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FSimple analytic approximate expressions have been derived for BLE
propagation constants in the earth-ionosphcre waveguide.  Tho
expressions are an extension of previous work to a more gener.a,
class of ionospheric-conductivity height profiles. The expressions
derived here allow the rapid computation of Ll phasc spocds,
attenuation rates, and excitation factors for a wide rimae of jon-
osphere conditions without the necessity of lengthy full-wave

computer calculations. The results can be avnlied te Phe rapisd
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yevaluation of the ceffects of a variety of ionospheric
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I. INTRODUCTION

1n two recent papers (Greifinger and Greifinger [1978]
and Greifinger and Greifinger [1979], hereinafter referred to
as Paper 1 and Paper II), the authors derived simple analytic 4
approximate expressions for TEM eigenvalues for ELF propaga-
tion in the earth-ionosphere waveguide, assuming that the
ionospheric conductivity profile could be approximated in a
certalin convenient way. These expressions make possible a ‘
rapid calculation of ELF phase velocities and attenuation .
rates without the necessity of lengthy full-wave numerical
~airulations. Comparisons were made, for a number of
icnospheric~conductivity profiles, between approximate and
fall-wave eigenvalues, and the results were found to be in
eoxcellent agreement in all cases. More rccently, Bannister
[1979]) has used our approximate theory and the Wait [1964,
1970} VLF exponential ionospheric-conductivity profile to
determine propagation constants for ELF daytime propagation
in the earth-Ionosphere waveguide. He showed that the result-
ing valucs of ELF attenuation rate and phase velocity are in
vrcellent agreement with measured data from various sources in

L. irequency range from 5 to 2000 Hz.

The work of Bannister clearly demonstrates the validity
and calculational utility of the approximatce theory. It also
acdds credence to the belief that tire theory should be ecqually
applicable to PCA-disturbed ionospheres, for which comparabloe
data 4o noat yet exlst, and to nuclcar-disturbed ionosphcres.
As such, 1t 1s potentially very uscful for making rapid and
inexpensive sensitivity studies of ionospheric propaguation i
under disturbed conditions. It therefore secems uscful to
extend the approximate theory to a more uencral ciass of
ionospheric-conductivity profiles than those considered in !

Papers I and 11. The conductivity profiles to which the .

PR ChLING PAGR BLANK=NOT Fl1ED




results in Papers 1 and II apply will appear as limiting cases
of the more jeneral profile. 1In addition, approximate
analytic expressions will be derived, within the framework of
the theory, for the excitation factor, which is an important

additional measurable gquantity in ELF propagation experiments.




II. SUMMARY OF PREVIOUS WORK

In Paper I, the authors devecloped the theory for an
ionosphere that was sufficiently disturbed that there was no
significant penetration of the electromagnetic field to
altitudes where anisotropy due to the Earth's magnetic field
had to be taken into account. It was shown that the propaga-
tion constant, under these conditions, was determined by four
parameters — two frequency-dependent altitudes and tne local
conductivity scale height at cach of those altitudes. The
lower altitude, denoted by ho’ is the altitude at which the
conduction current becomes equal to the displacement current.

The higher altitude, denoted by h is where the reciprocal

ll
of the local wave number becomes cgual to the local scale

height of tne refractive index. If the conductivity profile

in the neighborhood of ho and n. can be adequatcely appnroxinated

gqonviluc

1
by a local exponential, the expression for the TN oi
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whore 0 and 1 are the local scale heights at ho and hl'
respectively. TFrom the definition of SO, the relative phasc
velocity is
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and the horizontal attenuation rate in decibels per megamcter

is
3 h
— . W
A = 8.68x107 = Im(S )= 0.143 ¢ (——)
c o

wihicre f is the frequency in Hertz.

In Paper II, the theory was cxtended to include the cffects
ot anisotropy. For the sake of mathematical simplicity, it
was assumed that the Barth's field was vertical, but the
results actually apply over a rather large geographic range.
When anisotropy is included, the parameters which determine
the propagation constant differ for daytime and nighttime
ionospheric conditions. For both sets of conditions, two
parameters which enter are the tfrequency-dependent altitude
hO
fielu becomes cqual to the displacement current, and the local

at which tihe conduction current parallel to the magnetic

scale height of the parallel conductivity Yo Under davtime
conditions, two additional pairs of frequency-dependent
altitudes and associated scalce heights appear as paramcters.
One altitude is that at which the reciprocal of the local wawv
number for vertically propagating O waves becomes cqual to

the local scale height of the refractive index for such waves.
The associated scale height i1is the scale height of this refrac-
tive index. The other pair of parameters arce the corresponding
quantities for vertically propagatinhg X (whistler) waves. 1§
these altitudes arc attained in a region of the ionosphere
where o, is the Hall conductivity and - the

v .o [
n lepl i P
Pedersen conductivity, the two pairs of paramcters become 1don-

wave |

tical. This is, in fact, the case over a substantial altitude

range. Under these conditions, the approximate expression for

the TEM cigenvalue is




where the altitude hl and scale height £y are referred to the

Hall conductivity. This expression 1is slightly different from

Eg. (1), its counterpart for the isotropic ionosphere. How-

l/hl<< 1, the value of SO is the

same to lowest order in these quantities.

ever, silnce ;0/h0<< 1 and ¢

For typical nighttime conditions, a sharp reflecting
C-region bottom may be encountered before the reciprocal of
the local wave number becomes equal to the local scale height.
Under such circumstances, the altitude of the E-region bottom
replaces hl as a parameter, and the local wavelength on the
E-region side of the bottom replaces the scale height as a
parameter. Under these conditions, the approximate TEM

eigenvalue is given by

.2 by ‘1+ ;{1ﬁu1+2w V (5)

Lvg o1+ 1) |
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where hE is the hecight of the E-region bottom and

= (6)

where k0:=m/c and nE is the index of refraction for X waves

just inside the E-region.
The approximate daytime expressions were derived under the
assumption that the conductivity profile in the nelghborhooa

of hl could be approximated by a local exponential over an

~
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altitude range of a scale helgnt or so.  The approximatco

nighttime expression was derived under the assumption of o
sharp transition in the ionospheric conductivity profile polow
wnich the local wavelengtn is large comparca with the local
scale height and above which it is small comparcd with the

local scale helght.  There is an important class of ionospheric-
conuuctivity profiles which bridge the gap between tne assumcd
davtime conditions and nighttime condlitions. Thuese arce condil-
tions where the altitude hl is uattaincd in a reglon of raniag,
but not discontinuous, incrcease of conductlivity with altlitudo.
Under such circumstances, the conductivity rrorfile in tac noei-
borhood of the altitude hl cannot he accurat. iy Yenrosontoea by

a local exponential. In the followine sc.otloen, thie arproxMinate
tnecory of Papers I and II1 will be extendoed to deal with sucnh o

situation.
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ITI. GENLRALIZZD CONDUCTIVITY PROVILE

In this scction, we consider a more general ionospheric-
conductivity profile in the neigihborhood of hl than thoswc

,

treated in Papers I and I1. As in the previous work, o, is
+ -
- . . 4
defined as the altitude at which 2
i

where -, 1s the conductivity at the altitude hl and

il
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1 az
z=h
1
*
: : : 1,2 : < - - . 4
1s the local scale height at this altitude. /i more general
conductivity profile in the vicinity of nyocan be written as .

(z-n.)/
= . Ll+5) < l - {4
1 (;zt—}:‘,)/‘,7 o
1 5 g ‘ .

whoere 8§ 1s an additional parameter.  The scale heloht o 10

related to the other parancters throudah

2 {1+
witch follows from taiss 8] anee (99
The voelatiomstery oo booe (B bo v o ' v ‘
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et e ————— e

e oo

s = ¢ (11)

where Dy. (11) defines the altitude hE' The profile given by

Ly. (9) then takes the form

This profile 1s approximately exponential up to altitudes a
scale heigiht or so below bE and becomes esscentially constant

a scale height or so above hE‘ This 1s the kind of transiticn
wnich typically occurs between the D-region and the E-region,
and hE may thus be thought of as the lower boundary of the
E-region. If hE »>hl, the profile in the neighborhood of hl

is a simple exponential with scale height e ® which was

tne davtime profile treated in Papers I and II. If hE" hl,
the E-rcgion 1s encountered before the altitude hl is attainea.
If, in addition, the scale height '2 is sufficiently small, the
transition between the D- and E~regions is very sharp, which
was the nighttime profile treated in Paper I1. The <¢cneralized
conductivity profile given by Eg. (9) thus contains the wvro-

vious profiles as limiting cases.

10
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IV. DETERMINATION OF APPROXIMATL TLM LIGUNVALULS

As in Paper II, we assume that the Earth's magncetic field
is vertical. 1In the QL approximation, propagation in the

vicinity of hl is governed by two uncoupled wave equations.

In terms of quantities ;, defined in Paper II, these can be

written as

.2
S+ n?ké;$ =0
4z a -
where
2 1 .. ..
n_ = fgf-(lxp ‘H)' (14)

The upper sign corresponds to vertical O wave propagation and
the lower sign to vertical X wave (whistler) propagation.
Under normal daytime conditions at the upper cond of tho LLF
band and for sufficiently disturbed daytime or nighttime
conditions at all ELF frequencics, the altitude h1 1s attained
in a region where the ionosphere is nearly isotropic, so that

E-1 AR d
i 0. P o an

in
ot
H

2 2 l\"o
+ — .
0

Under normal daytime conditions at low frequencies and normal

occurs whore

nighttime conditions at all ELF frequencices, hl

gt T Tpar SO that

L e o et——— —— e




(16)

It will be assumed that, whichever case appliecs, the relevant

conductivity profile (ooor cH) is given by Eg. (9).
cases may be treated within

Both
the same framework by writing

: . (z~h;) /2
2 o1 (1+s8)e 1 2 -
n, = ¢ — (17
h LOJ (Z—hl)/z
1+ se
where
:".+ = ‘\"_ = -2 (]8)
for the isotropic case and
1.‘+ =
D= 0 (19)

for the anisotropic case.

The wave equation may be solved by introducing the variable

(z-h_ )/~
y = -se 1 2

which, with Egs. (7) and (10), transforms bg. (13) to

2 . i,
b r © 1 B .
Yy Ty tEmars yyeDn o L

o




This can be recognized as the generalized hypergcometric

differential equation. The solutions which obcey the radia-
tion condition at large altitude (y »-+) arc (Magnus,

Oberhettinger, and Soni [1966])

i S 1 .
vy M(-Y) F(Vj,bﬁ; l-*Zri; ? (1)
where F is the generalized hypergeometric function, and
(v -m/2
N = ‘C—’————‘— . (;Jg)

t

2[s(l+s)]"

Theose solutions are valid down to an altitude a few scalce

heights below h, or hF' whichever is smaller. At thesce

1
altitudes (y ~+0), the solutions take the form (Magnus,

Oberhettinger, and Soni [1966])

v, - Clz=-Gr )]

where C, are constants, and

. Y , 1 1
G(:)  hy - 28 (L4 ) = 20 (1) ~ =+ 1o s

where ¢ is the logarithmic derivative of the gamma tunction.

the cilqgenvalue is determined by matching bBa. (00) tao
soiutions which obey the proper boundary conditions .t th
iround and are valid up to altitudes a few scale herahts above

B These solutions were shown in Paper 1D to e the tores
i




il

s, =aliroz - SZS —dz___ (2
! e} 10
o) (l+‘ O)
[
Q

For z>o>h0, the integrand 1n
Eg. (25) becomes very small, and little error is made by

where A and C are constants.

extending the range of integration to infinity. Matching

Egs. (23) and (25) in the region where both are valid then
leads to the condition

2 260 ] y
o T G(E,) *G(E) S
O

to
fan
—

dz

i
.

which is the generalized expression for the TEM cigenvaluce.




V. COMPARISON WITH PREVIOUS RESULTS

The approximate expressions derived in Papers [ oand [ can
be recovered as limiting cases of Lg. (2¢). 1n thosc papers,
it was assumed that the conductivity profile in the neign-
borhood of h_, coula be represented by a local exponential,

¢
i.e.,

Gy = gyt (27)
wWith this approximation, the inteygral in Eqg. (2€) can be
cvaluated analytically, giving

dz _ _ i -
j Ty M T oo te)
O (l+ O)
'O(..
The eigenvalue can thus be written as
f(,‘ ’ )
82 = ——t (24
hg=72 0)

where

200 G0 )

—— SN

S N s .
AL N

™ limiting forms of f(,-+,.~_) will now be actormn i,

A, Daytime lonospheric conditions--In the provious worlk,

1t was assumed that, {or dayticne conditions, the ittt




was below the bottom of the E-region and that the conductivity

protirle in the neighborhood of hl could be approximated bvoan
exponential. As discussed in Section III, this is the limit

hE *-hl, s+ 1 of the more general conductivity profile. 1In

this limit,

i( =) /2
, = < T . (")
28 "
Since o, 1, we may use the asymptot ic expansion of the
function to obtain
l(— ) .
L+ ) = Loy S S log 2 - i log s. ()
Combined with b, (24), this gives
G o) hl- NN - ) =20, - log 2)] (o)

where , 15 Luler's constant.  For the isotropic daytirie

1tonousphere ot Papoer 1, .= 5+ 80 that
f \ b 1. o) ) .
( + _) A)J 9 3 + u(y'l(‘\o‘-) . ()
In the limtt s I, | = | Thus, apart from g small corroee-
<

tiron term, wiilch was neglected in Papoer 1, tihe cironvalae

obtulned from Dgs. (29 and (44}, aarces with beg. (b).

F'or the anisotrop.ac Jdaytime tonosphere ot Parer 11,

and _ 0. Thus,




E(B, 8 &~ — . (35)

where the small correction term has been neglected. Since

;2 = g this gives the same eigenvalue as Eq. (4).

b. Nighttime ionospheric conditions--It was assumed in

Paper II that, for nighttime conditions, a sharp E-rcgion
bottom was cncountered before the altitude hl was attained,
and that the conductivity increased slowly above the E-region
bottom. As discussed in Section III, this is the limit

h - ;
ey

limit, it is convenient to write

s >> 1 of the more general profile. To examine this

A= e (igw0.. 3 ) (30)
which follows from Egs. (7), (9), and (10) with

C =z =, LX)

a

(37

b
n
—

In the limit s -1, [~ | <=1 and "(l+ )= ;{1l). Furthcrmorc,

(3%)

Tt then follows from bBgs. (Z49) and (30) that

(Lt ) (I+i)
(1L + 1)

L+




where

1 1
g = = . (40)
1/2 k
ko(uoowm) hE

To lowest order in e, the eigenvalue obtained from Egs. (29)

and (39) agrees with Eq. (5).

We have thus demonstrated that the results of Papers I
and II can be recovered from the more general ionospheric

conductivity profile.




VI. APPROXIMATE EXPRESSIONS TOR LXCITATION FACTOR

The ELF signal strength at a receiver depends not only on
the propagation loss between transmitter and receiver, but
also on the excitation factor. Predictive calculations of
the effects of ionospheric disturbances on ELF signal
strengths must therefore take this factor into account. In
Papers I and II, approximate éxpressions were developed only
for the phase speed and attenuation rate. In this section,
the theory will be augmented with approximate analytic expres-

sions for the excitation factor as well.

For the calculation of the excitation factor, it is
convenient to reformulate the theory somewhat. Following a
customary procedure in ELF calculations, we first make a

FPourier decomposition in the transverse plane by writing

kS . ik 81
Bli,pez) = — B(g,2) ¢ as (aia)
(2m)
. ke > ik S+
E(o,t,2) = -——Zss‘ L{(5,2) ¢ das (41
(27)
where the hat is used to denote the Fourier transform.  wo

next introduce a rectangular set of §—dcpcndcnt unit vectors




and resolve all Fourier transforms into their é-dcpendcnt
components. When this is carried out, Maxwell's cquations
separate, 1n the isotropic lower ionosphere, 1nto two scts of
uncoupled eguations, one governing the propagation of Th ficlds
and the otiher of TM fields. The equations for the T™ ficlus,

which include the TeM mode, are

0B .
ic —2 = - n (<:b)
oz

where z = koz and

V%

1{ we introduce as 2 variable the wave impedance

[
I
—
|
62}
[0} [Z™]
+
=
[
N
<

witich 1s a nonlincar, first-ovder differential cquation ot thoe

Rrocati type,




/
We consider a small horizontal electric dipole of strenygtn
Ii,, oriented along the x-direction (;=0), and located at a
height 2 in a thin uniform "source layer"” above the ground.
The solution in tne source layer can be written as
_ s ILes ¢ [ icz -icz 1| -icz. icz,
bZ:",———‘“—‘—“ + Roe - 5 - S ¢
l( ) 35 (1+TR) e Re s re |
(+7)

where 2 is the greater of z and ZS and z 1s the smaller of

these two quantities, and

T, (42)

The qgquantities R and r are reflection coefficients to bo
determined from the boundary conditions at the upper and lower
boundaries of the source layer, respectively. Theso vuantitios
can be expressed in terms of the wave impedances at thesc

bounuarics by the relations

ic -z, (0)
S o e () ()
ZU(O) -1C

wnere we have placed thoe source layer at the arcund 0 O)

allowed 1t to become intfinitesimally thin,

The boundary conditions require the continusty ot ot

tangential clectric and magnetic firolas at o all vty

il

‘ <«
R N L




This allows us to ovaluate ZL(O) from the solutions in theo
grounu. 1n deriving the approximate cigenvalues, 1t was
assumed that the ground was perfectly conducting. The finlte
conductivity of the grouna introducces only a small correctiorn
to these expressions. liowever, the assumption of infinite
ground conductivity cannot be made in deriving the excitation
facter for a horizontal electric dipole at the grouna, since
there woula be no excitation of the waveguide at all under
those conditions. The solutions in the ground obeving tne

radiation condition have the form

: -i; .2
. G )
Ll IBZ Q ( Jd)
wnere
-2 22 1
el (nc‘ S ) ~ nG. (b))

It then follows from Bgs. (43b) and (45) that

The impedance ZU(O) is determined from the solutions
‘

above the source. The wave cguation for the impoedarce can

written as the integral eqguation

N
3




It is not difficult to show that, for - - h the contribution

l ’
to the integral from the last term in tne sguare hrackets is

small.  ‘Thus,

- 2 .
4 = ZU(O) + Z - 5 {523)
wiaere noois given by Ey. (44). Furthermore, if ¢ - n litele

O r
crror is made in extending the range of inteyration to infin-

ity. The wave impedance above the source thus takes vihe forn

where nd is defined by the equation

0 1+

For an exponential conductivity profile, h,. is given by U

: 0
right-hand side of Ea. (28).
From the solutions given in Papers 1 and Il for the roaion

near hl’ the impedance sonewhat boelow hl tarxes the torm

i
:



whore

and f(:+,u_) 1s given by Bg. (20). For the particular profiles
troated in previous work, i'(,-+,,- ) reoduces to Lus. (sd), (),
or (Y, as the case may be.

By requiring the leading terms of Bgs. (54) and (06) to
agree in the region ho» S hl where both are valid, wc

obtain

D
It should be noted that at this polnt, we may rcegard S° as an

undetermined parameter, rather than the TEM cigenvalue.

with 2. (0) and ZU(O) now determined, we cah express the
reflection cocfficionts r and R in terms of the paramcter § by
means of EBys. (49%a) and (M9b). This, finally, allows us to
express B and 82 in terms of this paramcter. The cxpression
for 82 at the grouna becomes

B_(0) & = -~ S ()

. -1 .
where we have neglected terms of relative order N which

are small at ELL.
It now remains to carry out the indicated intoaration in
Lg. (d41a). Carryving out tie intcgration ovel angle ain sS-space,

we obtailn

b
o

o

o

P I



iR

B(,000) = = 22 (& - F) cos: =l as. (e
(S“h,. -~ h,) ;

In the remaining ilntegration, the inteuyral can be extended to
-+ by replacing the Bessel function by an appropriate Hankel
function. The integral can thnen be evaluated by contour
integration in the complex S-wlane. At large distances from
the source, the primary contribution 1s from the pole of the

integrand at

oy
o

wihiich will be recognized as the approximate TEM cigenvaluc
obtalned previously. This may be considered as an alternative
derivation of that expression. From the residuce at this pole,

we obtain

Licos ik .S,
- O oro - ,
B~ - B . - e o (v
. N :
in | oo i
[ 4 vy ¥
whoere © 0 18 the wavelenath in tree space and we have el i

0
large argument eoxpansion ot the Hankel tunction.

Woe doetine the magnetic excitation tactor 0 b tin

ciuation

Con N (VAVE (61)

ro




which differs somewhat from other definitions (c.qg., Bannister

[1975})) in separating the ceffect of the ionosphere from that
of the ground. With this definition, the excitation factor

pocomes

. =1 .-1/2 0 =-3/4 -1/4
e Ty S = hy hy (64)
where hl is given by Bg. (57). Finally, since L | S8 the

analogous excitation factor for the vertical clectric ficla is

. ‘_3/4 -1-//4 ™
T hO ny . (

It was pointed out in Paper Il that tihc acricontal vagge

ot eneryy flow is essentially constant up to an altituudc ho,
above which it falls off very rapidly with altitude. It 1s
tnercefore not surprising that the cffective waveguide height
for vxeltation is rougnly ho' rather than the nigher retlect-

inyg nhoeight ill.




VII. CONCLUSTIONS

The approximatce theory developed in Papers I and 1I for
the determination of LLF propagation constants in the carth-
ionosphere wavegulde has been extended to a rather nore gen-
cral ionospheric-conductivity profile than those considerced
previcusly. Tie results of Papers 1 anc 11 ure recovoered as
limiting cases of the more general profile. Simple analvtic
expressions have also been derived for the coxcitation factor,
which is another important parameter in CLEP propagation.
Altnougn approximate excitation tactors have not buooen coigarca
with tull-wave calculations, it is reasonable to assume, on the
basls of the ygenerally excellent agrecment between approximatoe
and full-wave propagation constants, that they represcent very
gJood approximations. The simple analytic expressions derived
i this worik allow the rapld computation of pnase spooas,
attenuation rates, and excitation factors for a wide range of
lonospheric conditions without the necessity of lengthy full-
wave numerical calculations. The theory can therefore be
gulte uscful in the study of the cffects of a variety of
lonospheric disturbances, both natural and artificial, on

LLE communication systems.
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