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ABSTRACT
. S
Transformations of the classical hypothesis testing problem with
continuous-time observations 10 a hypothesis testing problem with counting
point process observations are considered. A general form for the random
intensity rate (RIR) which can accommodaie feedback is investigated and the
optimal solution in the Neyman-Pearson sense is specified. An analysis of the
performance of the corresponding optimum processor is studied. /———-‘.
g | .

I. Introduction
In (1] and [2] we considered the classical hypothesis testing problem

H,: under Py, (X)), 0<:< T, isa Wiener process, )
(1

H,: under P,, (X,-_fS,, du), 0<t< T, isa Wiener process,
0

where X=(X, F,®F)), 0<r< T, are the continuous-time observations, and investigated

transformations of this test into the hypothesis testing problem

Hy: under Py, (N,), 0<1< T, is a DSPP with RIR (A "), 0<1< T,
H,: under Py, (N,), 0< < T, is a DSPP with RIR G "), 0< < T, . @
where N=(N, F®F,), 0<r< T, are the counting point process observations. In addition,
several suboptimum detection schemes were presented.
The aim of the investigations in [1] and [2] was to find, from among a given class of
codes, the RIR A as a functional of the ‘“‘information bearing process” X and the observations

N, ie.,

A, =\, (X,N), 3)

such that we attain or come ciose to some ‘‘optimum properties’".

In this paper we extend the results of [1] and [2) by finding, from the class of o-
admissible codes, the Neyman-Pearson optimum RIR A. The paper is organized as foliows. In
section 11 we consider the classical *‘input’’ hypothesis testing problem of deciding betwcen two
absolutely continuous measures P, and P, (P,<<P,), given some observation 'process
X-(X,.F@Fo) 0< 1< T In the sequel the correspondmg Radon-Nikodym derivative, denoted
by Ay, will be called the input likelihood ratio. We also consider the ‘‘output’ hypothesis test-
ing problem of deciding between the probability measures P, and P, given the counting point

' Presently on leave at the Radio Research Laboratory, Bell Telephone leomories Hoimdel, New Jersey.
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process observations N=(N, F@®F,), 0<1< T. The corresponding Radon-Nikodym derivative
will be called the output likelihood ratio. Theorem 1 specifies the Neyman-Pearson optimum
RIR (of significance level ay) for detection in the class of o-admissible codes. It is shown that,
if the causality condition on A is dropped, the optimal RIR is given by

A= po+ bxp(Ar), (4)

for all 1, 0S 1< T, where b is constant and x|y, is the characteristic function of the set [0,L1].
We conjecture that if A is nonanticipative the RIR is given by (for more details see section 11)

A= ot bxor)A)), 5

forall 1, 0<!<T.

The degradation which appears in the output detection problem by using the optimum
RIR A (introduced by the counting point process observations) is established in section 11l
The main result in section Il is presented in Theorem 2. It relates (see also Lemma 3) the
power and the probability of false alarm of a very general hypothesis testing problem when its
sample space is not directly observable (DSPP observations) to the same parameters a and 8
one would obtain if the input space were directly observable.

I1. The Optimal Random Intensity Rate for Detection

Let us consider the “‘input™ hypothesis testing_problem of deciding between two absolutely
continuous probability measures Po and P, (P <<Po) defined on the measurable space
(Q.F), given the_observation process X= (X, F, ®F0) 0< < T. The construction of the proba-
bility measures P, and P, is given in [3]. The corresponding Neyman-Pearson test of
significance level a is completely characterized by the sufficient statistic o, (A 7), where L is
the associated threshold [4].

Let us consider the “‘output’” hypothesis testing problem of deciding between the probability
measures Po and P, given the observation counting point process N= (A,.FOQF) 0<I<T.
The correspondmg Neyman-Person test of significance level ag is completely characterized by
X(0.11A 1) where L is the threshold .

Definition 1. The class of codes satisfying the peak and average power constraint
0<A,(X,N)<c  and E —lT-fA,ds < gc, 6)
0

for all rand i, 0Sr<T and i=0,1 and constants ¢ and g, c€R, and 0<g<1 is called o-
admissible.

Definition 2. The coding A=\, (X .N),F,®F,). 0<r< T, is said 10 be optimum in the Neyman-
Pearson sense of significance level a if over the class of o-admissible codes the supremum

sup B N
o€ €0, I A ;ds € gc

is achieved for all a, a € ay, i.e., the coding A maximizes the power among all Neyman-
Pearson tests.

Remark. The optimal RIR A in the Neyman-Pearson sense features the best performance for

only a given probability of false alarm a, Therefore the above optimality criterion leads in I

general to solutions which are *‘locally” optimal. In other words for each ag a different code A ¥ Codes

might be obtained. nd/or
Dist Special
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Due to analytical difficulties we will restrict the following analysis to the case where A, is
measurable with respect to the o-algebra Fr®F, for all 1, 0<<T.

Theorem 1.  The RIR A= W, F;®F,), 0K 1< T, corresponding 1o the (outpur observation) count-
ing point process N is optimum in the Neyman-Pearson sense if it is given by

A,(X,N)-p.o+ b'XlO.L!(AT)‘ (8)

where b=(IN=I—)¢, for all 1, 0 1< T.
BVa,

A proof of this theorem appears in (3].

Remark. The above theorem implies that, under the Neyman-Pearson optimality criterion,
feedback does not increase the power of the output hypothesis testing problem. This result is
somewhat similar to the result obtained on the capacity of the Poisson type channel under a
peak and average power constraint (see aiso [5]-[7}).

Since
AO - L ©)
+ a bs Mo M
1 o€ (———-“0+b)
and
A ! (10)
1+ é bs Mo As’
e

for all s, 0<s< T, we conclude that the test statistic for the output hypothesis testing problem
is given by

- > - H :
AT < l‘: — HO\ (l )
where
b
po t )
1+ —ﬂ—-e"’(—‘f-o——)h“
- T 1-8 potb
Ar=f'mn - dN,
’ ot Mo N
._a__ bs ¢ 7Y =
1+ e (ﬂ-o"’b)
T
~bf1 ! — ! ——las. (12)
0 é 0 N a 0 N
1+ bs (T Y ' l+ X s TV Y
-g¢ Sorp) 1-a ¢ (“o+b)

For the case where A, is measurable with respect to the o-algebra F,@f"“ for all
1, 0 1< T, we state the following
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Conjecture 1. The RIR \= (A,.F,@f',), 0< 1< T, corresponding to the (output observation) count-
ing point process N is optimum in the Neyman-Pearson sense if it is given by

A,(X.N)-l.l,o-"b'xlo_l_,](/\,), (13)

where b-(l/\—‘#—)c, forallt, 0 1< T. The threshold L:R,— R. is defined by'
ag

1—,0(1\, ? L,) - Q.

Remark. The RIR A described by (13) can be seen as the causal version of the RIR A given
by (8).

In the next section an analysis of the performance of the optimum detection scheme is
presented. It is shown that an equivalent form of (12) can be given that allows a simple
analysis of the performance of the above optimum detection scheme.

1. Performance Analysis of the Optimal Detection Scheme

The performance analysis of the optimum Neyman-Pearson detector (12) is greatly simplified
by the following:

Lemma l. If B2 aand A, = uog+b-x (A7) forevery s, 0<s< T, then'
Ar=Ar(Np), 14)

where Ay is a nonincreasing Borel function of Ny.
A proof of this lemma based on the abstract Bayes formula [8) is given in [3].
Since Ay = A 7 (N7) is a nonincreasing function, the Neyman-Pearson test

. > L ~ H
Ay < i =— H, (15)
(where L is the threshold of the output test) is equivalent to
<! -~ H,
Ny [ > 1 ~ H, (16)

(where 1 is the corresponding new threshold of the output test).

Since A 7 is a nonincreasing function of the observations, the power B and the level a of
the output hypothesis testing problem with counting point process observations can be reduced
to

- - =1
B‘P](Nr( I)-2P|(N7-k).
k=0

= =1
& - Po(Nr < l) - ZPO(NT-k)'
kw0

an

' Randomized tests are not considered here. The extension to randomized tests can be done in the usual
manner {4},




where | is the new threshold. -

In the following, with straightforward mathematics, we will find an equivalent expressions
for B and &. Our standing assumption is that the observation process N=(N, F/®F,), 0<1< T,
is a doubly stochastic Poisson process (DSPP).

Let us first relate the power B and the probability of false alarm a of the input to the
power 8 and probability of false alarm a of the output. We can give the following

Lemma 2.
i B = Ii:)—[&o:f,—)]‘expl—@ﬁb)ﬂ 2:) :: [(uotb) exp(=bT) — udlexp(—u,T)8B.
= : k=
% a=- ::;&Esz)-]—exp[—QJ.ﬁb)T] 2)0 f, [Geg+d) exp(—bT) — (‘,‘]exp(—p.oT)afls)
b ; Proof. Both 8 and & can be obtained with some easy manipulations, and only those for 8 are
presented.

-1 _ -1 A
: B=Y P\(Ny=k)=Y% %Ell(#o“'b'XIo.Ll(Z))ACXP["(llo+b'X|o.Ll(Z))T]}
. k=0 k=0 "

-1

- 2 o {uoexp(—uoT) + [(uo + ) expl-—(uotb)T] — phexpl—p,T)I1 = B))
=0
I
-1 +b)]*
- ZMZTLexp[—(#Oi-b)T] 2 0 [(p.0+b)"exp(—b7') udlexp(—uoT)B. O
i=0 - k=0

Let us compare the pairs (8,a) and (8,4) in the limiting case ug=0. The test statistic can be
easily reduced to

=0 — H|
NT ? 1 — HO- (19) E:

The power B and the probability of false alarm a can also be computed directly:

-~

p P (Np=0) = 7T + (1 — ¢~07),

= By(Ny=0) = -5 + (1 = e~*)a. (20)

Fig. 1 illustrates graphically the results that we might expect in terms of the receiver operating
characteristic (ROC). Since 8=8 implies B=1, the only point of intersection of the above
curves occurs for (a,8)=(1,1).

Another useful representation for & and B is given in
Lemma 3.

B= 1 - E] XIOL\(Z)

Qn
A
=1-E IZ exp( uol) - z :, {uo+d) exp(=bT) — uilexpl—poT)x 0 1(2)).

A2/ ' h=0

' By abuse of notation.




Fig. 1 The receiver operating characteristic (optimum processor).

a=1-Eyxo.1(2),
(22)

- 7 o 7)* & ‘ ‘
&=1- Eo{;.2>'/ o expl=uoT) — Az',.}(!-l(“°+b) exp(=bT) — udlexp—uoT) x10.01(2)}.
where X o, 1(Z) denotes the characteristic function of the set [0,L) on the real line.
Proof. The proof can be easily supplied. O 1
If we define the function «,,:R,—10.1} by ?
TL
Kopr L) = 2 T'—,u.é‘exp(-p.pT)
k21D %
-1 Tk \ 3
- z F{(‘uo‘f‘b‘)kexpl— QLn+b)T] - p.éexp(—uoT)}-x")u(;), 23 )
k=0 K°

for all {, [€R,, we arrive at the following fundamental result:

. 1 . .
Theorem 2.  The optimum detector at the output of the processor performs a randomized tesr given
by

®om ), (24)
which is an approximation o the optimum input test specified by

Xi0.016). (75)
for all {, [€ R, respectively. The limiting case where u¢=0 can easily be analyzed. We have

B=1-E x0.)(Z)1 = et),

a=]- EOK[O.LI(Z)(] - P-DT). (26)

* See [1)-13] for the definition of the processor.
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Fig. 2 Representation of the optimum input and optimum output test.
and thus the test statistic is given by
Kope ) = (1= €T )x 10,30, 27)

for all {, L€ R,. The results obtained are depicted in Fig.2.

The decision procedure at the output of the processor is strictly suboptimal when com-
pared to the optimal decision procedure at the input, should the input be completely observ-
able. This is true since, under the Neyman-Pearson criterion, any randomized test will not per-
form as well as the corresponding optimum test given by (25) (9, p.65). This agrees with our
intuitive feeling that the transformation which takes place through the processor (see also
Fig.2.1 in [3]) affects the information.

Remark. The randomized test «,, has a very simple probabilistic interpretation. According to
this interpretation, for a particular value of the input likelihood ratio {, with probability @)
we decide that the null-hypothesis is true and with probability 1 — «,, ({) we decide that the
alternative is true. The deviation between the optimum randomized test Xy ;) and the ran-
domized test x,,, will define a measure for evaluating the performance of the processor.

1V. Conclusion

In this paper the Neyman-Pearson optimum RIR A from among the class of o-admissible codes
has been specified. Since the problem of finding the ROC even for simple hypothesis testing
problems is known 1o be analytically intractable, a new type of comparison between the
optimum and a suboptimum processor has been introduced. In particular, the output Neyman-
Pearson test compared to the similar test for the input turns out to be a randomized test. The
latter test shows us to what degree the processor specified by the RIR A leads to a loss of
“information’". This loss supports our intuitive feeling that the ‘‘stochastic mapping’" describ-
ing the processor has to reduce the amount of “‘information’" available at its input.




Acknowledgement

This work was supported in part by the National Science Foundation under grant ENG-75-
09610, and in part by the Office of Naval Research under contract N00014-80-C-0530.

References

[1} Lazar, A A. and Schwartz, S.C., “*On Information Processing Using Counting Point Pro-
cess Observations 1: Detection®’, Technical Report No. 44, Information Sciences and Sys-
tems Laboratory, Dept. Electrical Eng. and Computer Science, Princeton University,
Princeton, NJ 08544, Sept. 1979,

[2] Lazar, A.A. and Schwartz, S.C., **‘Suboptimum Detection Schemes Using Counting Point
Process Observations'’, in Proceedings of the Seventeenth Annual Conference on Circuits and
System Theory, pp. 858-865, Univ. lllinois, Urbana, Oct. 1979.

{31 Lazar A.A., *“‘Optimal Information Processing Using Counting Point Process Observa-
tions’’, Ph.D. Dissertation, Dept. Electrical Eng. and Computer Science. Princeton Univer-
sity, Princeton, NJ 08544, Oct. 1980,

[4] Silvey, S.D., Statistical Inference, Chapman and Hall, London, 1975.

{5S] Kabanov, YU.M., *‘The Capacity of a Channel of the Poisson Type*, Theory of Probability
and its Applications, Vol. 23, pp. 143-147, Jan. 1978.

[6] Davis, M.H.A., ““Capacity and Cutoff Rates for Poisson Type Channels™, preprint, 1979.

[7] Lazar, A.A., **On the Capacity of the Poisson Type Channel®’, in Proceedings of the Four-
teenth Conference on Information Sciences and Systems, Princeton University, Princeton, NJ
08544, March 1980.

[8] Liptser, R.S. and Shiryayev, A.N., Sutistics of Random Processes 1: General Theory,
Springer Verlag, New York, 1977.

[9] Lehmann, E., Testing Statistical Hypothesis, John Wiley, New York, 1959.

:

. Tw"‘tuﬁm 4

A

Y




Y N

SECUNITY CLASSIFICATION OF THIS PAGE (When Dats Entered)

REPORT DOCUMENTATION PAGE

READ INSTRUCTIONS
BEFORE COMPLETING FORM

1.

REPORT NUMBER 2. GOVT ACCESSION NO.

ADEAACG 6L

3. RECIPIENT'S CATALOG NUMBER

. TITRE(and Subtitle)

"éerfonnance Analysis of an Optimum Detector

5. TYPE OF REPORT L PERIOD COVERED

Reprint

with Counting Point Process Observations™~~—

/

6. PERFORMING ORG. REPORT NUMBER

- AUTHOR(s)

purel A./1azar swm Stuart C., Schuartz 14

8. CONTRACT OR GRANT NUMBER(e)

: w06614 so—c—os3o
L I'd o

. PERFORMING ORGANIZATION NAME AND ADDRESS

Information Sciences & Systems
Dent. of Electrical Eng. & Computer Science
Princeton Univ., Princeton, N.J. 08544

10. PROGRAM ELEMEN TPROJECT TASK
AREA & WORK UNIT NUMBE

NRO 42-335

- CONTROLLING OFFICE NAME AND ADDRESS

ety

a

L% NUMBER OF PAGES ~

- MONITORING AGENCY NAME & ADDRESS(If dilferent from Controlling Ctlice)

15. SECURITY CLASS. (of this report)

Unclassified

15a. DECL ASSIFICATION/DOWNGRADING
SCHEDULE

G2y 1

. DISTRIBUTION STATEMENT (of thia Report)

Approved for public release; distribution unlimited

17.

DISTRISUTION STATEMENT (of the abstract entered in Block 20, ! different from Report)

. SUPPLEMENTARY NOTES

Appears in Proceedings, 18th Annual Conference

on Communication

Control and Computing, pp. 734-791, Univ. of Illinois.

KEY WORDS (Continue on reverse side 1 necessary and identity by block number)

Detection
Point Process Observations

brocess observations are considered.
rate (RIR) which can accommodate feedback is investigated and the optimal
solution in the Neyman-Pearson sense is specified. An analysis of the
performance of the corresponding ootimum processor is studied.

ASSTRACT /Continue on reverse eide if necessary and identity by block number)

Transformationsof the classical hypothesis testing proklem with

continuous-time observations to a hypothesis testing problem with counting point
A general form for the random intensity

DD , 2%, 1473  eoimion oF 1 Nov 65 1S OBSOLETE

$/N 01G2-LF.014-6601

Y ow2d(

SECURITY CLA

SSIFICATION OF THIS PAGE (When Data Batered)







