical expression to he used heie is simple. One consequence of surface rigidity is
} that the entire surfiace can have only one angular velocity, £2. Regardless of which neighborhood of

THns chasactenization of the othopraphic projection of a sector v borrowed hom Witkin (1980).
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Figure 5. Filt ficlds compared with ficlds of surface normais for two surfaces. Accor .ing to lemma
1 one can obtain the correct tilt ficld (1, 7) from the velocity ficld but, unfortunately, not the ficld of
surface normals (0. 7). A tilt ficld is an example of a field of directions (Da Carmo, 1976, p.178). Since
no magnitude information is known, only the direction of tilt, the tilt ficlds in (a) and (b) arc indicated
by constant Iength vectors pointing in the direction of tift. The surfaces arc (a) a sphere and (b) a
cylinder.
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the surfiuce s evamined onhy one value for $2 will be rctumed. This s cquinalent w stating that the

spatial dermvatinves of the angular veloaty alony the setface he zero;

(&, ., 1 =0 @)

ie

This constraint atows us to chinmnate the st e ns on the nghit hand sides of equations £5) and (6).

The simplified expressions are:

vV, {2 « R, (8)

v, -1 - R, (9)
where

R, v b2k (1)

R, 1ok (b

are the surtuce gradient vectors whose cross producUis the surtace normal at s given point pe S.

Lo stimplify notaton fetu - Voiand v Vo A betore et spatiad partal derivatines be denoted
by subscripes, Under this notation the vetoats eld avatable o the abserver s aset of pans, (u, v),
where wis the 7 component and v the i component of the vefocity vector ata given point i the field.
[he first spatial derivatines of the velociy fichd, which we wish to prove are suflioent o compute 7
and wy, become simply w, 1, o, and vy, These areallustated i digure 6.

By expanding the mdicated cross products i equations (8) and (7) and writing out the  and y
components of the results as separate cquations, we artine at the four basic equations from which 7

and wy will be derived:

Up -0 W2y (12)
RV E £ (13)
Uy == Wyl oy (14)

Uy 7= Wiy (15)

Fquations (12} ¢15) relate four quantities which may in principle be measured from the image, (u,,
Uy, Vg 1) o the two components of the local surface normal, (o, 7). and the three components of
the angular velocity . (wy. wy. wy). Since we hane four equations and five unknow ns, the surface normal

and angalar velocity are underdetermined. However, we can solve torwy, 7, and wy fwy:

vy =y 4 (4 v)d = Ay,

=T . (16)
rextan |- ~qan MO (17
u, b wy —-Uy
(J) Wy -— Up
ur) Ur ( )

which concludes the preof of lemma 1.

BActurlly the swtace nommal s expressed mterms of 2 and 2, oquations (1) (15) The tansformations to slant,
o and ull o, oare pien o figure 2
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(a)

Aufor ~ [(uy — w) + (u) — wy)}/2d /By ~ [(uy — wy) 4 (uy — w;))/2d
Gufe = [ = wa) + (o = wil/2d 9018y == [(v2 — w) + (vs — w)]/24

Figure 6. The orthographicatly projected velocity field and its first spatial derivatives. (a) illustrates
} the decomposition of a velocity vector at a point in the ficld into its z component, u, and its y
component, v. (b) illustrates how the spatial derivatives u,, uy, v, and v, can be approximated at

some point, p. from the local velocity field.
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5.2 Remarks on lemma 1.

An important problem for the computational investigation of early vision is the initial carving up of
the visual array into tentative objects and a background. This is important because it is a fundamental
contention of the bottom up computational approach that there exist autonomous low level visual
processes capable of providing o uscful initial segregation of ithe visual world independent of higher
level cognitive influences. For example. it is & primary goal of the primal sketch and 2-5[) sketch,
carly visual representations proposed by Marr (1976) and Marr and Nishihara (1978), to make explicit
exactly that information in a visual image which is required to build uscful descriptions of the image
in terms of objects and their relations. The processes proposed both to build and to operate upon
these representations are invanably bottom up. If this endeavor fails, so too does much of the com-
putational approach to vision. Therefore a high priority acuvity of computational research in vision is
to provide convincing existence proofs (e.g., running computer programs) for this contention.

Visual motion seems a likely candidate base tor tentative structuring of the visual array via
autonomous processes. This has been suggested many times before. Ullman (1979, p. 76) proposes
that a primitive motion correspondence process might be causally related to the child’s acquisition
of object constancy over changing views of an object. Marr and Ullman (1979) have suggested that

% retinal velocity ficlds may be used to segregate the visual world by exploiting the “principle of con-
tinuous How ™. This principle states that “the velocity fivld of moton within the image of a rigid object
varies conftnuously almost everywhere.”

The results of temma 1 suggest four further motion based segregation methods. The first two arise
again from the fact that a rigid body can have but one angular velocity at any instant. Since lemma 1
provides methods to compute wy and wy Jw; locally. it is possible to segregate the field into regions of
constant wy and constant wy /wy. In fact, the segregations obtained by the two methods should agree,
providing the necessary redundancy to check for gross errors.

Ihe third method is based on noting that the discriminant of equation (16) for wy remains real over
regions i the image which are the projections of smooth rigid surfaces.? Therefore points where wy
becomes complex indicate regions in the image where the rigtdity constraint is violated (or where the
surface has a disconvnuity from the current view point).

Finally, we can utilize constraints on tilt fields, For smooth rigid surfaces a “principle of continuous
y . ult” analogous 1o that proposed by Marr and Ullman for optical flow may be invoked to segregate
‘ the visual array. s panciple states that “the alt ficld within the image of a rigid object varies

continuously almost everywhere.”

Fhese four segregation techniques are not isomorphic o Marr and Ullman’s principle of con- 9
unuous fow. The methods suggested here segregate the image into regions which are the projections

ol rigid objects. The principle of continuons flow cannot, Sice it does not explicitly incorporate a

n

ngidity constraint,'” the principle of continuous flow cannot be used to distinguish regions of smooth

This 1 canly proved by substituting from equations (12 (15) into the appropriate terms of the discramnant of (16).
Sumphiving gnves (w2, + wyzp)4 which s always greater than sero Imphat in equations (12)-(15) 1s the nigidity
assumption

} 1% Ihe word npid docs appear i the statement of their principle, but it is cqually true that “the velocity field of motion
within the 1image of a bending object vanes continuously almost cverywhere ™
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flow in the image which arise from rigid objects from those which arise from bending or otherwise
non-rigid substances. Conscquently the segregations provided by the different methods are not identi-
cal but are useful for different purposes,

5.3 Lemma 2.
The surface slant, o, and the remuaining two componenis of the angular velocity, wy and wn, are
computable given the spatial derivatives of the orthographically projecied acceleration field in addition to
thase of the velocity field,

Proof of I emma 2. The acceleration ficld associated with a smooth rigid surface is found by taking
the time denivative of equation £3). Indicating temporal derivatives by primes we have:

. V=UXR+OXR+T (19)
where

R=0OXR=V (20)

' = wii + whj + whk 1)

If we take the first spatial derivatives of (19), simplify the results using the rigidity constraint of (7),

and expand the indicated cross products as befare, we obtain the four cquations:

U’ = whz, — w% —_ w§ + wwy 2z, (22)
“Iu = whz, — W) + wiwy + wiwszy, 23)
v, = Wy — w\z; + w2z, + ww (24
v, = —uw\z, + wwz, — wi — w (29)

t:quations (12)«15) and (22)H25) rclate cight quantitics measurable in principle from the image,
(t. Uy, vy, Oy, UG uy, Yy, ), 10 the cight unknowns of interest: the local surface normal, (o, 7),
the three componcents of he angular velocity, (wy, wy, wy). and the three components of the angular
acceleration. (W), w. wh). The simple fact that we have cight cquations in cight unknowns does not
necessarily imply that this system has but a finite number of solutions. To ascertain if there arce a finite
number of solutions we apply the inverse function thearem.!! This theorem allows us to conclude

Yior an informal discussion of the utility of the inverse function theorem, Bezout's theorem, and Sard's theorem for
problems involving systems of nonbncar cquations sce Richaids, Rubun, and lloffman (1981).
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that wherever the Jacobian of these equations s nonsingalar the mapping defined by the equations is
locally one w one and onto (e local difcomorphism). Consequently any roots at points where the
Jacobian s nonsingular ate isolated and not part of a contmuum of sofutions. The determinant of the
Licoban of (1) (15)and (22)-(25) 1s:

wh 0 0 2 0 0 0 O

Wi 0 —2z, 0 1 0 0 O

0 wy 0 2, —1 6 o o0

0 —w —2, 0 0 6 0 O
wiwy + W, 0 w2, — 2w wz; 2wy 0z, 0
0 wwy “/1 Wiz, “+ wy w) w2z, 0 2y —1
wiwy - W) 0 wy Wiz, o+ wy Wz, —z, 0 1
0 waw — W -- 2w, w2, Wiz, — 2wy —2z, 0 0

[has Jacoban has rank cight Consequenthy the system of equations has but a fimte set of sotutions
. m zeneral' By Bezouts theorem!™ we know that the sum of the muttipticities of the solutions does

not exceed the product of the degrees of the equations.

We have shown that there are but a finte number of solutions given the spatial denivatives of the
velocity and aceeleration lichds ar one pom I tact (12) 415) and (22) (25) can be solved uniquely (up

o areftecnion) for o, wy, and wy in terms of w';:

| I
o = tan ! \/ﬁ —t" (26)

a

o= (v — wi)\/g - t\/: @n

wy = F(u, + w,)\/ix = 3F“z\/§ (28)

. where
2y, 2
a = (W) + w )(v) — ) - (@, + wi)w) + v) 29)
2, 24, 2
) A == (wy — ve) (Wi 4 ) -+ u (V) 4w )wy — vr) + ug(wd + o)) (30)
2 2 ! 2 '
. v (wi ";;)(“’»' b, - 1-,,(:;2/ bl )ws + ) ) ov (wy 4 ul) 3
,. This concludes the proof of leimma 2 and of the shape from motion propaosition,
cgenerate conditions can be found by determimng when this determinant is zero.
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5.4 Remirks on the Shape From Mation Proposition

1t has heen shown that the angular velocity and the surfuce normal at cach visible point of o rigidly
rotating regular surfiuce are uniguely determined up 1o a refiection if one s given the orthographic
projection and first spatial derivatives of the associated velocity and acceleration tields. ‘This proposi-
tion and its proof are proposed as the basis for a computational theory of the human visual ability to
perceive the shape of a smooth moving surface from its motion alone,

Some disclaimers are in order. First, only arguments for the sufficiency of this approach, not its
neeessity, have been suggested. Alternative computational theories are available, some of which were
discussed carlier. Tt is a matter 1 empirical investigation to determine whichi, if any, of the current
theories is to somie extent psychawogically real.

I'wo picces of psychophysical evidence may be adduced (o suggest the greater psychological reality
ot the present approach over previous ones, First are Ullman’s (1979) experiments, mentioned before,
whuch indicate that only onthographic, not perspective, information seems to be utilized by the visual
swstem i recovering surface shapes. The second is that the resulting pereeptual effect (illustrated
m figuze 1) s of a smooth surface as opposed o isolated points connected by invisible wires. This
suggests greater psychologicd reddity for an approach which bailds o descripuon whose primitives
relae to surfaces.

A second disclaimer must be mentioned. The visual system may utilize addinonal gencradly valid
constrannts for the interpretation of surface shapes from moton. For example. shorteuts in computing
the slant. o. might be based on noting that o must be 90 degrees at external occluding contours
and must vary smoothiy between them, Another potentially powertul constraint is that the ult field
must be locally orthogenal to the image of its occluding contour tfor smooth surfaces). Thas further
investigation of valid means o reduce the computational complexity of this approach is warranted
betore serious cictms for it psychelogical reahity can be sustained.

6. Computing Velocity Fields

. Fo this point the analysis has assumed the selocity field and its first spatial derivatives are given.t

Clearly this s not the case for a real observer. The real observer s presented with o temporally
changang opuc array. I g velacity field 1s required it must be comstructed from the changing optic
array.

The problem of computing a velacity ficld has remained nontrivial despite much reeent research,
One can show that the motion information avatlable at any smgle point in « changing optic array is
insufticient to uniguely determine the velocity field at that point. Consequently much of the rescarch
in the ficld of optical flow has been devoted to discovering valid incans of integrating motion informa-
tion from local neighborhoods to uniguely determine the flow at cach point in the neighborhood.

; A detailed analysis of the problem of determining optical flow is presented in Horn and Schunck
(1980), w hich also includes a representative fist of references un the topic.

Pactually only the first spanal dervaives have been used.
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7. Summary

A computational analysis of the human visual ability to infer surfuce shapes catirely from their mo-
tion has been presented. 'The analysis proceeded in three main steps. First it was shown that surface
1ilt, 7, and the component of angular velocity orthogonal to the image planc, wz, may be derived from
Just the spatial derivatives of the velocity ficld (assuming orthographic projection). Then it was shown
that surface slant, @, and the two components of angular velocity lyving parallel to the image plane, w)
and wy, are computable if the first spatial derivatives of the acceleration ficld are also available, Finally
the problem of computing velocity fields from changing optic arriays was discussed bricfly.
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