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On the Probiem of Finding a Best Population

with Respect to a Control in Two Stages*

( by A
| ,
‘ Shanti S. Gupta and Klaus-J. Miescke .
5 Purdue University and University of Mainz It
g ‘ . L, )
A\ [ . -
\ T SUMMARY A ..

..\ \' .‘ . .
\ Let #ﬁ,...,%k be given populations associated with unknown.real

pSXZmeters &i,...,ek. 4 is assumed to be *good” 1fs@? > 6gf-where

z¢ R is a given control value, i = 1,...,k. The goal is to find the -

0
- ?best? population (i.e. that one with the largest parameter), if it is

*good¥, in 2 stages with screening out *bad? populations in the first stage.
Consideration is restricted to permutation invariant procedures. It is ./
shown that under MLR and a general invariant loss structure the natural

final decisions are optimum. More generally an extension of the "Bahadur-
Goodman Theorem" to sequential settings (with and without relation to a
control) is derived. If the loss structure consists of the cost for sampling
plus the loss for final decision, it is shown that for every symmetric prior

there exists a Bayes procedure which selects at the first stage populations

according to the largest observatioﬁs. Natura]rprocgdures, which screen;out { .

with the UMP test for H: @ g_gﬁ?versus K: o> da/at fixed level a, are
considered. As an example, alf'results are studied in the special case of

normal populations with unknown means and a common known variance. <

AMS 1970 subject classification: Primary 62F07, secondary 62F05, 62F15, 62L99.

Key words and phrases: Multiple comparison with a control, two-stage
selection procedures, screening procedures, sequential
procedures, Bayesian procedures, optimal selection.
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1. Introduction. Let TyseeesTy be k populations associated with unknown

parameters 6;,...,6, € 2 C R. Let 6p € 0 be a given control value such

that every T with 8, > 8 is assumed to be "good", and "bad" otherwise,
i=1,....k. We consider the problem: how to find the best population

(i.e. that one associated with the largest parameter) among the good ones

(if there is any) in two stages by screening out non-best (or bad) populations
in the first stage.

Assume that samples {xij}j=] } can be drawn

ey

n and {Y

ij'j=1,....m

from m at the first and the second stage, respectively, i = 1,...,k, which
are mutually independent. Let Ui and Vi be real-valued sufficient statistics
for 8 with respect to these samples which have densities fe and g5

i i

respectively, with respect to the Lebesgue measure on R, i = 1,...,k.

The families {fe}een and {ge}eeg are assumed to be known and to have monotone

non-decreasing likelihood ratios (MLR). Finally, let W, = T(Ui’vi) be a
real-valued sufficient statistic for e, with respect to (ui,vi), which has

a density he. with respect to the Lebesgue measure on R, where the family
i
{he}eEQ also has MLR. For notational convenience, let U = (U],...,Uk), and

let V, W etc. have analogous meaning.
In this paper we will study a certain class of 2-stage procedures (S,d),

defined as follows. Let S denote any subset selection procedure based on

y, i.e. S: RX

k

+ {s]sc {1,...,k}} measurable with respect to Borel sets

in R", where an empty subset is admitted. S acts as a screening procedure

in the first stage. let d = {ds}s S {1y k) with d¢ = 0 and d{i] = i,

i=1,...,k. Moreover, for every s < {1,...,k} with size |s| > 2, let

kK x R 5 s, where ds(g,g) depends only on variables u; and v, with

ds: R

i € s, and where dS js measurable with respect to the Borel sets in their
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joint space H!2|s|. d represents the set of final decisions at the first

stage and the second stage, respectively. The introduction of the (at the
first sight) somewhat complicated looking structure d will prove to be very
convenient in the sequel. Now we are ready to define our 2-stage procedures

in a concise way.

Definition 1. 2-stage procedure (S,d).

Stage 1: Take observations (i.e. the X-samples) from TyseeesTye Select all
populations =, with i€ s = S(U). If s =@, stop, and decide dg =0 (i.e.
"no population is good"). If s = {i} for some i € {1,...,k}, stop, and decide

= i (i.e. "n, is good and the best one"). If |s| > 2, proceed to Stage

(i) i

2.

Stage 2: Take additional observations (i.e. the Y-sampies) from all populations

T with i € s and make the final decision ds(y,!) (i.e. “"i is good and the
0

best one", if ds(g,y) = io, say, for some io € s.).

Throughout this paper we will restrict consideration to procedures
(S,d) which are completely (i.e. with respect to both, S and d) invariant
under permutations of the k populations TyseeesTe

In Section 2 it will be shown that under any reasonable loss structure
the optimal final decisions are always the natural ones, i.e. are associated
with the largest sufficient statistic among those coming from the populations
which sti11 are eligible. This result can be derived from Lehmann's (1966)
version of the "Bahadur-Goodman-Theorem". In Section 3 a natural type 2-
stage procedure will be studied which screens out in the first stage by

means of an UMP-test ("o 5_60“ versus "¢ > eo") at a fixed level, which is

applied separately to U],...,Uk, respectively. Finally, in Section 4 it

-2
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will be shown that under a fairly general loss structure {cost for sampling
plus loss for final decision) and for every symmetric prior there exists a
Bayes 2-stage procedure which is completely monotone (i.e. where also the
subset selections are made in terms of the largest observations), provided that
a certain condition {Assumption (A) or (B)) is satisfied. This result

will be derived by a two-fold application of Eaton's (1967) more general
version of the "Bahadur-Goodman-Theorem". Throughout the following we shall
repeatedly study, as an example, the case of k normal populations with

unknown means 61,...,9k and a common known variance 02 > 0.
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2. Optimality of the natural final decisions. In this section we assume

that a loss structure is given which we will specify only with respect to

final decisions, and without reference to the control eo. This allows us

to state the results in a more general setting including also the non-control

("finding the best population") problems such as those studied by Tamhane | ;
and Bechhofer (1979).

Loss structure L.

Definition 2.

Let us assume that for every procedure (S,d) subsequent decisions S = s

and d; = i, i€ s, result in a real-valued loss L(s,i,8) at ¢ = (6),...,8,) € ok, i

which is integrable and has the following two properties:

(a) L is permutation invariant (i.e. L(ws,ri,n8) = L(s,i,8) in the sense

of Eaton (1967) for all permutations =), and:

k

(b) For every ¢ € o and i,j € {1,...,k} with e, < 85 L({i},i,8) > L({§}.3,0)s

and s c {1,...,k} with i,j € s implies L(s,i,8) > L(s,j,0).

S e e, S o

The risk of a procedure (S,d) at ¢ € ok s given by

(1) ry(S,d) = EG(L(S(Y)s dgqyy(UaY), 0))

"

L(B,0,0)P4{S(U) = 9}

K
I L{Li},1,0)P (S(U)=(i}||S(u)| =1} Po{]S(U)|=1}
i=) : -

+

L(s,i,8)P {d_(U,V)=1[S(U)=s})P {S(U)=s}.

OQur first result is with respect to final decisions at Stage 1.

Lemma 1. Let (S,d) be a 2-stage procedure and let S be the same procedure

as S with_the only modification that for all u € RX with |S(u)}| = 1,
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S(u) = {i} implies u; = _ max U, 1€ {1,k
J=l,.. .k
Then re(g,d) g_re(S,d) for all o € Qk.

Proof: For a fixed (S,d), let A = {u¢ H2k| IS(u)] = 1}. Let o€ ok

with P {U € A} > 0. The conditional distribution of U, given U € A, has the

following density w.r.t. the Lebesgue measure

(2) PQ{Q € A}'] 15] fei(ui) IA(g), ue RrRK.

Since by the invariance of S, A is permutation symmetric and moreover,
Po{U € A} is a permutation invariant function of 8 ¢ Qk, (2) is of the
f;rm assumed in Lehmann (1966). Also, L({i}, i,8) satisfies the monotonicity
property (5) of Lehmann (1966). Thus by his main result the first sum in
(1) is for (§,d) smaller or equal to that one for (S,d). Since all other
terms in (1) are the same for both procedures the proof is completed.

The corresponding proof with respect to final decisions at Stage 2
uses basically the same idea, but the analysis turns out to be a bit more

complicated. For simplicity, let us assume from now on that the mapping

(u,v) » (u,T{u,v)) for (u,v) in the interior of 8 = y (support(fe)xsupport(ge))
3]

is one-to-one and continuously differentiable. Thus we have a function T with

(u,v) = (u,f(u,T(u,v))), (u,v) € 8 with analogous properties.

Lemma 2. For every 8 € Qk and every permutation symmetric Borel set A<5_]zk

with P {U € A} > 0, the conditional distribution of W, given u ¢ A, has a

density w.r.t. the Lebesgue measure of the type

k

k .
(3) c(e) n_ h, (w;) p(w), we R,
=1 %




where c: Qk + R, = {g]g > 0} is_permutation invariant, ﬁe:
measurable, p: Rk + R, is measurable permutation invariant, and

(he }een has MLR.

R >R, is

K and Ac R be given as stated above. Then the

Proof: Let 8 € @
conditional distribution of (U,V), given U € A, has the following density

w.r.t. Lebesgue measure.
-1 K
(4) Pg{l_l € A} 121 fei(ui)gei(vi) (), wye RK

Since lrl,i = T(U,i ,V,.) is sufficient for 855 i=1,...,k, by the factoriza-
tion theorem there exist non-negative measurable functions F’e and G with
fe(u)ge(v) = F\e(T(u,v))G(u,v), u,v € R, 0 € 2. After inserting this into
(4) and after a standard change of variables, we see that the conditional
distribution of (U,W) with W, = T(Ui’vi)’ i=1,...,k, given U € A, has
the density
(ujwy)

k
in] h (wi)G(u ,T(U W, ))‘__— IA(Q)s U,W € ]Rk-

(5) P{UEA}]

Thus by integrating out the variables u € le we see that the conditional
distribution of W, given U € A, has a density of the form (3) w.r.t. the
Leﬁesgue measure. Here c(9) = PolU € Ay which is, as we know already,

permutation invariant. Moreover,

aT(uy,w;s)
ii du, !enk’

k
(6) P(w) '{ n G("i’T(ui’wi))I

which likewise is permutation invariant. Finally, since by assumption the

family of densities for W, = T(Ui’vi)‘ i=1,...,k, {he}een’ has MLR,

”'e}een has also MLR. This completes the proof of Lemma 2.




Corollary 1. For every ¢ € Qk, permutation symmetric Borel set

Ac R¥ with P (Ue A} > 0, and s = {i},...,1,} € (1,...,k}, the condi-

tional distribution of (w11,...,wit). given U € A, has a density w.r.t. the

Lebesgue measure of the type

(7) c(e)
J

H A ct
—

- t
hB .(5j)p§|(§)’ g€ R,

J

1

P ) with

where ¢ and (h_} are the same as in (3), ¢' = (e, ,...
h Jk-t

6°0€Q

{i],...,it} U {yseeesdpogd = (ho00kd, ggg_pg.(g) is permutation invariant

in ¢' as well as in g € RE.

Proof: This follows from Lemma 2 by integrating out in (3) the variables

...W; . Especially thereby we get for (wi yeue oWy ) € Rt
1 t

k-t .
(8) por(wy youuow; )= | T oh, (W, )p(Wy seuesWy oW, 5e-ooW: )
& t gpktrsl %53 LERD

d(wj 3o oW )9
which now can be seen to have the invariance properties stated above. Thus
the proof is completed.

Now we are ready to prove the main result of this section.

Theorem 1. Let (S,d) be a 2-stage procedure and let S be the modification

of S (given in Lemma 1) which uses the optimal final decision at Stage 1. Let

d* = {dg}s<§ a.....% be the set of natural final decisions, i.e. where for
every s < {1,...,k} with [s]| > 2, i€ s, u, V€ Rk @gd;(g,y) = i implies
T(us,v,) = max T(u.,v;). Then r (g,d*) < r (S,d) for all ¢ € nk.

i*7y jes 3 — '8 9 —_— -




Proof: Let 6 ¢ X be fixed. In view of Lemma 1 we only have to show

that re(S,d*) g_re(S,d). Thus by (1) it suffices to prove that for every
s< {1,...,k} with |s| > 2 and P {S(U) = s} > O,

(9) I L(s,1,8)P {d¥(u,v) = 1[S(U) = s}
i€s -
< 1 L(s,i,8)P fd (U,¥) = i[S(U) = s}.

i€s

Let s {1,...,k) with |s| > 2 be fixed. Let A = {ue RX|S(u)=s}.
By the invariance property of S, A is permutation symmetric. In the conditional

situation, given S(U) = s or, equivalently, given U € A, W is sufficient for

6 € nk. This can be seen from (4) and the sentence following (4). Thus, similar

as one concludes in the theory of selection procedures, if s= {i],,,,,it}
with 1 < i, <...< iy <k, say, then we can assume that d (u,v) is a function

of (T(ui Vi ),...,T(ui Vs )). By Corollary 1 the conditional distribution

1 t 't

of (Ni seee ol ), given U € A, has a density w.r.t. the Lebesgue measure of
1 t

the form (7) or, respectively,

t
v t
(10) Co" (911""’e"t)j21h91.(Ej)pQ'(g)’ gEe R,
J
where Cot? Qt - R, and Pge: lRt + R are permutation invariant functions, |
Pgr is measurable and {ﬁe}eeg has MLR. Therefore this distribution satisfies ,

all conditions assumed by Lehmann (1966). Since moreover, L(s,i,8), i€ s,
satisfies the condition (5) in his paper, it follows from his version of the

"Bahadur-Goodman Theorem" that inequality (9) holds. This completes the proof

of the theorem.




Remark 1. Let (S,d) be any 2-stage procedure. Then, after having made

a decision S=s, say, the final decision d = i, say, can be viewed as being

a partition (s \{i}, {i}) of s into two subsets of sizes |s|-1 and 1,

respectively. If, more generally, partitions into q subsets of s of fixed

sizes ry,...,r, are to be made, where 4srysee sty depend on |s|, then the

q
more general version of the "Bahadur-Goodman-Theorem" by Eaton (1967) can

be applied. Thus, if the loss structure in this setting is compatible with

the one as~' med by Eaton (1967), then the set of natural partitions in terms

of the ordered wi's is optimal.

By Theorem 1 we know now especially, that after having made a decision

S(U) = s, say, it is always better to make a final decision in terms of the

largest wi among the wi with 1 € s, than to make it in terms of the largest
0

Vi among the Vi with i € s. This fact appears to be interesting enough to
0

be formulated in a slightly more general form in the following Corollary 2.

Corollary 2. For every 6 ¢ Qk, sc {1,...,k} and every permutation

symmetric Borel set Ac RX with PolUc A} > O the following holds true.

Let e, = P {W, = max ley € A} and f, = P {V, = max V;}, i€ s. Then the
- Jes jes

{
ei's and fi's are ordered in the same order as the 6;'s with i€ s and, j
!

1o

moreover, the vector of ei's majorizes the vector of fi's.

Proof: Without loss of generality, let s = {1,...,t} with t > 2 and t ﬂ

k

0 € oK with 6, <...<® If Ac R has the properties stated above, take

.
any permutation invariant S with S(u) = s if ue A and with |[S(u)]| <1

otherwise. Let r¢ {1,...,t-1} be fixed and take any loss structure L with ’
1 :

L(s,i,08) = 1(0) if i < (>)r, i€ s. Let ds(y,y) =j if v, =max v., 1 ¢ s,

JES
where ties are broken at random. Then by Theorem 1 we get re(s,d*) g_re(S,d)
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or, more specifically, by inequality (9) we get frgp Tooet Fseyy ot gy,
since,obviously,we have f] +...+ ft =e t...te = 1. Moreover, that
f] <...2 f, holds is well known. Finally, e; <...< e, follows from Corollary ]

and Lemma 4.1 of Eaton. Thus the proof is completed.

Example (Normal Case): Let us look at the special case where LETRERTLN

are normal populations N(el,cz),...,N(ek,cz) with unknown means 015 .28 € R
and a common known variance 62 > 0. Let Ui and Vi be the arithmetic means of

the observations in samples {X,.} and {Y..}

ij73=1,...,n ij’j=1,.
i=1,...,k. In several parts of this paper we shall return to this special

m respectively,

case which henceforth will be denoted as the normal case.

Thus we have Ui A N(ei,p) and Vi " N(ei,q), i=1,...,k, which are
mutually independent, where p = ozln and q = ozlm. Let Ni be the overall
arithmetic mean for L i=1,...,k. Then wi = T(Ui’vi) = (qUi+pVi)/(q+p) "
M(o;. (a7 4p71) 7T 6?), and v, = T(ULW,) = Wy + pTlalHe-UL), 0= 1,k

Since all our assumptions concerning the underlying distributions are

satisfied, all results derived so far are valid in this case. And from

Corollary 2, one can derive interesting inequalities.

Remark 2. Without going into details it should be pointed out that
analogous results to the ones derived in this section can be obtained in
more general sequential settings, provided that the stopping rule is

permutation invariant.
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3. A natural type 2-stage procedure. In this section we will study

2-stage procedures (S,d) from a non-decision theoretic point of view. Let
a correct decision (CD) at o € Qk bed=0 (i.e. S =) if 8ys---28, < Ogs
and be d = i if 8; = j=1,T??,k ej > 945 otherwise. Let us assume that
theexperimenter wishes to have a procedure (S,d) which at Stage 1 has a
small expected number of selected bad populations, denoted by Ee(Nb) (a
small expected overall sampling amount or a small similar measu;e of

economical performance), and a large probability of a correct selection

Pe(CD) at points 6 € Qk where max ej > 80» subject to the basic
° i=1,...,k

P,-condition inf{Pe(CD)lg € Qk, 61s+..28, < 85} > Py, where P, is a pre-
specified constant-with 0 <P, <1,

The following procedure may, sometimes, be applied in practice. The
experimenter takes the UMP-test for H: 8 < 8y versus K: 8 > 04 at level
o = 1-Pl/k and selects all populations . with are shown to be significantly
good by statistics Ui’ i=1,...,k. His final decision may be the natural
one based on the Vi's associated with the populations which are selected at
Stage 1. From Corollary 2 it follows that this procedure can be improved
with respect to PB(CD) without any changes in the expected number of
selected good popalations Ee(Ng)’ Ee(Nb) and Pe{S(Q) =@ }. This procedure
P will be studied now in mo;e detai;. For con;enience, let us define it

without using the terminology of hypothesis testing.

Definition 3. Procedure p. Let @ be the 2-stage procedure (S,d*) with

S(u) = {i[ui >a,i=1,....,k}, where a € R 1is determined by
k
Peo{U] < a} = P,.
That p satisfies the basic P,-condition follows from the fact that

Ui is stochastically non-decreasing in 8; € 0y i=1,...,k, which in turn

is a well-known consequence of the MLR property of {fe}eEn‘
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In the next two steps we establish formulas for the distribution of

final decisions under ¢ and derive a basic monotonicity property.

Theorem 2.  For every 6 € ok
k k
nP, {U;<al= nF (=), =0,
() Pg{dg(g)(g.y) = i} =
k
[ nFg OO (M), 0= 1,00k, ¥
R j=1 7 i
J#i

where for 6. € @, A€ Ry {-=}, r=1,....k

(12) Fy () = £ [1, o1U) + (-1, .U T (W],
r r

Proof: For r ¢ {1,...,k} take the improper random variable defined by

Z, = -= (W) if U, < (>)a, which obviously has the distribution function
Fo (x), »€ Ry {-=}. Now, for i = 1,...,k we have

r
(13) {z, max Z;, and Z; > - =}

Toj=1,0.,k Y

]

W = max{HJ.IUj >a, Jj=1,...,k}, and U; > a}

Therefore, in view of the independence of Z],...,Zk, (11) follows for

i =1,...,k. The proof of (11) for i = 0 is straightforward.

Theorem 3. {Fa}een’

family of distribution functions on R y {-=}.

as given in (12), is a stochastically non-decreasing

Proof: Let » € R y {-~} be fixed and let Ha A be an auxiliary function
defined by
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(14) Ky y(uv) = O-I qn(-T o 9(Tlusv))s (usv) € 8.

By the assumptions made in Section 1 we can assume that T(u,v) is a non-
decreasing function in u as well as in v, (u,v) € 8. Thus Ha A has the

same monotonicity properties. Now by W, = T(U,,V;) and (12) we have
1 1*°1

: (05)  Fy () = 16 L1 D01, 304))]

e](

Since U1 and V1 are stochastically non-decreasing in 8y € @ and

independent, Ee [Ha A(U],V])] is non-decreasing in 6, € Q. This follows
‘I 1]

from Lehmann (1955). Thus the proof is completed.

From Theorems 2 and 3 several desirable properties of procedure p
can be derived. Properties 1-4 can be proved with standard techniques

(especially integration by parts) from single stage selection theory. The

™ M G Nt e, 3 ¥ SRRRENADIN

masses in {-=}have to be taken into consideration, but they cause no serious

problems. Thus, we omit the proofs for brevity.

Property 1: For every i € {1,...,kl, Pe{dg(u)(g,!) = i} is non-
- - k

decreasing in 85 and non-increasing in ej, jJ#i,e€q.

Property 2: For every 8 ¢ ok with 8] SeeeS 8o Pe{dg(u)(g,y) = i}

is non-decreasing in i € {1,...,k}.

Property 3: For every non-empty set Mc {1,...,k}, Pg{ag(g)(y,y) € M}

is non-decreasing (non-increasing) in 85 with i€ M(i ¢ M), e ¢ Qk.

Property 4: Ee(Ng) (Ee(Nb)) is non-decreasing (non-increasing) in

b5 with 6, > 8y (8, < 80), 1= 1,..00k, 8 € 0.
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Property 5: For every 8 € 2" with 6,,...,8, < 8, P.{S(U) = g} tends

to 1 for large n. For every 6 € nk

with 8,,....8, 4 < 84 < Opats]sr "
Ok-1 < B> t € (1,...,k},y PQ{S(Q) = {k-t+l,...,k}, dg(g)(y,y) = k} tends to

1 for large n and m.

Proof: The first assertion follows from the well known consistency

properties of the UMP-‘est mentioned at the beginning of this section.

k with ¢

For 8 € @ 1950290kt < 80 < Bp_gayrrer o0y < 8> t € {1,000k}, by
the same reasons, Pe{S(y) = {k-t+1,...,k}} tends to 1 for large n. Since,

moreover, P {W, = max wj} tends to 1 for large n+tm (see Miescke
= J=1,...,k

(1979a)), the proof is completed.

Next we like to show along the lines of Tamhane and Bechhofer, in
an informal way of proof, that procedure @ is preferable to the corresponding

1-stage procedure Po» say, from an economical point of view. Let 01,...,ﬁk

be of the same type as U],...,Uk, but based on samples of size o from LEFRRRRL A

Then Po decides as follows:

g if Up,...5ly <,
(16) So(g) = . . .
(i} if Ui = 4u1 Tax ) Uj and Ui > aps i=1,...,k,

where a, is determined by P {u <a }k = P,. The version of P, in the

0 8 1 0 0
normal case was studied by Bechhofer and Turnbull (1978). Now, if an optimal
allocafion of observations is derived subject to a criterion which can be
met by the use of monotonicity properties of Pe{final decision is "i"} in
Bys-0es8)s i=1,...,k, then the allocation problem has to be solved for

k

both, # and P, at the same points § € a°. Since then P, can be viewed to be

a special version of @ with n = o and m = 0, we conclude as follows:
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Property 6: In every allocation problem subject to a criterium which
can be met by the use of monotonicity properties of Pe{final decision is
"i"} in Bys---s8ps B € Qk, i=1,...,k, P is at least-as economical as Po-
Finally, let us consider the class ¢ of procedures which are of the same
type as@ but use another level o test at Stage 1. Then by the properties of
the UMP level a test we get

Property 7: For every fixed n, m and o (or P,, respectively), P
maximizes (minimizes) Ee(Ng) (Ee(Nb)) within the class ¢, uniformly in

g€ Qk.

To summarize the results so far derived, and especially in view of
Properties 4, 5 and 7,  appears to be a reasonable procedure if the
experimenter wishes to screen out the bad populations at Stage 1, to keep
the good ones (if there are any) at the same time, and finally to select
the best population (if it is good).

On the other hand, let us look at the case where the experimenter
is looking for the best population (if it is good) but wishes to keep the

k where more

expected overall sampling amount small. Then at points 6 € Q
than one population is good, P might possibly not very effectively screen
out. Here an additional screening mechanism seems to be appropriate, i.e.
a subset selection procedure for the first stage, which has to be combined
with a procedure of the type S considered so far.

In the normal case, analogous to what Tamhane and Bechhofer (1979)
proposed in the non-control setting, a natural choice for the additional

screening mechanism could be Gupta's (1956) maximum means procedure. This

leads to a 2-stage procedure P, = (SA,d*) with
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(17) SA(u) = {ilui > a, and u; > max u.-p”2 A, i=1,...,k},
) A P

where A > 0 is fixed and a, has to be determined such that S, meets the

basic P,-condition. Note that for a = 0 (=), P, is of the type @, ).
Since we again have enlarged the class of 2-stage procedures, we are

led to a more economical type of procedure in the sense of Property 6.

Moreover, for 4 > 0 and ¢ € nk with eo < max ej, the probability of

i=1,...5k
making a correct final decision at Stage 1 already, tends to 1 for large n.

But, on the other hand,pA for 0 < A < » is much more difficult to implement

in practice. The problems arising here are of the same type as discussed in

Tamhane and Bechhofer (1979), Gupta and Miescke (1980) and Miescke and Sehr

(1980).
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4. Bayesian 2-stage procedures. Ffrom now on let us assume that the

,ek) vary randomly according to a permutation invariant

parameters © = (0],...

prior distribution T on the Borel sets of Qk. We will study the form of

Bayesian 2-stage procedures under a loss structure L given by

P
(i}

0 if s

(18) L(s,i,8) = z(eo-ei) if s
clsf+alog-04) if |[s| > 2

i=1,...,k, 8 € Qk, where ¢ » 0 is & constant and 2: R + IR is non-increasing,

integrable, with 2(0) = 0. “iw overull Bayes risk is given by

U B a7 g S

R NI

k
19) -0, )P «5{8) = {i}} + +
( ‘fzy L1 2(og-eq)Pyisty) =t 5,'§|12 (cls!

+ igs R(BO-Gi)Pg{dS(Q,!)=i|S(l_J)=s})P9{S(l_J)=s}]dr(g).

By Theorem 1 we can restrict our consideration to Bayes procedures
K and SB(g) = {j)} implies

(sB,dB) with d® = d* and the property that u ¢ R
k

ug = max uj, i=1,...,k. Therefore at every point u€ R~ an optimal
j=1l,...,k

subset selection procedure SB decides in favor of

which is associated with the smallest of the values given in the following

a subset sc (1,...,k}

scheme.
Posterior risk at u es/k,,9’= U support (f,.)
S - R 6
[} 0
iw {i} E{2(0n-0:)|U=u}, wu, = max  u,
1 0T g,k 3
(37000001} tc + E{  min E{2(6p-0; )|U=u, V} | U=u},
1 t o Y, /17U
J=l...0t J
1< i1<...< it <k, t>2.
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Note that in the last expression the inner conditional expectation is
viewed as being a function of V, and that the outer one is the expectation

with respect to the conditional distribution of V, given U=u.

Definition 4. A 2-stage procedure (S,d) is called monotone if (S,d) =
(§,d*) in the sense of Theorem 1 and, moreover, if for every u € R k,

i,j € (1,...,k} with u; < ug i€ S(u) implies j € S(u).

Next we wish to find sufficient conditions under which there exist
Bayes 2-stage procedures which are monotone. For this purpose let u € _Vk
with u; <...<u and t € {2,...,k-1} be fixed. In Goel and Rubin (1977)
an optimal s with |s| = t could be derived directly from Eaton's result.
In our situation this is not possible since now the conditional expected
loss, given U = u, does notsimply depend on S(u), but also on u. Let us now
try to find sufficient conditions under which the posterior risk at u is
minimal for the set {k-t+1,...,k} among all sets s < {1,...,k} with [s]| =

An optimal s with |s| = t minimizes

(20) E{min E{z(eo-e U =u, V} | U=uw
Jes
k
= [ min fz(eo-e ) rl]fei(u,-)gei(vi)dr(g)dy g(u),

Rk Jes Qk

where g(u) = ([ n f (ui)dr(e)) is of no relevance for our problem

and thus can be 1gnored in the sequel. From the remark following (4) we

see that the integral on the r.h.s. of (20) can be rewritten as

k . k
(@0 ] min [ elogrog) m Mg (Tlupvy)ddr(e) 1 Glu v )dy.

Rk J¥s g
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A change of variables Wy = T("i’vi) (or vy = f(ui,wi), respectively)
modifies (21) to

k k aT(u po¥)
(22) [ min fkl(eo -9, ) II h (w )dt(e) n]G(u ,T(u roWe)) ——-——-—- dw.

Rk Jes

Now we are in position to apply Eaton's main result iteratively, first

to the inner integral (i.e. the 2nd stage scenario), and then to the outer

one (i.e. the 1st stage scenario). Let Le: RX 5 R be defined by
k. k
(23) L (w) = min f 2(60 -6.) 0 h, (w;)dt(8), we R".
jhty eV : 4
Jes i=1 74
k

Lemma 3. For every we R, sc {1,...,k} with |s| = t, i€ s, je {1,...,kINs,

= (s~{i}) uy {J} @gwi < W implies Lg(y) < Ls(y).

Proof: Llet re€ {1,...,k} and we RX be fixed. Then except for a
k

normalizing factor depending on w, R, = ) n(eo-er) I ;‘e (wi)dr(g) can be
k i=1 i

Q
viewed as being the posterior risk (\g are the given "observations" and 6 are

the "parameters") for decision {r} in a fixed size 1 subset selection problem
of the type treated in Eaton (1967). The loss function hereby is

i{”(g) = m(eo-ei), g€ Qk, i=1,...,k, which clearly satisfies the
monotonicity and invariance properties (3.4) and (3.5) of Eaton (1967).

Thus by his Lemma 4.1 we know that R],...,Rk are ordered in the reverse

order to WyseoosWy . This completes the proof.

In view of Lemma 3 we know now that an optimal s with |s| = t minimizes

k ~ af(ui’wi)
(24) [ Lg(w) 1o Gluy T(ugwg)) | ——— dw,
RK i=] i

B > 1




2]

which can be viewed to be (except for a normalizing factor depending on u)

the posterior risk (u are the "observations" and w the "parameters") for

Eaton (1967). The loss function Ls(y) hereby satisfies (by Lemma 3) the

i
{
decision s in a fixed size t subset selection problem of the type treated in ﬁ
g
H
§
i

monotonicity property (3.4) and, obviously, also the invariance property

(3.5) of Eaton (1967). Thus by his Lemma 4.1 we see that the following

Assumption (A) is sufficient for the existence of a monotone optimal s with

Is] = t.

Assumption (A). The distributions are as stated in Section 1,

. e aﬂ;!n[
and the function G(u,T(u,w)) 3| (£.n)=(u,w

).(u,w) € {(u,T(u,v))|(u,v)e 8},

has MLR.

« TR - Ll PP

Theorem 4. Under Assumption {A), for every loss structure L of type

{18) and every permutation invariant prior distribution z, there exists a

[ VS BN Y S Y

2-stage Bayes procedure (SB,dB) which is monotone.

It is now of interest to find simple sufficient conditions for

For exponential families we get the following.

Assumption (A) to hold true.

Assumption (B).

The underlying distributions for all observations from TiseeeaTy

belong to an exponential family with densities a(e)b(x)exp{ex}, x € R,

8 € Q, w.r.t. the Lebesgue measure on R, where the function b(x), x € R,

is log-concave (i.e. the densities are strongly unimodal.)

Theorem 5. Assumption (B) implies Assumption (A).

n m
P"OOf: Let U1 = j;] x.ij’ Vi = JZ]Yi‘j and w,i = Ui+v.|’ 1 = ]'ooo'k.




Thus we have T{u,v) = u+v and f(u,w) = w-u, u,v,w € R. The density of

U is a(ei)"b*"(u)exp{eiu},u € R, and the density of Vi is a(ei)mb*m(v)
exp{eiv}, ve R, i=1,...,k, where b*n(b*m) denotes the n-fold (m-fold)
convolution of b with respect to the Lebesgue measure on R. It follows
that

(25) G(u,T(u,w)) Qléﬁiﬂl = b (u)b™(w-u), uw e R.
(gsn)={u,w)

Let the function b(x), x € R, be log-concave. Then by lbragimov
(1956), the function b*m(x), x € R, has the same property. But this is
equivalent for b*m(w-u) to have MR inw € R w.r.t. u € R (cf. Lehmann
(1959), p. 330), and therefore it is also equivalent for Assumption (A) to

hold true.

Remark 3. It is not difficult to see that in the general case the
following conditions are sufficient for Assumption (A) to hold true:
T(u,v) = gU *+ €9V5 U,V € R, €128p > 0, and {90}869 is a family of log-
concave (i.e. strongly unimodal) densities. This follows directly from the

factorization identity fe(u)ge(v) = HG(T(u,v))G(u,v), u,v € R, 8 € Q.

For the remainder of this section let us consider the normal case in
more detail. Here, Assumption (B) is satisfied with b(x) = exp{-x2/202},
x € R, and thus Theorem 4 is valid in this case. Let us assume that apriori
01s-++50, are independently identically distributed random normals with mean

k

8y and variance r > 0. Then at u € R" with Uy <...< uy the optimal procedure

selects at Stage 1 in favor of the smallest value in the following scheme,
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s Posterior risk at u € nak with uy <...< u
) 0
(k) E%Le(ap(0g-u,) + a1Q)]
. 0
{k-t+1,...,k} | tc + E[ min  E (2(ay(6p-us) + alQ: + a,Q5))], t > 2,
jok-t+1 2'°0 Y5 3% 4~0 -

where QO’Ql""’Qk are auxiliary random variables which are independent

standard normals, E0 denotes expectation w.r.t. Qo, and

A = (rp(prr) 1)V/2, @ = r(ptr) ), ag = pri (p+r)(parprear) 17 /2,

@q = [rpa/(pgtpreqr)1*/2.
Similar to what was done by Goel and Rubin (1977), let us show next

that the Bayes solution at u € IRk

with u, <...<u can be determined in the
following short way. Let e denote the posterior risk for decision

s = {k-t+1,...,k}, 1 = 0,1,...,k. At first one compares ro» 1 To- If
ro(rl) is the minimum then the final decision is s = P ({k}). If r, <ry, r
then r,, ry,... are successively computed until rio 5_rio+1 occurs for the
first time; then s={k-ij+1,...,k} is the final decision. This method is

justified by the following result.

Lemma 4. Let u € RK with Uy <...<uy be fixed and let ry, ry,...,r, be

defined as stated above. Thenr, - r3 > ry-rg >...> 1 4-T.

Proof: Let Z],...,Zk be random variables defined by
= _g0 ¢ =
Zj = -F (2(a2(90-uj) + a3Qj + a4QO)), i=1,...,k. Then by Up SeeeS
and the fact that ¢ is non-increasing we have Z] < 22 < el < Zk (where
st

st st
"< " denotes stochastic ordering). Moreover, re = tc - E( max (Z;)),
st j>k-t+1 J

t =2,...,k. Thus, for t > 2, by Chernoff and Yahav (1977) we get

e ¥



r,-r = E(max Z.) - E( max Z.) - ¢
t t+1 J_>_k"t J Jf_k't+] A
= I P{Zj < A} P{Zk_t > A} dx - ¢,

R jok-t+l

which clearly is non-increasing in.t, t=2,...,k-1.

Let us firally take a brief look at the special case of a linear loss
function 2(¢) = ag, £ € R, a > 0, where we can choose a = 1 (since other
values of a can be compensated in the cost c). Then the decision at

Stage 1 is based on the following scheme.

s Posterior risk at u ¢ RK with Up <eeng Uy
9 0
{k} az(eo-uk)
{k~t+1,...,k} az(eo-uk)+tc - azE(jZ?§§+] (uj'uk+“3aé]qj))’ t > 2.

Lower and upper bounds for the expectations in this scheme can be
found in Miescke (1979b) to approximate the Bayes procedure. WNote that if

for a t € {2,...,k} tc > ag £( max Qj), then at most t-1 popu'aitouns
J=ls...,t

are selected at the first stage. Thus in the case of 2c 3_a3n']/2 the

Bayes-procedure is of the type Pg (cf. (16)). And for the case of k = 2

populations the Bayes-procedure is of the type £y (cf. (17)), except for

an area in the neighborhood of (eo,eo) where the Bayes-procedure selects both

populations.
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