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ABSTRACT

1

let ge C(R), fe L ° (R+) and let p be a real locally finite

loc
positive definite Borel measure on R*. we investigate a relation between the
solutions of the nonlinear scalar Volterra equation

x'(t) + [ g(x(t-s))du(s) = £(t), teRrR, =x(0)=x

o ’
[0,t]
and the solutions of linear equations with the same data
+
zi(t) + ) J z(t-s)du(s) = £(t), teR, z(0) =x;, A>0.

[0,t]
This relation, when combined with results (established in this paper) on the

global size of solutions of certain limit equations
y(t) + [ gly(t-s))a(s)ds = 0 , teRr,
R

allows us to obtain new asymptotic results for the solution x(t) in the case

when both y and f are large in a precise sense.
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SIGNIFICANCE AND EXPLANATION

In the construction of mathematical models of technical and physical
systems one is frequently led to equations in which the current rate of

change (= %%) of the statevof the system (= x(t) at time ¢t) is a function

not only of x(t), but also of x(t1) for past times T < t . Specifically,
one obtains Volterra integrodifferential equations, exemplified by
dx

(E) X 4 [Pg(x(t-8))du(s) = £(t), x(0) = x
0

at t > 0.

o ’
Here f(t) 1is the external input, u(t) 1is the feedback kernel, g(x) is in
general a nonlinear function of x . By letting u(t) have discontinuities
we realize that (E) includes a large class of differential-delay equations.
The key problem concerning (E) is the behavior of x(t) for large
values of t . In particular one is interested in whether the solutions
x(t) remain bounded and in case they do, whether x(t) tends tc a limit
when t + » , or whether the system continues to oscillate. The present
report analyzes these questions and continues work begqun in MRC Technical
Summary Report 2152, We are in particular interested in the case when the
variation of the feedback kernel is large, in the sense that u(t) is not of
bounded variation over the positive half-axis. Such kernels are frequent in
applications; let for example du(s) = b(s)ds with b(s) = (cos s)s a'
0 < a< 1. The second key feature of this report is that we do allow large
input functions f(t) in that we only assume f(t) + 0 as t + o,

Our main statement (Theorem 4) essentially follows from two auxiliary
regsults, both of which are established in this report. The first is a
relation between the solutions of (E) and the solutions =z of the linear

equations with the same data A
dzA £
(L) o B / z,(t-8)du(s) = £(t), t >0, z(0) = x, ,

G
where )\ 1is a positive parameter. The second concerns conditions under which
the solutions y(t) of certain limit equations

y(t) + [* gly(t-s))a(s)ds =0 , t eR,
0

satisfy fmly'(T)lsz < o, fwlg(y(r))|2d1 =,

The results of the report are formulated in Theorems 1-5. Theorems 1 and
4 give conditions under which bounded solutions of (E)} decay to zero as
t + », Theorems 2 and 3 constitute auxiliary results paving the way for
Theorem 4; but as they are of independent interest we prefer to state them
separately. Theorem 5 gives conditions under which the solutions of (E)
remain bounded.

The responsibility for the wording and views expressed in this descriptive
summary lies with MRC, and not with the author of this report.
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t. INTRODUCTION ]

In this paper we demonstrate a certain connection between the asymptotic behavior of

the solutions of the nonlinear scalar Volterra equation

+
(1.1) x'(t) + [ glx(t-s))du(s) = £(t), t €R = [0,=), x(0) =x,,
[o,t}
and the corresponding behavior of the solutions of the linear equations with the same data,
(1.2) 2(t) + A [ z(t-s)du(s) = £(t), teR, z(0) =x,, A>o0.
A {0, ¢] A 0
r

As a consequence of this connection we obtain some new asymptotic results on (1.1) in the
case when both u and f are large.

In the equations above g,u,f,xo are given, ) 1is a positive parameter, while x,zx
stand for the solutions. These solutions are always assumed to exist for t € R+, to be
locally bounded, and to satisfy the corresponding equations a.e. on Rt . Throughout the

article the following basic hypotheses on gq,u,f will be made:

(i) g e C(R) .
(1.3) (1i1) u is a real, locally finite, positive definite measure on r* B
(111) rer' Y.
loc

Define Q(y,u,T) for v a Lioc(R+), T >0 , by
(1.4) ote,u, = [Tote)termy(tiae, where (wi(e) %8F [ vie-mauws ,
and let x e L”(R+) . ghen, as is well-known (8,9], a large .;zéﬁi of information
concerning the asymptotic behavior of x(t) can be obtained provided one succeeds in

establishing

(1.5) sup Q(x,u,T) < » .
>0

Sponsored by the United States Army under Contract No. NDAAG29-80-C-0041,




Note that if in addition to x @ L™(R') one takes ¢ small, i.e. £ @ L (R'), then

(1.5) immediately follows.

If f merely satisfies

(1.6) £e :.;’ «" . 1im £(t) = 0 ,
oc
t >

then the asymptotic analysis of x(t) becomes significantly more difficult as (1.5) is now

out of reach. However, by taking u small enough, in particular by assuming

(1.7 r{*' tdlul(t) < =,
and by working with the limit equation corresponding to (1.1)

(1.8) y'(e) + [ aly(t-s))duws) =0, tewr, .
R

one may even now obtain asymptotic results on bounded solutions of (1.1), (3,11]. Observe

furthermore that if in addition to (1.3i) g{(x) 1is taken localiy Lipschitzian then (1.7)

may be weakened to u finite, (4].

The aim of the present work was originally to extend the results of (3,4,11) so as to

apply to equations with u only locally finite without excluding the possibility that €

satisfies only (1.6). However, making use of a simple device we have in fact been able to

connect the asymptotics of (1.1) and (1.2) and thus to reduce (under certain hypotheses)

the asymptotic analysis of (1.1) to that of (1.2). The fact that (1.2) can be explicitly

solved for =z independently of the size of yu and f , then allows us to realize our

A 3

original goal. An analogous approach, which however uses the integral resolvent, has been

applied in (2, Theorem 3] to obtain a result on the integrated version of (1.1).

Our main results are Theorems 1 and 4 . The former has the advantage of having a

short and lucid proof. Also observe the important point that nothing but contiauity is

imposed on g . The assumptions of Theorem 1 do however include a moment condition,

(1.11), on the second derivative of the differential resolvent of u . Although this

condition is satisfied (Lemma 1 below) for du(t) = a(t)dt with a(t) nonintegrable but

sufficiently monotone it is still the case that verification of (1.11) in general is quite

hard {f yu is only locally finite. It should also be observed that Theorem 1 requires

u(w) to be finite for w # N , thus excluding cases like Ay = a(t)dat with

-1
a(t) =t ~ Pcos ¢t.
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One is consequentiy motivated to try to remove (1.11), (1.12). This is done in a
series of steps, Theorem 2-4. Theorems 2 and 3 constitute auxiliary results but as they
are of independent interest we prefer to state them separately. Observe that these
statements concern equations with a finite measure a . Theorem 4 then corresponds to
Theorem 1 but (1.11), (1.12) are now absent from the assumptions. Certain other conditions
have instead been added, in particular on g(x). These additional assumptions on g have
the advantage of being easily checked and they are not overly restrictive. The added
assumption that g(x) be locally Lipschitzian is basic to the approach we use. The
remaining additional hypotheses on g roughly speaking result from the fact that in
Theorem 2 we establish g(y(t)) e L2(R) - for which some condition of type (1.24) is needed
if 0 € Z ~ and not (y(t) + g(y(t))] e LZ(R) - which very likely only requires that g
satisfies some smoothness condition. Although the latter conclusion undoubtedly is the
iatural one (under the assumptions on «a made in Theorem 2) we have not been able to
establish it without any sign condition on g .

Jur last result, Theorem 5, states a new boundedness result on (1.1). It displays a
connection between the existence of bounded solutions of (1.1) and the total variation of
solutions of (1.2).

THEOREM 1. Let (1.3) hold and assume r € LAC(R*) satisfies

+

(1.9) r'(t) + (r * ui(e) =0 a.e.on R , r{0)=1,
(1.10) ' e (Lt anen)rY ,
{(1.11) [, tdlerite) <=
R
Sug@se
(1.12) luw} < », w#o0,

and let the set Z defined by Z = {wlw # 0, Re y(w) = 0} be at most denumerable and

such that
(1.13) Im y(w) =0, wez.

Finally let x,z satisfy respectively (1.1) and (1.2, with X =1 and be such that

+ +
(1.14) x @ (LA n LR , z @ LAC(R') .

-3-

-

23
- - Py

e

BN o i T S BB L 321 s 40 5o R
o

Lol




Then, if

: (1.15) lim z(t) = z(=®)
. tom
N exists (and ig finite) one has

(1.16) lim (x(t+d) - x(t)] =0 , vd>o0,
i. tom
;
(1.17) 1im [r(e)x(t) + (1 - r(=))g(x(t))] = 2(=),
trm
If in addition 1lim z'(t) = 0 , then lim x'(t) =0 .
Lo [

For an equivalent formulation of (1.17) see the conclusion of Theorem 4 and also Lemma

2 below.
\ By uwlw), w # 0, we mean 1im p(s) where w(s) = f+ e-stdu(t) . To see that
s+iw R
Res > 0

this is well-defined note at first that as |, is a positive definite measure then u is a
tempered distribution (8, p. 229] and so the Laplace transform ;(s) exists for
Re s > 0. Then observe that by (1.9)

i -/, e™®tari(t) = site)ls + &), Re 8 >0 .
R

By (1.10) the left side is continuous for Re s » 0. Hence
~ ~ -1 ~
lim su(s) (s + p(s)] exists for w € R. One concludes that lim uis)
s+iw s+*iw,Re 8 > 0
Re 8 > 0

exigts, possibly infinite, for w # 0 . The assumption (1.12) does however exclude this
last possibility.

Concerning (1.10) note that this condition is (locally with respect to w ) weaker
than the assumption r € L‘(R+) « This is seen as follows. The Fourier transforms of «r',

dr' may be written respectively as
1 iw

-—— - 3 R w ¢ 0.
twlu} + 1 1wyl + 1
1 Thus (1.10) requires (locally) 1.w[ﬁ]-1 to behave as the transform of an L'(R)-function
'
h whereas the assumption r e L1(R+) imposes (locally) the same behavior on [u].1 + Not *

even the usual transform condition s + E(s) #0, Re s >0, need hold. Thus if for

S 3¢ iy

-4-
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example p = m2 + 2-1iw , lwl € 1 {(with a sufficiently smooth extension of uy to Jwl >

1) then the conditions of Theorem 1 on the differential resolvent r(t) are satisfied.

In applications one of course frequently has r{(w) = 0 . In this case (1.17) reduces
to lim g(x(t)) = z(w) ,

t »0

A class of only locally finite positive definite measures for which the corresponding

differential resolvents do satisfy (1.10), (1.11) is given by

LEMMA 1. Let du = a(t)dt where a(t) is nonnegative, nonincreasing and convex on

Rt with ae L1(0,1) and s + ;(s) #0, Res >0 . Then r e L1(R+) and (1,10)

hold. If in addition -a'(t) is convex then (1.11) is satisfied.

The fact that r e L1(R+) under the agsumptions of Ilemma 1 is proved in (7]. The
assertions (1.10), (1.11) follow by straightforward estimates making use of (7, Lemma 1],
[1, Lemma S.1]. See [5] for details.

It should finally be observed that Theorem 1 extends earlier work (3] even if u is
finite. This is true because we only assume continuity on g .

Our next result constitutes a first step towards eliminating (1.11), (1.12) from the
hypothesis of Theorem 1. It gives conditions under which the global size of the bounded
solutions of the limit equation
(1.18) y(t) + [ gly(t-s))a(l0,s])ds =0, teRr,

R
+
is sufficiently small, in case o is finite and afR ) = 0 .

-iwt

Define a(t) = a([0,t)), olw) = [ e dalt), alw = [ e 1 aerat .
R R

THEOREM 2. Let

(1.19) g(x) be locally Lipschitzian, x e R ,
(1.20) a be a real, finite, positive definite Borel measure on rt ,
(1.21) aerlr’) .

Define Z by Z = {w|Re a(w) = 0} and suppose that 2 can be written as the union of

three pairwise disjoint sets z,, Z,, {0}, such that

(1.22) Imalw) =0, we Z1 '
(1.23) Im alw) # 0 , w e 22 : inf Re a(w) > 0 .
ugzz u{o}




Finally agsume that for some X > 0

(1.24) xg(x) » 0 , Ixl] < K.

Define v = {yly @ LAC(R), y satisfies (1.18), Iyl < K}« Then
L (R)
(1.25) sup ig(y(t)) 2 < @, sup Iy' ()1l 2 < >,
yer L°(R) ey, L°(R)

Observe that if y satisfies (1.18) then y also satigfies
(1.26) y'(e) + [ galy(t-s))da(s) = 0  a.e. on R.
Also note that (1.21) and the zecond part of (1.23) imply that 2, must be compact.
From Theorem 2 one may deduce the following result concerning the asymptotic behavior

of solutions of

(1.27) x'(t) + [ g(x(t-s))da(s) = £(t), teR , x(0)=x .
. 10,t] 0
THEOREM 3. Let g,a be ag in Theorem 2 and suppose f is such that

(1.28) fer” (), limf(t) =0,

loc
t 4+
t ]
(1.29) lim [~ f(s)ds = F  with |F| < =,
teo 0

Let x € LAC(R*) be the solution of (1.27) and assume

(1.30) Ix1 o + <K,
L (R)
where K is as in (1.24). Then

(1.31) lim x'(t) = 0 ,
t+o
(1.32) Lm [x(t) + g(x(t)) [, a(s)ds] =F + Xq *
taro R

From the above one finally obtains an asymptotic result on the bounded sgsolutions of
{(1.1) with y assumed only locally finite and without (1.11), (1.12).

THEOREM 4. Assume (1,3) and (1.19) hold. Also let

(1.33) Im y(w) =0 for we 2 = {wlw # 0, Re ulw) = 0} ,
(1.34) xg(x) > 0 , x #0,
(1.35) lim inf x g(x) > 0 .
Ix}+0
Suppose that there exists &§ > 0 such that the solution rx of
+
(1.36) ri(t) + MrA * )(¢) =0, a.e. on R, rA(O) =1,

-6~




e

satisfies

1, +
(1.37) r; eL(R), A e (0,8 ,
(1.38) ra e NBV(R*) , A e (0,68 ,

and agsume

(1.39) lin felw(w)”' is finite .
«© + w0 +
Finally let x € (LAC o L )(R } , zx € LAC(R ) satiefy (1.1), (1.2) respectively. Then,

if for X e (0,9)

(1.40) lim z&(t) , lim zx(t) both exist, are finite, with za(w) =0,
t+x t o
then
(1.41) 1im x'(¢t) =0 ,
tom
(1.42) lim {x(t) + y 'g(x(t))} = X + lim fis) ,
too s+0+,s real

provided ¥y dsf lim im[u(m)]“1 > 0 and
a0
(1.43) Mm glx(t)) = lim {s(is) '8y} ,
[ Y s+0+
s real

provided y =10 .

Note that the existence of all the limits in (1.41)-(1.43) is part of the conclusion.

The comments made after Theorem 1 concerning the existence of 1 and the size of r

1, +
are still valid; thus r € L (R ) need not necessarily hold. Also observe that none of

A

the size assumptions on the derivatives of rx is supposed to be uniform with respect to

A .

The following Lemma 2 throws some light on the condition (1.39) and will be used in

the proof of Theorem 4. It also shows that <y is by necessity nonnegative.

LEMMA 2. Let yu be a locally finite positive definite Borel measure on R and

agsume (1.37) holds. Then 1lim im[u(m)]-1 exists. Moreover, either the limit is

w+0
finite, real or
- -1
(1.44) lim Jiw(w(w)] | = »,
w+0
-7

"




In case (1.44) holds one has rx(v) =1, Xe (0,6 .+ In case the limit is finite one has

(1.45) 0 ¢ lm tulu(w)” = X (=01 - rx(w)]q <w,
w0

(1.46) 1 - rx(“) >0, xe (0,8 .,

and consequently 0 < tx(ﬂ) < 1.

exists and is

Conversely let (1.37), (1.46) be satisfied. Then 1lim j.u)[u(m)]m1
w+0

finite, real and nonnegative.

Proof of Lemma 2. From (1.37), for 1€ (0,68) ,

(1.47) 1or(e = lnm [-{\)‘(w)] = lim Ap(w (e + Anlw)] .
w+0 w0

Suppose at first that for some ¢ > 0 , ww #0 , we€ (-¢,0) y (0,e) . Then

(1.48) 1 - rx(w) = 1lim [im[xu(m)]-1 + 1]“1 existg, is finite, real and > 0 ,
w0

for A€ (0,8). (The nonnegativity follows from the fact that by the positive definiteness

of u we have |rx(¢)| < 1. Also note that if uy({w) = » for some w # 0 then we define

def

[u(w)]-1 =0)., Thus y = 1lim 1.mlu((.))].1 exists and is either finite, real orxr {1.44)

w+0
holds. In the latter case one has rx(m) = 1 by (1.48). If «y is finite, then again by

(1.48) 0 < { 1im fw(An(w]™ + 117" <2 and so

w0

2 Yy cw, Ae 0, 8.

Suppose A;1y =ne [-1@ ,0) for some AO € (0,8). Then by choosing A1 = -Xon (note
that A1 € (0,6)) we obtain X:‘Y = -1 which is false. Thus the ineqgualities in
(1.45) hold. The equality is easily established using (1.48).
In case there exists Wy + 0 (mn # 0) such that ;(mn) = 0 one immediately has
r,(= =1 and lim Halp() ') = =

|wl+0
Conversely, suppose

0 <1-r (== lim Aulwiio+ ™ ¢ e, re (0,8 .
w+0
. Then
3 -y
r (1.49) 0 ¢ uim [t} + N7 ¢ o, re (0,5)

w0




£

-~ - -1
ard hence Y dg lim fwl{u(w] ! exists and is finite, real. Suppose ) y € (-1,0) for

w0 0

some xo e (0,8) . (By (1.49) A-1Y > =1.) Then by choosing X, € (0,6) small enough we
obtain x;‘y = -1 which violates (1.49). The Lemma is proved.
Our last result concerns the existence of bounded solutions of (1.1).

THEOREM 5. Assume (1.3) holds and let

(1.50) lg(x)] < cl1 +G(x)] ; G(x) »ex’-c; xeRr,

for some ¢, € > 0 , where G(x) def fx g(u)du. Let X,z be locally absolutely
0

continuous solutions of (1.1), (1.2) respectively and suppose that for some § > 0

(1.51) 23 e L) , xe (0,8 .
Then
(1.52) sup_ Ix(t)] ¢ =,

teR

Earlier boundedness results on (1.1), see [6,10] have required f € LP(R+) with
p=1 or 2. It is however easily checked that (1.51) translates into f' e L1(R+).
+
provided rx e L1(R ) + and thus Theorem 5 constitutes a significant generalization as

compared to previous results.
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2, PROOF OF THEOREM 1.
Convolve (1.1) with r and use (1.9). This gives
{2.1) r * x' - r' * g(x) = v ¢£.
Note that if both f1, f2 are measurable functions defined on r* , then f1 * 52
dsf ft f1(t-s)f2(s)ds. An integration of the first term on the left side of (2.1) by
partsoresults in

(2.2) x(t) - [F hix(t-s))r'(s)as = z(t) , ter"

0

where h(x) dgf g{x) - x, x €R, and where we have used the fact that z = Xpr + ¢ * £,

Differentiate (2.2) and define ¢ = -r' . This yields

(2.3) x'(t) + [ hix(t-s))dc(s) = z'(t), teR"
[0,t]

~ def ~-iuwt

From (1.9) follows after straightforward computations (¢ = + e dec(t); recall
R
that c(0) = c(=) = 0 , c e NBV(R")),
(2.4) Re clw) = w'Re plw)iv + ww |2, w20,
- 2 - - -2 - 2 - -2

(2.5) Imoclw = o Implw|io+ plw) | + olu(w) ! lie + wwl ™, w#*0,
(2.6) c(0) = 0 .

As u 1is positive definite we have Re ; >0, weR, w#0, and hence
(2.7) Re;(w)>o, weRrR,
and by (1.12), (2.4)
(2.8) Re é(w) =0, iff wezu {0} .
But by (1.13), (2.6)
(2.9) Imclw =0 if wez u{o).
From (1.3), (1.10), (1.11), (1.14), (1.15), (2.7)-(2.9) it follows that we may apply [9,

Corollary 3b)] to the equation (2.2). This gives (1.16) and

(2.10) m {x(t) + h(x(E))[1 =~ r(=)]} = z(w) .
t+o
Substitute the expression for h(x) ¢to get (1.17). Provided 1lim z'(t) =0 we obtain
trx

1im x'(t) = 0 from {9, Theorem 1h].

£+
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3. PROOF OF THEOREM 2.
For t > 0 we define
t 2
(3.1) 0 - sup [ lgty(n))|“ar .

t
erK t

Assume 1lim m: = o , otherwise the first part of (1.25) holds. Then choose for each
tao
t>0 Ye e YK such that

(3.2) ft lgly (1))|2dt -n?.
e t t
As Yy is translation invariant one also has
t +t 2
(3.3) sup f” lgty() | %ar = sup I lgty, (1)) dr = “‘12; .
vey, s-t 8€R s-t
s€R

Take T > 0 (we will later choose T sufficiently large) and let t > T. In the
estimates which follow we repeatedly obtain upper bounds fi ;1 which are functions of T.
Each function fi(T) is a priori given by g,a and K . 1In particular note that each
fi is independent of t and Ve o An odd-indexed bound f2n+1(T) is always a

monotonically decreasing function of T and satisfies

lim f2n+1(T) =0 ,
T >0

© +
whereas an even-indexed bound fzn(T) satisfies fzn e Lloc(R ) .
Multiply (1.26) by g(yt(1)), integrate over ([~t,t], split the integral term in two
parts and define Zes 9g o GK by
(3.4) z (1) = gly, (1), It <t ; z (1) =0, 1l > ¢,
9 = sup lg(x)! , G, = sup |G(x)| . This gives, after an application of Parseval's

x| K oxlx
relation,

-1 - N
(3.5) (2zm”' [ 1z 1%Re alwaw <26, + | [Faty (1) [ aly_(1-s))dals)drl.
t K t t
R -t (T"‘t'”)
As a is positive definite one has by (3.3) and after estimating the right side of (3.5)

(see Assertion 1 of [(4])

(3.6) [ 1z, Re al®dw <m2 £.(T) + £.(T) 5 t>T.
R t t 1 2
Define ut'ft by

. ! . H = v > »
(3.7) ut(r) = yt(r) Izl < ¢t ut(f) 0 [R1l t




0 T < =t
f£(t) =4 - | gly, (t=8))dals), |1l <¢
t t
(T+t,>)
f g(yt(T-S))du(s). Tt
{1=t, T+t]
Then
(3.9) v, (1) +£ z, (1-8)da(s) = £ (1) a.e. on R .

Note that as a is finite and U, Z, have compact support then U, %y ft e

@ n L2)(R) and so the Fourier transforms to follow are well-defined.
Choose Wy @ (0,1) such that (recall the second part of (1.23))
(3.10) 2 Re a(w) > a(0) , lwl < w »

and let A > 0 satisfy

(3.11) lg(x) = g(y)| < Alx-yl , for |Ix|, lyl <K.
Denote a, dgt max(1, sup |a.(tu)|2) s B def inf Re a(w). Then take any ¢ € (0,1) such
weR wez,
that ewo < 1 and such that
(3.12) e <8 0202 + 22"
0 0
(3.13) 2 Re a(w) » B> 0 for we So where
(3.14) S, def {ulaist(wz,) <€, |In al2 > ¢, w, < lol < ey

Divide R in four pairwise disjoint parts Sy as follows:
def 1

(3.15) s, {wllul > & '}
(3.16) s, 9t (ul wy < lul < €', lmal®< e
- a2
(3.17) s, det (mlmo < lwl €€ l, lIm al” » ¢, dist(w,zz) > €}
def

(3.18) S, = Syu {oV ] < mo}-

4
Note that R = u si « In what follows Ki(s,T) will denote bounds which are independent

i=1

of t and Ye but do depend on € and T .
Our next goal is to show that there exists a constant ¢, (depending only on
w ,x,ao and in particular independent of ¢, Yt' €, T) such that provided T 1is fixed
sufficiently large then

~ 2 ~ 2 ~ 2
(3.19) [ lu 1w < ¢ / Iz 1%dw + e c, [ lu |%aw + X, (e,T)

R\S jwl <w s
for t>T. 4 0 4
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By (3.9)
{3.20) “t(“’) + zt(w)a(w) = tt(w). weR, '
and so
-1," 2 ~on2 s 2
(3.21) 2 Iutl < Iztal + |ft| .

Integrate (3.21) cver R\S4 and estimate the right side. Obviously

(3.22) [ 1z aldw < [ 1z 12quw
s t o _, t
1 e <lul
(3.23) [ 1z al%dw < ¢ [ |z [2aw + [1z_Re ol 2aw .
t t t
s, wo<lwl R

Then note that by (1.22), (1.23), (3.17) there exists &§ = &(¢) €@ (0,1) such that

- 1
Re a(w) » & /2, we 53 . Take any such &§ . Then
(3.24) [ 1z.al%aw < 20 877 [ |z Re al’dw .
4 t 0 R t

3

By slight modifications of the estimates of Assertion 2 of (4] one gets

(3.25) [1f 120 <2 £.07) + £.(T), t>T.
2 e e B3 4
From (3.21)-(3.25) and from (3.6) follows
(3.26) 27 [ lu 124w < 5"mit5('r) v 8l m v oy [ Izt|2dm +e | Iztlzdw . !
R\S -1 w < wl
4 e <l 0

By straightforward estimates and making use of (3.11) one gets for any y > 0

(3.27) [ 1zg0%aw < 2%y [ 1o 10w + agd v L

v<|wl R

Use (3.27) (with vy = w_, 5-1) to estimate the right side of (3.26). (Note that

0 ; !
‘“: = / |ztlzdw + f lztlzdm.) This yields Lo
wy <l wl ol <w,
' faefae < s m [ dz %aw s 87 m [ 1w 12w
t 5 t 7 t
R\S, | wl <w, R
(3.28)

-2 -1
+ecy [lu)taw+ 8 £4T)

Ss

where we have also used (3.12) and defined cy ™ 2a° xz + 2A2m;2 « Choose T sufficiently

large so that




' <87'e e m) <87l
S
From (3.28) one then has, for t > T, (recall that ¢ < 1)

(3.29) f futlzdm <e | lztlzdw*' el1 + 8c,) | lutlzdwaf a"ate(-r) ,
R\S, [l <wy S,

and so (3.19) holds, with ¢, = 1 + 8c, and K, = as"ta .

In what follows we wish to eliminate the second integral on the right side of
(3.29). Thus we show that there exists a constant cy (depending only on mo,k,uo) such
that provided T is fixed sufficiently large then

(3.30) [ lu 1w < ec

~ 2
{z_|“dw + K, (€,T) t>T.
t 2 f t 2t

R\54 s

4

By (3.20), 73.25), provided T is taken so that f3(T) < a

-1 T " a -
2 Ju 17dw < / lztalzdw + f lftlzdm <
54 S4 S4
(3.31)

-2 -2
2a) [ 1z, 1%aw+ £3(7) [ {z |%aw + £(7) .

s, R\S,

Invoke (3.27) with y = Wy and then (3.19) to obtain . ]

0
R\S4 wo<lwl | wl <w,

- - -2 - - - -
(3.32) [ Iz 124w < [ = 1%a0 < 2270 %¢ [ =z 124w + & [ lu i%aw + € (e.1)
t t t 1 s t 2
0 a

where E1 = 2x2m;2[1+c1]; K, = 2x2m32K1 + 4giu61. Now use (3.32) to estimate the last

integral on the right side of (3.31). This yields

2

(3.33) [ a2 < 12a) [ 1z t%du + ag (1) + 4g 0K 0em, > T,
S4 Sa

provided T is taken such that f3(’!‘)g1 < 4-1; fa(T)Zqugze < % - Finally estimate the
right side of (3.19) with the aid of (3.33). The relation (3.30) follows, with

c2 =1+ 1200c1 .

in (3.27), add / Iztlzdm to both sides and use (3.30), (3.33) to
l ol <w
estimate the right side. One obtains

Take y = mo

~ 2 ~ ~ 2
(3.34) [z 19w < c, [ Iz _1°dw + K (e, T), t>T,
t 2 t 3
R 54
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~ 2 -2
where c, 1 4+ 2X Wy [c2 + 1200]. Use (3.34) in (3.25) to get

~ 2 ~ 2
(3.35) l{ I£,1%0 < S (1) [ Iz 17w+ K (e,m), > T,

54
where K, = f3K3 + f4 .

By (3.20) lzta|2 < 2|utl2 + 2lftl2. Integrate this inequality over R\S4 and invoke
(3.30), (3.35). This yields
N . -~
(3.36) [ lz_al"do € 2¢ele, + ) [ Iz [“dw + X (e,T) , t>T,
1 rls |t 27 % ) P 5
4 4
provided T is taken such that f3(T) <e. But |al = |wa] and hence

: . - . ay
(3.37) [ 1z, Re al’aw < o [ lz.al’dw
R\s4 R\s4

which together with (3.36) implies

- 2 2 ~ 2 -2
(3.38) [ 1z, Re al®dw < ecy [ 1z, 1%dw + w 'K (e,

R\S4 S4 3

2 -2 ~
for t > T and where ey = 2w0 [c2 + c2] .

£ B
Define Ae' e by

~ 1,
(3.39) A_= {wlne R\S,, IRe atw | » eqe 23

" 1
(3.40) B, = {wl we r\s ire alw) | < c4€ /2} .

4 ’
A combination of (3.38), (3.39) results in

a A - _1 ~ a 1 ~
(3.41) I[ Re alz Izdml <c 15 /2f lz_ Re alzdw <ec.e /21 lz |2dw+ K_(€,T)
t 3 t 3 t 6
A A S
€ € 4
and from (3.34), (3.40) follows
POS 1 - ~ 1 -
(3.42) [ re alz lzdaﬂ <c.e %2 ] =z Izdm <c.c.c /2I \z |2c1u)+ Ko (e T)e
t 3 t 372 t 7
B, R\S4 8,

consequently

A A 1 -
(3.43) | [ Re alzt|2dm| <cue /2j |ztl2dw + Kple, Ty, t>7T,
R\S, S,

where e, = c3(1 + cz).




Multiply (1.18) by =z, , integrate over (=t,t] and use Parseval's relation. This ’
gives
~ 2 - t
(3.44) [* z (0y (nar + [ 1z (0] Re a(wdw= = [“z (1) [ gty (re)la(s)dedr .
-t R -t (T+t, ™)

The right side of (3.44) ( def r(t)) can be shown to satisfy (compare (3.5), (3.6) and

use (3.34))
(3.45) i< £ m [ 1z 0280+ ke, £ T

Sa

Combine (3.43)~(3.45), use yg(y) >0 , ly|l < X (note that this is the only place where

this condition is used) and recall that by (3.10), (3.13), (3.18) 2 Re a(w) » 8> 0 ,

we S4 + This yields
- 1 -~ 2
(3.46) Bz i%awceRiesn [z 1%a0+ K (e, toT,
2 p t 4 8 t 10
4 4
1
provided T is taken such that fs(T) < e‘/2 « But 1lim mz = » and so, by (3.34), we have
- trm
1im ] lztlzdm = ®» , An examination of (3.46) reveals that this implies
teo 8
4

g < 2¢ 1/“’(c4 + 1] . The constants <, and B are however independent of ¢ , which was
taken sufficiently small but otherwise arbitrary and hence a contradiction follows.
We conclude that sup m2 < o which gives the first part of (1.25). The second part
is a consquence of (1.2;;? of the first part and of the fact that « is finite. The

proof of Theorem 2 is complete.
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4. PROOF OF THEOREM 3 .

We begin by proving the following

LEMMA 3. Let the assumptions of Theorem 2 hold and let y be a nonconstant solution

of (1.18). Then (G(x) “€F [*g(u)aw)
0
(4-1) lim G(y(t)) < lim G(y(t)).
tor ti-m

Proof of Lemma 3. By (1.25) both limits in (4.1) exist. Multiply (1.26) by gl(y(t))
integrate over R . This gives - by (1.20), (1.25) the integral is well defined -

(4.2) Gly(=)) - Gly(-=)) + (2m)""

[ 19tw1’Re alwaw =10 ,

- R -

where g 1is the Fourier transform of g(y(t)). But a8 Re q » 0 and as

m{{w|Re a{w) = 0}) = 0 we have (4.1) provided m({wlg(w) # 0}) > 0 . However, as

y(t) 2 constant we have y'(t) £ 0 and so by (1.26) f+ g(y(t-8))dals) 2 0. As
R

and

a(R+) = 0 this implies g(y(t)) Z constant and consequently g differs from zero on a

set of nonzaro measure. Lemma 3 is proved.

Wwith this Lemma and (1.25) one can easily repeat the arguments of [9, Lemma 5.ta and

final part of the proof of Theorem ta] to obtain (1.31). (Note that although we now do

+
have af{R ) = 0 we nevertheless do not have to resort to energy functions of type

cto + 27 'g% 0 [, ats)as).
R

To get {1.32) it suffices to integrate (1.27) and to recall (1.21), (1.29) and (1.31).
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5. PROOF OF THEOREM 4.

The first part of the proof closely follows that of Theorem 1.

Convolve (1.1) with r , 1 e (0,8) , and use (1.36). Perform an integration by

A
parts and define hA(x) - X-1g(x) -x, x@e@R; cx(t) - -ri(t), tenrt. This gives,

after differentiating

(5.1) x'(t) + [ h (x(t-s))dc (s) = z'(t) , a.e. on R .
to,e] A > A
The relations (2.4)-(2.6) hold with u replaced with Ay and c¢ with cA » Hence
*  def -{ut
(e, = r{’. de, (t)) ,
(5.2) Re cx(m) >0, w € R, A>0,
with
(5.3) Re cx(m) =0, iff wez u zz v {0} ,
wheie
(5.4) 2, % (Wl w0, Reww =0, lul <o, z,% (W, weo, lnw] = =)
By by (1.33)
(5.5) Im cx(m) =0, we z, .

Then note that

(5.6) [, e7te®

c,(t)dt = 1, wez ,
R A

2
(5.7) [, et (tyat = 4 - r (=) >0, w=0,
&t A A
where (5.7) is a consequence of (1.37), (1.39) and Lemma 2. From (1.19) follows
(5.8) hx(x) is locally Lipschitzian, x @R, A > 0,
and invoking (1.34), (1.35) one has

15.9) xhx(x) >0, for IxI < Ixte)] .
L (R)
provided ) is taken sufficiently small,
By (1.37), (1.38), (1.40), (5.2)-(5.9) an application of Theorem 3 to (5.1) is
permitted. The relation (1.41) and
(5.10) lim ([1-rx(-)]q(x(t)) + A!‘A(ﬂ)x(t)} = Az, (=)

t oo
follows.
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Our final goal is to obtain (1.42), (1.43) from (5.10). By Lemma 2 and (1.37), (1.39)
ve have vy = ”x“’”“‘rx"‘”-" Suppose at first that y > 0 (thus r (=) € (0,1)) and

recall that z, = x.r +w, 2, where w_= rx * f. Obviously

A [UNDY X A
-1
(5.11) 1lim {A[\—rA(-)] xorx(t)) = XY .
t+w
Then note that as wi = f + ri * £ the laplace transform of w&(t) is well defined for
Re s > 0 . But as ft w;(r)dr = wx(v) exists it follows that [12, p. 183] (8 real)
0 .

v (=) = lim (£(s) + £i(a)f(e)] = lim sfls)(s + aits)) !
840+ 840+

(5.12)

S
= um [flo) AL ) (o) 1in Fra)
340+ s(Au(s)l +1 80+

wher¢ we have used the fact that as vy is finite there exists ¢ > 0 such that
Wse) #0 for se {sfRe s »0, 0 < |s] < ¢} and the assumption rl(“) > 0 . Note that

the existence of 1lim fks) is part of the result of (5.12). Hence.,

80+
(5.13) Al - rx(‘”)]—tw'\(w) =y lim £s) ,
S+0+
ani so by (5.10), (5.11), (5.13), incase Yy > 0 ,
L]
(5.14) lim {g(x(t)) + yx(t)} = ylx, + lim f(s)) .
£ > 8+0+

Suppose next that
(5.15) y=0.

Then rx(ﬂ) = 0 and so

(S.16) 1lim xorx(c) =0 .
tro
Because the existence of 1lim (r, * f)(t) is assumed we get
t o0

Lim A(r, * £)(t) = A Lim {sf[s + P S :

t+o s+0+

(5.17) i

~ -1
X lim { —S[:'%‘—f b= 1im s(17'H)
s+0+ sfu] '+ s+0+

4




as lim s(i(s))"' =0 and 1> 0 . Thus, by (5.10), (5.16), (5.17)
8+

(5.18) 1im g(x(t)) = 1im {s(n(s)] '£(s)] ,
t+o 8+0+

if (5.15) holds.
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6. PROOF OF THEOREM 5.

The method of the previous section enables us to transform (1.1) into

(6.1) x'(t) = [ h (x(t-s))dri(s) = zi(t) , a.e, on R ’
A A A
(o,t]

where hX(X) -4 X-’g(x) - X « Multiply (6.1) by hx(x(t)), integrate with respect to t

E over [(0.T] and use the fact that -dra generates a positive definite measure. This
yields
k (6.2) Hx(x(T)) - Hx(x(O)) < gm hx(x(t))za(t)dt v
where Hx(x) = A-1G(x) - 2-1x2 . Making use of (1.50) one shows that for any sufficiently
{ | small ) there exist constants c,, c, (depending on 1 ) such that Ihx(x)l < cy +
ey Hx(x), x € R . Therefore, by a simple application of Gronwall's inequality to (6.2)
and recalling (1.51) we get
(6.3) sup Hx(x(T)) < ®,

T™>0

) But (6.3), the second part of (1.50), and the definition of H imply

A

(6.4) sup+|x(t)| <o,
ter
q We finally point out that under the present assumptions one also has, for all
. sufficiently small ],
sup Q(hx(x(t)),-dr',T) < » ,
T>0
from which various consequences concerning the asymptotic behavior of x(t) can be

deduced.
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