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ABSTRACT

In this paper we study a gradient projection method for
quaératic programs that does not require the generated points
to be feasible and can avoid the computation of a feasible
starting point. Thi§ is done by using an exact penalty fﬁnc-
tion in the line-search. It is shown that the method can pro-
duce from any-étarting point a solution in a finite number of

iterations.
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SIGNIFICANCE AND EXPLANATION

Many nonlinear optimization problems, such as general
nonlinear programming and minimax problems, can be tackled by
solving a sequence of quadratic programs. Therefore, it is
very important to develop efficient computational method for
quadratic programs. For such problems, we propose a gradient-
projection-type method that does not require that the generated
points be feasible. By so doing, we can avoid the expense of
computating a starting feasible point. The method is shown to
attain a solution in a finite number of steps and this has led

to satisfactory camputational results.
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SOLVING QUADRATIC PROGRAMS BY AN EXACT PENALTY FUNCTION
Shih~Ping HamJr
1. INTRODUCTION

We are concerned with the following quadratic program-

ming problem

min kxTMx - ch

(QP)
s.t. Ax < b,

where M and A are nxn and mxn matrices respectively.

For convenience, we consider here only inequality constraints.

The extension of our results to problems with equality con-

B b oY

straints is apparent and has no major difficulty. We also
assume that the matrix M is positive definite. However,
for some type of semidefinite matrices, the theory in this

paper can also go through and the proposed method is appli-

AN L A £ g o e <A

' céble,

Among the methods for quadratic programming, the class
of gradient projection methods have been widely'used‘and
studied [1,2,3,6,7]. The basic steps of this type of methqu
can be described as follows. At a feasible point x, we find
the index set J = {jla'gxabj} of active constraints at x
and find the point x(J) that solves thé following equality

constrained quadratic programming problem

. 1'Department of Mathematics, University of Illinois-Urbana,
Urbana, Illinois, 61801

Sponsored by the United States Army under Contract No. DAAG29-
80-C-0041. This work is supported in part by the National
Science Foundation under Grant No. ENG 79-03881l.




min szMz - cTz

z (1.1)

s.t. Auz = bJ ’

where AJ and bJ are the submatrix and the subvector of
A and b corresponding to the index set J respectively.

A search direction d is then determined by

The direction d can also be obtained by projecting the
Newton direction -M-IVf(x) onto the plane {zlAJz==bJ} .

More specifically, we have

a = -pPM" Ve (x)

1l

where P =1I - M'lAg(AJM'1A§)- A. is the projection matrix

J
with weight M.

Once the direction d is chosen, a new point x = x + id
is computed by taking a stepsize X that is the largest num-
ber in [0,1) keeping x + Ad feasible. This stepsize proce-
dure can be viewed as a special case of the following scheme:

P(x +1d,a) = min P(x+)d,0) ,
: A20
where P is any exact penalty function studied by Han and

Mangasarian [4] and derined as

P(x,0):= kx'Mx ~ c x + a|l (ax-b) || . (1.2)

Here, |||l is an arbitrary but fixed norm in R® and
(Ax-b), is an m-vector with max {afx—bi,O}_ as its i-th
component. If we prefer to maintain feasibility of our

generated points then we may-set the penalty parameter a
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the value infinity. The resulting procedure is reduced to
the one used in a usual gradient projection method.

To maintain feasibility, we need a starting feasible
point, which is usually computed by a linear programming tech-
nique. Because the dégree of complexity of linear programming
is about‘equivalent to that of quadratic programming, the
effort in findipg a starting point is unproportionally large.
Moreover, because the objective function is completely ignored
in the process, the'obtained starting point is often far from
our solution. Furthermore, we sometimes have a good but in-
feasible estimate of a solution, as often in the case that we
solve a sequence of quadratic programs to tackle a general
nonlinear programming problem. It is difficult to fully ex-
ploit this useful information if we insist on maintaining
feasibility.

In this paper we study a gradient projection method that
2llows the penalty parameter a to have a finite value in
the compuﬁation of stepsizes. By doing so the feasibility
requirement for the generated points is relaxed and a starting
point no longer needs to be feasible. This approach can also
be viewed'as taking the objective function into consideration
in the proces; of finding a feasible starting point and com-
bining the usual two phases in a gradient projection method
into one.

We also incorporate into this method a procedure in se-
lecting active constraints so that the generated points may
not always move along the edges of the feasible region. 1If

the original problem is feasible and the gradients of active
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constraints at any feasible point are linearly independent,
then it is shown that the method can find a solution in a
finite number of sfeps. Computationai results show that the
number of steps is almost always less than the number of con-
straints.

We describe the method in Section 2 and study its basic
properties in Section 3. Convergence theorems are given in

Section 4. Section S5 contains some computational results.




2. THE METHOD

To facilitate our description of the method we first in-

troduce some notation. Given a point x, we use J.(x) to
T
3
{j|a§x==bj} and J(x) = J_(x) v Jo(x) . Notice that J(x)

denote the index set {j|a:x >bj} and use Jo(x) to denote
is just the index set of active constraints at x. When the
reference of the point x is clear from context, we may drop
the symbol x from J+(x), Jo(x) and J(x) and simply use

J,r J, and J, respectively.

0
Given an index set I < {1,2,...,m}, we are interested

in a solution of the following equality constrained problem

min 8xTMx - ch

X

s.t. AIx = bI .

However, the above problem may be infeasible for some index
set I. Therefore, we prefer to consider, instead, the

following problem

i min erux - ch
= x (2.1)
r % s.t. Agalx - A'fbI .

Here, the minimization is over the set of all least-squares
solutions of the system AIx - bI and the problem is always

feasible. 1In practice one would not compute the nxn ma-
; T

tion of AI . If the matrix M is positive definite, as is

but instead would make use of a QR decomposi-

assumed in this paper, there existr a unique solution to

(2.1). We denote this solution by x'I' . 1¢ (I} 444

(1) ., wea define an m-vector

4 Lagrange multiplier vector of x




u(I) by u§1)== AIV(I, and u;I)== 0 for J ¢1I .‘Clearly,

the pair (x(I),u(I)) satisfy the following conditions:

(a) mx™ - ¢+ A?uél) =0
T (I) T
(b) AIAIx = AIbI (2.2)

(c) u;I) =0 for j ¢ I.

We assume that the multiplier vector v(I) is chosen in a

consistent way when there are more than one such vectors. By

so doing the vector u(I) is also uniquely determined by the

index set 1I.

From a result in [4], for any vector norm |[+]|| in R®

and for a sufficiently large number a, a solution of quad-

ratic program (QP) is also a minimum point of the exact pen-

In this paper we use the

alty function P defined in (1.2).

penalty function with the 2-norm, because it is compatible

with ieast-squares solutions of the system AIx = bI.

In the method we improve our estimate x of a solution

by finding a descent direction d for the exact penalty

function P and search along this direction for a new point

with a lower penalty function value. To obtain such a direc-

tion d, we consider the index set J = J(x) and compute

the pair (x(a),u(a)) . If (x(a),u(a)) is not a Karush-

Kuhn-Tucker pair of the original problem (QP) but “;J) 20

for all 1 ¢ Jo(x), then we set 4 = x(J) - X. If u{J) <0

for some i ¢ Jo(x): we drop one of the constraints with a

negative multiplier, say u;J), and set I = J\{j}. Com-

pute (x(I).u(I)) for this new index set I and set

d= x(I) - x. We repeat this deleting process until either

-6~
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xD # x99 or u;I) 20 forall ieJ,(x)nI. It is
noted here that.if x is feasible and the vectors {ai},
i € J(x), are linearly independent, then no more than one
constraint can be deleted.

It is observed that the direction x(I) -.x is not al-

ways better than x(J) - Xx. Therefore, we set d = x(J) -

(I)

instead of 4 = x - x when x is feasible, x(J) # X

and
H(x(J)~x(I))TM(x(J)-x(I)) < G“(AX(I)-b)“z - (2.3)

This condition is equivalent to that

px'D,0) > 5xT) TP - Tl (2.4)

and it is proved later that it helps the algorithm to ter-
minate.
We sum up the procedure for generating the direction d

at a point x as follows:

. .. T
1. Find J {Jlai’.‘>bi}'

:1.T
Jo {jlajx=b.},

J = J+ v JO.

2. Set I =J.

(x(D) (D)

3. Compute If it is a Karush-Kuhn-Tucker

pair for (QP), then stop.
4. If x(I) # x(J) then go to 7.

5. If ull 20 for all j ¢ J, n I then go to 7.

b 0

6. Find an index 3j such that

X

i
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u;I) = min {uiI)Iuéx) <o,

and set I = I\{j}. Go to 3.

If x is feasible, x(J) # x and condition (2.3) is

satisfied, then set 4 = x(J) - x; otherwise,

da = x(I) - X.

In the sequel, we use I to denote the index set that
produces the direction d. Therefore I is equal to J
when there is no constraint deleted. But, the index set
I always satisfies J cI cJ.

Once the direction d is obtained, we then update the

penalty parameter @ by a-= 103a, where B8 is the smallest

nonnegative integer that satisfies
I
10%a]|aall, 2 I 1,1l ax-b) I, - (2.5)

It is proved later that the penalty parameter remains bounded
if problem (QP) is féasible, and that this method of choosing
the penalty parameter makes d a downhill search direction
of the penalty function P defined in (1.2).

_A new point X = x + Ad is then computed by doing a
line-search on the function P(.,a); that is,

P(x+id,a) = min P(x + Ad,a) ..
A20

We note here that the function P(+,a) is strict convex and
easy to evaluate; hence, there are no difficulties in the

line-search computation.
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3. BASIC PROPERTIES

In this section we study some basic properties of the
method. We first establish the result that, when problem
(QP) is feasible, a point x is its Karush-Kuhn-Tucker point
if and only if the direction d generated from the method is

zero. We need some lemmas.

Lemma 3.1: Let B and E be pxXn and gxn matrices and

{hk} and {gk} be seguences of p-vectors and g-vectors, re-

spectively. If the system By = hk, Ey < gk is consistent

for each k and if h » & and gk + g then the system

By = h, Ey < g is also consistent.

Proof: Notice that By = h, Ey < g 1is consistent if and

h
e S+ C
g

where S is the space spanned by the columns of the matrix

only if

B )
[:] and C is the closed convex cone generated by the col-

E 0
ums of .
I
By our assumption, for each k we have
k

h

k
g

e S+ C.

Because S + C is a closed set and h* + h and g + g,

then we have

=2l

e S+ C,

ql

which implies our desired result.

-9-
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Lemma 3.2: Let Ay < b be consistent. Then there exists an
€ > 0 such that for any x e R" and for any index set I
with J_(x) ¢ I ¢ J(x), if A,y = b; is inconsistent then

lagxH-nll, 2 € .

Proof: If the conclusion is not true, then for each positive

k and some index set I, with

integer k there exists some x k

J+(xk) s = J(xk) such that

(1,)

. k k :
lim [(A, (x -x) = 0
] I' q: “2

(1,))
but rk = AIkx k. bIk # 0 . Since there are only a finite

number of indexX sets, without loss of generality, we may

assume that

J(xk) =J, J+(xk) = J+, ;k = I and rk =

for each k . Hence

k

(1) - b, = AI(x(I)-x ) + A

k
r = AIx 1 Ix - bI .

Because AI(x(I)-xk) + 0, J+(xk) € I and Aka - b 20,

(n is a least-

we have r # 0 and r > 0. . Because x
squares solution of AIy = bI' we also have A?r = 0.
Consider the system
- - ()_k
AIy bI +r AI(x x")
(3.1)

where K = {1,...,m}\J. The system (3.1) is consistent be-
cause xk is a solution. It follows from Lemma 2.1 and

AI(x(I)-xk) + 0 that the following system

-10-
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Agy < by

is also consistent and has a solution, say Y. Let

0(y)s = ’S(Ay-b)z(Ay-b)_'_ . Then
ve(y) = AT (Ay-b), = AIr = 0.

It follows from the convexity of 6 that y is a minimum
point of 8 and the minimum value of 6 is 8(y) =%r'r # 0.
This contradicts the assumption that the system Ay < b is

consistent. Hence the proof is completed.

Theorem 3.3: Let quadratic program (QP) be feasible. If the

direction d generated from the method is zero at a point

x then x is a solution of problem (QP).

Proof: If 4 = x(I) -x=0, we want to shpw that (x,u(I))

is a Karush-Kuhn-Tucker pair of problem (QP).

We first show that x is feasible. Because
AI(x(I)-x) =0 and J_<cIcJ, it follows from Lemma 3.2
that Ay = bI must be consistent. Thus we have
A,x =b;,. Because J _cI and x = x(I), it follows
that AIx = bI » J, = ¢, and hence that x is feasible.

It follows from (2.2) that

- T (I)
Mx c + AI“I = (

AIx = bI .

We also have that Ayx < by, where K = {1,...m}\I, and

uj(.n = 0 for i ¢ K. Thus, we only need to show that uén 20.

-11-
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From the method, there exists some i ¢ I with uII) <0
only if x(I) # x(J) . It follows from AJx(I) - AJx = bJ
.and I ¢ J that % also solves the problem
nmin {%yTMy-cTyIAJy=bJ} . By the uniqueness of solution, we

Y
have x(I) = x(J) . This completes the proof.

When x solves problem (QP), it is obvious that the
direction 4d generated at x 1is zero. Hence, we have the

following corollary.

Corollary 3.4: Let quadratic program (QP) be feasible. A

boint x is a solution of problem (QP) if and only if the
direction generated at x is zero.

Another st?aightforward consequence of Theorem 3.3 is
contained in the following corollary, which is very useful in

detecting infeasibility of the problem (QP).

Corollary 3.5: If x is not a Karush-Kuhn-Tucker point of

problem (QP) and the direction d generated at x 1is zero
. then the quadratic program (QP) is infeasible.
We next show that, if problem (QP) is feasible, then

the penalty parameter remains bounded.

Lemma 3.6: If problem (QP) is feasible, then there exists a

positive number p such that for any x ¢ R® and for any

index set I with J,(x) ¢ I ¢ J(x),

lagx T oxy i1, 2 0l ax-b) I, .

. R,
NMLEEY - a .

Proof: It follows from A?(Alx(l)-bl) = () that

| ax-b) 13 = flagx T |2+ Jlax ‘Db )12

-12-
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By Lemma 3.2 there cxists € > 0 such that

||AI(x(I)-x)||2 < € implies A x(1 - b; . Hence, if

I
IIAI(x(I)-x)II2 < ¢ then HAI(x(I)-x)Hz = || (ax-b) ||, . 1If

(I)
IIAI(x

-x)|l, > €, 1let
n:= m;x {HAKx(K)-bKHZ}

where the maximum is taken over all index sets. Then

2
lleax=p) 113 = llag =P oz 13 + llagx™ b 113
< o (xT )12 + o2
n2 (1) 2
S () lajx" - |3 .
€

Therefore, the lemma follows if we set
L
p:= e/(ez+n2) .

Theorem 3.7: If problem (QP) is feasible then the penalty

parameter a in the method remains bounded.

Proof: By Lemma 3.6, HAId”2 = 0 implies H(Ax-b)+H2 =0.
Therefore, we only need to show that when |IAId||2 # 0 the

quantity

i (Axib)+||2
Napx P -x ),

Na'®y, -

remains bounded for any x ¢ R" and for any index set I
with J . (x) ¢ I c J(x) .
The value Iluu)ll2 is bounded because there are only

a finite number of index sets and, as mentioned before, for

-13-




each index set I the vector u(I) is uniquely determined.

By the previous lemma, we have that for some constant o

" (Ax-b)_'."z <
"AI (x(-f) -x) “2 -

1
p .

Hence, the proof is completed.

Corollary 3.8: If the penalty parameter @ = in the

method then problem (QP) is infeasible.

We observe that the penalty function p(x,a) is convex
and for any direction d, its directional derivative
p'(x,a;d) at x exists and is given by

4

T T
ad”A” (Ax-b)
dTMx - ch + ¥
p'(x,a;d) = { if x is infeasible; (3.2)
T T
|a*mx - c"a + aII(AJd)+|Iz

| if x is feasible.

The following two theorems show that the direction 4
generated from the method i1s a descent direction for the

exact penalty function.

Theorem 3.9: Let quadratic program (QP) be feasible and let

x ¢ R® be an infeasible point to (QP). 1If

~ Il (ax-b) I
a2 Jlu'P, t2, then
lazall

p'(x,a;d) < -a'Md .

Proof: Using (2.2.a) and (3.2) to eliminate ¢, we get

i
1
4

R e e T s
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a"aT (ax-b)

(3.3)
Il (ax-b)_ I,

bl p'(x,0:4) = -a’ma -aTaTulT! + o

On the other hand, it follows from J _(x) ¢ I ¢ J(x) and
ATaxTop) =0 that

T,T ATy T o
a"A" (Ax-b) | = 4 A (A x-b,)

- drag(AIx(I)-bI-AId)

- -aTagne
- -liagall -

P

Therefore, if-

az lat®y, (l'l“ 'b’l*"’
Agsll;
then
| T.T 2
AT ad’a (mx-b), lIagall, lls 0, - allaell;
‘. I | (-1 11, = 2 2 Jlax-b Il

4 <0.

This, in conjunction with (3.3), implies our result.

Theorem 3.10: If x is a feasible point of problem (QP) and

the vectors {a;}, i ¢ J(x), are linearly independent, then
for any a ,

p'(x,a;8) < -a™na .

Proof: Using (2.2.a) and (3.2) to eliminate c, we have that

p'(x,a;d) = -aTma - aTaTu (D) ull(AJd)*"2 .

I'I




We only need to show that AId = 0 and agd L0 for any

J ¢ J\I, where J = J(x) .

Because x 1is feasible, we have Aax = bJ . Hence,

it follows from I < J that the system Ay = bI is con-

sistent and AIx(I) = bI « Therefore, we have that

Ad = AI(x(I)-x) =0.

To show that a?d £ 0 for each j ¢ J\I, we first show
that the set J\I can not contain more than one indices if
{aj}, i € J, are linearly independent. Assume that there
are more than one indices in J\I . Let q and p be the
first and the second indices deleted from J, respectively.

() is a Karush-Kuhn-Tucker

T
=b
y q}

Then, by the method, the point x

T T
point of the problem min {4y My-c'y|A y=b., ay=b ., a

‘ T T T
and also of the problem min {ky My-c yIAxy-bK, apy-bp},

where K = J\{p,q}. Hence, there exists vectors u, v and

numbers a, 8 and y such that

(3) -Cc + A:u +0a +Ba =0

Hx P q

and

Hx(J) -c + Aiv + ya =0 ,

4

Here, we have 8 < 0 because, if not, the index q can not
be deleted from J. Then, eliminating the term Mx(J) -c

from the above two equations, we get

T
Ax(u-v) + (c-y)ap + Baq =0,

which contradicts the assumption that {‘1}' i «¢J, are

linearly independent.
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If I =J then there is nothing to prove. Let J be
the only index in J\I. Then it follows from Theorem 1.9 in
[6] that . \g(x(l)-x(a)) < 0. Hence we have that

T - (I)_
jd aj(x X)
- a (x(I) (J)) + aT(x(J)_x)
3 3
- a (x(I) (J)) <0.
3
This completes our proof.
)
1
4
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4. FINITE CONVERGENCE

In this section we show that, under suitakle conditions,
the method generates from any starting point a solution of
Problem (QP) in a finite number of iterations.

The proof of finite convergence for the method is fairly
long. To make it easier to understand, we outline our ap-
proach below. The proof is done by contradiction. If the
method generates an infinite sequence {xk}, then we show
that the sequence enters from infeasible region into feasible
region for only a finite times. This implies that, after
finite iterations, either all the points will remain infea-
sible or all become feasible. Then we get a contradiction by
showing that eiﬁher case can not occur.

For convenience, we give the following definition.

Definition 4.1: Problem (QP) is said to be reqular if it is

feasible and for any feasible point x, the vectors {ai},

i ¢ J(x), are linearly independent.

We first present a lemma, which is a straightforward

consequence of Theorem 3.7.

Lemma 4.2: If quadratic program (QP) is feasible then there
exists a number a®* and an integer k such that the penalty

parameter o, = a* for all k> k.

Theorem 4.3: If quadratic program (QP) is regular, then xk

is greater than or equal to orme for only a finité number of

values of k.

Proof: By Locmma 4.1, after finite iterations and for a fixed

a®*, the value of function P(+,a*) maintains strictly

-18-
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monotone decreasing. If 4 = x(I) -x, xX=x+2d and

X 21 then at least one of the two inequalities

(1)

P(x,a*) > P(x a%)

and

(D

P( ,a%) > P(x,a*)

is satisfied. Because there are only finite index sets I,
the above inequalities can happen for only a finite number of

times. Hence, the desired result follows.

Lemma 4.4: If x is infeasible and J_(x) = I c J(x) then
for any A in [0,1), the point (l-))x + Ax(I) is infea-
sible.

Proof: If it is not true then there exists a A in [0,1f

such that the point X = (lfk)x + Ax(I)

is, agi 2 b; for each i. - Clearly, XA can not be zero

and x = x + aAd .

is feasible; that

For any i we have that

T 1. 7T, 1 T
a;d = ya; (x-x) < 3 (b;-a;x) .

Therefore, it follows that agd <0 1if 1i € J+(x) and

agd 20 if i e INJ (x). On the other hand, we have that

T (1) T, A~
aix - b, = ai(x+(1-k)d) - bi

1
£ (1-Najd.

This, in conjunction with the fact that J+(x) ¥ ¢, implies

that




T,T (1) - T T, (I)_
@A (A;x"" =b,) iEI(aid)(aix b,)

2 I a-n@a?so.
ieJ+
s . . T (1) =
But, this inequality contradicts that AI(AIx -bI) =0 .
This completes our proof.
It follows from Lemma 4.4 that if xk is infeasible and
xk+l is feasible then the stepsize Ak must be no less than

one. This result, in conjunction with Theorem 4.3, implies

the following lemma.

lemma 4.5: If quadratic program (QP) is regular and (xk}

is a sequence of points generated by the method, there are

only a finite number of consecutive pairs (xk,xk+l) in the

k+1

sequence with xk infeasible and x feasible.

ky

Theorem 4.6: Let quadratic program (QP) be regular and ({x
be a sequence of points generated by the method, then one and

only one of the following statements holds:

(a) The sequence {xk} terminates at a solution of (QP) in
a finite number of steps;

(b) There exists k such that xk is infeasible for all
k > k;

(c) There exists Kk such that x* is feasible for all

k2 k.

In the rest of this section we estabiish a finite con-
vergence theorem for our method by showing that statements
(b) and (c) in Theorem 4.6 actually can not hold.

We first deduce a contradiction when Statement (b) in

Theorem 4.6 is true. Our deduction depends on that the

W B




condition AIx 1 always holds after a certain itcra-
tion. This, in turn, is derived from that the condition
holds when the corresponding point x is in a slightly en-

larged feasible region

X, 2= {y|ay <b + ne} (4.1)

where e is the vector of ones and n is a suitable posi-

tive number. To determine the number n we first define

6(1):= max {azx(I)-bili €I}

:= min (6T |1 e}

#b, and the system
I Y

is consistent} .

Hére, we use the convention that § = ® when Q = ¢ . Then

the number n in (4,1) is determined by

8
ni= ——— ., (4.2)
vY2m

We need to show that n is positive, which follows from the

following lemma.

Lemma 4.7: If I ¢ @ then &%) > ¢ .

Proof: Let r:= AIx(n-bI . If I e¢Q and §1) £ 0, then

r#¥ 0 and r ;'0 . Let x be any point satisfying the sys-

tem A,y 2 b Then

T°

), .

.AI(§-x

21~




Premultiplying the above inequality by the nonzero-and non-

negative vector -r, we get

T

-rTAI(ﬁ-x(I)) 2rr>0.

This contradicts that A?r = 0, and hence the iemma is

proved.

Corollary 4.8: The number n defined in (4.2) is positive.

Theorem 4.9: If x € Xn and J+(x) €Ic J{x) then
AIx(I)

Proof: If it is not true then I ¢ Q@ and

= bI .

(1) 2

(I)-bI) 28 .

T
-bI) (AIx

(AIx
It follows from x ¢ xn that

(AIx-bI)T(AIx-b) < mn2

&
)

(1)

This contradicts that x is a least-squares solution of

Ay = bI . Hence the theorem is proved.
We next show that there are at most a finite number of

iterations in which the condition AIx(I) = bI does not hold.

Lemma 4.10: Let x be any point in R® . If

J (0 cIcI) and ax'P

# bI then for each A € [0,1],

(1-1)x + ax‘T) ¢ X, .

Proof: Suppose that it is not true and for some A in
[{0,1) the point X = (l=-))x + Ax(I) is in xrl . By Theorem

4.9 and the definition of n, the number A must be in thc open
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interval (0,1). Let K:= {ilaz;:z_bi, icI}) and let j be
an index in I that satisfies

§ LGN Ly

3

It follows from Lemma 4.7 that a?x(I) - b, >0, which im-

]
plies that j € K . Therefore, because X € Xn , we have

that

I (aT%-b,)? < mn?
iek 1 1 =
62

2
< (812

in

T (I) 2
i§K(aix -b;)% .

On the other hand, for i ¢ I\K we have that

T (1) _ Ts _
a;x b; Lajx-b;, <0.

Hence, it follows that

I (ax-b? < 1 (axPop)? .
ieI\K ' ieI\K

" 1 .
Therefore, we have that IIAIx-biH2 < HAIx( )-blﬂz . This

(1)

contradicts that x is a least-sjuares solution of.

AIy = bI and hence the proof is completed.

Theorem 4.11: If problem (QP) is regular then there are at

most a finite number of iterations in which .AIx(I) # by .

Proof: Suppose that at a certain iteration AIx(I)

#bI ’
then by Lemma 4.10 we have that the whole line-segment

[x,x(;)] is contained in the complement set xﬁ of xn . Define

Y:= (xz) n {y|P(y,a*) < P(xk,a*)}
where (xﬁ) is the closure of xﬁ and k is a positive

R
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Proof: Suppose the conclusion is not true and there exists a

integer such that for each k 2 k, o = a* and X <1 .

The compact set Y is contained in the infeasible region, in
which P is continuously differentiable, hence P has uni-
formly continuous derivatives on Y. Thus it follows from
the proof of Theorem 14.2.7 in [5] that there exists a forcing
function ¢ such that

slvex, © 7
lall,

) . (4.5)

P(x,a*) - P(x,a*) >

The above inequality holds whenever A x(I) # bI . The se-

I
qguence {P(xk,a*)} is monotone decreasing and bounded below

and hence convergent. If AIx(I) # bI for an infinite number

of times then it follows from (4.5) and -VP(x,a*)T > d'Md

T

that for any € > 0 there exists k > k such that

x!

A; x # by ]

k k ?

k .

lHa™ll, £ € . |

But this is impossible because it contradicts the conclusion
of Lemma 3.2. Hence our proof is completed.

We are now ready to show that Statement (b) of Théorem

4.6 can not hold.

Theorem 4.12: If problem (QP) is regular and {xk} is an

infinite sequence generated by the method then there exists

no K such that x* is infeasible for all k > k .

positive integer k such that xk is infeasible for each S

k > k. By Theorem 4.3 and 4.11 we can choose k such that in
(1)

any iteration with k 2 k, we have X <1 and Ax'" = by .

=24~



We want to show that in any iteration with k 2 k the set
J+(x) is a proper subset of J+(§) . This certainly implies
a contradiction because there are only a finite number of in-
dex sets.

Let i ¢ J _(x), then it follows from atx > bi and

i

T _(I) _
aix = bi that

T= _ (1.3,.T T, (I)
a;x (1 A)aix + Aaix

> bi .

Therefore, we have J_(x) ¢ J+(§) . To show J_(x) # J+(§)
we consider function PI(-,a*) defined by

T

PI(x,u*):= kxTMx -cx + a*lI(AIXMb

Dallz -
It is convex and the function

(1) := PI(x-FAd,a*)

decreases monotonically for 0 < A < 1. In order to prové
the monotonicity one obtains from (3.2) and (2.2.a) the bound

$'(1-) = aTmxT) - cTa - ax|| (-2, I,

T (I
-a"aTu® - axjlaall,

() fl-a) [1aall, -

Because of the lower bound on a that is given in the state-
ment of Theorem 3.9, and because the proof of Lemma 3.6 shows
that ||(Ax-b)+||2 is no less than HAIdnz , it follows that
¢ '(1~) < 0, which establishes the monotonicity. Therefore,
we deduce from the continuity of derivatives in the infeasible
region that the value P(x,a*) is not the same as the value
of Pi(x,0*) . It follows that J (x)#J _(x) and hence the
proof is completed.

We now show that Statement (¢) in Theorem 4.6 also can

not hold.




Theorem 4.13: If problem (QP) is regular and {ka is an

infinite sequence that is generated from the method, then

k

there exists no k such that x° is feasible for all k > k.

Proof: Suppose that there exists a k such that for each
k 2 k, the point %X is feasible. By Lemma 4.2 and Theorem
4.3, we may assume that ae = a* and Ak <1l for all k > k.
We will establish a contradiction by showing that for
k > k, each set in the sequence {3(x*)} is different. Let
Card(J) denote the cardinal number of the index set J. We
first show that for k > E, the sequence of numbers
{Card (7 (x*))} is nondecreasing.
Let x be a feasible point and d be the direction

(1 x for some index set I .

generated at x and' d =x
As in the proof of Theorem 3.10, it follows from the regular-
ity of the problem (QP) there is at most one constraint de-

leted and wé have that I =J or I = J\{j} for some § ¢ J.
It follows that Agx = bJ and I ¢ J that the system
Ay = bI is consistent and AIx(I) =Db, .
X = 2 + 1@ and X <1 then at least a new constraint is

Therefore, if

added to 1 and we have that

Card(J(x)) > Card(J(x)) +1 if I =7

.

Card(J(x)) > card(J(x)) if I = J\{j} .

Iv

This implies that for k > Kk, the sequence of numbers
{Card(J(xk))} is nondecreasing.

We now show that for k 2 k, the sets {J(gkf} are all
different. It is obvious that the index set J{x) can not
be repeated in the sequence {J(xk)} if 1 =J3. This lo

=26~
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because that Card(J(x)) > Card(J(x)) + 1 and the sequence

- .
A L R T Bt

; {Card(J(xk))} is nondecreasing. We only need to consider

the case I = J\{j} .
If 1 - J\{j}, then by (2.4) we have that
(2T ) T () L (T (D) > p(x'T) on .

By the line-search, we also have that

R e VP SV

P(x(I),a*) 2 P(x,a*) .
Let x be the point that solves
mli,n {’syTMy-cTYIAJy=b » Agy byl
where K = {1,...,m}\J. Then,
P(%,a%) = kaTMk - T3 > l’(x(J’))"l’m‘(.‘I) - oTx(M

> 2(x(D a0y

P(;‘la*) .

v

If 2z is . any point that comes after the point x in the se-
quence {xk} with J(z) = J(x), then it follows from the

feasibility of z and AJz = bJ that

Tz > K%TMR - cT3

P(z,a*) = 8zTMz -c
(4.6)

2 P(x,a*) .

Because z ¥ X and 2z comes after X in the sequence
! {xk}, we have that P(x,a*) > P(z,a*), which contradicts

(4.6). The proof is then completed.
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We now conclude this section with the féllowing finite

convergence theorem.

Theorem 4.14: If quadratic program (QP) is regular then the

method produces the solution of (QP) from any starting point

in a finite number of steps.

Proof: This immediately follows from Theorems 4.6, 4.13 and

4.14.
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S. COMPUTATIONAL RESULTS

Some preliminary computational tests have been carried
out for the method in the Cyber 175 lCystem at University of
Illinois-Urbana. The test problems are randomly generated
but positive definiteness of the matrix M is maintained.
The starting point is chosen to be an unconstrained minimum
point of the objective function. A linear system subroutine
in LINPACK is used to solve the equality constrained problen
(2.1), where the constraint A?Alx = AgbI is taken care by a
QR decomposition. A point is accepted as a solution when the
Karush-Kuhn-Tucker conditions are satisfied within the tol-

erance 10f12. A constraint is considered to be active if it

is satisfied Qifhin 107, We note here that the Cyber 175
has a 48 bit mantissa.

In the following tables, n is the dimension of vari-
able vector;and m 1is the number of inequality constraints.

The numbers are the numbers of calls for a linear system sub-

routine, rather than those of iterations, which are usually

smaller.
TABLE 1
N” s |10 15| 20| 25| 30| 35| a0 | 45 | s0
SO0 { 3 | 14 | 16 { 14 | 14 | 23 | 18 { 19 { 23 { 33
45 [ 5| S| 15 9 | 23 (16 | 22 | 25 { 27 | 36
40 | 8 | 10 [ 12 { 16 { 30 [ 17 | 30 | 34 | 20 | 34
s | 5 6 | 14 9 | 28 {18 { 26 | 15 { 31| 19
30 | 5 9 8 { 17 | 28 | 21 | 18 | 21 | 28*| 17

*Indicates that the problem is infeasible.

=29~




M
N 20 25

25 3 11 | 32 25

20 9 10 15 9

-

15 12 12 40'| 28

10 10*| 19*| 10 18*

*Indicates that the problem is infeasible.

-tIndicates that the tolerance 10"12 has not been satisfied
in 40 iterations.

According to these results, it seems that the number of

iterations are usually less than the number of constraints
ana the efficiency of the method depends more on m than n.
Therefore, the method is recommended for problems with fewer
constraints. .

The method becomes very efficient when we have a good
but infeasible estimate of solution. This makes it useful in

solving general nonlinear programming problems.
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