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Abstract

An interactive computer program was developed that

enables the user to design linear phase, finite impulse

response, linear shift-invariant, two-dimensional digital

filters. The program user can design lowpass, highpass,

bandpass, bandstop, all-pass, and multiband two-dimensional

digital filters. The filters designed by using the program

are nearly optimal in the Chebyshev sense and their magnitude

versus frequency characteristics have adrantal symmetry

___w2, w w)I I M.

The technique implemen.ted in the program consists of

transforming a one-dimensional digital filter into a two-

dimensional digital filter by a change of variables. ThisCi
technique was first proposed by James H. McClellan and is

called the McClellan Transformation. The program user can

elect to utilize either the first order or the second order

McClellan Transformation to design a two-dimensional digital

; Ifilter.
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(DESIGN OF LINEAR PHASE,

FINITE IMPULSE RESPONSE,

TWO-DI0SIONAL, DIGITAL FILTERS

I Introduction

The use of digital filters for signal processing

applications is becoming pervasive. As the cost of digital

components continues to decrease and the performance of the

components continues to increase, digital signal processing

becomes more and more attractive. Among the many applications

of digital filters are seismic processing, picture processing,

(I and speech processing.

Digital filters can be categorized using the length of

the impulse response as either infinite duration impulse

response filters (nonrecursive) or finite duration impulse

response filters (recursive) (Ref 6:18). Initially,

infinite duration impulse response (IIR) filters were more

popular than finite duration impulse response (FIR) filters.

FIR filters were generally felt to be inferior because long

impulse response sequences were required in order to produce

filters with sharp cutoff characteristics. However, with

the development of the fast Fourier transformation (FFT)

algorithm, implementation of high-order FIR filters can be

* made extremely computationally efficient (fast). FIR
filters possess very desirable-properties from the. point of



view of filter design. First, FIR filters realized non-

recursively are always stable (Ref 7:76). Second, FIR filter

designs can always be realized with an appropriate finite

time delay, and third FIR filers can be designed so that

their frequency responses have exact linear phase

V characteristics.

Digital filters can also be categorized in terms of the

dimension of the filter. For a one-dimensional filter, the

frequency response is a functio- of one independent variable

such as time. For a two-dimensional filter, the frequency

response is a function of two independent variables. For

example, picture processing is a two-dimensional filtering

operation where two independent variables are the spacial

coordinates of the picture.

Previous Development

Many techniques have recently been used to design two-

dimensional FIR filters. Most of the techniques are

extended versions of the analogous one-dimensional FIR

digital filter design methods. Several of the more

promising of these methods will be briefly described.

Two-dimensional FIR digital filters can be designed by

multiplying the infinite duration ideal frequency response

(h(n,,n2 )) by a window function (wd(nl,n2)). Huang has

explored the use of this -technique (Ref 16). Basically

Huang~has shown that good two-dimensional windows can.be

obtained from good one-dimensional windows via the relation

2



wd(nl,n 2 ) = wld((n 1
2 + n2 2) ); where wid is an appropriate

k one-dimensional wi2..ow function. Using this relation, the

* filt'r designer can r esign two-dimensional filters by using

two-diensional wi iIow! anlokous to the well known one-

dinrsi-ioai windov- ve,.tar-ular, Hamming, Kaiser, etc.).

Windowing produces ; Prenuency rcrspe.se which has ripples or

w"oTershcots (magnitude Q 0.31i&.. on the window used) at the

discortinuities c ,-ecewise cmnstant ideal responses. This

.havi is analogous to th: Gib'C ' f 'ct in one dimension.

~i'noM,,h -j, problew wiih this m'mthof. i~i -that it is a

corvo.li:tun proc .s :r. ,e freqieny domain and thus discon-

ti1uif.ies in the ide.al response are smeared. Window,.ng has

proven very usaful becauf.. of its speed and its flexibility

in approximating arbitrary ideal frequency responses.
Optimal two-dimensional FIR digital filters can be

designed by using linear programming. Hu and Rabiner have

7 explored the use of this approach (Ref 17). The linear

i ogramming method involves solving a set of linear

inequalities in order to minimize the maximum error of the

two-dimensional frequency response. Although linear pro-

gramming is very flexible and can be used to approximate P

widr, -variety of desired filter shapes, it is comparatively

slow and thus its use is limited to the design of small order

filters. The largest filter presented by Hu and Rabiner j.s

a 9X9 sample points filter. The design involved solving

several thousand constraint equations and took several hours

on a high speed digital computer (IBM 370).

3



Two-dimensional FIR digital filters can also be

designed by the transformation of variable technique. This

method, proposed by McClellan, is several orders of

,. magnitude faster than the windowing and linear programming

*I methods for the design of a large class of two-dimensional

filters (Ref 3:1-2). This technique is essentially a direct

transformation of a one-dimensional filter design into a two-

dimensional filter design. The transformation of variable

method is very fast and can design large order two-dimensional

filters in a matter of seconds on a general purpose digital

computer. This technique will be described in detail in

latter sections.

Problem

- The goal of this investigation is to develop an inter-

active computer program to design a class of two-

dimensional digital filters. In this context, the word

"design" means the calculation of the impulse response

m coefficients necessary to approximate a desired frequency

response. The structural implementation (direct,cascade,

etc.) of the filter is not addressed in this investigation.

All filters designed by the program will be linear phase,

finite duration impulse response, and linear-shift

invariant.

The technique to be used is the transformation of

.variable method first suggested by McClellan (Ref 3). This

technique dictates that all filters have quadrantal symmetry.

V ""r



This means that the two-dimensional magnitude versus

frequency characteristic of any filter designed by using this

technique will be symmetric in all four quadrants of the two-

dimensional frequency plane. The program will allow the user

the option of selecting either the first order or the second

order McClellan Transformation for the two-dimensional filter

design. The advantages and disadvantages of using the first

or second order McClellan Transformation will be discussed in

latter sections.

General Anproach

This investigation will develop a computer program that

implements the concepts proposed by McClellan (Ref 3) and

Mersereau, Mecklenbrauker, and Quatieri (Ref 2) for the

C design of two-dimensional, linear phase, digital filters.

The program will be an extension of their work in that it

will provide the user with a systematic method of designing

two-dimensional,linear phase, digital filters with a wide

variety of shapes.

The algorithm used to develop the two-dimensional filter

design program consists of the following major steps:

1. Define the shape of the magnitude versus frequency

characteristic of the desired two-dimensional frequency

response by specifying the shape and location of the

contour in the w2,wI plane that is to be mapped to the

user's one-dimensional frequency. w2 and w1 are the

.,variables on the axes of the plane in which the

magnitude characteristic of the two-dimensional

5



frequency response is defined.

( 2. Perform a linear least-squares approximation with

constraints in order to find the values of the constants

of the McClellan Transformation that will produce the

closest mapping of the user's one-dimensional frequency

to the two-dimensional contour in the w2,wI plane

specified in step 1.

3. Design the one-dimensional prototype filter that

will be transformed into the desired two-dimensional

filter.

4. Calculate the impulse response coefficients of the

resulting two-dimensional filter.

Sequence of Presentation

Chapter II starts with the McClellan Transformation and

ends with the approximation problem. In the section on the

McClellan Transformation, the mechanics of the transformation

are discussed as are the properties of the contours produced

by the transformation. The section on the approximation

problem discusses the method of linear least-squares

approximation with constraints.

Chapter III presents the tools and derivations necessary

to understand the calculation of the two-dimensional impulse

response and then chapter IV presents the calculation of the

two-dimensional impulse response.

Chapter V presents the two-dimensional filter design j

program developed in this investigation. Chapter VI presents

p9 .



design results obtained by using the two-dimensional filter

( design program. Chapter VII presents conclusions of this

investigation as well as recommendations for future related

work.

Two appendicies conclude the thesis. Appendix A is a

user's manual for the two-dimensional filter design program

developed 6 , h. investigation and appendix B is a

listing cA' t,e actual computer program.

'I-"
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II The M1'cClellan Tr--aormation an the

Contour ADoimation Prbem -

The design of two-dimensional digital filters as

pursued in this investigation can be divided into two

general areas. The first area concerns approximating the

shape of the desired magnitude versus frequency chariater-

istic of the two-dimensional filter by calculating the

constants of the M~cClellan Transformation. The second area

concerns the problem of calculating the impulse response of

the resulting two-dimensional filter. The impulse response

constitutes the desired filter design. In this chapter, the

first of the two general areas will be explored.

Generalized McClellan Transformation

McClellan discovered that the equation describing the

frequency response of a one-dimensional, FIR, linear phase

filter

=(w) e e F',,' h(n)cos(wn) )(1) .
n=O

where

11(w) =one-dimensional frequency response
h n) = one-dimensional impulse response
w = one-dimensional frequency variable

+41
could b Te tranfor eitoan equationrmationbing the

frequency response of a two-dimensional, FIR, linear phase

filter by using a change of variables. The change of

variables first proposed by McClellan is (Ref 3)

8
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1 1

( cos(w) L I i cos(iw1)cos(iw2)c(i,9) (2)
i0g=0

where the c(i,g)'s are the constants that determine the shape

of the two-dimensional frequency response, and w1 and w2 are

the two-dimensional frequency variables. This change of

variables is called the McClellan Transformation.

Other researchers have generalized McClellan's original

transformation by allowing the summation indices to assume

values other than one. The generalized formulation of the

McClellan transformation is (Ref 2)

a b
m~w2,w1 ) = F j c(i,g)cos(iwl)cos(gw2 ) (3)

i=o g=O

For the firs, order McClellan Transformation (a = b = 1)

m(w2,w ) = c(O,O) + c(1,O)cos(w I) + c(O,1)cos(w2)

+ c(1,1)cos(w1)cos(w2) (4)

For the second order McClellan Transformation (a = b = 2)

m(w2,w1 ) = c(OQ) + c(1,O)cos(w ) + c(O,1)cos(w2 )

+ c(1,1)cos(w1 )cUs(w 2 ) + c(1,2)cos(w1 )cos(2w2 )

+ c(2,1)cos(2w I )cos(w2) + c(2,O)cos(2w 1 )

+ c(o,2)cos(2w 2) + c(2,2)cos(2w)cos(2w2) (5) L
Using the Mclellan Transformation constrains the magnitude

versus frequency characteristic of th& resulting tWo-

'" I'



dimensional filter to have quadrantal symmetry (IH(w 2,w_ f

- H(-w 2,w) ='H(w 2,-w1 ) 1 =H(-w2,-'1. This means that

the magnitude characteristic will be symmetric in all four

quadrants of the two-dimensional frequency plane. This is

true because the transformation equation possesses quadrantal

syy: etry and any symmetry that appears in the transformation

equation also appears in the magnitude versus frequency
characteristic of the resulting two-dimensional filter (Ref ).

This investigation explores the use of the first and second

order versions of the generalized McClellan Transformation.

Mechanics of theTransfrmation. In order to help the

reader understand the concepts that will be presented, oRly

the form of the McClellan Transformation given by equation (4)

will be treated. This will simplify the mathematics and

' I allow the concepts to stand out. A parallel argument holds

for-equation (5).

When m(w2 ,wI) in equation -(4) is replaced by cos(w),

equation (4) defines a mapping from the interval [O,pi] of

the one-dimensional frequency axis to the square region

S/ [0,pi] X [O,pil in the two-dimensional frequency plane (Ref 3).

Making the substitution cos(w) = m(w2 ,wI) and solving

equation (4) for w1 as a function of w2 yields

cos(w) cos(w) - c(oo) - c(O,1)cos(w2 ) (6)c(1,0) + c(1,1)cos(w
S(2'

wI --acos [ cos(w) - c(OO)cos(w2)1()
c(1,O) + c(1,1)cos(w2)j

10
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From equation (7) it is easy to see that for a fixed w, there

corres onIs a curve in the w2 ,wI plane. Along this curve,

the transformed magnitude of the two-dimensiona- frequency

response is a constant equal to the value of the magnitude

of the one-dimensional frequency response at w. As w varies,

a family of curves is generated that completely describes the

transformed magnitude versus frequency characteristic of the

two-dimensional frequency response. For example, if c(O,O)

.3422, c(1,0) = .5, c(O,) = .5, and c(1,1) = -.3422 then the

contours of figure I are generated.

Properties of the Contours. Part of the process of

designing a two-dimensional filter involves choosing or

calculating the cti,g)'s in equation (4) or (5) in order to

obtain a desired contour in the two-dimensional plane as one

of the contours of constant w. Before considering how to

perform this operation, it is necessary to discuss the

allowable shapes of the contours in the two-dimensional

frequency plane.

For the first order McClellan Transformation, the con-

tours must be monotonic. This can be shown by letting

cos(w) be fixed in equation (6) and taking the derivative of

cos(w ) with respect to cos(w 2 ).

cos(w1 ) cos(w) - c(oo) - c(O,1)cos(w2 ) (6)

c(1,O) + c(1,1)cos(w2 )

d(cos(w, -c.-(1O)c(O1) - c(1,1)cos(w) + c(oO)c(1,1) (8)

d(cos(w2 )) [c(1,O) + c(I1,)coskw2 )] 2

777-777 1!
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Equation (8) shows that cos(w ) is a monotonic function of

(' cos( 2. ) since the sign of the derivative does not change as

cos(w 2 ) varies from -1 to +1. Therefore wI is a monotonic

function of w

For the second order McClellan Transformation, it can

be shown by a similar analysis that the requirement for

moinotonic contours does not apply (Ref 4:44-45). In other

* .words, w1 is not constrained to be a monotonic function of

w2 •

The Approximation Problem

This section is concerned with the problem of cboosing

the transformation parameters (c(i,g)'s of equation (3)) so

that the resulting contours in the w2,w I plane have some

. ( desired shape. In general only the shape of a single con-

tour can be closely approximated using the method to be

described. This is usually not a problem when designing the

most common types of filters (lowpass, highpass, and all-

pass) since the most important contour for approximation is

the band edge. The shape of the other contours in the pass-

band or stopband is usually not important. This constraint

on the number of contours that can be closely approximated

becomes more troublesome when designing bandpass, bandstop,

and multi-band filters. Here the best that the lesigner can

do is hope that all contours in the region of interesthbave

the same shape. If this is true, the designer can usually

get the band edges to lie where he desires by making adjust-

ments to the c(i,g)'s of equation (3).

I 13
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In the rest of this chapter, the second order McClellan

( Transformation will be used in the discussion. This will

allow the reader to easily convert to the first order case

K"I  by setting c(0,2), c(2,0), c(2,2), c(1,2), and c(2,1) equal

to zero in the equations that follow.

Constraints. The equation for the second order

McClellan Transformation is

cos(w) = c(OO) + c(1,0)cos(w1 ) + c(0,1)cos(w 2 )

+ c(I,I)cos(w )cos(w2 ) + c(1,2)cos(w,)cos(2w2 )

+ c(2,1)cos(2w1 )cos(w2 ) + c(2,O)cos(2w I)

+ c(0,2)cos(2w 2 ) + c(2,2)cos(2w1 )cos(2w2 ) (9)

(1 For the approximation problem, w is fixed and is the one-

dimensional frequency that is to map to the chosen contour

in the w2 ,w1 plane. If the c(i,g)'s in equation (9) are

allowed to assume any values then the trivial solution

c(O,O) = cos(w), c(1,o) = c(O,1) = c(1,1) = c(1,2) = c(2,1)

= c(2,0) = c(O,2) = c(2,2) = 0.0 will result in zero

error. This solution results in the frequency w mapping to

the entire two-dimensional plane [O,pi]X[O,pi]. To prevent

the trivial solution from occurring, some constraints must

be placed on the c(ig)'s.

The filter designer is free to choose any set of

constraints so long as they do not conflict with the desired

ishape of the contour in the two-dimensional frequency plane.

14
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It is to the advantage of the filter designer to choose a

( small set of constraints since each constraint forces one

c(i,g) to become a function of the remaining c(i,g)'s. Thus

the approximation process is impared if a large number of

constraints is used and the desired contour has a complex

shape.

To give the approximation process the most freedom, one

constraint should be chosen. The following constraints are

fairly independent of contour shape. If the constraint that

w 0 maps to (w2twl) =(0,0) is chosen, the constraint

equation isj

cosCO) c(0,0) + c(1,o)OSOs(+ c(0,1)cos(0)

4 + c(1,1)cos(0)cos(0) + c(1,2)cos(0)cos(Q)

K; + c(2,1)cos(0)cos(0)'+ c(2,0)cos(0)

+ c(O,2)cos(0)) + c(2,2)cos(O)cos(0) (10)

or

1 =c(O,0) + c(i,O) + c(0,1) +c(1,1) + c(1,2')

+ c(2,1) + c(2,0) + c(002) +' c(292) 0ii1

If the constrent that w = pi maps to (w2 w) (ip)s

chosen then the constraint eqjuation is 1

t - =C(OO) 0 (19Q) - c(0,i) + c(1,1l) - a(1,92) K
c21+02,)+ c(092) + c(292) (12)[

15



If the constraints that w = 0 maps to (w2 ,wI ) = (0,0) and

-( w = pi maps to (w2 ,wl) (pi,pi) are chosen then the set of

constraint equations consists of equations (11) and (12).

K In summary, it has been showm that some ,onstraints

must be placed on the c(i,g)'s in order to achieve a useful

solution. Several typical constraints were presented.

Linear Least-Squares Approximation With Constraints.

For the linear least squares -,,pproximation with constraints,
w is fixed and represents a set of identical values. The

basis functions used for the approximation are

gl(w 2 ,wl) = 1.0 (13)

g2 (w2 ,w 1 ) = cos(w1 ) (14)

g3 (w2 ,wl) = cos(w 2 ) (15)

g4 (w2,wl) = cos(w 1 )°os(w 2 ) (6)

g5 (w2
' wl ) = cos(wl)cos(2w2 ) (17)

g6 (w2,wl) = cos(2w)COS(W2 ) (18) .
7 2 g7 (w2 ,wl) = cos(2w1) (19)

g8 (w2 'wl) = cOs(2w2 )- (20)

g9 (w2 ,Wl) =. cos(2wl)cos(2w2) " (2I)

Only the first four basis functions are used when the first

order McClellan Transformation is used in the .approximation

I ( process. During the least squares abproximation process

j
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up to 18 (up to 8 when the first oder transformation is

( used) simultaneous equations are solved. The solution

produces the c(i,g)'s of equation (9). A detailed

explanation of the linear least squares approximation with

constraints methoC used in this investigation can be found

in reference 15:95-100.

ALplicabilit of the Mapping. For the transformation

to be meaningful, the c(i,g)'s calculated from the least

squares approximation process much be such that

2 2
-1 e , c(i,g)cos(iw1 )cos(g 2 ) 1 (22)

i=O g=O

where 0 - w 1 pi and 0 we - pi. This is easily seen

since in the transformation the expression of equation (22)

is set equal to cos(w) (equation(9)). Values outside the

allowable range of equation (22) correspond to complex

values of w (Ref 2:408).

The filter designer can do three things if equation (22)

is found not to hold after the linear least squares approx-

imation has been performed. The first is to change the fixed

value of w that was used the first time and then perform the

approximation again. In the majority of cases this will not

work. The reason is that the shape of the two-dimensional

contours primarily determines the values of the c(i,g)'s.

Even large changes in cos(w) only cause small changes in the

c(i.g)'s. Also when equation (22) fails to hold, values

much greater than +1 or much less than -1 are usually

generated. These cannot be offset by changing cos(w) since

17
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the range of cos(w) is small (-1 cos(w) _ +1)

( The second course of action is shifting and scaling.

Shifting and scaling does not change the shape of the contours

but it does change the value of the one-dimensional frequency

associated with each contour (Ref 2:408). Shifting and

scaling substitutes

ccosw)-c 2 = ciL 2, c(i,g)cos(iw1 )cos(g ,2 ) -c (23)
=0g=0

for

2 2
cos(w) = c(i,g)cos(iw1 )cos(gw2 ) (24)

i=O g=O

TLet under-barreS, quantities represent the shifted and

g scaled versions of the original quantities and let ax

denote the maximun value of the expression in equation (22)

and Fmin denote its minimum value. Then by choosing
c1 = 2/(Fma x - Fmi n ) and c 2 = CFma x - 1, it can oe shovm

(Ref 2:408) that the expression

-1 4. C4 [ I c(i,g)cos(iwl)Cos(gw2 ) - c2 K- 1 (25)
g=O

I must always be true. To calculate c and c2, the equations

-.. 0 = cIFmi n - 02  (26)

+10 = clFmax- c2 (27)

are solved simultaneously for c1 and c2. The solutions of

equations (26) and (27) are

Sc = 2/(F -F.) (28)1- max man



c2  1 max (29

After shifting and scaling equation (24) can be rewritten as

2 2
cos(w) = I ._(ig)co&(iw1)cos(g 2) (30)

i=0 g=O

where

w = arcos(clcos(w) - c2 ) (31)

c(OO) = cIc(OO) - 02 (32)

S(I,o) = c1c(1,0) (33)

a(0,I) = cc(0,1) (34)

c(1,2) = c C(1,2) (36)

s(2,1) = cic(2,1) (37)

p(2,0) = a c(2,0) (38)

c(0,2) = cjc(0,2) (39)

S ( _(2,2) = cic(2,2) (40)

Although shifting and scaling always produces a well-

defined mapping from the w-axis to the w2 ,wI plane, the

result may or may not be satisfactory from a filter design

point of view. Shifting aud scaling changes the location of

the original specified contour ir the two-dimensional

frequency plane. The new location may or may not be close to

the original location.

The third course of action is to perform the least

squares approximation with a different set of constraints.

Changing the cz nstraints has little or no effect on the

V shape of the contours produced by ihe approximation process

19
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and it does not require the filter designer to change the

desired values of parameters (such as w). For these reasons,

this course of action is superior to the others when it

5works.

.,[

,* k
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20

- '*'V



III Mathematical Preliminaries

for the Calculation of the Two-

Dimensional Imnulse Response

P In this chapter, the reader will be acquainted with the

mathematical tools and concepts necessary in order to

understand the presentation in chapter IV. The Chebyshev

polynomials will be presented and several important relation-

ships used in this investigation will be derived.

The Chebyshev polynomials are a very important mathe-

matical tool, because they greatly simplify the analysis of

the one-dimensional filter transformation process. With the

aid of the Chebyshev polynomials, the analysis can be done

in terms of polynomials rather than in terms of trigono-

metric functions.

Chebyshev Polynomials of the First Kind

Chebyshev polynomials of the first kind are polynomials

in xn (Ref 5:54-59). Their symbol is Tn(X). The Chebyshev

polynomials are defined by the relationship

T(X) = cos(ncos-1 x) (41)

i.,here n can be any integer (positive, negative, or zero) and

x ranges from +1.0 to -1.0. If n = 0, then

To(X) = x 1.0 (42)

If n 1 , then

1, +21
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In ~e~cthe follow,,ing recursion relation allows the cal-

culati-,on of any t thelbyshev polynomial if the preceding two

are k.nown:

Tn 4 1 (0 = 2xT n(x) - T n1 1(x) (44)

Just as the Chebyshev polynomials T n(x) can be written as

polynomials in terms of the powers of x, the process can be

reversed and the powers of x can be written in terms of

T Cx). Table I gives the first 12 Chebyshev polynomials

expressed in terms of the powers of x.

TABLE I

(1 Cheb-yshey Polynomials of the First Kind

T (x) =x

T (x) =2x 2 _1

T (x) = 4x _3x

T() = 8x4-8x2 +1

T 5(W = 16x5-2Ox3+5x

T() = 32x 6 -48x4 +18x2-1

T7()= 64x7-112x5+56xc3-7x

T8(x) = 128x8-256x +160x _32x 2+1

-gx 256x9-576x7+42x-_120X3+9x

W1()=512x1 -128Ox8+112Ox6-4O0x4+5Ox-

T11x)= 124 11 -281 6x9 +2 81 6x7-1 232x5+2_03-1x

22
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Table II gives the first 12 pow ers of x expressed in te'-Is

( of T •(x)
|n

TA' LE II

Powers of x in Terms of Tn(x)

x0  T

x = TI

x= 1/2(T2+TO)
x3 --1/4(+3)

x4 = 1/8(T 4+4T 2+3TO0 )

x5 = 1/16(T 5+5T3+10T I )

x6 = 1/32(T 6+6T4+15T 2+10T0 )

x7 = 1/64.(T 7 +7T5+21T +35TI)
x" !x= 1/128 (T 8+ST6*+28T4+56T 2+35To0)

x = 1/256(T 9 +9T7 +36T 5+84T3+126TI )

xI0 = 1/512(To+10T8+45T6 +120T4 +210T2 +126T O)

x11 = 1/1024(T +11Tp+55T7 +165T5 +330Ts+462TI)

Forward Chebvshev Recursion: One Variable

Given the equation

k kEb(;j)xJ,,q E a(J)T (x) (45)

j=O ;J=O

the forward Chebyshev recursion problem consists of calcu-

lating the b(j)'s when the a(j)'s are known. The equation

merely states that the sum of a linear combination of ,1

Chebyshev polynomials can also be expressed as a polynomial

in terms of x. A recursive relationship for the b(j)'s in

23
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terms of the a(j)'s can be found by first expanding the

( right side of equation (45) (the x of Tn(x) will be dropped

for convenience).

kk
E b(j)x = a(O)T0 + a(1)T 1 + a(2)T2 + a(3)T3 + a(4)T4j=O

+ ... + a(k)T (46)

Now using the relationships of equations (42), (43), and (44)

i ;  or table I; the Chebyshev polynomials an the right side of

equation (46) are written in terms of the powers of x.

k k 1 2_
Sb(j)xk = a(O)x0 - a(1)x + a(2)[2x2-1] + a(3)[4x3 -3x]J =0

+ a(4)[8x4-8x2+1 ]+ ... + a(k)[f(x)] (47).

Li Now collecting like terms and ordering the powers of x on the

Ik right side of equation (47) yields

k 1
E b(j)x k = [a(O)-a(2)+a(4)+...]x

0 + [a(1)-34.(3)+...]x
j=OI+ [2a(2)-8a(4)+...]x 2 .-1 [4a(3)+...]x 3

+ [8a(4)+...]x 4 + ... + I[..........]x k  (48)

Expanding the left side of equation (48) and equating

:. coefficients of like powers of x yields .

b(O) = 20 [a(O)-a(2)+a(4)-a(6)+a(8)- a(1O)+...] (49)

b(1) = 20 [a(1)-3a(3)+5a(5)-7a(7)+9a(9)-lla(11)+...J (-*O)

b(2) = 21[a(2)-4a(4)+9a(6)-16a(8)+25a(10)-...] (51)

b(3) = 22[a(3)-5a(5)+14a(7)-30a(9)+55a(11)-...I (52)

b(4) = 23[a(4)-6a(6)+2ioa(8)-50a(10)+...] 53;

24
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b(5) = 2 [a(5)-7a(7)+27a(9)-77a(4)+...] (54)
( b(6) = 25 [a(6)-8a(8)+35a(1O)-...] (55)

b(7) = 26[aMT)-9a(9)+44a(11)-...] (56)

b(8) = 27 [a(8)-10a(1Oa)0....] (57)

b(9) = 28 [a,9)-11a(11)+...] (58)

b(iO) = 29 [a(10)+...] (59)

00

]b(11) = 210[a(1 1)+... k60)

b(k) = 2k-a(k)

Now putting equations (49) through (61) in matrix form yields

b(O) 20 0-1 0 1 0-1 0 1 0 -1 0 ... a(O)

b(1) 20 0 1 0 -3 0 5 0 -7 0 9 0 -11 a(1)
b(2) 21 0 0 1 0-4 0 9 0-16 0 25 0 ... a(2)

b(3) 22 0 0 0 1 0 -5 0 14 0 -30 0 55 ... a(3)

b(4) 23 0 0 0 0 1 0-6 0 20 0-50 0 ... a(4)

bk5) 24 0 0 0 0 0 1 0-7 0 27 0-77... a5)

b(6) 25 0 0 0 0 0 0 1 0 -8 0 35 0 ... a(6)

b(7) 260 0 0 0 0 0 0 1 0 -9 0 44 ... a(7)

b(8) 27 0 0 0 0 0 0 0 1 0-10 0 ... a(8)

b(9) 280 0 0 0 0 0 0 0 0 1 0-11 ... a(9)

b(10) 29 0 0 0 o 0 0 0 0 0 0 1 0... a.(10)

b(11) 21000 0 0 0 0 0 0 0 0 0 1... a(11)

,. . • 0 . : 0 0 0 0 0 0

b(k) 2  : : : : : : : : : : ... a(k)' ( (62)

25
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Call the large matrix D. The elements of D are related by

( the following formulas:

)D(O,m) I = for m even((f or m odd J(3

ID(J,m)I =ta for m even(
,m for m odd (64)

D(l,m) = 0 for m.1 1 (65)

4 D(l,m) = 1 for 1= m (66)

ID(l,m)l = ID(l,m-2)1 + ID(1-1,m-l)l for m 1 and
1 0 and
1 i 1 (67

The signs of the non-zero elements of each row alternate.

between +1 and -1 starting at the main diagonal element in

(F" each row.

Thus it has been shown that the b(j)'s of equation (45)

can always be calculated by constructing the matrix D and

then applying equation (62).

Backi.ard Chebvshev Recursion: One Variable

Given the equation

k k

E a(j)T.(x)= E b(j)xj (68)
j=0 j=O

the backWard Chebyshev recuvsion I)rob)lem consists of calcu-

lating the a(j)'s when the b(j)'s are lknown. Again, the

equation merely states that the sum of a linear combination

of Chebyshev polynomials can also be expressed as a polynomial

in terms of x. A recursive relationship for the a(j)'s in

26
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terms of the b(j)'s can be found by first expanding the

( right side of equation (68) (the x of Tn (x) will again be

dropped for convenience).

k a(j)T. = b(0)x 0 + b(1)x I + b(2)x2 + b(3)x3j=0

+ b(4)x4 + ... + b(k)xk (69)

Now using the relationships of equations (42), (43), and (44)

or table II; the powers of x on the right side of equation (69)

are written in terms of the Chebyshev polynomials.

k
k, a(j)T b(O)T + b(1)T + b(2)[1/2(T2+To)

+ b(3)[1/4(T3+3T1)] + b(4) [1/8(T4 +4T2 +3To)]

+ + b(k)[f(T(x)) (70)

ci Now collecting like terms and ordering the Chebyshev

polynomials on the right side of equation (70) yields

k
0 a(j)Tj =[b(O)+1/2b(2)+3/8b(4)+...]T0

j=0

+ [ b(1 )+3/4b(3)+. .]Tl

+ [1/2b(2)+4/8b(4)+...]T 2 + [1/4b(3)+...]T3

Expanding the left side of equation (71) and equating

coefficients of like Chebyshev polynomials yi, .ds

a(O) b(O) + 1/2b(2) + 3/8b(4) + 10/32b(6) + 35/128b(8)

r'. ( + 126/512b(10) + ... (72)
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a(l) +b() : 3 b) i0/16b(5) + 35/64b(7)

r'; ( +126/256b(9) + 462/1024b(11) + .. (73)

a(2) 1/2b(2) + 4/8b(4) + 15/32b(6) + 56/128b(8)

+ 210/512b(10) + (74)

a(3) 1/4b(3)+ 5/16b(5) + 21/64b(7) + 84/256b(9)

+ 530/1024b(1) + ... (75) L
a(4) 1/8b(4) + 6/32b(6) + 28/128b(8) + 120/512b(10)

+ ... (76)

a(5) = 1/16b(5) + 7/64b(7) + 36/256b(9)

+ 165/1024b(11) + (77)

a ,(6)= 1/32b(6) + 8/128b(8) + 45/512b(101 + .. (78)

a(7) 1/64b(7) + 9/256b(9) + 55/1024b(11) + ... (79)

a(8) 1/128b(8) + 10/512b(11) + ... (80)

a(9) = 1/256b(9) + 11/1024b(11) + ... (81)

a(10) 1/512b(10) + ... (82)

a(ll) = 1/1024b(11) + .. , (83)

I%" a(k) =2-(k-1)bD(k)  (84) •

{ 1>0
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Now putting equations (72) through (84) in matrix form yields

a(O) 11 0 1 0 3 0 10 0 35 0 126 0 ... b(O)

a(l) 0 1 0 3 0 10 0 35 0 126 0 462 ... b(4)

a(2) 0 0 1 0 4 0 15 0 56 0 210 0 ... b(2)

a(3) 0 0 0 1 0 5 0 21 0 84 0 330 ... b(3) I
a(4) 0 0 0 0 1 0 6 0 28 0 120 0 ... b(4)

a(5) 0 0 0 0 0 1 0 7 0 36 0 165 .. o b(5)

a(6) 0 0 0 0 0 0 1 0 8 0 45 0 ... b(6)

a(7) 0 0 0 0 0 0 0 I 0 9 0 55 ... b(7)

a(8) 0 0 0 0 0 0 0 0 1 0 10 0... b(8)

a(9) 0 0 0 00 0 0 0 0 1 0 11 ... b(9)

a(1o) 0 0 0 00 0 0 0 0 0 1 0 ... b(10)

a(11) 0 0 0 0 0 0 0 0 0 0 0 1 ... b(11)

(1 44.0. . . . . . . . 4 . . . :

a(k) : :: : : : : : : . , b(k)

T T-- T-74- - - -

3 27 28 29  2 1' 2 k-1 (85)

where the numbers at the bottom of-each column indicate

that all the entries in the column are to be divided by

that number.

Call the large matrix C. The elements of C are related

by the following formulas:

C(l,m) =for 1 = m (86)

C(1,m) =0 form < 1 (87)
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C(O,ra) =C(i -1-) (88)

( C(1,im) = 20(0,m-1) +' C(2,m-I) (89)

C(1,1n) = C(1-1,m-1) + C(l+1,m-l) for m>. 1 and 1 41
* and 14 0 - (90)

Thus it has been shown that thea(j)'s of equation

(68) can always be calculated by constructing the matrix C

and then applying equation (85).

Backward Chebyshev Recursion: Two Vriables

Given the equation

k k k k
Sa(i,j)T i(x)T.(y) = 2b(i,j)xi yj (.91)

i=O j= 0= j-"

the backward Chebyshev recursion problem in two variables

consists of converting the b(ij)'s into the a(i,j)'s when

the b(i,j)'s are known. This can be done by fixing i

(denoted by i) and searating he summations on the rigto 1nI

k k k1j O a(i'j)Tijx)TjC) x '' F, bC' .,j)y-ij  (92)

i= O j= i =O Lj --- " .

Now expanding the right ide of e quition (92) Yields

kk kkI:-

+ x1 b(1,j)yJ_+'... + x_.E b(k,)yj (93)-
j=O j=O , "

Using the badkward Chebyshev recursion in one variable,

each individual summation on the right side of equation (93) .

can be converted from the. form , b(,,,J)y3 to the form
j. =

30
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Sd(ij)Tj(y) by use of equation (85).
j= 

0

]g a(i'j) i (,x )T(y) = X o, d(otj)T (y)

i=0 j=o j=0

1 It- k .+ x F, d(1,j)T.(y) +..* + X d(ktj)T.(y) (94.)
j=O J =0

k kFx F, d(i,j)T Y (5
i-C 1=0

k k
- d(i ,j)xiT.(y) (96)

i=0 j=0

Now fixing j (denoted by .) and separing the summation on

the right side of equation (96) yields

Ic k2..jT (Y)[ d(i, .i)x (97)
Sa(ilj)Ti (x)T.i(y) =E ji=o j=0 j=0

-' f Expanding the right side of equation (97) yields

kX a(i,j)Ti(x)Tjky) = To(y) d(iO)xi

i=o j=o i=o

+T1 (y) F, d(j,1)xi + ... + T k(y) Fo d(i,k)xi (98)
i=0 i=0

Using tie backward Chebyshev recursion in one variable, each

individual summation on the right side of equation (98) can
k

be wverted form the form F d(i,.)x i to the form
k i=O
E a(i,I)T (x) by use of equation (85).J=O

Ik k kF, F, a(i, j)T (x)T (y) T o(y)i F 0 a~i,O)Ti W
i=o j=o • 0 ,

, k k I

+ T k(y)E a(i,1)Ti(x) + ... + Tk(Y) a(i,k)Ti(x) (99) !,J =O i=O



-= 'Z (y) a(i,,I)Tlx (100)

( =0 ("jO

k k
= E2 a(i,j)Ti(x)T (y) i01)

i=O j=o
Thus it has been shown that the a(i,j)'s of equation (91)

can always be calculated by performing the backward

Chebyshev recursion in one variable twice.

This chapter has presented the Chebyzhev polynomials

and several derivations usinpg these polynomials. The

relationships developed in this chapter will greatly

simplify the analysis of the transformation process that is

presented in the next chapter.

ft
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IV Calculation of the Two-Dimensional

Impulse Resnonse

The theory describing the conversion of a one-

dimensional digital filter into a two-dimensional digital

filter will now be presented. In the first part of this

chapter, the frequency response equation of one class of

k. two-dimensional digital filtes will be derived. The second

part of the chapter will start with the general equation

for the frequency response of a one-dimensional digital

filter. Then by applying some constraints and using the

McClellan Transformation, it will be shown that this

equation can be transformed into the equation derived in the

first part of the chapter. The chapter will conclude with a
fdiscussion of the advantages and disadvanutages of using a

particular order (first or second) transformation in the

filter design process.

Form of' the Two-Dimensional DiZital Filterg

In this section, constraints will be placed on the

general equation describing the frequency response of two-

dimensional digital filters. After the constraints have

been applied, the resulting equation will describe the

frequency response of the class of two-dimensional digital

k, filters that can be designed by the transformation of

variable process.

Let H2D(1,m) be the real, causal, linear shift-
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ivariant, J.nit'Ue-,.^>rat.--."ii, imms ~~~ of a two-

diMensional digital Filter cdefined over the interval

0 .- 1 1 --1 , 0 e- m 1:i - 1 Taking -the two-di irensional

Fourier transflormation of ii2D(l,xn) yields the two-dimensional

frequency response, HO "12 w 1 )

-1Hw 1-x 2  (102)
1=0 M=0

The frequency response is a periodic f-unction of w 2 andw2

i.ith a period of 2*pi. It can be shown (Ref 3:271) that if

N1 is constrained to be odd and the symmetry conditions

12D(il1-1-d,m) H -2D(d,m); d = 0,1,... v411-1)/2 =k1 (103)

K ae B2D(lN--d) -H2D(l,d); d = 0,1,...1 (N1-1)/2 =k1 (104)

aeimposed, thntetwo-dimensional frequency response can

be written as .k(+W)j (lmcsw)

1=0 =

COS(w 2 m (105)

where (Ref 3:271)

H2D(0,0) = H2D(klg,l) (106)
H2D(0,xn) = 2.Ii2D(kl,kl-m); m =1,29 ...,vkl (107)

H2D?(1,0) =2.-2D(kl-l,kl); 1 =1929.9.kl1 (108)

H?D(ljm) = 4.H12D(k1l.,kl-m); 1 =19...9k1 and
M = 1,.,l(109)

'~ 1 34
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One-Dimensional to T-vo-Dimensional Filter Transformation

( In this section, the equation describing the frequency

response of a class of one-dimensional filters will be trans-

formed into the equation describing the frequency resporie of

a class of two-dimensional digital filters. This will be

done by first applying constraints to the equation

describing the one-dimensional. digital. filters and then

applying the M~c~lellan Transformation.

Let h(n) be the real, causal, linear shift-invariant,

finite-duration, impulse response of a one-dimensional digital

filter defined over the interval 0 L n 4 H2-1. Taking the

Fourier transformation of h(n) yields the frequency response,

Ii(w) (Ref 6:19-21).

N2-1
11(w) = h(n)e-' (11O)

n~tO

The frequency response is periodic in frequency with period

2.pi. It can be shown (Ref 7:77) that for one class of

linear phase, FIR, digital filters

h(n) = h(iN2-1-n) (111)

Using equation (111) and constraining N2 to be odd, the

frequency response can be written as (Ref 7:81-82)

k2
11(w) e- ejwk2 1; HID (n)c o s(wn) (112)

n=O

where

h-2 =(N2-1)/2 (113)

CH1D(O) =h(k2) 0104
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:ID(n) =.h(k2-n); n = 1,2,...,k2 (115)

By loting x = cos(w) and using the definition of the

Chebyshev polynomial (ecuation (41)), equation (112) becomes

]k2
!H(w) = ej v k2  HID(n)Tn (x) (116)

n=0

Using the forward Chebyshev recursion in one variable

(equation (62)), equation (116) is converted to

H(w) = e-V k2  k2H1DCHEB(nl)xn (117)
n=0

Since x = cos(w), eouation (117) can be rewritten as

H(w) = e-jwk 2[ HIDCFB(n) • [cos(w)] (118)
n=0

Now by substituting the generalized McClellan Transformation

for cos(w) (equation (3))
': k2

H(w) = e- jwk2 HlDCHEB(n)
In=O

• c(l,m)cos(lwI)cos(mw2  (119)

In the generalized McClellan Transformation let a b and let

the generalized McClellan Transformation be represented by F.

Equation (119) can be partially expanded to yield

H(w) = e- jw 2 [1HIDCHEB(o)PO + H1DCHbB(1)Pl +

+ H1DCHEB(k2)pI'2] (120)

If equation (120) is completely expanded, the resulting

terms can be regrouped by powers of cos(w ) and cos(w2 ) and
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rei;r.sented by the following stunmation (Aef 4:111-116)

" ( ~w2, I )  ejwk2 [a.k2 a.k2 ,

= ' - L10 M=O H2iiZ(,)(cos(w..)>

. (cos(w2)m] (121)

Now using the Chebyshev recursion in two variables

(equations (91) through (101)), equation (121) is converted to
a.k2 a-k2

H(w 2,w " wk2 ajk = e-k2I2D(l,rm)cos(w11)cos(w2m) (122)
1=0 m=O

Equation (122) is the desired result. It has the same form

as equation (105).

Order of the Transformation

From the summation indices of equation (121), it can be

seen that for any two-dimensional digital filter designed by

the. generalized McClellan Transformation (equation (3));

there are (a.k2 + 1)(a.k2 + 1) or [a.(N2 -1)/2+1][a.((N2-1)/2+1]

unique two-dimensional impulse response samples. For the

; first order transformation a = 1. The number of unique im-

pulse response samples is (N2-1)/2+1i [(N2-1)/2+I I or

approximately N22/4.. For the second 6rder transformation

a = 2. The number of unique impulse response samples is

(N2-1+1)(N2-1+1) = N22. Therefore, for a given one-

dimensional filter order, N2, the design using a second

order transformation will produce approximately four times as

many unique two-dimensional impulse response samples as the

. design using the first order McClellan Transformation. If

N the filter designer plans to implement the two-dimensional
L



filter design, it is obViously easier to implement a filter

( designed by using the first order McClellan Transformation.

Summary

In this chapter it has been demonstrated that a class

of one-dimensional filters can be transformed into a class

of two-dimensional filters via the McClellan Transformation.

It has also been shown that for a given one-dimensional

filter order, a design using the second order transformation

generates approximately four times as many unique impulse

response samples as a design using the first order trans-

forma tion.

I:I

38

mil -1 1



liii

V Description of the Two-Dimensional

Filter Design Program

The salient characteristics of the two-dimensional

digital filter design program developed in this investigation

are discussed in order to acquaint the reader with the

program. The filter design program consists of seven

separate programs. They are called CONTROL, CURFIT, PROTYPE,

FORCHEB, EXCPAND, BACKCHB, and GRAPH. After an overview of

the program as a whole, each of the seven separate programs

will be described.

Overview

The main objectives at the beginning of this investiga-

'4 tion were to develop an interactive computer program that

would design a class of two-dimensional digital filters and

would be easy to use. The minimum output was to be the two-

dimensional impulse response necessary to aproximate a

desired frequency response.

The two-dimensional digital filter design program

developed in this investigation will design linear phase,

finite impulse response, linear shift-invariant, two-

dimensional, digital filters. This is done by transforming

a one-dimensional digital filter with a frequency response

of the frm (chapter IV)

j k2

H(w) = e-Jw k 2  , H1D(n)cos(wn) (112)
p. ~n=O
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into a two-dimensional digital filter with a frequency

response of the form (chapter IV)

H(w2,w1 ) = e-J'k(w 2 +wi) 11= _ mo

• cos(w2m)] (105)

by using the generalized McClellan Transformation (chapter

II).

a bm(w2,w1) = c(i,g)cos(iw1 )cos(gw2 ) (3)
i=O g=O

The filter designer can elect to use either the first order

transformation (a = b = 1) or the second order transformation

(a b = 2).

Although the program can design lowpass, highpass, band-

pass, bandstop, all-pass, and multiband digital filters; it

chould be kept in mind that only th3 shape of a single con-

tour in the two-dimensional frequency plane can be closely

approximated by the design program (chapter II). Therefore,

the program lends itself to the design of lowpass, highpass,

and all-pass filters.

The design program that was developed is an interactive

program. This was nectpssary for twD reasons. First, there

is no guarantee that the McClellan Transformation will

produce a well-defined mapping from the one-dimensional

frequency axis, w, to the two-dimensional frequency plane,

w2,I If the mapping is ill-defined, filter designer inter-

vention is necessary. Second, the one-dimensional filter

40



oil1 ,2.c S~ry I*o design a one-di-mensional filter

(c:sired characteristics (band error, etc.) is not known in

a v,tce. Thi r-ecuires experimentaLion on the part of the

filterl iesigner.

The required inputs to the design program are a set of

points that defines the contour in the two-dimensional

frecuency plane that is to be approximated, and the parameters

necessary to design the one-dimensional digital filter.

This filter will be transformed into a two-dimensional

filter. The design program will output the contour approx-

imating function, the impulse response samples of the one-

dimensional prototype filter, a graph of the magnitude of

the two-dimensional frequency response in the first quadrant
SWW(the frequency response has quadrantal symmetry), and the

unique two-dimensional impulse response samples. As options,

the program will output sets of points for any two-

dimensional contours, a Calcomp plot of the one-dimensional

filter's magnitude versus frequency characteristic, a

Calcomp plot of the two-dimensional contours, and a Calcomp

plot of the two-dimensional filter's magnitude versus

frequency characteristic.

Figure 2 shows design times for typical two-band

filters designed on the CDC 6600 computer (Fortran IV

compiler). The filters were designed with one pass through

the program. The scaling routine and the first order

McClellan Transformation wee used. The design times will be

roughly double if the second order McClellan Transformation

41
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is used. ' n the order of thc. one-dii;;envion&l I

filter that is trlnsformed into the desired two-dimension-al(|

filter during the de-sign process.

14

12

4
0

2

0 10 20 30 40 50 6 70 0 sl o 10 io 120

NFILT

Fig 2. Typical Design Times for Two-Band Filters

Figure 3 shows a high level flow chart of the design

program. It shows the seven separate programs that make up

the filter design program and their subprograms. Each

program is resident in its own overlay. The seven separate

programs are executed in the order shown with the top

program being executed first. Also showh are the variables

that are transmit'-ed between the programs (variable names in

parentheses). An outbound arrow indicates that the variable

42
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ori~rinao:-s ir th ov ,:rlay and~ an in ounc ar.rou,. indicates that

(the variaa)e is iaput to the overl ay. All variablIes are

~it~edbft.;enr overlays by labied conozn st:orage areas,

Overlay (1,0)

Subroutine LINEQ !I.7CPTI)

i:1-YOPT 1)
Overlay (3,0) 0

Program PROTYLPE
Function EFF MPOPT2)
Function .TATE, ! FILT)

Subroutine REI-KZ --4(H)
Function D)
Function GEE
Subroutine OUCH
Subroutine ODDCHEC

j YOT 0Overlay (4,0) ~ H)
------------ NFILT)

Overlay (0,0) Program FORCHEB ~CVFIT

Program EXPAN NF)t

H2DCHEB)

4v:ri j 0) <-YOPT2)

Overlay ,. I-HI DC{E B)
14.IILT)

* Program GRAPH l"-CURZVFIT)
Subroutine FORDSR I"-VYOPT2)
Subroutine SDORDL2L j

rFig 3. High Level Flow Chart of the Design Program
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T'ogram CODTROL

The main function of program CONTROL is to call the

other six programs that make up the two-dimensional filter

design program. It also allows the user to interactively

terminate execution of the design program at several places

if he wishes. A high level flow chart of program CONTROL is

shown. in figure 4.

Program CURFIT

The primery function of program CURFIT is to calculate

the constants of the McClellan Transformation. It also

tests to see whether or not a well-defined mapping will be

produced by the transformation.

The first thing that program CURFIT does is calculate the

c(i,g)'s of equation (3). This is done by solvirg a set of'

simultaneous linear equations of the form A.CURVFIT =B.

The elements of the arrays A and B depend on w, a set of

points defining a contour in the w2,wl plane, and a set of

constraints. Subroutine LI1jSQ solves the set of squations

and returns the c(i,g)'s in the CURVFIT array.

After the c(i,g)'s are calculated, equation (22) is

evaluated on a grid of points in the w2,w1 plane in order to

see if the MgDping from '2e w-axis to the w2 ,wl plane ill

P' be well-defined. If the .aping is ill-dofined, the user

-can elect (interactively) to start over-, chocos a new. set of

constraints and repeat the approximation process, shifr andL

C" scale, or terminate the desin progran. If shifting and
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scaling is chosen, the program calculates the new" c(i,g)'s

( by equations (26) through (40). Fma x and F i n (eouations

(26) and (27)) are calculate. by evaulating ecqation (3) oli a

.rid of points in the w2,w1 plane.

Once a set of c(i,g)'s is calculated that produces a

well-defined mapping, equation (3) is converted from the
a b

form c e(i,g)cos(iw1 )cos(gw2 ) to the form
i=O g=O

a b
, 1: MCTRAb(i,g)[cos(w 1 )]i[oos(w2 )] g by using equations

i=O g=O
*(41) through (44). A high level flowchart of program CURFIT

is shown in figure 5.

Progrra PRiTYPE

The primary function of program PROTYPE is the calcu-

lation of the impulse response of the one-dimensional filter

that will be transformed into the two-dimensional filter.

Program PROTYPE is a modified version of the computer program

described in reference 8. There are several good one-

dimensional filter design programs available in the litera-

ture. The program described in reference 8 was chosen

because it is well documented. Program PROTYPE uses the

Remez exchange algorithm to design one-dimensional filters

with minimum weighted Chebyshev error in the filter bands.

For a complete description, including detailed flowcharts

and design examples, of the one-dimensional filter design

program used in PROTYPE see reference 8. Program PROTYPEj (' outputs the one-dimensional impulse response and a summary

46
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of design parameters input by the user.

Program FORCHEB

The primary function of program FORCHEB is to perform

the forward Chebyshev recursion in one variable. The first

thing that program FORCHEB does is convcrt the one-dimrensional

impulse response, h(n), to HIDkn) (equation (112)) by using

equations 0113) through 0115). Then the program generates

the D array of equation (62) (called DAV in the program)

and converts HID (equationk112)) to HIDCH[EB (equation 117))

by performing the forward Chebyshev recursion in one variable

(equation (62)). Finally FORCtIEB calculctes the magnitude

of the two-dimensional frequency response by using equation

(118) at 121 points in the w2,w plane and outputs these

(I values as a graph. The graph allows the user to see roughly

where each filter band lies in the two-dimensional frequency

plane. A high level flowchart of porogram F0 IEB is shown

in figure 6.

Programi EXPNdO

Program EXPITD converts equation (119) to equgation (121)

by performing the required multiplications and summations.

Essentially all of the terms of equation (120) are generated

and then added together. The multiplication routine

multiplies like a person would with paper and pencil. For

each P (ecuation (120)), every tern, of the f.multiplier

multiplies every term of the multiplicand and the resulting

partial su-s are added together to generate oach P.

|43
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Convert h to 111D

Set All Entries of DAV to Zero

Generate the iagnitudes of AllI
Non-Zero Entries in the First

Two Rows of DAV

GieAll. Non-Zero Entries of
DAV the Proper Sign

Multiply All Non-Zero Entries
of DAV by the Proper Power of(I Two

• Convert HID to HI DCiLEB '

Calculate the Magnitude of the
Frequency Response at 121 Grid

Points

Output the 121 Points as-a 1
Graph J

C Fig 6. High Level Flowchart of Program FORCHEB
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Proram DACKCIIB

(The primary function of program BACKCHB is to perform

the backwoard Chebyshev recursion in two variables. The

first thing BACKCHB does is to generate the array C of

equation (85) (called CEC in the program). Then by using

equation (85) twice, H2DCHEB (equation (121)) is converted

to H2D (equation (121)). Finally H2D is converted into the

two-dimensional impulse response by using equations (106)

through (109) solved for H2D. The output of BACKCHB consists

of a list of the unique two-dimensional impulse response

samples plus the symmetry formulas necessary to determine

the non-unique impulse response samples. The impulse response

constitutes the filter design as defined in this investigation.

The symmetry formulas are based on equations (103) and (104).

A high level flowchart of program BACKCHB is shown in

figure 7.

Program GRAPH

Program GRAPH generates most of the plots prodroed by

the design program. 'll plots are optional and include a

Calcomp plot of the one-dimensional filter's magnitude

versus frequency characteristic and a Calcomp plot of the

two-dimensional contours. These plots give the user a visual

means of judging how close the designed two-dimensional

filter is to the desired two-dimensional filter. The

program will also generate sets of points for any two-

dimensional contours. This allows the user to determine the

50



Se Iv~inDiagonal Entries of CBC
Set to Onej

GeneoUprDaoaso ~erate the Entries on A~ll Non-i

erform the Backa.iara Chebyshev
(f Recursion in Two* Variables

Generate the Unique Two-
Dimensional Impulse Response

Samples

Output the Unique Two-Dimensional

Symmetry Formulas

END

( Fig 7. High Leirel Flowchart of Program BACICCEB
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exact location o-' the band edges of the two-dlizensional

-Oilter. Finally, the program creates the file (tape2)

necossary for the Calcomp :,lot of the two-diensional

filter's miagnitude versus frequency characteristic. mother

program is used to generate the actual points and plot the

three-dimensional figure. The three-dimensional figure

gives the user a pictorial representation of the magnitude

characteristic of 'the two-dimensional filter.

Subroutine FORDE-3R generates the points for the plot of

the two-dimensional contours when the first order cClellan

Transformation is used for the two-dimensional filter design.

This is done by using the equation of the first order

McClellan Transformation solved for wI . A curve is plotted

Cfor the eleven values of w from O.Opi to 1.Opi at O.lpi
intervals. This spacing gives the plot an uncluttered

appearance.

Subroutine SDORDER generates the points for the plot of

the two-dimensional contours when the second order McClellan

Transformation is used for the two-dimensional filter design.

This is done by using the equation of the second order

McClellan Transformation solved for wI. This equation is a

quadratic and can have two solutions for each w1. If two

solutions exist then a curve is plotted for the eleven values

of w from O.Opi to 1.0pi at 0.1pi intervals for each solution

(22 curves total). Again, this spacing gives the plot an

uncluttered appearance. The eleven curves for one solution

( have a "1+" at one or both ends of each curve and the eleven

52
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curves for the other solution have an "x" at one or both ends

of each curve. If the quadratic has only one solution for

each wI then only one set of eleven curves is plotted. A

high level flowchart of program GRAPH is shown in figure 8.

Summary

This chapter has presented a brief description of the

two-dimensional filter design program developed in this

investigation. Each of the seven separate programs that

make up the filter design program were described.

i
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Depending on the Order
of the Trans-Lormation

< 0no Generate a Plot for the
One-Dimensional Fi trI
Magnitude Characteristic

Call FOB-DER or SDORDER
Depending on the Order
of the M~cClelan Trans- I
formation and Generate
the Plot of the Two-
Dimensional Contours

C Fig 8. High Level Flowchart of Program GRAPH



VI Des Results

~(

This chapter presents the results from five typical two-

dimensional filter designs using the computer program

developed in this investigation. A wide variety of contour

shapes were used in the filter designs. The designs clearly

illustrate the flexibility of the transformation of variable

technique in designing two-dimensional digital filters.

Filter Design 1

The first filter design utilized hyperbolic contours.

Figure 9 shows a plot of the two-dimensional contours. The

following is a summary of the data pertaining to the contours.

1. Transformation: second order

2. Equation defining the desired contour: w= .32/2w2

3. Approximating function constants:

A=.71797 B=.37441 C=.3744' D=-.49945 E=.12559

F=.12557 G=-.0930 H=.-0930 I=-.03255

Figure 10 shows a plot of the one-dimensional filter's

magnitude versus frequency characteristic. The following is

a summary of the design parameters.

1. Number of transition bands: 2

2. Transition band edge frequencies: .4pi,.5pi; .7pi,.8pi

3. ilagnitude for each band: 0, 1, 0

4. Ratio of the band errors: 1, 10, 1

5. Deviation in each Iterd: .006, .OC06, .006

A one-dimensional filter order of 57 was required to meet the

5 5
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desri~ parieter 4e2_icaUions. Fi.ure 11 shows a plot of

( the two-dimensional filter's miagniiude versus frequency

characteristic.

Filter Desirn 2

The second filter design utilized triangular contours.

Figure 12 shows a plot of the two-dimensional contours. The

following is a summary of the data pertaining to the contours.

1. Transformation: second order

2. Set of points defining the desired cortour (all

coordinates times pi): (0,0), (.I,i), (.2,.2), (.3,.3),

(.4,.4), (.5,.3), (.6,.2), (.7,.1), (.8,0)

3. Approximating function constants:

A=-.72211 B=-.37665 C=-.25873 D=.35644 2=-.2651
F=-.09590 G= .10787 H= .19347 I=.06794

Figure 13 shows a plot of the one-dimensional filter's
magnitude versus frequency characteristic. The following is

a summary of the design parameters.

1. Dumber of transition bands: I

2. Transition band edge freauencies: .87pi, .9pi

3. Magnitude for each band: 0, 1

4. Ratio of the band errors: 1, 3

5. Deviation in each band: .12, .04

A one-dimensional filter order of 57 was required to meet the

design parameter specifications. Figure 14 shows a plot of

the resulting two-dimensional filter's magnitude versus

frequency characteristic.
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Filter Design

The third filter design utilizes semi-circular contours.

Figure 15 shows a plot of the two-dimensional contours. The

following is a summary of the data pertaining to the contours.

1. Transformation: second order

2. Set of points defining the desired contour (all

coordinates times pi): (.6,.6), (.55,.55), (.5,.5),

(.45,.45), k.4,.4), (.45,.35), (.5,.3), (.551.25)

3. Approximating function constants:

A= .03476 B=-.30771 C=.30901 D=-.o05277

E= .05773 F=-.05617 G=.36402 H=-.24187 I=.05352

Figure 16 shows a plot of the one-dimensional filter's

magnitude versus frequency characteristic. The following is

a summary of the design parameters.

1 1. Number of transition bands: 1

2. Transition band edge frequiencies: .6pi, .63pi

3. Magnitude for each band: 0, 1

4. Ratio of the band errors: 1, 1

5. Deviation in each band: .08, .08

A one-dimensional filter order of 57 was required to meet the

design parameter specifications. Figure 17 shows a plot of the

resulting two-dimensional filter's magnitude versus frequency

characteristic.

Filter Desirm 4

The fourth filter design utilized right-angle contours.

Figure 18 shows a plot of the two-dimensional contours. The

( follov:ing is a summary of the data pertai.ning to the contours.
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1. Transformation: second order

12. Set of points defining the desired contour (all

coordinates times pi): (.3,.4), (.3,.6), (.3,.8),

(.3,.*9), (.3,I), (.4,.4), (.6,.4), (.8,.4), (.9,.4),

3. Approximating function constants:

A=.35752 B=-.34052 C=-.00607 D=.56701 E=-.02343
F=.20908 G=-.13863 H=-.03398 I=-.05095

Figure 19 shows a plot of the one-dimensional filter's

magnitude versus freauency characteristic. The following is

a summary of the design paraneters.

*1. Number of transition bands: 1

2. Transition band edge frequencies: .28pi, .3pi

3. agnitude for each band: 1, 0

4. Ratio of the band errors: 2, 1

5. Deviation in each band: .1, .2

A one-dimensional filter order of 43 was required to meet

the design parea,;eter specifications. Figure 20 shows a plot

of the resulting two-diImensional filter's magnitude versus

frequency characteristic.

Filter Desi pn

The fifth filter design utilizes circular contours.

Figure 21 shows a plot of the t.;o-di-ensiomal contours. The

following is a summary of the data pertaining to the contours.

1. Transformation: first order

2. Equation defining the desired contour:

1 P 168

-.... . . .... .. ::_ -:" L- -"' .... . .. ."-u 
"

'
' 4



IAGN IT UDE

LI,

I--

0o

03

C;I

cb 00 0.15 0.3 4

Fic 19. 2 ilter Design 4: One-Dimensional iFrequeney e;o'e

69

W f N21~



, C,

-P

.'

H

ho

A

70



Uv1 -AIi~S (x PI)

0

0.3 0.4 0 1506 0.7 0.
00

0.

L UC-O

0

co0.

0.

Lo

C0.1

0.00 0.15 0.30 0,45 0.60) 0.75
k12-RXIS (X PI)

Fig 21. Filter De sirfn 5: Two-Dirnsnsional Contbours

71

1 UIM



3. Approximatina function constants:

C A=.34220 B=.5 C=.5 D=-..34220

Figure 22 shows a plot of the one-dimensional filter's

magnitude versus frequency characteristic. The following is

a summary of the design parameters.

1. Number of transition bands: 2

2. Transition band edge frequencies: .15pi,.2pi; .4pi,.5pi

3. MIagnitude for each band** 0, 1v 0

4. Ratio of the band errors: 1, 2, 1

5. Deviation in each barn: .14, .07, .14

A one-dimensional filter order of 31 was required to meet

the design parameter specifications. Figure 23 shows a plot

of the resulting two-dimensional filterts magnitude versus

frequency characteristic.

Sununary

In t1hs chapter several filter designs obtained by

using the tv.ro-dimensional digital filter design program

developed in this investigation have been presented. The l

results demonstrate the flexibility of the transformation of

variable technique for filter design. The filter designs

presented show that this method can desimn two-dimensional

filters with complex shapes.
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VII Conclusions and Recommendations

(
Conclusions

The transformation of variables technique is a fast and

flexible method for designing a class of two-dimensional

digital filters. The two-dimensional digital filter design

program developed in this investigation extends the -:)rk of

McClellan and others by providing the user with a systematic

method of designing two-dimensional, linear phase, digital

filters with a wide variety of shapes. The program is

flexible. It can design two-dimensional filters with complex

shapes. The program is fast. The design time for a typical

113X113 samples points two-dimensional filter is approximately

twelve seconds. The design times of this program are

extremely favorable when compared with other available

methods.

Although the filter design program is very flexible, cer-

tain limitations should be kept in mind. First, the design

program maps a specific one-dimensional frequency to an

approximation of a desired contour. This approximation may

be good or bad depending on how close the shape of the

approximation is tc the shape of the desired contour.

Second, the magnitude characteristic if the frequency

response of any two-dimensional digital filter designed by

the .design program will have quadrantal symmetry. Third, if

the first order McClellan Transformation is used in the filtei"

desig, process, the shapes of the desired 'two-dimensional 2

'15
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contours must be monotonic. Pourth, if shifting and scaling

( is required, the results may not be acceptable.

Recommendations for Future Work

There are several things that can be done to improve the

performance of the design program developed in this investi-

gation.

1. The order of the one-.dimensional prototype filter

that is to be designed is an input to program PROTYPE.

Execution time could be decreased, especially for an in-

experienced user, if the program calculated an estimate

of the required filter order for the user. Algorithms

and formulas that can estimate the required filter

order are available in the literature. References 9

t" through 11 des-.ribe a number of these methods.

2. Program PROTYPE produces a one-dimensional proto-

type digital filter with equal ripple filter bands.

Since the main output produced by program PROTYPE is

the impulse response of the one-dimensional filter,

other one-dimensional filter design programs jould be

incorporated into PROTYPE. This ':ould give the program

tremendous flexibility since filters with othcr charac-

teristics (monotone passband response, constrained

ripple, maximally flat bands, etc.) could also be

designed. References 12 through 14 describe programs

that could be added to P'GTYPE.

3. It would be desirable to be able to a:proximite the

I7 6



the shape of two or more contours in the the w2,wl

plane simultaneously according to some error criteria.

This would make the design of multi-band filters much

easier.

tt
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Appendix A

User's Guide for the Two-Dimensional

Digital Filter Design Pro ram

SThis appendix is the user's guide for the filter design

program developed in this investigation. It is written so

that it can be used as a stand-alone manual for the two-

dimensional digital filter design program. The guide is

organized as follows. First the general structure of the

two-dimensional digital filter design package is described.

Then each of the programs and subprograms that make up the

package are discussed from the user's point of view.

Finally a sample two-dimen-tonal filter design is presented.

C
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Filter Design Package Structure

( The two-dimensional digital filter design package con-

sists of the two-dimensional digital filter design program

itself, the subroutine YOURSUB, the program PROFILE, and

the program PLT3D. All programs excent the first one are

optional. However, use of the optional programs makes use

of the two-dimensional digital filter design program much

easier.

All programs are written in Fortran IV extended except

program PROFILE which is written in Cyber Control Language.

In the discussion that follows, each program will be

described from thi user's point of view. It will be assumed

that the design package is run using the CDC 6600's time

sharing system, Intercom.

The Two-Dimensional Digital Filter Design Program

The two-dimensional digital filter design program is

written in Fortran IV extended and uses overlays to reduce

memory requirements. The program consists of seven separate

prograns, each resident in a separate overlay. Labeled

corma.on storsge areas are used to transmit variables between

overlays. The program was designed to be run interactively.

Purpose. The two-dinensional diital filter I"As""n

Drogram designs linear phase, finite iimpulse response,

linear shift-invariant, two-di-mensional digital filters.

This is done by transforming a one-di.1ensional di..ital ."i. er

:;.i';h a frequcncy response of the forn (Ref 1 :35-37)
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k2

H(w) = e - 'k 2  1I1D(n)cos(wn) (112)n=0

into a two-dimensional digital filter with a frequency

response of the form (Ref 1 :33-34)

-jk (w2 +w) rk kI
H(w 2 )wl) e-k H2D(l,m)cL j l)

1=0 m=O

cos(w2 m) . (105)2I
by using the generalized MIcClellan Transformation (ref 2)

a b
m(w2 ,wI ) = i c(i,"g)cos(iw1 )cos(gw2)

i=U g=O

The filter designer can elect to use either the first order

McClellan Transfoarmation (a=b=1) or the second order

McClellan Transformation (a=b=2). The Transformation maps

i (1 each frequency of the one-dimensional filter to a contour in

the two-di,,,ens.onal frequency plane. The magnitude at each

frequency of the one-dimensional frequency response becomes

the magnitude along the corresoonding contour of the two-

dimensional frequency response (Ref 1:10-11).

The program can design lowpass, highpass, bandpass,

bandstop, all-pass, and iultiband filters. However, only

ont. desired contour in the two-dimensional frequency plane

can be closely approximated by the design pro-ram. Therefore

the progr:nm lends itself to the design of lowpass, hig--a;-s,

and all-pass filters. All filters designed by this prozram

nave quadrantal symet-y. This means that the magnitude

versus frequency characteristic of the two-dimensional filters

• -- 83



will be four quadrant symmetric.

( Interactive Nature. This program is intended for inter-

active use. This is necessary for two reasons. First, there

is no guarcanty that the McClellan Transformation will produce

a well-defined mapping from the one-dimensional frequency axis

to the two-dimensional frequency plane (Ref 1:17-20). If the

mapping is ill-defined, filter designer intervention is

necessary. Second, the one-dimensional filter order

necessary to design a one-dimensional filter with desired

characteristics (band error, etc.) is not knovm in advance.

It may be necessary to re-design the one-dimensional filter

several times in order to produce the desired filter character-

istics.

Filter Size. The program as presently dimensioned can

design a two-dimensional digital filter with up to 113 X 113

impulse response sainples. The size of the two-dimensional

digital filter that can be designed can be changed by re-

dimensioning arrays and variables as indicated in the comments

of the program listing. Local operating procedures limit

interactive programs to 65,0008 words of central memory. The

present array dimensions cannot be increased without

exceeding this limit.

Inputs and Out-uts. The required inputs to the design

prograr are a set of points that define the contour in the

two-dimensional frequency plane that is to be approximated,

and the parameters necessary to desi the one-di.ensional

(filter that will be transformed into the t;o-dirnensional

!84
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filter. The design program outputs the contour approximating

function, the impulse response samples of the one-dimensional

filter, a graph of the magnitude of the two-dimensional

frequency response in the first quadrant (the frequency

response has quadrantal symmetry), and the unique two-

dimensional impulse response samples. As options, the pro-

gram can output sets of .points that define any two-

dimensional contours, a Calcomp plot of the one-dimensional

filter's magnitude versus frequency characteristic, a Calcomp

plot of the two-dimensional contours, and a Calcomp plot of

the two-dimensional filter's magnitude versus frequency

characteristic.

Proamams. The two-dimensional digital filter design

program is composed of seven separate Drogrars. They are

called CCNTROL, CU.FIT, PROTYPE, FORCIF-B, EXPAND, BACKCOIB,

and GRAPH. The design program expects all frequencies to be

entered as radians between 0.0 and 1.0. The program auto-

matically multiplies each frequency by pi. In response to

no/yes questions, uhe program expects the user to enter 0 for

no and 1 for yes. The important interactive questions and

imperative statements will be described progran by program.

,They will be enclosed within quotation mar:s.

Pro,-ram COITOL.

1 . "Do you wish to continue?" This question is asked

immediately after the one-dimensional prototype filter has

been designed. It allows the user to stop execution of the

( design program at this point ane6 thus end uv up w ith only a
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one-dimensional filter design.

I ( 2. "Do you wish to calculate the 2-D impulse response?"

The user can elect not to generate the two-dimensional im-

pulse response samples. Doing this does not prevent the user

from receiving all other output that can be generated by the

two-dimensional digital filter design program.

Program CURFIT.

1. "Do you wish to approximate your 2-D contour with a

four or nine term approximating function? Enter 4 or 9" If

the user enters 4, he is choosing to use the first order

McClellan Transformation in the design process. In this case,

the contour in the two-dimensional frequency plane that the

-signer wishes the program to approximate must be monotomic

k Ref 1:11-13). Also the resulting two-dimensional filter will

have (NFILT)2 impulse respons( samples kRef 3). I5FILT is the

order of the one-dimensional filter that ,ill be transformed

into the two-dimensional filter. If the user enters 9, he is

choosing to use the secono order i'iClellan Transformation in

the design process. In this case, the contour in the two-

dimensional frequency plane that the designer wishes the pro-

gram to approximate does not have to be monotomic. Also the

resulting t..o-dimensional filter aill have (2. FI",T _ )

impulse resoonse saroDles. This is approximately 4.L4FIL22

2. "Do you have a predetermined set of app:roximating

function constants?" If the user wishes to design a two-

dimensional filter with the same shape that he used in a pre-

, vious decign, the constants car be entered directly in t:- .d

. ... e 6 4
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of being re-calcu.ated by the program.

3. "Do you have a predeternined sot of constraint

equations?" If the user does not wish to use one of the three

sets of constraint equations coded into the program, then he

must enter his own set of constraint equations. The three

sets of constraints coded into the program are the following:

a. w = 0 maps to (w 2 ,w1 ) = (0,0)

b. w = pi maps to (w2 ,wl) = (pi,pi)

c. Both a and b above

4. "Do you wish to enter a set of points that defines

your contour?" If the user has not included the subroutine

YOURSUB in the code of the two-dimensional digital filter

design program or compiled and libraried it using procedure

COIPILE of program PROFILE, then he must enter a set of points

that defines the desired contour in the two-dimensional

frequency plane. o

5. "How many points do you wish to enter?" If the user

wishes to define the contour by a set of points, he can enter

up to 500 points.

6. "If you have a case number enter it; otherwise enter

0." Here the user is going to define the desired contour in

the two-dimensional frequency plane by using the subroutine

YCUSUB. If the user coded provisions for more than one con-

tour in subroutine YCURSUB, he must enter the value of the

variable that selects the contour that the user wishes

to use in the current two-dimensional filter design.

( 7. "Your contour with your frequency pr:oduces an ill-
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defined mapping from the w-axis to the w2,w 1 plane. Enter

one of the following option numbers.

1) choose different program generated constraints
2) enter your own constraint equations

3 enter a set of approximating function constants
4, start over
53 try scaling
6 terminate this program"

If the mapping is ill-defined, the filter design process has

failed. If the user wants to continue the original filter

design, he must either choose one of the other program coded

constraints, enter his own constraints, or try scaling.

Scaling produces a well-defined mapping in mct cases but the

resdlts of the scaling may not be satisfactory from a filter

design point of view. Shifting and scalin- changes the loca-

tion of the original specified contour in the two-dimensional

( frequency plane. The new location may or may not be close to

the original location.

8. "Your original frequency has been scaled to "value

of the scaled frequency". Enter one of the following option

nwbers.

1 start over
terminate this program
continue"

If scaling was used, the filter designer can proceed or stop

the design process depending on the result of the scaling.

Progra P 'YPB. As an aid to understanding the inter-

active questions in program P11OTYPE see figure 24.

1. "Enter an odd filter order of "A" or less." If the

first order hcClellan Transformation was chosen earlier, A

eculls 113. The filter order -.ust be rocter than or eqw;l to

i8
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Dla-nitude

Frec'uency (w)

Fig 24. Typical Three Band Filter

three. If the second order MClellan Transformation was

f chosen earlhr, A equals 57. The filter order must still be

greeter than or equal to three.

2. "How many transition bands does the filter have?"

The programn can design a one-dimensional filter with up to

nine transition bands 'JO bands). Figure 24 has two

transition bands (3 bands).

3. "2Enter the band edge frequencies for each transition

band." Here the user enters each ws, and wo see figure 24)

going from left to right. ach band must be separated by a

finite width transition band. There will be one w5 and one

wfor each transition band.

P 4. "Lnter an ideal absolute maznitude for each band of

I the prototype filter usually 1 or 0)." ven though program

IUOTYi: produces a filter that is equal ripple in each band, !

DA- -
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the ideal magnitude for a passband is 1 .0 and the ideal

magnitude for a stop band is 0.0.

5. "IEnter the ratio of the band errors Ione number for

each band)." The order of the one-dimensional filter controls

the magnitude of the ripple in each band. The user must

enter a ratio of the band errors and hope that the resulting

band deviations meet his error criteria. If they do not, the

one-dimensional filter can be redesigned using a different

value for the filter order. The larger the number entered,

the smaller the error in the band. For example, if the error

ratio for a two-band filter is 10:1: then the error in band 1

will be 10 times smaller than the error in band 2. The

deviations output by the program are the D's in figure 24.

C 6. "Do you wish to redesign the prototype filter?" If

' the deviations of the designed one-dimensional filter do not

meet the user's criteria for band errors, the filter can be

redesignei.

Program GYRAP}I.

1. "Do you want to create a plot file for the Calcomp

plotter?;! The user is given the option of generating the

Calcomp plot of the one-dimensional filter:s magnitude versus

frequency characteristic and the Calcomp plot of the two-

dLensional contours.

2. "Do you want to create a DL.SSP.L, 3-D klot of the

.requency ros onse?" The user is g;iven the option of creating

a file called taee2. The file taoe2 is used by progrz

( K i231D to ge-nerate a Calco.p plot of the o
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filter's magnitude versus frequency characteristic.

Subroutine YORSUB

Subroutine YOURSUB is used to define the contour in the

square region [O,pi]X[O,pi] of the two-dimensional frequency

plane that is to be approximated by the two-dimensional

digital filter design program. Subroutine YOURSUB gzenerates

the points that define the contour. The horizontal axis

coordinate of each point is stored in the array W2 and the

vertical axis coordinate of each point is stored in the

array I'll. A maximum of 500 points can be generated by the

subroutine. Subroutine YOURSUB must have the following form:

SUBRUINNE YOU.SUBNCASE, 17NPOIiTS, W2, Wi)
DIINENSION '2(500), WI (000)

User's code that generates the points that define

one or more contours in the two-dimensional

frequency plane.

RETURN
ED

Arguments. NC.SE, allows the user the option of definina

more than one contour in the subroutine. The two-dimensional

digital filte. design program can only aoproximate one con-

tour per design. NCASE allows the itser to designate which of

several contours included in the subroutine will be used by

the two-di.ensionel digital filter design orogram during the

design process. .,,So can be used as the variable in a series

of if-then statements or in a case statement.
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N3?OIiITS is -the number o~f points that the user Is code

generatcs. NPO'0I4TS irust be 500 or less. In general the

more points generated, the better the approximation to the

conthour.

W2 is the array in which the hoorizonat,;l-axis

coordinates of' each point are stored. V11 is the array in

which the vertical-axis coordinates of each point are stored.

Both of these arrays are 500 elements long.

Example. The following is a samaple subroutine YOURSUB.

SUBROUTINE YOURSUB (NCASE U Tn0IllTS, 112 ,11i

IF (1CASE. NIB. 1 ) GO TO 20
NP 0 1 HTS = 41
A = 'T.3

XIN= .5

DO 101I=1s41
'a2ff UI = 1.0 - X-!.jN)*'p.(I 1 1.0)/40 + XI.;-IN)

v 11 (I) XINI/1W2 (I)K 10 C0iiTIUE
RET UMI

20 l'IOINTS = 100
R =.7

-DO 100 LZ=1,100
',2 (L") = (LZ - 1 )/99 *R
Vi (iLZ) = SQ:OT(R- 2 - V12(LZ)**2)

100 C 0 T TU1 1,

If, during the exociPl..on of the tao-dimensional digital

filter design program., the user enters 1 = ; the -program
C) C2

will approximnate a -hypsrbola with equation w' a 2/(2w 2 )'I"1
Forty-one -oints aill be used to define this hyperb.ola.If

On the other hond, the user enters =2; the program

will approxi::ate a quarter circle centered at -the origrin w -ith

( r~a-0JUS r and ecuation w*~ = r 2 )

~~--~~ Z-- 
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One-hundred points will be used to define this quarter circle.

( Placement. Subroutine YObRSUB can be inserted into the

two-dimensional digital filter design program deck in the back

of the program called CURFIT. It can also be written in ;he

create mode of editor, saved as a local file called X, and

then compiled and libraried by the program PROFILE.

'Program PROFILE

Program PROFILE is used to process files needed by or

created by the two-dimensional digital filter design program

and program PLT3D. PROFILE is written in Cyber Control

Language. The program consists of five separate procedures.

Although this program is optional, equivalent commands must

be given in order to process the files needed by or created

[ by the two-dirensional digital filter desia program and

program PLT3D if program PROFILE is not used. To use PROFILE

the user must do the following:

1. Store program PROFILE in a permanent file called

Profile.

2. Store the binary version of the two-dimensional

digital filter design program in cycle 490 of a permanent

file called Hcltrn.

3. Store program PLT3D konly if used) in cycle 490 of

a permanent file called D31PLOT,

A listing of program PROFIIM. and a discussion of the f've

procedures ('a.CLE, DSIG, 2OU-2L, 3LF.LE, 3D.LC'2) will ba

(presented next.
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EN ~-J i FL.LlT

E i 1F F JI-if
f; Tpc. 1E I4 I-~ H, L T-

PETUPNHrIME.

A TTA: He - 1::: 1 CC1 [: 5E0' 1 D=L I ':

L I , M, 'I- L '. C .

L IBPFAPY.

PE bl I N r, PEI11L T 4P L flT.
PECOLIE --T , PPX - *C'.
1:OFY F FPEEUL T ,PPX.
ROUTE,9 PP:,' T I D=T EPM F I D =11"EF' Dt'=PP, .T=': S:.
RETUIPN, PE:ULT 9PI-X
PEPrIEZTCT :EC: , .
COPY' PLOT, CE':.
ROUTE, CEC ,tC =PT' TI t=1ERM, F I flLIER, 5T=CS B.
RETIJRNi PLOTi CEC.
*EOF.
* PROC' 3tPLDTF TERM=BB' U:ER=C IC.
ATTACH PL-F ILE, YOIFFILE.
ATTACH, DI --PLA' I D=L I RAPY, Z'N=F.:-D,
LIBRAPYg DI:S:PLA.
ONLINE.
RElI-IINri'qPLOT.

COPY' PLOT, DAY.
ROUTE' DAY' DC=PT, TI D=TEPr*1FF ID=U: -ERq. izT=C&B.
PETLIPflqDISSPLAv PLOT' PLFILE.
LIBRARY.
*EOR
*EOF
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Procedure COLPITLE. This procedure compiles and

( libraries the subroutine YOUIRSUB. The procedure assumes that

subroutine YOURSUB has been saved without sequence numbers in

a local file called X.

Procedure D."SIGN. This procedure first attaches the

Calcomp plotter routines kfile CCPLOT56X). It then declares

the plotter file and the file containing subroutine YOURSUB

k-YLIB) to be libraries. Finally it begins execution of the

two-dimensional digital filter design program (binary assumed

to be stored in cycle 490 of file Mcltrn).

Procedure ROW7E. This procedure sends the hard copy out-

put file kRESULT) to the printer and the Calcomp plotter file

kPLOT) to the plotter. The hardcopy output file will have

the banner CIC. The banner can be changed to any banner the

user desires by changing USR=CIC in the first statemei. of

the procedure to U;3SR="'banner the user desires". The plot

generated by the Calcomp plotter will always have as the

banner, the ID that the co;.puter system assigns the user just

after he logs on to the Intercom system. The user has no

control over this banner.

Procedure PLFILE. This procedvre first saves the infor-

mnation on the f le called TjA.2 in a oermanent file c .lled

.',;A _'AD1_'J C T . It then boatches prk~ L assu': iod to ;00 r
stored in cycle 490 of a file called D3PUT) to the i .

o'ucue. ?r;oram TD x.ill ourge file b -'A"9.1 a cr it

finishes executing.

Procod-cbr This ..rococure gi-St attaches a
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permanent file called YOURFILE (created by program PLT3D).

It then attaches the file DISOzPLA containing the three-

dimensional figure plotting routines and starts execution of

these routines. Finally it sends the file generated by t'e

three-dimensional figure plotting routines (PLOT) to the

Calcomp piotter. Again the banner on the plot will be the ID

assigned the user after the user has logged on the Intercom

system. The file YOURFILE will exist for eight days.

During this time procedure 3DPLOT can be re-executed to get

multiple copies of the three-dimensional plot.

How to Use PROFILE. Typically the following sequence of

actions and commanis would occur during the design of a two-

dimensional digital filter.

1. The user writes the subroutine YOUSUB in the create

mode of editor. Subroutine YOU.SUB is saved as local

file X without seouence numbers (i.e. SAVE, X, Nos).

2. The command IlB,B"t is given.

3. The comrmand "A ,0H, hPROFILE" is given.

4. The command "BEGIU, Ci.J'TLE, PROFILE" is given. If

the subroutine YOURSUB compiles with errors, the user

must correct the mistakes by using the edit mode of

editor. Then the corrected subroutine is saved as local

file X over-writting the old file X (i.e. SAV,, X, OVER,

iEOS). Steps 2 and 4 are then repeated.

5. The command ' ;L'GIiI, .SIGI., P OFILZ" is given.

6. The comiand "iIN, ,OT3, PROFILE" is given.

7. The co" and"'" F , O4.3(. is iven. The

";"
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-terminal will respond with a list of files. The user

should write downm or remember the file listed under

remote input files.

8. The user must now wait until the program PLT3D

finishes ex ecution. W.1hen the user gives the command

"FILES" and the file that was listed under remote input

files is now listed under remote output files, then

PLT3D has finished executing.

9. The command "BATCH, "remote output file name", LOCAL"

is given.

10. The conm.and "EDITOR" is given.

11. The command "EDIT, "remote output file name", S" is

given.

12. The comrmtand "L, A" is given. The user must check the

proaraji listing for errors. The most comraon error is no

file space available for the creation of the file 0URFILE.

If errors have occurred, the user must go back to steD 7

and proceed from there.

13. The cornmand "BEGIN, 3DPLOT, PRC'ffILE" is given. The

ter:minal responds with DISSPLA POSTP3IOC,.,,SOR FOR ONLIN'

CALC07iP :-OTTR. EY2TER DIR1 CTIVJS. The user enters the

corinand "DiVJ-l -DND:". lhen the terminal responds with

~IiD Gi:LIN, the sequence is complete.

It should be noted that if the subroutine YCU.'SUB is inset.ted

into the two-di:mensional digital filter de.izn prograi 1-;c"

or if a set of points is going to be input into the two-

':(- di:mensional digital filter design program during cecuticn,

i (

TC,



then the use-- skips steps 1, 2, and 4.

(.Program T

Program PiI:3D generates the magnitude of the two-

dimensional frequency response at a grid of points on the

two-dimrlensional frequency plane. The coordinates of each

point on the grid and the magnitude at each point are stored

on a file called YOUFIJ. The program uses the information

stored on file DATA3DP-LOT (originally TAPE2). If the program

runs successfully, the file DATA3DPLOT is purged and the file

YOUaFILE is created.

To use this program, the user must replace the current

job card with his own job card. A listing of the program is

given below.

PLT3D Program Listing.

C14,C'4... " Z?' "T '. L L AL {
FT N(=)
ATTr., ,T:''." F /, "  "1'. -

L I Br.-,YrTS L , •
REA-U-;TqPL F I.'. 9 OF.
LGO.
CATALO GrLF3L" ,YJlJJfIt?.-,,
PURGE T-%2,Pj , SF t." r !) ( T;:' -"T q 0UT D I T  ; A  r 2  P L  F TL - = .-

DV,-' f: I3t WORK(r- ) H! P L --P(:,< 9C U,VFV'; (9)
• COH;'0.O- /C ". Hi".,uzi.- 9 II)P FiT9 KC,

I: FO:'t (T

REtO (29 20) (11VTFI?('"?) 9,A1,Po)23 FO:,- 1 (r't 8.-) , t ,-',:..3..1)
RE."" (29 L) (4 tO r,'- (4T) -.-: 1 K Kr)

~~3 -1- F GO , .A T ( ? (- ! ; ) r(7

CALL CO'CRS
CALL eG,!PFL ()
CALL TITL')(iW '1.,. '- ('1,)
CAGL L V'I , (4.?.9'0, .

CALL IAYL 'q r 909 , )9, 2e..

98
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C ..t Is (- ,.1og o -i.s ot. 8o 1 4. If-02. 9 -'1,619 ,21)
,A LL A FIN-|( j( o 't79 WORK

CALL '; -V L

0' O"01 1 - ! -, ,"'' VFzt KD
1-"2 y r"-'q (:") '"JVrIf(.

"12 2Y '
L"i .- V I T?

i ":, r" *,,. ( ')r ( (r'J;,FIT(I) C !<V 'T( ) (W?)
+. #-IUr VF ' I( ,C.OS(, 22)+ CT::,/F! T Z) CO (Wi

+ 1 U 1 fF171 ) - :('i) C.0"(A 2 )

+ 4- rIfF.1 ( Cj1, W D 0)-13, (N2)

Design Example

The followig example illustrates the use of PROFILE and

the two-dimeasional digital filter design program. The

desired contour is a quarter circle centered at the origin

with radius .7pi and equation w, = r2 - w22)j. Note that

user entries are underlined.

X 0
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ECILIP.'POPT 14/'066
COr*WiAHI- ED ITUP

*.CF'EFITE

11:113 . IJPOIJTINEYO..tIJNCi3qHOT. ',I )
11 ':'= r, I rlEr LIS II Id? : 11 15 (1 1 0 fI0:

120= NPOINr:* =10

141.= DO 100': L7=1 p 10

1613= lL~~ R'. 1

1703= _L L.Q -NJtiE
180':= PETLIPr
190'= END
20013==

100= 'SIPROLIT INE OFiJ .i:AErOI TIdqI 1
I1I1(= 1) MENS I 0HI W2d (51 13 1Ii 513'V
120= NPOINTS = 1131

14 0= DO 1131 LZ=1,1(00
150= 1.I L-:) =(LZ-1) -,99

* ~~161:1= 1011,~L27: 7ClPT '.R**.2 - IL:'. .
170= 1 00 CONTINULE

*180= PETURN
1? 0= END

2r-1 t4 [1- ;4 T T FiC H - P POF I L E

PROFILE:
ii~i' T:E i I L~ 2FI

Cp;. Flr FF THi 'Ei-- T;,I- V r;~: - Pb

?ILTE'w Li: 11+3 TK tI-. -

E~~EP iLL F '.~~ilE IN~F~~ --- ~ ~ .I** I C4~

Tr TO 1-o ii'l: i: ;4i 1'~~1b IT ~ ~ FH

100



DO YOU 1011--H TO APPPO:':IMATE YOUR 2-D CONTOUR WI1TH A FOURP op NiNrE TEFI-
APPROXIMATING FUINC-TION?'-- ENTER 4 OR 9.

DO YiOU HAVE A PREDETERMINED SET OF APPROXIMATING FUNC:TION Ci:rTANTS:,

ENTER THE 1-Di FREQU'ENCY THAT YOU WIS~H TO MAP TO 'YOUR 2-ri CONTOUR
~o.f TO 1.0 cX PI)).

DO YOUI HAVE A PREDETERMINED SET OF CONSTRAINT EQ'UATION'--?

CHOOSE ONE OF THE FOLLO0j1ING CONSTRAINTS& BY NUMBER.
1) : 1=( MAPS TO ''2 Ij1)= : *02) II=FI MAPS TO (l': Il d1.:'= (P IpPI)
:3, BOTH 1 AND' 2 ABOVE

DO YOU IS.H TO ENTER A SET OF POINTS THAT DEFINES YOLIP CONTOURS'1

IF YOUI HAVE A CASE NUMBER ENTER IT, OTHERIJISE ENTER 0.

Y-OUR corOUF W~ITH YOUP FREG)UEricy PRODULCE-S. AN ILL-D'EFINIED MHPPING( FROM THE I-AI.TO THE 1,12,1"11 PLANE. ENTER ONE OF THE FOLLOiJING
OPTION NUl-MPEPS.

1.' CHOOE DIF FERENT PROCFRAM- GENERTED COrl.&TF:AIriT5
2.'1 ENTER YOU'R 0.,ir4 CON: -TRNT Ei.'ULF-TION2

'ENTEPR AET0 ROI TIHGFU-):i4CTIONi CON :.-TAr4TS
4 ' T A -T 0..EF 5' TP-' A I TEP~i I H TE Th I- PROORAM

"'OLIP O,'RI'3IMlL FPEOiUEt4C Y HH :1 FEiri 7;cALE TO (1 ~u2 0 PI. THE 3 CALEII
FPEi2UErii:Y WILL BE r1!P',PEri TO '!-UR C-ChTOUF.

ENTER ONE OF THE FOLLOWI,; UPTTONH !!MBE"EFS
I, :2TART OVER 2' TERMtitH'oE THIS:' PRO'3FAM OTIU

r :i~~i T H'~ELTI~

101
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. . . -LNn il •i N l I Imn j t

THE i-i FFEOLIENV. THAT MAF'. TO THE LI..7.EP ,?-ri CONTOUR .,='_,uF'.

ENTER AN ODD FILTER ORDER OF 11.3 O'RLE S.
61

HOWd MANY TRANSITION BANDS DOE." THE FILTER HAVE'"
1

ENTER THE BANlD EDGE FRE',UENC.IES FOR EA:H TFANSITION BF'-ND.

.11.15
ENTER AN IDEAL ABSOLUTE rAGHITIDE FOP EACH BAND
OF THIS PPOTOTYPE FILTER (ULIALLY 1 OR 0).

1,0

ENTER THE RATIO OF THE BAND ERRORS 'ONE NUMBER
FOR EACH BAND)... FOR EXAMPLE A .3 BAND FILTER
MIGHT HAVE ArN ERROR RATIO OF 1. 10, 5.

ONE-I' 1MENS.IONFL FIR FPOTOTYPE FILTER DE:.'I r

FILTER LENGTH = 61

A~t' I F-Atir ,.: B rtil, .

LOWER BAND EDIFE 1. : 0B0AIND BANI .'150-100
UPFPER B:FRNP EDGE . 1 00hL,'o" i r, 1. 0'00001hi ,100c

[iE :" F'..I" 1,,FiL E I 1 . 1 h 10 ,o'. ' 0 0 *0 cl ci '.
IE I H- T I rl. ,2 : I *- " I u 0 hi 0 0 C, 3 ', 0

LEVIRFTIO! . 01'.5"35E. . -C5"? 1
D'EVIATION IN DP -- A4.917(,Y712?5 -,=...:'.48T212

! DO ',':jI i, i .h t T . II THE 'POTOTYPE FILTEF:-'

DO YOU I.7I 0:H 1O CONTINUE'?

r i .: , Er ;oi!;L FI' F I:TEP " " '

i,;.ITUL E E- H TE 1-D Fr--'E:l " FE-." :. i4 rK.. -T'- H;-,
.THE F FrIlF";: FF F.'l'f T , ; r T ", '

102



!m9+ !I- 0 I ! li ill 1.13 n i 0en !111 0hi iICll 1i i1.14ii glJi

'II

+

+

4-

7+ 10O- .15-3 (12 -. 04 *.02 01 02 0~- -. 02 1) IJL11' .*i.

i +

+

.6 + . 44 1.o .103 . i3 . 4 , I11 - U. 1'_ ". I .1'4 . 3 -.

.5 "02 0 I3 IiI -. I2l -. 2 il ! 0 . * "1. * ( I i.i 0"4 - In

+
.4+ • ° .0 -. 0 .0 00 03 .0 01 01 0 0 0

+

+

- . , *"12 -o1"14 -, I:12 -, (Ii -, 1"12 - 0 f:3 -. 02 . O- -0 03 (1:

77 .8 0 .- 0
+

.2 . 1-.0 . .03 .03 -. 03 -. 0 -. :04 - 0 -. 04

+

++

4+ 1. 01 - 43 -. 0: . -. 04 03 -. 04 -. 02 - i 01 . I

+

.4+ .91 . 1 0: .77 .0. .02 *.00 -. 11 .02 .04 .02
103

+
+ I.

."> •77 .48 -. 03 . I.'i3 -. (I i1 -. (,1' • (:3 -. (12 -. 0 Ii * 0:3 . i.:i ,

+
+

+ . 1*
.12+ 1.01 .0 1.02 . 48-. : -043 -. 0. -.0:3.4 •0 .0; . -. 1.i

+I
+

.0 .9+ 1.01 . 1.00 .77 -. 04 .02 -. 00 -. 03: .02 .04 -.0.,

0.0 .1 .2 ..3 .4 .5 .6 .7' .8 .,9 1.i4 !,J2-Ax.I.&R(TI"IES I

( LID 'YOU b.IISH TO CALCUI.LATE THE 2-ti IMIPLL E FE.&prl': F? 3,,

1L03



-- ! m , l ~7 .... .. . ...I .
IIII I IIll 

-

(THE Th.'i-IME'3IOIAL Ir',PUL:. E RE:'-PONSE IS BEING
1.IPTTT.N Tn yfti. H-4PFDCOPY OUTPLIT FILE (RES LT).

DO YOU lWII:SH TO H:VE TABULAF DATA FOR 'Y CONTOURS IN THE FIP.T
C!lADFRPArT OF THE W92,11 PLANE PRINTED OUT ON YOUR HiPD.OPY OUTPUT FILE
SRE S' LT),

1

ENTER I.J (0.0 TO 1.0) OR ENTER 2 TO CONTINUE hWJITH THE PROGRAM.
0

HOJ MANY POINT" DO YOU IANT OUTPUT?
.7

FOP I'' = O.I. Olf0 OPIP , d.,l, bl =1
h,2:' : Cn. 11) 0 0 0, 0 0. 00 n . 00 00 0. n 00 00 0. 000:0 0. C C I CI , 0 . 0 0
WI.1: . 0000 .000 .il'0l0 ,0000 .i ' ,001.0 . OUOIi . I I 11

ENTER .114 .0.0 TO 1. 0':, OP ENTEF 2 TO CONTINUE WIITH THE PROGRAM.
.15

HOW MANY POINT*.' DO YOU I1IANT OUTPT"'

FO: Itl = . 15171.LIP I l0020,i.) =
11,,: 0. 0 ) .(103 .1 ..? " 1990 .265 1 .' 1 ? . .'', C
111: .3"1."5 . .-. 1 . 2 71 . 2 11 * 1 2 . 0 11

ENTER I .. 0 TO 1.0", OF' ENTEF 2 TO COrITINIE 111TH THE FPOGRAM.
.1

H.i'l ri''Y F'OINT DO YOU !.,I fT OUTPUT?'
7

FOP. I = .I , c FI , 1 , 01,20I. ,
1d12: (1. CI CI'; C, . 014,E?? .1 o 5s 1 ri~ ~ .1707 .21 6. (
1111: 2577 .- : 511 2-23 .1 2 -"? . - . .

ENTEF li (',,. ', TO 1.0, OP EtTE , TO C HTT"'Uej ;,1'T1 "- . . -'r..

,.'-iI' F IFrT- ;,,ITH Ci. - r3i TE. 5 5-- -, S :--' TF. i* A;;, - LD l

ED 15.FPECAF1IED. ".

DO YOU ;..PiT TO CPFFiTE A PLOT FILE . THE LL L.'7IEF,

104
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'L . ',_il'T TO CFFm 1 Hi ri' TPLt -fr PILET '-F TH R 'E r v E _- D

T HE: ' DriT P _IF'IEf FCt' THE DI_ FLi- PLOT I ~ rT.'G

4.''4L, CF P 'N' E";EFIJTIOti TIME.
COMMAtN B3~ ~ITqPC~L
COMMr~ANDt- PEG Ir IPLF I LE, ILE:

M'LI B £ Ir~~'T KLTPL'T *i;:'OF 1 LE
-- PErOTE_ iripL'r F ILE.2---

C' 14 (114 .1
r'EIWCIYCLE C:FTALOE3
P = ooi.' DRYSCV
C T ID'= T7'3uQ.A- FF=ft,-TAt;_F_'PL0T
C'T C.'= 00: I:.?N=4F IT (100002': Ci56 '.'oPr': *

C~OMMFND-'- F ILES7
-- LOCAL FL.-

N*YL IE P. fI riPLT '£OLTPUT *PROFILE
-- REMOTE OUTPUT FILES--

* (COMMIANDt- BAFTC-H, C I4ril.'4JiLOCAFL
COMMAND- ED ITOR

i;OU HAVE HN EXIS~TING; EDIT FILE

LINES TRUNCHTED- C=72 CHRP.S, LONG3EST LINE WAA2 126

1 00=1 PROGRAM PLTSD 74./74 OPT=1
11 0=0
120= 1 PRO13RAM PLT3D U NPLITOUTPLIT, TAPEe PLF ILE

130= D I MEN:', I ON WORK ' 65 0) P H 1 DCHEB (57.- 9 CLIRYF I r
(9)

140= COMMON /ONE/ HilDCHEBq C:UPVF IT9 Vt
150= EXTERNAL G3
160= .5 READ (2410) KD
170= 10 FORMAT (1:3) r1 Pi,9
180 R lEAD' '2420'i '(CURVFIT~rR-rRl9
190= 20 FORMAT ':5E18.9-/94E18.9)
200U= READ (2 30) -'HH 1 DCHEB ',MT.' , T= 1qKu.
i?10= 10 .30 FORMAT '9'.7E1:.9/)
220= CALL CO*PRS

#(230= CALL BfI3TIPL (1)
240= CALL TITL3D'AH 9-19?.OP6.0)

105 l
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,, il__________iI__I _III __I __Il ___II _______ . .... i- -

-.L . 1 G q ' .1" . .1.. f

i.? 7 11'_ -A L 'A "; 'I 1 . 0 1 . 1 . , -1 °1 4

('5

~~ r~ Ii 1
I :?, .J LL Er,.CFL.i ,"I

ii',0= 'LL Uh>EF'L
ii'10 c0"ii". h

"I0= 1 FU!,,-TT I 3 '474 UFT-
'.: -A = FU J I(r
.40=  I F;_h" CT I QHI G; ,'> y.','

I50= C'MiO.IG -OHE.' HIICHE , C UFVFIT, .'r

.360= DIrl.Eh. IOH HIIhHEE: 57) q CUP",FIT,"9)
"_-TO P = .14 15'65 ti3

-I.;' + I
c90 Yi F ", 1*

4 f,0= G H HI L1--HE , ;

41@= 10 15" M=2,'
420= G G + HIDCHE.

FIT, 1
4 3 + CU F IT ...' %.F IT

44 0= 2 + CIJRVF I T ,4, ,_0

45 0= .3 + - 'UR'v'F I T ,,5*j *Cl-.r

1111) *CO.'
460 4 + CUVFIT (7,.

470= 5 + --UF..VF IT, 6.*C .o_.

48 0= 15 6 + CURVF I T (9) *CO:".,
2 i1) *1-.

49 0= 15 0 CONT INUE

500- RETURN :L END '
51 0=*EOR
520=1
530= PLOTTING COMMENc I NG
540= ....
550O=
560= ..... DISSPLA VERSION 7.2 .....
570= NO. OF FIRST PLOT 1
580=

610=
620=
630=
640=
650=

) 660=

670= PLOT NO. 1 WITH THE TITLE630=

690= HAS BEEN' COMPLETED.
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1. F- N.1

. .i i OT 1 18 1 i 14C C1

7-4 11=

..l.l . 3. .. . . = . .. . i: .... ....i

II

SEj . V I E (d P 0 *

5ii

::, = I1 ..i O -b

1?01 . "; 4''.U= 1 . Ci 0 ):E + I4 4
9 :1 = i i'= 1 .i." . . .E+

9 3, 0" =
94C,= ......... .. .. ..............
95 O= •
92_.1= . .. ' ' -,I." [ * 3n l LiI

790= . b .:H :ET-IP ( i.;iF3ri .

90= . -----------

19 0 = .

11 4i 0= . . .... 3DO .1131 P=- 1 .. . E+ 00
1 020= . y3fiOF: 131 =- 1 ciiOE+ i0 *

1 .30= * .3DDR I IN=-2. 5 ci iCE- 0:i 1
1040= .

1050= STEP SIZE
1060= .
1070= . X3"iT= 1. 000E-1
1080= . Y3i'TP= 1. OE-01
1090= . Z3D.TP= I. OOE-01
1100=
1110= . MAXIM.M
1120= .
1130O= . X.3DM1R>= 1 i.OE+0c0c
1140= .. Y3DMA= 1.OOOE+00
1150= . Z3DMX= 1.250E+00
1160=
1170=
1180=
1 10=
1200= L CATI1 OF CRIREIIT P00.E-CAL F. IG
12111 = X• 2.25 e82 1iC H E_,

110 .
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12? 0= . FPOII LOW~EP LEFT COPNEP OF PAGE
.......................................................

1 4 ili

1310= END DI &3PLA -- 2.332 VECTOP.-S GENERATED IN 1 PLOT FRAMES~.
1 0="*EOP
1 -. "=1 ' SA NOSIBE L.518C L518C-CMP1 10(/20/80
1340=- 18. 25.22. CI4004J FROM /00
12s: = 18.25.22. IP 000003:34 W~ORDS: - FILE INPUT DC~ 04
1 360 = 13. 25. 22.C' 4'CM120 '00O.T79r 0:'3, C I COLELLA, 41 --.
1370= 18.25.23. FTN R=O:
138O= 18.25.28. .131 CP 32COHDSt COMPILATION TIME
1:390= 183.25.23. ATTACH, TAPFE2'DATAl.?DP'LOT.
140:'0= 1:3.25.29. AT CY= (03 :SN=AF IT
141 0= 1:3.25. 29. ATTACHP DI -*.-PLAp I D=L I BFAPY, q Th=APt'.
1420= 18.25.29. PFr IS~
14110= 18. 25 .. 1D I S- P L A
1440= 18.25.29.FiT CY= 999 '_ N=ASD
1450= 1;.25.29.LIRAPYqDI:3PLA.
14t.0C= 183. 25. 29. :E0LET PLF ILE PF.
147:1= 1:3. 25. .2;1.LGO.
148 O:= 18.25. 3=. NODI-FATAL LOADER ERRORS -f149?0= 18. 25. 3:.HOrN-EX I _STENT L I E:F''' G3 I EN - Y~ 10
15 ''i:= 18.25. . NONl-FATAL LORDEP EPROPS -
151f0= 1.2..3 r-EITETLI BRAF"V GIVEN - SY 10
152, = 1826. 19. -2T 11P
15? C= 1!:'. 26. 1P?. C,7 0 -11Ll0 r- r i'jr £:CL' IO FL
15 4 C:= 1~: 1. 1. 7. fl I- cF' £C C' Jr':' :*E C UT 11 TIME.
1551 C= 1.8. 26. 1 .C RTAL0.3' PLF ILE, YOJiF I LE.
1560: r= 1*-3. 26.19. HEWdCYCLE CATALOG
1 57 C0= 1= L* 26. 1 . IRP = ' u:

1'r?:= 13-.26,. 1 ?.C (7 1= T9:$C '..RILE
159A(= 1:.~.1.CY= A11 :r=;4FI T k"P3

1111 = 1I :?. I 1-9. PLIP'BE 9TitPE2.

11 '= 1:3. 26..191. PP 11= T?9j.r:-:i: ~'~I T lA11: 'l.=

16.3 A= 1.3 26. 19. OP 00000il't-46 ''CPD - FILE OUTPU'LT 4DC 40
1641:0= 1.7. 26.210. M.-I .353 4 "I~C14 6 U' IE It

16''= 1*1' 26.0.' 3?? r"' 1.37 RD.-.

17 1.-* 26*. uFP 1.. ?C 1. 6E 14

1710 1.=I3. 26. &.10. E - ErD OP JOB, 00 Ti T7? 0I :3.

CC O:1IRNI- PEG II H. t'FLOT*PPOF ILE
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ENTEC' DIRECTIYES.
RT f''il 1 ri=AFIT
PFN I.S

AT C'y= 9'9 ".=A:' IAI- 1 -END '
THE FOLLOI.INIG FLOTS HAVE BEEN PROCE:SSED

PLOT 1

Li

END POTPROCE'OP
END ONLINE I

100: I
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Appendix B

L isting ff the Two-Di-mnsion11

Digital Filter Design Program

This appendix contains a listing of the two-dimensional

digital filter dosign program developed in this investigation.

The program is written in Fortran IV extended and uses

overlays to reduce memory requirements.

!t

* U
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c C
CTHVj P TG~ 1~ 4T rJ 10-' L rLI iN Eu 4 H LF N ~'V A kINt f
CLIN 11'AR ~HP b ~I N T MNL 3 ~F c v is% -1TGETAL FILT tJRS

~ C3Y J~'J; : ~L~L ' -'J~ hM~: O.. K UERCa'4 '4303E TO JSr £i~lil:

C TH'_ F-';1Z rf Nl rCLELLtI TrjSAlF~j;'j-TIUNj. TH- 317E O ' THE 2-0
C FILr,-,i f~ 1,4:- v ~. _1.~ IESIGIK CA'l III CHANGEfl 3y Z1 13ING r '

C DI IIENIt :F THT AY I-Yv v', LrHA, X', Y, H, .. XT41 )JEs, GRID, WT,9

C H 10 3~, Pil )V, ~ )~ ~,AND H?')! ') TAE VILUE OF T-K

C VA OT iA t t4' r Y AqT I CIACT -q 1'4 TH I ~NSN TH;7 V'1dUS :jECIT OIS OF '047

* C PROGF.

C ~ , y~*O - ( j*; LL A
c C ri 1 "' T QT" UJT7 OJf CHO 1I

C f, O p4 A t4 KI

CfFA ' i )l'L INt,. P.FTFSL X1.~E <~LLL~2PO v

C THIS P1 2GFA ki' LL 3 -j ,X r CM?'SThAT CONSI ITUTE THE ?-n DE~SIGN FACo<GE.

G -1 QCP, t A ftl'f"4W El / "! U /-V FlI /m Yopl 2

(),; i I'I t- NH 1'133 5) G LVF I T(i P) ACT RA J3 ), H ( S

(17 W

9ZOGF1SL FOR THE OESIGN OF r, -t1ENSIONAL"

2 cjllT. IU"'UL" jj_ 1''fi-X4ITf UIGH CCLE..PNll

P POGP1 FOR THc. DESIGN OF TWD-DIMENSIONAL"

2? PINI T- li0D1 JLC7 SkV, / ,iEXFILTEFPS USING TIE 40CLEL-AN"

(3 "T tN3F,1, t ON Y t 7 O1 ( I ' ) 9/ // , 4X,9 ENTE R ALL FREOIJENCIES"
:4rt .1 TN RITA Pe AND i.3.# THE PROGRAW ,f, Xq'4TLL

5 '4AUIT 1W 'IVRUL1ILPY TIMLS PI.'T// 9kX,'IN RCSFONSE

( F) -10 YES/',J E'ST)S IlEk L. FOR NO ANfl i FO YES*.%/)

C
C PROG PA" ChIIP'I T CA L' 11A T'--- T 11 P P POX*,,vA T 1NG Fl) KOMION.

cc

SC IF THE O~PP, DY1ATION 0I~VS~KrJt NSATISFACTO RESJ)LTS, THE USF-k CAt.
C TERM!I 'T I 2i -r) D)-TG.I PW~frW01,

IF(-iyL.A 7 . E0* 5 *O:s IYCPT;, E0 Ji *O~ MYOPTI- 4 E:)@ 2) GO TO 6P

0 PFOG,%AeV P OrY :-- CAL('lLA---S T11.1 Tl1PULF'E REE_, ONSE OF TrHE O'4E-0IME43IONAL
( C PROTOTVPL FELrEr.s

CAL

C IF THE 1SHk ONLY 4JTS1CS TO 'FSI 3N A ONE-13IMENSIONAL FILTER HE CkN TERMINATE
- - Tr- ip



C TliE zr Csr, E)rP

C

( C IMPJrO51 P, ~

rCALL ('V-J'LAY 4 ' 7P

3r F 04 A) (f t,~ Y'l'J l'sl T1H O CILiCULATt THE 2- J I, P:JLSF* RESPONSE"

E4 F ,Y T

A ALL (Vi-FLA.Y3L,, )
GAtI- CV-J-r LAY( -541Lb.)

4t P~

C PFOG ,A " GI A~I x)t ~S Th IHbCLGPPLT

C'ALL CVE r-,LAY(U'v1 L 92,
6, S TO) tJl '14L r G ,A 4 T r:Ml 10 lTION"

C Z*# 4 'A4a0 i-J

P -,0 oSA h CFP FTT

CTHIsO JGL A9l ORPI.'mc A L TN:- P; L lrAST SQUARES APPRO~j 1ATIO1 WITH CGNST; TNT':.
CTHE tUloW- 71,19- 't~c-ITONA4-CONTDU% DEFINED 13Y A SE-T Xx P011Sp is

C B8fG2 (W?,W14 ) 14G(W%-,tWt + , CGU ( W2,W I E *G5W29 W 1 + FILG 5( W2,W 1) +
C G-1G7 (W2,9WIL + A-1 ; I W, p ,I) +' J.~,1 g(w2 OIJR P (W 9,Wi) A +~ q wC 0S(W J) +

C*C"OS(W2-) + C)- O(ICV(W2 ) + EL'COS(Wi)*,COS(2W2) + F*-,3(2W1 ) LOS(W) +
C G*CO S(2w1) + H# C11 21,17) + P COS ( 2t-i) vCOS(2142) THLS P J A9 CA-ULATE,; THE
C VALUES '.F A rq,,nU'G, - V! Tjqr A;P'VL EQUJATION.
C

r oq t.~ /n1OflhY~cT7 -jYl)PT(17-y.,fjtf

C FIRST ODre F-- t'LFLLV T PON FhtNTION IS UStO (MYOPT2 EQUALS FOUR) 9 FIVE Cc T"~
C NINE COIW S WTIL "E Sc:T cr.UAL TO 7EO THE FIRST NINE ELEmENTs OF

C C CllRVFIY STGrz~E THE 1,IT1 CONSTP~ITS OF THE APPJROYINATTNG, FJN TION~o THE 1.45T
C NItJE ELE1-4TS STOZ THE LAGRANGE iULTIPLIELRS, WHICI ARE 43DT USED BY THIS
C P R 0G RA M W2 A40 !4t cTO T117 COrOINATES OF UP TO 50,j POINTS T-fAl AR F

C C SUPPLIEF PY T -- 15'"SZ TO jcFTNF' HIS CONTOUR 114 THE W?,tWI :'kE
C 0 IS U ,-D T '41V TH CC9'T-crIENTS. (iF THE CONSTRAYNT --:(UrIONS*

C ~ PEAL !JCTpA'I

C THE USER CA!4 0O-Ir ,OSE '0 USE " THLR THE FIRST FOUR TERMS OF P( w2q, LOP
C ALL 14NN r~~

10 PRN Zi' ~ 2i_______



20 ~ / w1 FO J W~SH 6 'Ar-6,1JX-- MATE YJ(- 2- 3XjATOiJ; W! 1H
A r~ij )F'J '4E~1,/ ,r 3oP-APFPC'YI'"AT1NG Futier ON? ~NF E~ p' ('R 9.

!Vc ?'*1 Ily C -IT?
IF( Y(PT 2 a Nve ,A01. A YOP1 2 K* * 9 ) '1O TO i"

4(* F 1j'f ('LX, sQ"' Y'09 yr IV (k Pi :)ETE('vIJ SFT OF OAP ,OYTYLkTING

51 s PRINTI
6~ FOP 4 f Y/' 4', TK1- FPEQUENCGY THAT 0)o WIS-I TO MOPTY

I F( .L 1 0:.'o ,* 1) C0 TO E
rCOIZW C"1( F' 'T)

8(v FO(<-A' !'t~ ~1 YOJ IV ; PFOETERtM1IHE 'FT OF 'jN3TKATNT EQU
I ATIDW N ",/ )

9 t r~P7'I 1:
100J F 0 4T (I4, IX 3'H)-) CNE OF 74t' FOLLOWING 200ST~aIATS BY NUMOEk

2 3AH?) '470t "'CSq '"~ ( 2,W41)=(Pi,'PI),/,6X,
( 3 1 ) Tvr4 l 1 IC 3'CVE,/

R EtP fl v O rHY0T
I F YOP Ti .E" a I y s 3'" dof,#O. 2) NOON = i

( IF(,,YCPF! '7~ ) NOCO'= 2

C IF THE r-PC(,:A I S1TE THE rONSTRA1NTS, THE LOWE:R L,-Fr D OF rHF A ARRAY
C AN) THE LCWI ')A"T 0" T,+- ri A7RAY ;FSE-T UP ASSUM1ING THAT THt. '0fJSTR4TNT W='
C MAPS 1T0 (W2p W1)=0IrTI) 141S CHOSEN 0Y rRHE USER*

C (,HYOPT2+1) =1.

f0 1 .7
10 illt J=,'IYO FT2

104^3 f1 N

I IF 'YC c r - c,. i' on TO iv

C IF Tf4E USE.P CO0Z THK DRCGRPH GENE,.,ATEO CONSTR4ITS, ON..Y A FEW ENI TCS
C C OF THE 'A AN) 3 Ap'~'- Y010HUT 0 r CHANED

8(14YOPT2 4'4a 09J) 1 . 1
A A(MY'OPT2+,4^, 2) -i1.I
A ('1YOPT2 +!4, ONJ9 7) -is,"0
IFP4Y0PT2.4E* 3) GO TO i r

c A(mYOPT2+,4'O,k~j55 -iol
A 'PfOP72 +'J^CN'y C) -1.1
GO rO 0

cc0
C HERE T14F "'SEP' 4^AI NT J HI3 C14N CONSTF.AINT EO)UATIO'JS@ EA3H CONST(f'AINT
C EOUATION 1IScS ONE P04 OF TH4E A W-IAY (LOWER LEFT SECTION) AND ONE ENTRY OF

C C THE B A-F4Y (LOWFQ S-CTION),

61 120 FORMAT (/q&X 41"NTFR T E NUMBER OF CONSTRAINT EQUJAIONS.,/)
(READ* tN 4014

TF(INC ON s.L r. i *nR s NOON * GT e MYOPT 2) GO0 TO 0 11
( F(myopT2 ,*EQ. 4.) PRINT 13L

130 FOPMAT (I ,',~HFACH GCNSTRAINT EQUATION MUST HAVE THE FOLLOWING
1 FOVI,M/ ,(,HO() A + BIPCOS(WI) + C'fCOS(W2) + D*GOS(W1)*COS

= 2(W2)oq .,f ,y ,4+H'1ER COS (10t it, COS(WI),9 COS(W2), 35(Wi)*C3S(W2),
3 APr0 CARIPTI GE q / q4yt t6H RET0K. FORi EACH CONSTRAINT EOJAr ION., I/)

A- 7~



IF7(9VCPT 2 F" 11 ~ P','4' V4 ~
141j FOC "AT 94t( Il H~i CC I$TPAIN'l -:nUATiION N:UST HAVE r'HE- FOLLOWING

i FnlM?,j/ ,q3.-''1S(W) A ' + 'COS(W1) + CG')3O(W2) +~ )'OS(WI)14COS
2 (W2) +X9 + I-:('O(l+ 'O(22 2-CS(40 *S( VE) +
3 r(fZOs (2141) + Hl'rOS(?W27) +. 4 X,'5bHI~CrOS(2Wl)03OS(2W.).

S)*COF(202.i, tiql Aqt3E~1ULkN FOP 'zACH f-()(ATfOI.p/)
DO J' LR"7Arl=1,iC3N

i~o PF'l rl f( YnT2+LRA r) ,(A (MYOPT2 +LREAD JZ) 9 71 j S(PT2) QJTC.

C TH'_:U~c'- 8 R tiPl MFf4Tn'F OP )HCA AtR'Y A NTRD*:7-l3ONTRJP),tJTT

C u ") 0I;_'C Ct.'01 ,; T'I E'T ON O I E A -ZR
'C

0 '0 ID= I yi, COJ"

8 (J~VP r24.)FT " Y<PT2+Y0PTI')0P
190 ION TTN1 V-

C THEY A LorE PTlrEO lr71'I-T' AKfY1 ?E IL -D
C

4 4Y PS, 2t +, -A ev MYT 2 + rLS

C ON I IT

C HERE THE US-FxTT'JT' Oc TH: S11 FAINS(U T~~JTIO 51 TOE SAEFD S NTO
C INTHE CAPE PLATNTF LT.

00IN 2,1' S=4qll)

261 1OU CJNTP,)'

2 P6RIC0NT 14 15-

22HER TK S-: /,41 ,7'HOW A S- O POINS (U YOU WISH0 TO EFINEIS?,/)

( PRINT 213,
2310 FORMAT (, L.X,r,3WNTER THU 2WIS TO OOTRDA STEO PIS(WS THE HOTNE

I2YOU C)NTIJEq/

IFMOTEF GO TO 2 Q

C2 THFOURM ~AT OEFINESH1 MAIS COINTU IO THE WSHWTO 'LNTE.~

20PRINT 23t,
( 260 FORMAT (f453H1TE TOHPV CE (W I CUOORDINTEARS I S T4EREE ENT

( ~ ~ ~D CA4L YOJR DBHCS,NPOINTSWi

RE A" p 2(N.)' ~ NF



CTHE UPPER LEFT SF-ZTT'N 0r THE ' RFY ISFTLLED USING EOJATIONc; OF 7HE FORM
C NP CINTS
C A (h(A RKAC) A KA~q KI -) sli S'J , (W2 ,WI 3~ (W2 pwi )
C 11;=1 K A EB 11 IM '(AC IH Im
C

27a3 00i 25 LNt9i.NPO0tNTS
G(IL4) i-

G(3,LY) C S (W J(L N )*PI)

G('+ L4) G(?9LN) "Gc5,LN)
(IF( My)PT2 a no 4i) GC TO 275

rG(19LN) = rnl (Wi(614) *2 t'PI)

G(6tLqJ) = r1S(WU?fLN) 12 4'PI)
t3(5,L41) = G(2,LqJ) 1-G(5,LN)
G (5 0L .4) =r;(7,L4) 4G(3,LN)
G(39L4) = , 7,PL%) 4G(89LN)

275 COITI9JIF

00 3. f l(1=tMYOPT2
1 0 291 1(AC=KA;,MYO T?
eA(K1:3,vAC =

01*1 281 TV=iNPOINTS
Af'<AKAC) = A(KAq3,KAC') +G(KARvIM) 3('(AC,1A)

'(WAII jv8A3) = f. (KA ,pKA C)
( 297 ON T t 141E

30,1OTIU

( C THE UPPER SE-CftON OF THE 13 RRAY IS FILLED USING CEOtATION-3 OF TAE FORM.,
C NOOTrNTS
C f3(LAM) SUI f COS(W) 4G (1,2 ,Wi)
c LAS= t L Am I Y I M

0O 7?. LAM' =IMYIPT 2
8 (L Am)

00 3 10 LAt=iN POINTS
(LAM) =3(LAMI) + COSW G (LAMLA8)

31o ~ ONT TN' FF
321 CoqT1NUE

C
{ C THE MATwIX rQU!Tr0N -=A'."URVFIT IS SOLVED FOR THE CURVrtT ARRAY.

C
NEO = MYOPr2 +. NrON

( CALL LINF0(A,3tC1RV~r1TNfQ)
IF(IJEO, *GT* 0) Gr TO 36)
PRINT 32F

( 325 FORMAT (/L4K,57tTHE MATRIX EQUATION DOES NOT -iAVE 4 J-41OUE ScLU-II
iON WITH T4E SET r.,fp/9Xp69HPOINTS CHOSEN* ENTER i TO START OVER~ 0
2R C- TO TERIMINATE THIS ORCGRAM.,/)

C REAO',myoprg
IFeyYoPrq .Ei. il GO TO 11
Go ro 4:t

(j 330 IF(MYOPT2 9EQ. 4) PRINT 214
34~0 FORNAT (f ,b,~,.rHT4HE APPROXIMATING FUNCTION HAS THE FORM1,f ,4X,

i 57H3(~q~i) - A + ICOIS(WIL) + C*COS(W2) + )-ACOS(i41ifCOS(W2)@
,/xviT~AN'ER A THROUGH 0.9/)

IF(MYOPT 2 e EDs 9 ) PRILNT 3,5o
350~ FORMA7 (I 4X(4 -HTHrE APPROXIMATING FUN4CTION HAS THE -- R~fjX

(i 58H:)(42tWi) r A + B -COS(Wi) + C*COS(W?) + )1FCOS(W0)1COS(W2) 4

3H~fGOS(22) +9/9 X,'l40TCOS(2WW)COS(2l42)o ENTER A tIR;UGH Iop/ +

C ONCE THE APPROl(IMArING GONSTtNTS ARE FOUND, THE K%EL.44~ TRANSFORMATION
-~( C IS EVALUATE) 04 A 44tt POINT CGRID IN THE WZWi PLANE TO SEE IF TIE MAPPING

C FROM THE W-5XIS TO Tr-'E W~,Wi PLANE WILL 9E WELL-OEF1NEO.



C
360 (10 36 0 L Z=1. 21

L C2.- L7
WA DT * (I C-1) f2'

1.F(4YOVT2 Efle 4) CHECK =CURVFIT(i)
'I tV F T,( 2)%'C'0 S(14A) +CUFhVFIT(3)lFCOS(W3)+

2 ,URiJrr (4) "COS (WA) *COS(Wg)
TF(MY~rr2 Jo.f (4) CHECK = CURVFT11) +

Ip r 1'#GO IWA) + CURVFIT(3)*C0S(WS) 4+

2 aow r ir (4) * CS WA)'COS(WB) + CURVFIT(5)*CDS(WA)*
3 _ 0S(2449) + CURVFI1'U)4COS(2*WA)*COS(W5) + ^#UVFIT(7)
4 "COS(2?"1A) + CIjPVFIT (8)v COS (2*WR) + URVFtU93)
5 1 COS ( 2' 14A) *COS (24WB)

tF(AS(CHErK) .GT, 1) GC TO 390
370 ,ONTINIJIE
380 rONTtlHJE

GO TO 455
390 PR14JT 4t r,
4fl3 FOR4 AT 1' (/ljq41Y~J10TOUR WITH YOUR FREQUENCY PRDOU ES AN ILL-

iDEFINED iADPj4ft ,3H-O THE W-AXIS TO THE W2,WI :'LANE@ ENTER
2 OW (IF T4-- rOLLOWING,/,4X,2. HOPTION NUMBERSe,/,6X,
3 49H!) _HO)OSE flIrFEc J PROGRAM GENERATED COHNATS,/15X9
4 38~H2) ENrTER YotiR OWN CONSTRAINT EOUATIONSf,6X,
5 V H3 ) ENtE:? ! SErT 0;7 APPROYIMATZ1G, FUNCTION CONSfkNTS/,$X,
5 13H4.) STqCT "VIRq t XI1'iH ) TRY SCALING,5X,
7 25H.;) TERS1T.9J'Tz THIS ORD GRA F.9)

kEr'9my OPT 7
I F(4 YUPT7 9 E~o V) GO TO r'
IF(li YOPT 7 . EQ, ?' GO TJ 1 11

IF(M'YOPT 7 o El). 3) GO TO 131

Ire(iyopr7 * E G1 TO b IV
C
C IF THE MAPPING FRO1 HE W4-4Y7S TO THE W2,Wi. PL~ANE IS ILL-3JEFINED, THE 1JSFJQ PP-
C WISH TO USE T'-I SrAL'NG OUTTN'E. IT WILL USUALLY PR'O.J; A WEL-OEFINEto
C MA ODI NG. HJ W-ER 9 T 'z QS tL F"1: 'EOUENCY IMAY NOT EQJAL. (0; ._VEN 3r- C LOS'-- TO)
C THE VALUE 0-- *HF [JlcS 071ITNAL PFOUEN'CY.

irMA~ Y z

NTRY = lI.
14K i

00 '+?', JigNTRV
Tr(MIyO.T2 *NcE. 4) Go TO 41',"
S = rI!' VFIT (i) + Cl!PVFIT( 2)*COS(PI*(t-i) /4<) +

( 1 URVrT (3)-'C0S (PIV (J-i)fNK) + CURVFITU)'
2 "0O;(PT (I-t)/N)*rCOS(PI' (J-l)/NK)

410 3 = Jl~fFIT(1L) + '.RFT2*osp*rif<
i 'JURVFI ()OS( t Ji/N)+ CUR'JFIT(4)$
2 'JO'(OT(I-t)fN')OSPI(J-i)/N() + 'JURV~tr(5)

(3 f COS(o 0 (T-1) / N1'COS(2 4 PI14(J-D)/NK) +

5 "UP'IFT*'(72COS I2*PI (I-i) /NK) + CURVFI1T(B)~
5 OS(2*PI*(J-i)/NK) + CUkVFIT(9)*CS(2PIQ-iJ/NK)f
7 1OS(2+PT*( J-il /NK)

418 FMAY = 8?-xi(F AXpS)
4211 ONT TNI E
430l CONTIVUF

C2 =1F1A~ 2/ (FMAY-FM' N)
C2 = -il F1 X - i



CtJ%) IT 1 = Ju tj 1F 1) C2

CURVFT7C 2) =i'RII(2
4 CUFV FIT ( ) = Ci.xrIJP\IcIT( 7)

CUPVFIT(c) = iJJI(4
C F(YPT *F"I, "',yCp Go ro L!.

CU;,qFaT( P) '4 "-1IRV CT"f~

I'.,FI (& S) rl '^l-c )f

F Z

P R 1 4T '.5 t 5
45 FOF 'AT Uf CSv,74 'wY CU7" ' I G A.L FP E 10 NCY HA S 3,-- q 3Z E) TO

9 TH- ALEfl,/,4XjfHFmr OUCNCY 41LL 3Ef~P~ OY
E''~~~~J~- r;~~P.,/ , E~ CNL OiF THC FOLLOWIN OPTION NUw,83-RS

R . C A D 9 m f C ) O vIi

I r(iy cPr i .Eh ?'o Tci ;4(
4F,3 IF(,4yOPr 2 .Flo G)~ T1 h4~

tc
C H E RE It ~C L L L V4''J ~N-'ORA IT1014~ IN 1 H FORM OF MJ LT.L1 ANNGLE 3OSINE
C F U N C iON IS OVT Tr) TH r MOCLELUAN TRANS97ORMATIONq i'4 rE Fo:M OF

(. C ST'~rLE 33STL4 -jr':IJNCT3)"'S RtISIO TO THE ZERO, FIRST, AND SE"ONO POW~ERS*
C

HjCTA(2, = V'~ I"VFr r(
MC"r:Atv. ,2) = rII"VFTT (3)

MCTRAN(2yZ) = 'FVFTTU'4)I
rUPVFIT(!F) = i
CORVI~' T(C,) = Is
CURIJF)TT(?) = 1
C'JFIFTT( 8) = I

cu 1/ 17T( 9) = '1IJFTi ~'V-IU ~lV-t)VI

457 CTZA N Ui) = 1'fJ- VFIT(UZ) - C URVFIT U C.RV~ ) 0)FIT9
mrT -- . Qi? 0 = lf VF.1T (32) - CUk V F1T ('-'

jiTA~(, = 1i1)VFtr7( 3) -2 kVF
MCTP ANC Q? = -~V FIT, (4 2

11.0T RA ( 3,) C II- VF! T () -~2 -CUPVFIT(9) 2
,jCr RA t: (1 7) 0'J VFT T (R ) 2 -CUR-VFIT(g) 2

C PROG RAM OUTDIUT S I TT ~N

( 458 IFC!,YOPT2 9E~ F" P'RTIJT 470QC (CIJR'JIT(J6)9j6iq4Y3PT2)
iF(myopr 2 o El.; WT 'F( I 4 (C U RVF IT (J6,J 6=i,91Y IP T2)
IF(4YOPT E) RINTI4~ (CUPrVFIT(J3),J8ijhY)PT2)
IF(41YOPt ? * EO. o WRI TT( ip 4%F,Y) (CURV IT (J9) ,J9=I, 1Y OPT 2)
IF(4YOPT7 9 Er)o 1.' GU TO 46C

I F( MY Fr2 ro. 4) 4RAT E ('19496~) ((LaiM11)qf4ij=1,3)
IFFY 0PT? JO. 9) r' RNT 5LCI (O(LliMii),111ijLO)

459CO'JT.L4UE
PRINT 3tt

( WRITE (ifl)
460 CONTINUE
4713 FOR ,AT (U/ 9.:t-(L(.A)q ,Iix,5iHLINEAR LEAST SOURE kPPR3XIMAT!

L ON WIlTH COST'RAJT~tf/ ,Ix,?iHTHr" APOROXIMATIcW HAS T-4E FORM$ F(W
2 2,041) A rc + C' -CO S(W2) + q/ ,iXp22H0*COS(Wi)t'COS(W2) WI



48 1 F0PIAT (Ifi 11X, 4 t~hl / y I X ,)iHLINEA5 LEAST SOII E3 APPFR3XMIATT
1ONJ WITH U, 11F )IT T S, f/ ,i', lHTHt -A-'P.XIMATI()N H.A3 1AE FQP? P(W
2i 2 91,'U + '),",(', + C o S(W2 ) + , /pI X, 6j, H r 0 ;( W 1)0S(W 2) 4 L
3 COS ( W 1)~1( + 3'w IG 0S ( 142) +,/ ,1X y"HWu C 032 W I + H -CC0
'rS(2W2) + 7 Cl (21-t) 2 ~42) WITH9f I-,X'iHA = ~'53AqH =
ii. -jl = ct r ,3XLHE =F~.:, ,4Xt4HE7=9I,9X

T Z h2 +I4 +,,1VF.,'V *14. F.2LH + q Fr-.,iiAH + q'", 3.2,1HE

FO ~ H. (,3 r~J I-) F REcQEI\'lY THAT MIAPS TO THE USE .3 2-D >JNTOU
t Fa. E3H:M., / ,i2' 7t (tH'))

c

S C TH IS SUI ROU'rTI4E S')L'I tr U0 T (" tE S! 'UL TA NE Of IS L I NEA ALG E rA IC
C , 'JA TIC'JS Qy 8(IJz3- J"OVC] =-L !-'I MAl I ON

C C T HE CALLING P'?Or:?14 IJST Soiz'IFY THE FOLLOWING:-
C TW. COFFTaIc.4-T IA"C (A~)
C THE F13-17-HA41 V-ITT' (N)

Cc THL HJN)MF, O 71)''dTTOt43 (N)

C THE SUc;70tlI'H- W4TLL "TU,?J, THO SOLUTTGN VECTOR MX TO T-iE- CALLI
IC PROGF'AM

C

{ C THE FOL LOWT4 7 0 L-r n' ;RFRERS TO E.AC.H OF THE FDtST N COLLUIS
00 4 =1.

--T- FOL L 014 G. 10O LOO C TO EACH 014 PF-k COLUMN EX^EPT THE PT VOI
C ROW~

00) V I=I ,:

IF~v '71 ) )
." F(4 QI ) E" GO TO

C THE FOLL OWING DO L00- RcC=R TO EACH ELEME14T IN A ROW

.4(WtJ) =A ( K9J) ILOS A1J
F(J .El. r) A ( <q.j)

R K) = 9 (tf ) + C 0,1;T 1)
2 CONT I NUE

r (14NT = A(T,9T
C TH~ FOLLOWI'4C- )O .*))- R=P-S TO EACH ELEMENT I N THE PIVOT R.JW

0 0 21J=
3 A U( 9J) 4 ( 1 J) 0ONST

!3(1,) = 1).CO

( 4 C ON T I VUj C OBTAIN SOLUT104~ VIECTIR
0 0 " I I1 ,N

5 X (I) = 1(1)
6 IF(~ t p Em,' '=:

RETURN
( N

LVE JPY CCL ~



at A it u" *a a4 k4 0I v A I p4 - 1 t - - V

(1 C THIS R.c-GP'Al l i -117 W 'ltEGESS4(,Y FOG., THE rALCOM0,P PL3TIEr TO PLOT
C THE CNFf-rFfcTO.S F7or~c rs' R;:E'JLENCY (W) CUtjll, THE T'4D-
C DICs:t )\JTlJl? 'JRc3, AND! THE lW-OlilE-NSIONA- MAGGNTUJE V:~;SUS

FREOUIJ11,Y (42,'44) TWEE7---T' N ZIONAL FIGU'RE,

C T- 71t3 1 NI E E-L I 7 T S ,)c r'VFI-I STORC THE NINE ^.0NSF*44TS OF rH--
C APr-OXi-tT{'JG JrN'TT'No -7H . F71ST I 'LOCATIONS Oc HCOD AN0 'J^OOR ST'JRE
C T H HOP 17 C T AL AY T P t, 17P T ]CAL (AXIS 000fi'lINAT ES CoP THE :)OtNTS TO qE

f' C PLO7T ED HIC-APQ *T3 IIt"'13IT CNU', ( (NFtNAX-L) /2+1) .
C

C THE I)St,( CkG401' -0 HAV- T' 3ULAK 9PTA (UP TO i,%. POINT3) FUR r-NY C0'U1,0JR T
C THE FlP -T OJVAA' 0!- 7w- '-7 ,Wl P'LfNE P~iNTrED ON 11ES LIA-:D)PY OUTPUI FILE

~C (P;-S(JLT) o 5 LL CONTO' S A' M 0U OLIAr NT SYMMETRIC., r.HE- P OGke ' IMAY GFt'U-Y T
C IthIALIO1 PCPj!T:3, ILL NVAIL1 OINTS HhVE THE COORflIN'ATES (-,15,-,25) A,4rf,
C SHOUJLD 'E 0iS-GR'-- 9Y T-ff UbJ:R.

±2 FORM-lP (/i 4Y '0 0 Y 39 ISN TGO HAV'E TAL3ULAR O6bTA FDR ANY %N,,,TOURS
C 11 N T HE Fl ST Y,5/ r)X, OU A0PtN T 0 F T HL W 2,9W 1: ~L A 9 k ~IN TE 0 OUT 0

2N YJU,' -fAiCOOY I ')TPOT TL7 71 ,/ q-lXqc1H(;ESULT)?q,9)
IF&VlYOpT2 .l'h.. 4) 1-11 To 5c

C CjL ~F I!'(L I t, Tc' L S 1'4 F ~:-7 OF THE PI<OGRAM TH T TAIJLA; DATA ISI
C O E r'NEP.5TE:) fLV '01 LT.

C
j "J PVh C~\FIT( 1 1.

2,1" F OP 1A T (/ IY, i'ENT= W '4 . TO 1. ) OR FNTE.R 2 Tj -#mrINUE- WITH

1F F'O PT -71 , 2) G0 10 57
1F(FOPT *LT. *rp* ,OPT .GT, 1) G0 TO~ 15
GOSWOPT = COS(OT 50T)
PRINT 3r

3,. FO~vAT (f O ' RHOW V KY P'OLN'T5 00 YOU WANT OUJTPUJT? ,

IC %I YCPT? 22,GT. 'I 'I) MYO PT22 =1

C C SUIROtJ1 NE FO-')r.c )qZ SDORIE' GF\'E-R~lE THE 11YOPT-22 D0114TS fO BE
C OUTPUT TO THEL F'rL=E 07SLT,

IF (ViYO:'? *E). f') CALL FORGER(1IIYOPT22 HClOOR, VC03Rv, CJRVFIT,
i CO--WODT)

F ('lY0 PT 2 *E"~ CALI CORDER (MYOPT 22, HCOOR, 'JCODR, CURVFI T,

C HERE THE POINT3 ART 'UTO;JT T C THE FILE RE-SULT.

PRI NT 1, 9 3PT

41 FOP MAT (/fiYI'-cO: W t F7*L411f.HPT; (W2,Wi) =19) I
L E2 i

46 IF(MlYGPT 22 *LEo 1E 2) Lc: = MYOPT22



IF(' YC Pi -2.J . ) '.J,'T 7:( 1 7)

51 FC4 4 A~Y~~' ' C, x, ,2~ )

ILS2 LIS? + 1

C F(-S? .L. "YJr 22) ": -4) ,
GO rO I~

5A FOR2.4 (9, x~, (~ POT4TIl WIT 4 C uUt, DI 4AT ES 2( -. 1 ,-R 2) E I NVAtI no*
i .. ~ ' 4r'JL1 I 11 E -Gb (Z r) o,/

C TE JS~L ~ OO T ~ 1,~ .E "E ~C IIITS NECESSARY C'O k r OW: - 'I PEN-; I OtJA L

C M SJTIE Vf~ S' W Y (~ CU VL -.4n 14 TWO-9Pj 1E1JjSjOAL CO0 Ji OUR C'JPV'--S

bi. Pki'T 7.
7 P FO~A 01; "ZX A Hl)) YQ')1 10T~ C<~~ A PL101 FILE --OR THE CALCOpt

IP O LOTTP'/)

I Cr Y P - -. 0 Tr
C CURViFIT(I ) C'. F ~T THE- 7?7-T OF IHE ORO G 4 M THI T PL )I RE TD
C BE GENE",ATEI !NnI 10-1 TA;;IILA,- DATA,.

CTHE PRKPPM PLITS 9 0 -' :0'JAL LY SPACED) PQI'iTS FO; TI-V O'E-03TMENSION81L ZN In

1*C VE PKU =kU' Y(4

NII4VL
Kn) (NFTrLr-i)/2 ) + 1

C TH4 c-9iEV'O~ AG'I'r tT'JC-E FOR EAC.H 14 1S CALCIMLTED J3[NG THE FOLJATICNl
c K J

( C MAG(H (W)) S04t H1V3J(OSH)a

0 0~ 9, MA t, T-
0' = 'IT -)D/ NIN I VL
H C 3 OR( 1A) T

DROI) H Hil)-GHFI(MB) 1 (COS(W M (MR-1))
V CO 9 RVcCt (t4 ( + P".1 0D

8C' ~ ONTT N'E

C THES E SUSF OJTT qJ! L'- TO TH r C1I-LCOMP PLOTTER G"ENE-7AT,- T-1:- PLOT*

HCOIP (it.iD =
H001RI-2) =t
VCQ3P Wi1) =
VC0 R ( 1 2) = p
CALL PLOT(f 0 i .1,-3)
CALL PLOTUI.0 9 1 rg-3)

(CALL A XIS (M .i.3HW-AXI ( P1),-i397s 9Oe pHCOOR 1 i),H30OR i 2)
CALL AXSUt~qAHRFUN, FESPONSE MAGNITU)Ev28,r.,3D.,

roo V~)an ),gVGOORi ng) )
www C C AL L LINE(HCOORVCORW Opig,19r)

CALL Ey~1poOtRp,7.3,.21,32HONE-OIHENSIOJAL PROTOTYD-E FILTE~,Usq



(t-

CTHE r L(, I f FLIT'IS ii r14-' 1W--NL OUL CON' QJF'S. F) R T H E E XN 10UJRS, 9 14
C FROMl 1i J.r, 1-IH A~ 1 1,1 r7VVAL.
c

IC(*AJT !I

NCT1. VL I

SC THES~ CJ' , _1. T TL- C'(MF PLol rEP GENF% kTr. 1FE PLOT (SU3ROlilficr
G' FOR I MI T 0 r 7 ~'27() , 7DPS T 0 " PL 0fI ---)

C A L ~t rL 113

GALL L7Tf *D T 9 ,-7)
('I f j X S f) .'q 11 !&I H'4? -AYTS (Y PI) t ;~,..i,.#

CAL L S Yl (j L (I. 1 7 9 , 2 21 924H1i WC-f'1.MFNS1ONAL CON TOUR,~ 2

fro~wC3,T S(' 1. ), ( -/14CTI V L
1 F (4Y OOT 0 (.~ CtLL rc-pfER(M'P-OFT27,1 J'\, V 3O.,q 3tU'VFTT

C , 40PT)
I IF ( !JP' ) "T I) tLL r-0M,;DE0,(MPOPT27, H'IflOR, 0ZORq .L~i-VFIT

C) SCO41PT)

(CALL FL)T(i0.-,q
CALL FLO77( 10

C IN T Hl' SFC',19q V-11 ATA NJECu-"StA Y F(Jf' P DISSPLA "- DL'-,]OF t4

C MAGNIT''DE 0= N7 ?-- f7RTl'i-N C" RSPON$E- fS PUT ON Tr4E2.

(q) F('I LT - 1) /2 + L)rPPT JT 2 P
27'j FO'-vA1 Yl,.XSL ) WANT TO CREATE A DTSSPL 7-0 P-Of OF THE F;?

-r !JUtNcy Fx:~pO4~~:-'

I IF ('-Y 6 T 9 :) Qr TIO
WRT(2,215) <

275POP4MA T 2)f

3U3 FO- lA(/,o',5S-( HE IATA %PEUUIIED FOR THE DISSPLA P-OT 1S NDJW ON

END

SUP~dOUTINE Ff rc(~)T2H.0YVO)~-UVI,,SOT

C THIS SUPROQTIN- CA4L 'LATES T K: PUINTS THAT ARE ')UT:)JT TO FILE RESULT OR
C PLOTTED As r'lD~~oA rCCM~rOUS IF THE FIRST 0OER 9 'LELL44

( C TPANSFO'kMATTON4 I! ! q
C MYOPT22 - rHE 41 P'9 ;- OF FOIt-IS TO BE OUJTPUJT OR PLOTTED
C HCOOR AND O 10 - STORE THE HOkIZONYAL ANIS AN) VERFIfZAL AXIS

C C GOOPDI14ATCS ')- THE POI NTS TO FE OUTPUT OR PL)TTED
( C CU'JFIT - THE FT-Sr COJ:' LOCATIONS STORE THE FOUR TER43 OF THE

C APPPOKIMTING r!UN,,T3N
( C COSWOPT - THF* OIW-014HNS IO't~L FPErOUEN2jY (1-1) TO* BE 44'DE0 TO A

C Two-ormmsfqmIJA. C0O4TI1F

C

-~~~~~~ --- : '. _____________



C C" 13 ?ri I

C FOl I' , - L "V11' ''1L W2 I FC''J. rrlAT ,1, 'OV- '( 7R ~' A t 10AN 'E

C EOJO.LLY SPA',[' VJAL'1-' ew 0
C

W /'-I cl) FT 2)
I. (JVfT T) +2':IRV T (1, U C S (W 3.)j

W ? T 4 ,1',' W21,9 T IA>

f C THE INT ERVIK J- Tf) :-ALl Y -P GE THc W2 141-1J:S 13 C" L J.-AT SO

INTs ;VL 14? ,qn-,.2S2T)/ &JYOcT2-i)

C "~- Y'' T.2 (1429141) ")O IA7 AIUFS li'lE
C CALCULAdhLU SSYJ'1IG LL VJALU'JS CF W2 eETW!:. : THE S4ALLEST AND Lt-GE:ST %ffLLI!1

SC W2 ARE n.LSO VAL11l.

112 1422T
*r~o L J=1114vnpr-?

IR (JnWFTrflCl/N .EQ.'CS(2) a"4a f.) r'0 r 3 5

I F( P ~1 3') ,T. G. G T' A

GO TO 38
(~C

C IF A 0JLUE O)F W2 *3: Ir SWELLEST A149O LARIGEST VALI3 47 IS NJ)T VAL!TO, THr-
C GOO I6TES OF THR- OrW1i CONTAININGC THcE INVIALID W2 ARE S31TtPAR1Y ,CT TO

( C (-.t$,-.2!-)q T HF - ".9IIITS 'FPOULO F-F riSRLG-AROEO r3Y THE. UJ3E-6

31 C HGOJ) 2F

f 38 W2 42+T E:'IL

cc
C THESE- 'CALLS To T47 r mLCO'lc P L 011Ek CAUSE THE CURVE~ TO 3:- :"L37TEJ.

~X = VC.O)P(i)/.t1;

CALL P:LOT(Xvyt~

lc(X .GEe 10. OALL- PLOT( XY,2)
D' Fi mP=2, 5

-~Y Hf= OW /1



vi ~ Cc ~ (1)/ "(V )i

y' vrcJC (i)/ .4 + L

Y? V +

------------------------------------------------------------
c

C T C(7 i! r L AT~ T 1- ,irr*T tH II A~ o UT'J T 3 FL F UL1

C p'i JT *fK r j TC. f IT U, 5F E~ StEC 0N~ 1r. L

c rY~C w z. ,i iI i :PIt 7 Ff 1 - 01) PUT 0- PLOTTE

c r-~c itr v r r) ,i T I' I,-) 70k)TL AXIS AN1f '-AT I-,A.. PXI Coo.: ]ITNA Tc

'C C IfPV F - r T , r~ t "V! LC' f~ Tot S STQ0?,_ TH-: 411tE TE AS OF ',P-

C Goq'4,r-T TR~ ') -([i 1 U~LL rir"_UENGY j(b 1'o"nl.TJ TO A

( C Twi-Dili '- VTOIJAL fNTIT-1

( Cr :L lVL, 14 L 1

CC

1-1 Do 14I V TO I

m !UP 0,)-

c

C FOR l' w , r P vJ n 71i 4 'C L it.LAN r 217,F CvA T 10N ;7 E1 r I o (, rl U A 0,.AT I C
C IS 3OLV-0 Fnr W! ;3iA-~~'~ TJC FJ C ULAa 3TOTP L F Ok -Ht F 1T SOJ11!01 -1 T HF

IJVfl'rATIC, rH-- L''T 611 S !'ALL FT VAL1O W2 ARE FOUND rqy EVALWJTING IH
CFl 67 %"LUJrOIj Pr A1Y j'IUJAL Ly SPIACVP VALUES OF 142.

L2F T 2= r
W ,- " r 2

jo + ̂ YjRV FTT (i P COS (W2) 4-CUI'VFII' 2t- )J W2)

r 1 oV ( VJi (I) -P J FI ( )COS 110PT) + ( CI)V Fr(3)-rvUrI rT(6))
CO 4 2)I+ V c- 7 (6 )-CJF VFT T ( 9)COS ( 2 W2)

F~p rij AL T. , G ) u ;C, 2~

A * ~. )'7V~I C ~ +S~t 1'( A'JICAL) )/

CW2,'T1s A'V It 12s i.

( C NO14 FOP AN~Y 'r' Nn'0 4 Sf 'h ~COr SOLJTI UN O F T HE OUADRA r I E OUA II ON,
C THE LAL$ A-ID -714 L% S 1MLP W-42 1S FOUND'YEAJT~rEs~i~

j C SOL!JTIO') E'OLATIOI4 AT '1AkJY !rWLALLY SPACED VALUES OF W2,

I~ F f A *E1 ' . I J -CU')



I ( CA ) )(2 H )

C THE VIA'1?"L. S UIJ') EQJ: LL ' S°A "J 2 " r.'ES . E-4 UL'Vi ION( ~ ~ r A'4 'I7 z'Y~)T '2 TC OT .E - ,AL' t VtALUESC O -, H J .,- " ' T r - n ,t r T ' ,f A " : - I L O Ni

c £rc P C A L -°"

-14 " ) 4 ( Y]) T /2) +

! , -2 : 2 T'u < - I
r . T. ' MW) , rjI 1r'( 1 .L To I U vS ,, :

C TH- I':T-V! .. 'IF M T' ')'L.LLy ',_ HL 'C 'JLU "S CLj.. T
C

Cr
" C TH0 PtV,, L, (wp , ' ' ci < (1 . T> P , _ r,t, (IJLA.To A SJM1NG I ATC ALL V-'EL- )F ,J2 -''-Ej T- '"'LLLET A'J1 LA~rCST V LT) A? FF .LSO VtLID.

nC JI U,14C, KI" 0, C; (J1[ '42113T
( '0 rl)-'- ( 7 'ft (W) C I < fIT (7) +.CU, VF II ()C 0 COS(24 W")I' J 'P V PTT 4- 1, JR 1 P T( G O S W?)+ C 00V F IT(,), 3 2.W 2)
( = (tI'lJ ( ) - vrC 0()-OSY0OT) + (CUZ FIT(3 ) UTV-Irr..))

1 C, Dfl (W?) + . iJ'irl (8)-CI VFIT (,,))*COS(2"'2)
)I2 L 2 ?'

"F( ., . )I =F(' 4 Nr  o. ", 4 11 = (-B + S0 TU7-V)1CAL))/(2= ,)
( ' '("O'J' ) . F. 1. ) GC TO 5

VC) CfJt) 1411"'i
(;O 1 . -,7

C IF A VfILU ')F 42 . Ti' VALUE -C#F THE SMALLFST Arlo .AGEST VALID W2C IS 140T VAt3'I 1 ",-,n,- CF IHE POINT CO'TA..4[ riG THE 'INVALID W2C ARE- A-IPTTf.A ILY SFT ", (-0j" ,-,2D), THESE POINTS SHOULD 3EC OISRCrLt.znn nY TH- R.C

HC)0" (JI) = - ,
VC'(J)I) = 7.

SNK(I1 +1 -
47 W2 =l2 + T'TVLI
(5C r q T'" tJ"

C THE3E c, IS T') TH{ CLCOP r- LO1Tr GAUSE THE CURV, TO RE LTTE)
C

I UPI VF' ( i'~ r I) 1 0 TO0 6 t,
X : '03R (. ) l/ t
Y - VCO3F(i 01 .I
CALL PL9T T(,X y
I IF 1X ,L" T, I N, ( 2) =
IP'(Y 9G r .  .: L 3 y 1 i - L( Y '9 ,7 3 i j.( Or .. Mt ',v,..r,..

*1 '!-... " ' " - '

5 r' O T b , , .-r3



-i vc*j r 1/ 7 ' :o

.? V0 0o v L

I F ,y 2:t~ '3 1'7 L :?)JL- y 2ss9Y 2TPi

6A .II :rW r- 4MLL 0i T~ fik~)TQL) 'tsuvL

*~~~ "- V 2,- (*) 'P ("1' Y ~ T l-V~L (7 22TVT (W4 K! -1)(

c ~F J~ IT LT 3~ TC 2 ? U V LT

J'U =E. 4 K? ' C1 L7/
"rF ( JP). 'O$W/ -D-

0 F( - ( -)J~4 +) - (7) +2+.J. V T; T~ ( 1 0

7( J3 PV -^J 7 + 7 Ii 3321W2

C 2) + '3 1.1 -iF VI~ TTT (1 L I F1 T M ) ')'COS f ( 4I L8.&S VLI

Vc3c J?)

C V1U k J1(' 7T 1.)T.) ';')JL IF
C 01

87 W2 t wO' 2 + T 1 t

V1 1

CA L L 'LT(VY,"W(M .)

= 1C2 t
= C /*(Wi'" I., (1 +r /,~ ti

I A(-L ,T. 0T)(YLL 'i'M~(, , C. ~FOT ~.i

Nj= C) (4HVT'T') /15 + 12

VC ( YC?~? / t 4 s 12 1

Y ro, y)D 2



C I -

?-oon I F- r' V. f 7 0 ) I fr 'r " FCP I-AE flnSIGN OF LIN4=5;
C P'44 C,~ W: I3 DOIP c' Fl (]) rIL rt-;s 'JsiNl 7rJ

Y EV (~~~ ~' T T~41 -1 'CC I rLL AN, l.CE :73IT 1 7U4T /E~
(' C A P;:'3

C
C T 4rS, C, t, 'I ~F c, Ie- K; L! "7L$ b I Sc PS, H 4t C P:P J)VT)O, '%4r !UL FT-LA'Y FlT'; WTH 'ID '13 1L
C 11i ZJCJ0\1 F r' lliJ) .3 r Cf Fr ifQI'Z'JCY B3ANDf ls0 q:'_'~

C A I C-7CiI rl Or TrH C'IL F iL E, 0 - P G Ra I
C 1 "r.'L I I IN SO ,Cfr/r-z r L11W Sr-t , IA : XAM PL~ F iEI
C fl--S T GN" Ctj \ --- r"'IC Il T -i I E E T 41SACTIONS ON OtDTJl 'J

CELV<r' -_AG0JF1T:FS, t~ V I- %, j kNC. ,rr~, EO>3J 9773, -6
C IN IFF P :_ TITL-L "A 9 V F - ::UGFA FOP OESIIrhING
C 00T t-1' Fl' L IW- A~ "A ') G IT LL Fil I ~I R P Y J A 1E, H.

( C TIS P ,,CA4 WTLL 9 r( I F ILI,, WITW ', IPULSE VS>'U F L.iNGY'H
C

c' 0mviOl 02 /c 34LI P /C I'C,/ f-YO PT2

C THJN OF' T'i- A-)cAY' TEXT, 40,q ALPH~, X, Y, EZXTN, AqC- H bP.E
C ( R 'rfF , , y/2 +) TH rI~CMUiS1 ON OF THE ARI AY3 )-3,y Gk!D, No

C WT~F 4 k) I? F1 AT

( *Z (rU L. E D J : - 1C-p q

(~~~ 11 IF3PEOTL. jR' - 1. F, 2A
£1 F"t A4 X/,4,~P IU Z ~FLE~OfE<OF'T, ~LS.,

TYCJrOP V )
iF( r JONT T L NU.' :FL ~T FA) OT

C F(IODD.EN.~l SZITO jI[ ; 11 IFCIPFP T.LE PT1VgNIA
.rtlkPO~<V ;1A)x- A'-ST1L N0



IP(Q~L' NOSo E#' C, 1 JrGGj 1j Ifj 3
C
C G~1 I S 11Y T F t~~
C

119 F (i' A7 M~ Y WTz H i r VUGr Ff' LIL Eti'rEQ FOR

I C F A- C- r T :Z"' 13/I) B

nlo i1z 1=,Ji
F 'G (1) I- --. 9I~.J.e a. 7) GO J( TO ii-j

121 '6NT I K~IF
1 23 C CN iI U:

DO :2. J ,JD

C STl4NC 'Cf L -_L L 4'N P n G .,I <7 OIL S , H ~ jjk)
C h'? tT I AL LY CON'IE''J) To C, a

I F( VE P0,P-1. En. I) nRr 1.
125 FOPIAl (Yj,"EqJTT7 IN r~) L A~'~l r. ll cn 4 AG!JITUDE F> , EF~l' 9IND't

X X,"C~rv4T ccOV~ Tc'- (U U'LLY 1t nR fl), /M

A I ~( -Y( J) q l lr-

126 POVIIAT (~X ~i~ T 0r1A 31 OF 714,r* 3AN0 EARPOR S (I)N: 4jjc3zk "

X .Yj, "F)R EACA '-fl FOI' ' EXJPLE A -1; PANO FILT1;?'/
X X,141 CtAT w4AVI- M :7)R riATIC OF.1 ,

T LLE p3 ~ pr. * nr. o rT.- o,. )
y P FAD 0,(4TY j =J1N NOS)

C :T' !JF T~' P l E ~ 0. tHE r -,K OF POINTS IN WH G ,)
CI 1 l FL T F L -9 TH4 + 1.-I flE,'SITY/?

D 1L-7 . L /G I LD

J=j

L RA N DI

C C CA! C T F T c'S 7r 3E-A1

WT ( J) =WA T :-'(W i,, L" A If))

GR7 ( J)T 10~+1Lr
IF(-PTOrJ) C*r .=fr) O to F,
GO To l.

C 9E(J- 2)W F(FCXT, LA ,)

LRAND=LBAA) +t

MFL 3AND rT AlANr'S) Go ~C I F
G Ri I J) E I GI(L)
GO To i. 1

±53~ maGIOlow~



c
C 1'I ' IT: 1 T:Z ~L I U &-*'~ - UL Y

C Plk '- ALONG
C

2" =Fc ~C I I N NI

7F C

C C A LL -4c P- --V!C 2 1 TC; 90 TH: AoP;0KlAT04
C P-U IL'-'

C

R '~I "'L LP1A ( J)

f C PROGPf"'m (LYPIJT ( Zf',T-t
C

3r, Uok~;( f 7 2 (t~ /i3 ( XI N-rIMr-kIONhAL FltS P OTO-Y'-"
F F. LT F ')- G~ " I

0IT 378,p4FILT 1-1TT 19,378) tkFl. T

37z3 F,' t I (7 y <TL7-) L>B-Tw =,23
SE (I. it

38-1 FOR ~P1 Qv *t T I"J LC S: E K E GNS

00 3Sj JI, W-\I " 1

P 1 T +,( I) -JUP

Wk! ,T itLU ,23'i .9)L J K 1

DO F 2' UPJ31. A 4 KH=0 '0S
42R1 fV]T(J yEJ/WK )

140T, ~ TJ)E~ T PO TO 43E.

36 VC 6 (2 -X C T J

PPINT '3~ C D),77 (9 * J) , = Jk ,KU)

435 P F-'-AI (2 Y, 1O = T II~ fz~l (; W , F I )L

M,~~~~~~~- ; ,- CX(J, J 1 1r



LimroIru

4F O MW I I" U

C P A R3 TI L Y C o k : ET TO ->V17 14S

c X" jTT 1) T -l * E '~ *

4 6' FOJI: A! ( I I-I

r. IcC 7

490 F( 4 t, I 2N rrW F *-'t4F FRLLL.IrNG ,ioriui Li3

X &y 9 2) A 'V r"LY T 14- ,LT rP 0-2Y'
Y 43) THAN:,c 'Ly 'r t VzA 131,' W -'NlV)G;E FRJrICIE S/'

GO To
999 C o"TIt, U:. F74r

I C FlNCTTZ~ ~ C&Z JL('~,T4 1)~ rr ~IU_) E F< S Po'J
C AS A 1:JK-1 1,J C'~ Oc -v r) )-I
C ii jiiNYI

V ~F q~J1~ Y)

c

C FUN CTI'9 To ;A L( JL A7C Tit-7 W CT%-- C-11 T 01 A S A FU1-TT 0 i
C OP Ff " iitN17y.

DIM; WV P(WTX (
(4 A 7 TY 1

(SOO' OtiTT N Pc'1E"'7 r UG ,NJn iPNPV)

C THT S !POjTi 9 E r'V' HIF11TS IIAE R .ME7 EXCHAN'GF ALG0P.ITq'1
S C FOP, TH- WEIGATEY) ^,L Y"' 7 10P UXPIAIIC-N OF A CONTINLJJUS

C FIJNCTTI)N WIT'l A TPA~ OP '03T N=S. IN-1TS TO THE SU?!OUINE
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using the program are nearly optimal in the Chebyshev sense and
their magnitude versus frequency characteristics have quadrantal
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The technique implemented in the Drogran consists of trans-
forming a one-dimensional digital filter into a two-dimensional

, digita± filter by a change of variables. This technique was first
proposed by James H. McClellan and is called the IicClellan trans-
formation. The program user can elect to utilize either the first
order or the second order McClellan transformation to design a
two-dimensional digital filter.
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