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This report is the third in a series of research projects devoted

to the development of an extended Kalman filter algorithm for use in a

ground based laser system located at Kirtland AFB, New Mexico.
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consideration, and above all expert advice given throughout this project.

Dr. Kabrinsky deserves additional thanks for his assistance in the
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Abstract . ..

j / a

Although a number of the major objectives that were established at
/

the outset of this project were not met,/a number of milestones were

realized: >rhe digital implementation o a negating phase shift that

operates perfectly under ideal conditi was a major accomplishment.

The establishment of a zero level oft ° was also significant. The

incorporation of the exponential smoothing technique to minimize the

effect of measurement noise was important since it uncovered a possible

connection between the size of the target image and its performance

throughout the pattern recognition process. However, the major obstacle

that surface during the execution of this project was a filter diver-

gence problem. It has been proposed that this problem can be solved by

implementing the Fourier transform derivative property instead of the

forward-backward difference method to compute the spatial derivative of

the non-linear h function.

ix



SI nLroduct I oil

Background

The application of laser technology to everyday life is growing in

importance as each year passes. In areas from medicine to industry to

military applications, laser technology, although in its embryonic stage,

has gained a foothold and is destined to have a major impact on the

future. For instance, in the industrial area, laser drilling has signi-

ficantly improved the machining qualities resulting in smoother cuts,

reduced tool force, and increased speed and accuracy (1:225-31). In the

medical area, the application of lasers in opthalmology is promising.

For example, the use of lasers to repair retinal tears and holes has been

quite successful (2:360-7). For military applications, the ability to

deposit large amounts of laser energy onto targets is a major research

effort. One in a number of major obstacles before realizing this appli-

cation deals with the precision tracking of a target and the subsequent

pointing of the laser beam. This thesis is one in a series of research

efforts devoted to solving this problem.

Traditionally, correlation algorithms have been employed to provide

pointing and tracking information to a system. This correlation tracker

stores a set of predetermined or previous real-time data target images

in memory, compares these images with the images from its sensors. In

the process of performing the mathematical calculations to characterize

the differences between the stored and actual images, the appropriate

commands are sent to the tracker to minimize the offset between the two

(3:30-8). However, two major disadvantages of the corrclation algorithm

47i are its suspectibility to noise and absence of sensitivity to target

1



dynamics (3:31). To coinbat these drawbacks, Lhe use of an ext(.nded

Kalman Filter algorithm in place of the correlation tracker is being

explored.

The Kalman Filter is a computer algorithm which processes noise-

corrupted measurements and provides a reqsonably accurate estimate of

the state variables of interest (4:3). The actual mathematical details

of the K iman Filter are contained in Chapter 2 under the subtitle

Extended Kalman Filter.

As mentioned earlier, this project is one in a series of research

efforts. To be more precise, this project is the follow-on to two other

projects. The first of these, entitled "An Extended Kalman Filter For

Use in a Shared Aperture Medium Range Tracker" by Daniel E. Mercier,

dealt with a very benign distant point target which could be analytically

expressed as a two-dimensional gaussian intensity profile of circular

contours (3:6-7). This intensity profile and all other profiles devel-

oped for this research effort are assumed to be scanned by a Forward-

Looking Infrared (FLIR) sensor. This sensor horizontally and vertically

scans the system field of view (FOV) to provide an 8 x 8 array of dis-

crete values. These discrete values represent the average intensity of

that portion of the image which lay across the appropriate detector (3:

4-5).

Using some of the results of Mercier's Thesis, the second project,

entitled "An Adaptive Distributed Measurement Extended Kalman Filter For

a Short Range Tracker" by Robert L. Jensen and Douglas A. Harnly, dealt

with more dynamic targets at closer ranges but still assumed that the

target intensity pattern could be expressed analytically. However,

Jensen and Harnly's thesis did make provisions to adaptively change the

2



I shape of unimodal intensity patterIIs; (5:77). Still, for actual hardware

implementation, a priori knowledge of the analytic form of the intensity

often cannot be assumed. Instead, on-line numerical Lechniques will

have to be exploited to provide the necessary information to the Kalman

Filter. The development of these techniques and their subsequent inter-

face with the Ktalman Filter is the basis for this project.

Problem Overview

The numerical techniques mentioned toward Lhe end of the previous

section include the Fast Fourier Transform (FFT), the shift theorem of

Fourier Transform, the exponential smoothing technique, and the forward-

backward difference method. These techniques are discussed in more

detail in Chapter 2 and Appendix A. However, all involve the manipula-

tion of intensity measurements provided by the FLIR sensor. The end

result of these cumpuLations is to provide information to the Kalman

Filter about the intensity pattern shape. This information takes the

form of certain components of the measurement update equation. A de-

tailed description of the measurement update equation is contained in

Chapter 2 under the subtitle Measurement Update. However, the general

form of this equation Is

+

where --(t=) = state estimate vector after incorporation of measurement

9(t7) = propagated staLe estimate vector before incorporation of

measurem!nt

K(ti) Kalman Filter Gain

z(t) "-actual measurement vector

3



1h(i(t-)t )) = noni-l i nea- rull Li on of i Icll; [Ly _ i,-urcnill it.

time t., as a runtctioll of the true state tsLimate
I

lii devising this project, it was decided that under ideal conditions, the

Kalman Filter would provide state estimates whLch would center the target

images from one sample period to another. This desirability of producing

centered images is motivated by the simplicity it produces in the Kalman

Filter equations. If the center images correspond to state estimates

equal to zero, the resulting measurement equations become

X(t7) = 0 (2)

•(t+) 0 + K(t.) (z(ti) - h(0ti)) (3)

where

h(0 t.) = centered non-linear h function

The generation of h(0t i ) involves the use of the FFT, ShiifLiilg theorem,

and exponential smoothing techniques mentioned earlier. The details of

how these techniques are utilized will be discussed later however, buried

within the Kalman Filter gain (K(ti)) is the spatial derivative of the

centered non-linear h function (see Chapter 2, Equation 56). This

spatial derivative is generated using the forward-backward difference

method discussed in Appendix A.

The flow of the data processing scheme is shown in Figure 1. In

essence, there are two parallel data processing paths for the intensity

measurements. The firsit path involves taking tile 8 x 8 array of inten-

sity measurements and arranging it by rows into a 64 x 1 measuremeat

vector. This vector is then provided, as a measurement z(t), to the

extended Kalman Filter which in turn provides state estimates chat are

used in the second path to provide centered measurement functions. This

4
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second path represents the main thirust of this thes is. ILs purpose is to

provide the centered non-linear and linear measurement functions mentioned

earlier. To accomrlisli this, the shifting theorem of Fourier Transforms

i- exploited. In essence, the translation of an intensity pattern in the

space domain can be negated by multiplying its Fourier Transform by the I
complex conjugate of the resulting linear phase shift (see Chapter 2,

Fourier Transform). The source of the image translation about the FUR

array can be traced to two effects: the actual target dynamics and atmos-

pheric jitter. An estimate of these effects are available from the Kalman

Filter measurement update equations (see Chapter 2, Extended Kalman Fil-

ter). In tur;n, these best estimates are used in the argument of the

compl-_x conjugatc of Lilt iicar phase shift Lo provide cenLcred measure-

ment functions. In addition, before the inverse Fourier Transform is

taken, this centered pattern is averaged, using the exponential smoothing

technique, with previous centered Fourier Transformed patterns to mini-

mize the effect of measurement noise (see Chapt.-r 2, Averaging). Once

the inverse Fourier Transform is Laken, the spatial derivative is then

taken using the forward-backward difference approximation discussed in

Appendix A to provide the centered linearized H function used in the

calculation of the Kalman Filter Gain.

The sequential processing along the second path shown in Figure 1

together wiLh its connetct ion to th. frirsL pa101 is an11 [mportant fact. A

copy of the 8 x 8 array of data is first padded wiLh zeroes to alleviaLe

problems in using the IFT (see Chapter 2, Fourier Transform). Next, the

Fourier Transform of the two-dimensional array of data is taken. Before

the negating phase shift is applied to this Fourier Transform, the pro-

cessing of the measurement vector along the first path has to be

6



completed, s1ince the [esu]t tun1 L L VsLimaLcs from lie measuruLuTtL up-

date equation are used in the [itnar phasc shdift iu tihe second da La pro-

-Icessing path. After ap~plyinlg thle negating linear phase shift, this

centered Fourier Transform is averaged with past centered Fourier Trans-

forms to minimize the effect of noise. Next, the inverse Fourier Trans-

form is taken which, theoretically, results in a centered pattern with

noise effects substantially reduced. The zeroes that were initially

added to the input array are stripped away with the remaining 8 x 8 data

array representing the non-linear h function. In addition, using the

numerical approximation discussed in Appendix A, the linearized H func-

tion is generated from this non-linear 1i function and both functions are

used by the Kalman Filter for processing of the next measurement that

becomes available.

An additional process that occurs along the first path is the pro-

pagation of the state estimate vector to the next sample time. This

process provides the best prediction of where the target will be legated

just before the next measurement update is taken. Therefore, this in-[ A
formation could be fed to a controller so as to minimize the perturba-

tions of the image about the center of the FOV.

Plan of Attack t

Tie plan of attack presented here provides a general flow of what

will later be examined in greater detail in the performance analysis

suction. The verification of a patLern recogi it ion algorithm along with

its interface with the Extended Kalman Filter represents the basic pre-

mise upon which this thesis project was developed.

I The verification of the pattern recognition algorithm is composed

71



of several dirferent parLs. These parts include verifying tile I"T

algorithm, verifying Lhe ability to negate tihe Lraiilational uffects in

the space domain given perfect phase shift information to apply in the

spatial frequency domain, and verifying the exponential smoothing tech-

nique as a means to minimize the effect of noise corruption on the

measurement information.

The Extended Kalman Filter section involves measuring the impact of

the non-linear and linearized h functions developed in the pattern rec-

ognition section on the performance of the Kalman Filter as compared to

being given correct h functions. Also implicit in this verification is

another comparison involving the use of state estimates from the Kalman

Filter, instead of providing artificial knowledge of the true paLtcrn

offset, to provide the shift information needed in the pattern recogni-

tion section to provide centered patterns used to generate the h func-

tions mentioned earlier (see Problem Overview).

.I -
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II Models and I)ata I-oc1siilu :undameiLa Is

Karhunen-Love Transformation

In the area of pattern recognition, it is highly desirable to deter-

mine the optimal set of eigenfunctions and their corresponding eigenvalues

to represent two-dimensional intensity patterns. This representation can

be determined with the orthogonal Karhunen-Loeve transformation

fyfx R(x,u;y,3) 4ictd ) dad3 = A. (ca,3) (4)
-y -Xii

where R(x,c±;y,S) = spatial autocorrelation kernel

*Pict,) = eigenfuuctions

X. = eigenvalues

Based on properties specified through the spatial aurocorrelation

kernel, the entire information of an image is preserved by the given set

of eigenvalues and eigenfunctions (6:6). Furthermore, since the low

order terms normally provide the maximum sensitivity to target motion,

the higher order terms of this spatial model decomposition can be

neglected with little degradation in the quality of the resultant image

(6:6).

As mentioned earlier, the key to finding the optimal set of func-

ticns is to know the spatial autocorrelation kernel. For intensity

patterns represented by a Lwo-dimensional discrete array of values, the

correlation kernel is represented as a correlation matrix of dimension

N2 x N2 with N being the dimension of the square input matrix (6:6).

The generation of this correlarion matrix is a major drawback in using

the Karhunen-Loeve transformation. However, if this ma--rix can be

assumed or determined, the transformation matrix (A) which diagonalizes

9



I LA
the correlation matrix (R) can be evaluated by: .

AT 1L\ = 2 (5
A. N2 :

where Xl's represents the eigenvalues in decreasing order of magnitude I
(!X_2 > ... >,N2 ) (6:6). Since the transformation matrix (A) is devel-

oped from orthogonal eigenvectors of the correlation matrix, the trans-

formation matrix is orthogonal. Thus, the forward and reverse Karhunen-
PD

Loeve transformations that will preserve the quality of the image are

forward direction: (F) = (f) (A)

reverse direction: (f) = (F) (,)T

where (f) = image vector

(F) = resulLant image vector in the transform domain

(A) = transfornmtion matrix (6:7)

Once again, if the entire group of eigenvalues and eigenvectors were

retained, the total quality of the image would be preserved. But, if

only m of tile first N2 eigenvalues were retained, the resultant mean

square error (IMSE) between the reconstructed image and the initial image

would be tie sun of the cigenvalues not included in the transformation.

N
2

Y A . (6:7)
i-m+i

As discussed in the article "'Iuagc Procssing by Computer" by Guy

Hanuise, from which the Katrhuuen-Loevc transformation argument has been

developed, this transformation does possess some major disadvantages.

The most significant drawbacks center around the generation of the

correlation matrix. As the size of the square image matrix (N x N)

10



N2

grows, the correlation matrix grows as N (i.e. x N ). Thus, with

large image quantization levels, serious data processing problems arise

(6:7). Along the same lines, the exact calculation oF the correlation

matrix is very difficult to perform. As a result, more common orthogonal A
transformations such as the Fourier transform are used in signal proces-

sing. Implicit in the use of the Fourier transform are the assumptions

of spatial stationarity of the autocorrelation kernel and a space domain

infinite in extent. Referring back to equation 4, in applying the assump-

tion of spatial stationary, and a domain of infinite extent, the Karhunen-

Loeve transformation equation becomes

f f R(x-cL,y-F )$,i(c,3)dd , = li,i3,) (6)

Upon close examination of equation 6, the integral equation would be

recognized as a two-dimensional convolution of two functions (7:10).

The unique feature of the convolution theorem that makes it very appeal-

ing is that in the other transfon domain, the two functions are multi-

plied together. Therefore, the Fourier transform of equation 6 can be

written as

S(WxWy) 4i(Jwx,jw) = ,i¢(jw ,w) (7)

where S(wxw) = Fourier transform of R(x,y) (power density spectrum)

,+ (jwx,jwy) = Fourier transform of ((Xf)

i x y

For the equality in equotion 7 Lo hold either one of two conditions must

be met: either S(w w ) Ai which is an impossibility since the Xi

are scalar multiples and ';(wxw y) is in a fti:1ctiunal form., or more

realistically, D (jwx,jwy) is an impulse function. The choice of the

impulse function would be appropriaLe siUcC it can be set to sample the



)OW.'1" d.WL:;iLy ,;pCCL 1i11 ;it Li, 1);11 i i ll" v il l (ii 'l h.,.4 WIWI t. h (A 1 1m m Li '11

equals the value of the scaL.r muLtiple.

(jw xjWy) = 6(wx-w xi;W y-W yi) (8)

Thus, by taking the inverse Fourier transform of this impulse function,

the resulting eigenfunctions for the space domain are:

(p(x,y) T (6(w -W ;w W)) (9)

* ¢i(X,y) = exp(j(w *, + W M,)) (8:237-42) (0)

In reality, the space domain is limited by the system FOV and the random

,1 process describing the image intensity may not be truly spatially sta-

tionary. However, if the system FOV is relatively large and the random

process is quasi-stationary, i, could be heuristically argued that the

resulting eigenfunctions still asymptotically approach complex exponen-

tials. This result would provide reasona:1e motivation Lu use complex

exponentials (Fourier transform) as the transformation function on the

images in question.

In closing this section, it should be reiterated that the Karhunen-

Loeve transformation is difficult to perform in its exact form. However,

under the assumptions of spatial stationarity and a space domain large in

extent, the Karhunen-Loeve equation provides adequate motivation for

,ising familiar transformations involving complex exponentials such as

louriur.

This same argument has been developed for t im one-dimensional case in

Chaptc: 8 of Introduct ion Lo Stati:t ical P'.ILUItrn !%coiignition by Keinosuke
Fukuna ge.

12



I I
Fourier Transform I

The Fourier trans form Ls a familiar trans formation to the eCICLcrical

engineer. In the one dimeusional case, it is a transform quite often

used to relate occurrences in the time doma[n to those in the frequency

domain. However, with the ability of lenses to perform Fourier trans-

forming instantaneously, the field of Fourier optics has provided moli-

vation for extending the concept of the Fourier transform and its prop-

erties into two-dimensional space. As a result of this exLen,;ion, he

two-dimensional Fourier transform becomesOU t
tk(f , ) f g(x,y) exp -j27(f x + f y) dxdy (7:5) (11)

x y -X x y

Ji,.ereU

G(ff) = Fourier or Frequency Spectrum

g(x,y) lunction in the Space Domain

fx'fy Soatial Frequencies

x,y Spatial Variables

in comparing the one-dimensional and two-dimensional Fourier trans-

forms, similarities should be recognizable; the use of the complex

exponential as the eigenfunction, and the generation of spatial frequen-

cies fx ,f to correspond with the spatial coordinate x and y. A parti-

cular property that has been extended to the two-dim 'nsi ona1 cIase which

is a vital part of this thesis is tie shi[ft theorem. 'fle shift thvorem

states that a translation of an image in the space domain results in a

linear phase! shift in the spatial frequency domain:

T{g(x-a,y-b)} G(fxf ) exp(-j2,(f a + f b)) (7:9) (12)
y x y

where

13



I~T 7I7T --

a ol (!;L 0[ Lite :t aLe . 1 Ct L oil ; ung L h x d i rer L ion F rom a

centered position

b offset of ite spatial function along the y direction from a

centered positionA

To negate the translational effects in the space domain, the Fourier
I-

transform of the translated image is multiplied by the complex conjugate

cf the linear phase shift:

-1g(x,y) = T-{G(f ,f ) exp(-j2ii(f a + f b))exp(j2-r(f a + f b))} (13)
xy x y x y

Up to now, tie conLinuous case of the Fourier transform has been

discussed, but to utilize the Fourier transform and its properties for

computer simulation, the discrete form of thie Fourier equations must be

used. Such a development is contained in DIigital Signal Processig by

Alan V. Oppenheim and Ronald I. Schafer. The dis.crete Fourier transform

and tile discrete version of the shlit theorem are as follows:

I M-i N-i .. .-km, --2(i"

T(x(mn)) = - N (k-,lLxp exp ( 2 (14)
k=O , =0

Discrete Fourier Traasform (9:115)

I M-i N-I -2kn -'21 xl-m,,-n (k,Z)exp( exp(

k= 2 = O Z=0

x exp(- 2 ) (xp- (15)
H N

0 < m O n 0< N

-- .- exp

Discrete Shift Theorem (9:110)

where m.n = sequence numbers in Lite space domain

k, = sequence numbers in spatial frequency domain

M,N = spatial area covered by the sequence numbers

14



., In 0 translation of discrete pattern albout its centered

locat ion.

As the definition of the variables may imply, the use of the discrete

Fourier transform implies certain knowledge is known. In essence, the

discrete Fourier transform views a finite area as being repeated in-

definite in both the x and y directicns. Therefore, the establishment

of the two-dimensional periodicity is imperative. The discretzation of

the finite area is reflected in the sequence numbers. The relationship

between the sequence numbers and distance in the original space domain

is shown in Figure 2. Notice that each pair of sequence numbers repre-

sent a smaller area within the previously mentioned finite area. For

application to this thesis, the smaller area is represented by 20 urad x

20 urad with the total finite area being 480 urad x 480 urad. This

results in the sequence numbers (m,n) varying from I to 24. Thus the

sequence lengths (M,,';) equal 24.

In the computer software for this project, a more efficient version

of the discrete Fourier transform known as the Fast Fourier Transform

(FFT) is used. The FFT and the Inverse Fast Fourier Transform (IFFT)

are performed using a subroutine called FOURT. FOURT is a multi-

dimensional FFI routine which uses the Cooley-Tukey method of calculation

(10:76-9). A unique feature of the 1FOURT sub~routine is the arrangement

of the data array in thc .spatial frequecicy domain. As a result of the

FOURT software, the FOURT format locates tILe I.C. term (zero frequency)

in the upper left hand corner and the :.armonics are m.'saligncd as shown

in Figure 3. In order to perform signal processing in the spatial fre-

quency domain, the data array quadrants are switched, 2 with 4 and I with

3 (11:17). As shown in Figure 4, for an M by N dimension array, where M
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and N have to be even numbers, this rearranged format results in tile

M N
D.C. term located at (- + 1, 2- + I) with the first concentric window

surrounding the D.C. term being the first harmonic and corresponding

higher harmonics matching with its appropriate window (11:18). Once

the signal processing has taken place, the data ar.:ay has to be re-

arranged back into the FOURT format before the IFFT is taken (11:19-21).

Another requirement for FFT processing is to pad the input data

array with zeroes to reduce edge effects, aliasing, and leakage condi-

tions. A precise definition of all three of these conditions as they lj

apply to FFT's is difficult to come by. However, the effect of these

three conditions is related to how the FFT views the finite area as one

period in a domain infinite in extent. For a finite area unpadded with

zeroes, there is a chance that important information clustered along the

edges can be viewed as part of the adjacent period thus causing distor-

tion in the FFT and subsequent image from the IFFT (11:13, 92-3). To

prevent this possible distortion from occurring with this project, the

original 8 x 8 array of FUR data is arbitrarily padded with an addi-

tional 8 rows of zeroes on the top, bottom, and sides. This additional

padding results in the 24 x 24 input array mentioned earlier in this

section.

In summary, the FFT and IFFT processes for this project is done

using the FOURT -.ubroutinc. To ncgate thu trn:;Li ional Cf[ect: on an

image, the shift theorem of the Fourier transform will be digitally

implemented. Finally, to eliminate possible distortion by edge effects,

aliasing and leakage conditions, the original 8 x 8 array of data is

padded with additional zeroes.
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Averaging

In reality, the existence of a noise-free environment is fictitious.

For computer simulations, this noise could be added to a computer-gener-

ated noise-free image. The actual details of how the noise corruption

simulation is accomplished is discussed in the next section. Nonetheless, --

the noise effects can be minimized by appropriate data processing tech-

niques. Since a priori knowledge of the precise form of the noise is

normally not available, the underlying mathematics makes little assump-

tion about the precise form. However, it is necessary to assume that the

noise changes faster from sample period to sample period than the image

pattern itself. Traditionally, the moving average technique is used to

combat the effect of noi.se under these conditions. This technique would

store the most recent K-i pieces of data in memory and average the data

in memory with the new data in memory with the new piece of data using a

weighting factor of 1/K on each piece of data (12:115). However, this

technique does have one major disadvantage. It would require K storage

locations of computer memory for each pixel. Theretore, for an N x N

input array, KN2 storagc locations of computer memory is required. Thus,

for large K and large input arrays, significant data processing problems

would arise. An alternative method which alleviates this problem associ-

ated with the moving average is called exponential smoothing (12:114-28).

The equation that is fundamental to this process is:

a(t) = y(t) + (l-c) 9(t-l) (12:115) (16)

where (t) = most recent averaged value

y(t) - most recent piece of data

9(t-l) previous averaged value
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X smootLhing Constant

) =< I

A key parameter in the exponential smoothing equaLion is the smoothing

constant a which can vary anywhere from 0 to 1 inclusive, depending on

how much 9(t) is to respond to the most recent piece of data. For noisy

data and slowly changing signal pattern, it is suggested that the values

of cx tend more toward 0 than 1 so that there is some damping of the noise,

yet there is still some response to th. most recent piece of data (12:

115). For this thesis project, a steady otate value of 0.1 for the

smoothing constant was assumed. The notion of steady state value is

important since a pseudo-exponential smoothing technique is used to pro-

vide better sensitivity to the initial 10 pieces of data. In essence,

the smoothing constant is varied for each of the first ten runs (i.e.

= 1/K K = 1,2,3... 10) until the steady staLe value of CL 0.1 was

reached.

In closing this section, it is interesting to note that the expon-

ential smoothing technique possesses those qualities that the moving

average lack. First, only 2N2 computer -tc'age locations are needed to

generate (t). Second, 9(t) contains portions of all past 9(t)'s

although the initial pieces of data have less of an impact on the most

recent averaged value.

Spatial Noise

To model the real world environment, noise corruption should be

added to any computer simulation. There are two general types of

characteristics to specify for the noise corruption in this problem,

temporal and spatial. Temporally correlated noise implies that knowing
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J someth ing .11)O.UL the noise at one, parti1 ul.-ri L ime Infels -;omL1Lh I ng about

the noise at a latcr time. Normally, this inference can be modelled by

a correlation function that is exponential in shape (5:37). However,

since temporally correlated noise corruption has little effect on the

quality of the image beyond that of temporally uncorrelated noise at the

expected signal-to-noise ratio for this application, and since it is

difficult to implement in a computer simulation, it was not included in

this thesis project (5:37).

Under spatial noise characteristics, there are two categories,

spatially uncorrelated and correlated noise. Before examining these two

areas, a number system for the 8 x 8 input pixel array and the 64 x 64

1!-sultant correlation matrix have to be developed. The 8 x 8 array is

numbered from 1 to 64 by rows starting in the upper left-hand corner

(Figure 5).

1 2 3 4 5 6 7 8

9 10 LI 12 13 14 15 16

17 18 19 20 21 221 23 24

25 26 27 28 29 30 31 32

33 34 35 36 37 38139 40

41 42 43 44 45 46 47 48

19 50 51 52 53 54 55 56

57 58 59 60 61 62 63 64

Figure 5. Pixel Numbering Scheme (5:19)

In the associated 64 x 64 correlation matrix, each row or column repre-

seats how that particular pixel reLktes to the othcr pixels in the input

array. For example, row 1 or column i represents the correlation for

how pixel 1 relates to itself and the other 63 pixels. Two unique
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features of the correlation matrix are (1) s1nce the correlation between

two pixels is the same in both directions (i.e. rij r. ), the correla-

tion matrix is symmetric and (2) since the correlation coefficient is

one for a pixel related to itself, the diagonal elements of the matrix

are one. In determining the off diagonal terms, the first and second

nearest neighbor concelt discussed in Harnly and Jensen's thesis was

used (5:18-20). Essentially, the exponential form of the correlation

function is assumed in generating the correlation coefficients. However,

the non zero values generated are limited to the first and second nearest

neighbors of the pixel in question. This condition results in 25 out of

64 entires in each row or column being nonzero. Of these 25 values,

there are only six distinct values; one for the correlation coefficient

of the pixel with itself, four values of 0.3679, four values of 0.2431,

four values of 0.1353, eight values of 0.1069, and four values of 0.0591.

These nonzero values, which are used to generate the 64 x 64 correlation

coefficient matrix (C), were developed from the following equation

C.. = exp(- d) (17)
20

where d.. distance from center of pixel i to center of pixel jIj

The choice of a correlation distance of 20 urad is dictated by the non-

zero values generated by the first and second nearest neighbor concept

(Figure 6).
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CS= 0.0591 C = 0.1069 C3= 0.1353 C4- 0.1609 C = 0.0591
54 3 4 5

C 4= 0.1069 C = 0.2431 CI= 0.3679 C 2= 0.2431 C = 0.1609

C 3= 0.1353 C = 0.3679 CO  1 C1= 0.3679 C = 0.1353

C = 0.1069 C2= 0.2431 CI= 0.3679 C2= 0.2431 C = 0.1609
4 2 12 4

C 0.0591 C,- 0.1069 C3= 0.1353 C4= 0.1609 C = 0.0591
543 4= 5 i

Figure 6. First and Second Nearest Correlations Coefficient

For the spatially correlated case, the matrix of correlation coefficients

becomes

1 C C . . . C
1,2 1,3 1,64

C, 2  1 C2 ,3  . . C2 ,6 4

1 1,3 C2,3 3,64

1,64 2,64 3,64 " I

To complete the process for generating the noise, the 64 x 64 correlation
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coefficient matrix is pre multLiilied by the scalar va.luk, of IhL' variance

2 in order to generate the correlation matrix iLself.
nA

1 CI  Cl C ,

2,2 C2 ,3  2,64

2 2
R O C=c C C 1 " C

n - n 1,3 2,3 3,64

C C C
1,64 2,64 3,64 1

Now that R is known, the 64 x 1 noise vector (V(t.)), which will be

added to the input array, can be computed by using the Cholesky square

root. Specifically,

Uri = ?R W (t.) (18)

where W(t.) 64- dimensional independent white Gaussian noise vector

(zero mean, variance of 1)

t T
thus E(W(t i) W (ti)) I 6i.

The Cholesky square root is a unique matrix decomposition which produces

the square root of R in the lower triangular form. This lower triangular

form minimizes the number of nonzero compucations in generating V(t.).

To recover the original R matrix, the _ should be post-multiplied by

therefore cI 1' = H. llccasc of thi.s property, the covariance of

V(t) is preservcd wiLh the use of the Cholo',sky square root:

E(V(ti) V (t.)) = E( I1 W(t.) W(t.) R1I)

=lt E(W(t.)WT (t ))nT = t' 1 Y t  S.

119
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As mentioned earlier, the noise vector will be added to the noise-free

input matrix to model real-world image cutditions. This reultlng vcctor

called z(ti) is the measurement vector that will be provided to the

Extended Kalman Filter. Algebraically, the z vector is developed from

* the truth model and is of the form

z(t = ih(x(ti), ti) + V(ti) (20)

* }where x(ti) = output state vector from the system dynamics model

ii(x(t.),t.) nonlinear measurement function developed from

image intensity pattern

_V(t measurement noise vector

As discussed in the problem overview, the development of the nonlinear h
U '

function from the measurement vector z(t.) is a major goal of this thesis.

i In summary, since temporally correlated noise has been shown to have

little effect on the Kalman Filter performance at the signal-to-noise

ratios for this project, only boatially correlated and uncorrelated noise

S I was used. The correlation matrix used to generate the noise vector V(t

is developed from the first and second nearest neighbor concept as it

. applies to a correlation [unction exponential in nature. The Cholesky

square root of the correlation matrix is taken and post-multiplied by a

white noise vector W(t) with the final result being the noise vector

I V(t.) that is added Lo the noise-free image array to provide the neces-

Sary noise corruption.

Relationship Between TruLh Model and Extended Kalman Filter

In the previous section, terms such as truth model, system dynamics,

and Extended Kalman Filter were used. These terms represent the heart
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' t -______ .

of this projecL. The LruI 1 ode1 1a 1 INi bet lcl)reOMAInLt i o th envi r-

onment from which the measurement vector .z(t is generated. These

environmental characteristics include the underlying target dynamics,

atmospheric effects, and background noise. In order to process tle

measurement vector z(ti) and provide a best estimate of the underlying

target centroid location for tle next sample period, the Extended Kalman

Filter is used. The actual details of the filter will be discussed in a

later section. However, the interplay between the Kalman Filter and the

truth model is a point which at titwes can be confusing. In order to

provide a best estimate of the underlying centroid location, the dynamic

models are a facsimile of those in the truth model. Ideally, the models

should match exactly, but in reality, due to the desire for computational

efficiency, there are always deviaLions. The anunt of devia-ion in the

dynamics models for tile filter varies depending on the problem applica-

tion. A contributing factor to this deviation may be a lack of knowledge

concerning the exact form of the truth models. However, due to tie

robustness of the Kalman filter, adequate predictions of the centroid

location can still be accomplished.

Truth Model

Much has been discussed concerning the dynamic models. For this

project, it had been envisioned to investigate the feasibility of using

Lt)Lh deterministic and stochastic miodel.. In he realm cf deterministic

models, initially, the target dynamics involved a stationary target

centered in the system FOV. This step was taken to identify and elimi-

natc any possible inherent motion caused by the pattern recognition or

Extended Kalman Filter algorithms. The next deterministic model involved
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a target moving acorss the image pLane at a colnstant velocity. This was

done to test the robustiess of the Extended Kalnin Filter. Supposedly,

the filter design used for this project can absorb any truth model whose

resulrant motion from one sample period to the next is less than one-half

pixel (i.e. less than 10 urads) (13).

In the realm of stochastic models, tihe target and atmospheric

dynamics developed in Mercier's thesis were used (3:9-16). The target

dynamics are modelled in each direction as a first-order Gauss-Markov

process driven by white Gaussian noise

X.1 L) =- T x ( t) + W (t) (16)

- r Y(t) + W2 (t) (17)

where E(W (t)) = E(W 2(t)) = 0 (18)

1(WlW W2 (s)) = E(W2 (t) W = 2od2 6(t-s) (19)

L(W (t) W2 (s)) = 0 (20)

X T truth model correlation time

W1(t), W2 (t) = continuous time independent white Gaussian noise processes

2
d  =the desired variance on the outputs XD and YD (3:10).

The atmospheric jitter model was based on a study by the Analytic

Sciences Corporation (14:29,30) and a data analysis by flogge and Butts

(15). These studies resulted in the development of a third order shaping

filter, with a singE,. pole at 14.14 rad/sec and a double pole at 659.5

rad/sec, that is driven by white Gaussian noise (3:12).

th
Since any n order differential equation can be written as a set
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of coupled first order differential equations, the state space model

incorporating both the target dynamics and atmospheric effects was gener-

ated using the Jordon canonical form (3:13). Referring to the state

space nodel from Mercier's thesis,

where F - the truth model plant matrix

X = the truth model state vector

G = the truth model input matrix

W= a vector of white Gaussian noise inputs

E{W (t)} - 0 (22)

E{W T(t) W T(s)} = R (t-s) (23)

2ad2  
0 0 0

T

_ 0 1 0 0 (24)

0 0 20d 2  0

T

a..
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I 0 0 0 0 0 C 0
T

o0 - 0 0 0 0 0 0

0 0 -b 1 0 0 0 0

o 0 0 -b 0 0 0 0
- (25)

0 0 0 0 0 0 0
XT

0 0 0 0 0 -a 0 0

0 0 0 0 0 0 1 1

0 0 0 0 0 0 0 -b

a - 14.14 rad/sec b = 659.5 rad/sec

1 0 0 0

0 G1  0 0

0 G2  0 0

o G3  0 0

_T  3 (26)0 0 1 0

0 0 0 G

0 0 0 G2

0 0 0 G3

o ab 2  ah 2  (3:1114)
I  (a-b) 2 -1 G3  - )

The composition of these truth model matrices is dictated by the compon-

ents of the truth model state vector describing the target dynamics and

atmospheric effect on the centroid location. For this project from XT,

xD = x(1) (27)
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XA + x(2) + X(3) (28)

- Y X(5) (29)

Y= X(6) + X(7) (3:14) (30)A|
where X and Y are atmospheric jitter variables as output of thirdFA A
order shaping filter.

In order to transition the state vector from one sample period to

another, propagation equations are developed. The basis for these

equations is the solutLon to the matrix differential equatioa

4 (t,t i ) F1 (t,ti) (31)

where cP(t,t i) = state transition matrix from time t. to time t

*. associated with the matrix FT

i' T

Since the truth model plant matrix ET is a constant, the state transi-

tion matrix is stationary with respect to time. Tlerefore, 4'(ti t i )

is also constant for a fixed sample period (3:14). 1I.ing this truth

model plant matrix, the solution to the above differential equation

becomes

-At/XT
e 0 0 0

0 e-At) 0 0
e-At -hAt (33)-'I' (At)

0 0 cLe

0 0 0 
- bAt

At = (t - t

i+1 1

The state transition matrix is used in the solution to the state space

vector differential equation
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- - --

-v - (t) + -(w ( (34)

This solution is
iX(ti) = 'T(At) X (ti) (35)

+ i T(ti+l,X) GT (X) WT(X)dX (36)

[ I The details for the following argument are contained in Mercier's thesis.

Nonetheless, the resulting equivalent discrete-time model to the above

equation is

-LT (ti+l) = 'T(At) Lr(Li) + W (ti) (37)

where is the Cholcsky square root of

Q ft I~ Tt~lx X
t i+l _Ti+, T !T(X) §T,(X) , T(ti+l ,X)dX (38)

• i
E( (r i ) WdT(i)} -- I Xij (3:14-5) (40)

ln summary, three truti models were developed for this project.

Iwo models were deterministic in nature; a stationary target and a tar-

get moving at a constant velocity across the image plane. These mcdels

were primarily dcveloped to trouble-shoot and provide a bench mark for

the pattern recognition and Extended Kalman Filter algorithms. The third

model is the stochostLic representation that will ultimately be used to

analyze the Filter performance.

Extended Kalman Filter

As stated before, the basic Extended Kalman Filter developed in

Mercier's thesis was used for this project. The target dynamics assumed
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by the Filter is also a first order Gauss-Markov process, generated by a

first-order lag driven by white Gaussian noise (3:19). The differential

equation describing a particular state, which is very similar to that for

the stochastic truth model, is

- x(t) + w(t) (41)

E(W(t)) = 0 (42)

22

E(W(t) W(s)) = 6 (t-s) (43)

where X = correlation time

X(t) state

X(t) = time derivative of the state

W(t) = white Gaussian noise (3:19)

However, the plant, input, and white noise covariance matrices assumed
-- 4

by the filter differ from those developed in the truth model. The =

reduced order filter design assumes four states in its state vector

T
(XD, YD' XA, YD) which results in a state vector difLerential equation

X,(t) = F XF(t) + W(t) (44)

-F -F

where XF(t) = filter state vector

F - filter plant matrix
-;-F
W F(t) - input white noise vector

j10 0 01

0 0 0
o _o o0\D

- F ( 45)

A

C) 0 01
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correlation time assumed for target dynamics

XA =correlation time assumed for atmospheric jitter

E- (t)) 0 (46)

E-F(t) t:F T (s)) = QF 6(t-s) .(47)

2c2
2D 0 0 0
kD

0 2a D2 00

)q X D (48)
F2

0 0 2a2 0
A

XA

0 0 0 21 2

A

O D  =assumed target dynamics noise variance

2
A  =assumed atmospheric noise variance (3:20)

It should be mentioned that the values of the matrix are determined

during the off-line tuning process designed to produce the optimal

tracking performance (16:224).

As with the truth model, the Kalman Filter performs a propagation

of its state estimate vector and conditional covariance matrix from one

sample time to the next. The sLate transition uatrix is also developed

from a differential equation similar to that used in the truth model,

e-ccept the filter planL matrix is used inLead of the truth model plant

watrix.

iii
Ft,.) (3:21) (49)
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I (50)

Since 4 is a time invariant matrix, the solution to the above differen-

tial equation is 4_F(t,ti), the filter state transition matrix, given by

e (tti)/XD 0 0 0

0 e 0 0 0
= (51)

0 0 e(1-i)t 0 0

-(t-t- t)
0 0 0 e A

In solving the associated differential equation for the propagation of

the covariance matrix, the following stochastic integral equation results:

+ '
P(t ( t. t.) P(t.)1C

i+l -F +l9 1 - il --F(t+1
-1

+ f i+l (t)d (32)

ti 
-i 

1

; Iwhere _(ti ti) filter state transition matrix

P(t + conditional state covariance matrix from measurement

update equation at time t.

P(ti) = conditional state covariance matrix propagated from
i+1

time ti to ti+ 1 1 i+1

1,(X) =noise covarafc ndtrix (3:21)

Using the 2. matrix specified in Oiquat iotl 48, the solutior. to the

integral term in the stochastic equation above becomes

3
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F TI
2( e0 A D2 ( 0

D X-

0 C 2(-( LA 2  0 0
D D

(53)

0 0A ( -A- --e - 0
A

-I 2 2, to 0 0 (1A (-)A A

To solidify the development of the propagation equations, the following

summary of the estimated state vector and the conditional covariance

matrix propagation equations is presented.

-A/X DC DO 0 0

,x ) 0 e-/A / 0 +
OX - x(t.) (54)

-i+l 0 0 e-t/ A0

-At/ A0 0 0 A

e-Atl 1D 0 0 0
0 C-At/ D 0 0

P(t+ ) =P(t+.)

-At/A

0 0 e A

-At/A0 1 0 e

-I-At/Al) 0 0 0

o -At/AI) 0

e-Ac0e A 0

0 0 0 e A
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2 2At)(32 (I-e(- -AL) )  0 0 0

D3

0 (1- 2At)o

2a 2At2A A+ (55 -A

2 tAo 0 0 1-(

A

.41

0 0 0 OA2 (le_2At)

Measurement Update

Once the state vector and covariance matrix are propagated up to

the next sample time, the Kalman filter utilizes this information, along

with the measurement vector available, to compute an estimate of the

underlying target centroid location. 'Elhe measurement update equations

which are exploited by the Kalin Filter to perform this operation are:

K( P(ti) i T(t (1(ti)P(t )H(t) + (t (56)

+^~ (L + _~W h (R (t) ti) (57)
_() =x(Li) + K(t.) (z(t.) - h~r) .)(7

1 (t + = - 1 t - 1)H(t (58)

+

where

P(ti) = propagated conditional covariance matrix from filter, before

measurement incorporation at time ti

C(t) = propagated state estimate vucLur from filter

K(t.) = Kalman Filter Gain

Sh( (t-), t.) non-linear function of intensity measurements at time

t i , as a function of the state estimate

1H(t.) = ' i i = linear function of intensity measurements
1 ax

36
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=~ actual measurement vector

To ease the computational burden on the computer, a different form of

the measurement update equation called the inverse covariance form is

actually used in the computer software (3:26-7). In the conventional

form, the calculation of the Kalman Filter Gain requires the inversion

of a 64 x 64 matrix for each update, since there are 64 scalar measure-

ments (3:26). However, in the inverse covariance form, only two 4 x 4

inverses are performed to obtain the P(ti) and P(tI) matrices (3:26-7).

The equations for the inverse covariance form are as follows:

-l+ -1 T
P (ti) = P (t) + i) (t.)R(ti)H(ti) (59)

(+) (P-1 (L+))-1 (60)
- 1 -- 1

K(ti) = P(t+)HtT (t)R - (t i ) (61)

_(t + 1(ti+ K(ti) )- h(1(t t (62)

Normally, the non-linear h function and its spatial derivative

(linearized H function) which are used in the update equations are

explicit in form. However, for this project the non-linear h function

is determined in real-time using the FFT, phase shifting and the averag-

ing techniques discussed earlier. While the linearized It function is

determined from the non-linear h function using the numerical approxima-

tion discussed in Appendix A.

In summary, the measurement update equation is that portion of the

Kalman Filter which incorporates the actual intensity measurements to

provide a best estimate of the target centroid location. In order to

/ ease the computational burden of inverting a 64 x 64 matrix, the inverse

37



covarian~ce furin of the updatue ccuaLlulls, whichl onily rLcquires the inver-

sion of two 4 x 4 N.iLrices, was employed.
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1.11 Performance Ann ijoi~

The performar..e analysis for this thesis follows that outlined in

the Plan of Attack section. To begin, the validation of the FFT sub-
I:.

routine FOURT not only demonstrated its ability to reconstruct a two-

dimensional array of data, but also established a zero level of 10
-8

This zero level represents the greatest non-zero value in the IFFT where

a zero would be found in the original image array.

The next step involved the duvelopment and validation of a sub-

routine used to perform the negating phase shift. This subroutine called

Shift is described in more detail in Appendix D. In short, this sub-

routine applies the complex conjugate of the resulting linear phase shift

from the translation of an image in the space domain to the Fourier trans-

form of this same image. As a result, when the IFFT is taken, an image

which is centered in the FOV is the end product. Figure 7 illustrates

this process using the 40 urad x 40 urad intensity pattern.

In analyzing the performance of the exponential smoothing technique,

a number of parameters were varied using the 3 gaussian pattern as a basis.

These parameters included the signal-to-noise ratio, which varied between

10 and 20, and the sigma values for the spread of the gaussian patterns

which included 1/4 pixel, 1 pixel, and 3 pixel spreads. The various

sigma values provided a spectrum of shapes which ranged from sharply

peaked (o = 1/4 pixel) to very broad (o = 3 pixels). The actual results

are displayed in Figures 8 to 13. However, it is important to note that

at a signal-to-noise ratio of 20, the pattern is readily identifiable ir- I

regardless of its shape. However, the average technique does provide some

smoothing of the data. At a signal-to-noise ratio of 10, the shape of the
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pattern seems to make a difFerence. For the narrow gaussian patterns

(o = 1/4 pixel) Lhe pattern is diff icul L to recognize even artL r 50 runs.

But, for the very wide gaussian pattern Che general trend of increasing

and decreasing numbers is maintained throughout the process, which may

suggest that the filter performance may be better for larger targets.

Still, it should be emphasized that this is only a superficial analysis

and the more detailed analysis can only be performed once a complete

* filter simulation has been developed.

In implementing the first truth model, that of a stationary target,

a major problem arose. Under ideal conditionls (i.e. the Kalman Filter

knowing exactly where the target is initially), the filter began to

diverge from the known target. This divergence initially appeared at

the first measurement update and became progressively worse as each

subsequent propagation and measurement update were performed. Initially,

it was speculated that there may be a Kalman Filter tuning problem. As -J

a result, various values for the initial covariance matrix (P ) to

improve the initial response of the filter, and for the covariance

matrices for the dynamic driving noise (Q) aad the measurement noise (R)

to improve the stcady state response were tried. Nonetheless, no notice-

able improvement in the filter's performance resulted from this investi-

gation. Next, it was conjectured that the problem may be within the

;ubroutine UPD which performs, the Kalmin Fil ter measurement ;palte. I
First, the searchi for a possible sign error or any other fal in the

software was performed without any satisfaction. However, upon investi-

gating the calculation of the Kalman filter gain K(t.), it was hypothe-

sized that the forward-backwards difference method used to calculate the

linearized h function (11(ti)) which in turn is used to calculate the
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concern that the divergEnee problem may be caused by the generation of -

the unknown non-linear and linear h functions, the analytic function for

the noise-free centered gaussian patterns generated from the subroutine

Input 3 was used as the non-linear h function. The analytic spatial

derivative of the gaussian pattern in both the x and y directions was

next taken and used as the linearized h function. The results of this ]
analysis is presented in Table 1. As can be seen, it is verified that if

the source o[ the problem is not due to the generation of the unknown h i
functions. As a possible solution to this dilemma involving the diver-

gence of the Kalman Filter, the Fourier transform derivative property,

which will be discussed in more detail in the Conclusion and Recommenda-

tion section, should be implemented.

I
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0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 oI

0 0 0 0 0 0 0 0

0 0 0 0 1 1 0 0

0 0 0 0 1 1 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

Pattern Shifted '

(20 urad, 20 urad)

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 1 1 0 0 0

0 0 0 1 1 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

Pattern Resulting From Shift Negation

Figure , Resut s of ShifL louLiiic
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0 0 0 0 0 0 0 0

I0 0 0 0.455 0.882 0 0 0

0 0 0 0.882 1.71 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0.455 0.882 0 0 0.455 0.882 0

0 0.882 1.71 0 0 0.882 1.71 0

* j0 0 0 0 0 0 0 0

Figure 8. No Noise o =1/4 pixel cc 0. 1
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0.352 0.283 -0.649 0.519 -0.287 -0.161 -0.427 -0.229

-0.382 -0.222 -0.798 -0.434 1.20 0.263 1.023 0.9622

-0.05 0.287 -0.355 1.53 1.61 1.29 0.138 1.22

-0.156 -0.383 1.71 1.12 0.221 1.26 0.416 1.155

0.731 0.843 -0.042 0.645 -0.176 0.303 1.31 -0.095

-0.082 0.135 -0.323 -0.401 -0.196 -0.336 0.5 -0.129

0.361 0.091 0.36 0.568 1.733 -0.631 1.28 -0.557

Figure 9A. Ist Run o 1/4 Pixel S/N = 10 ai 0.1

0.10 0.136 0.0318 0.022 -0.149 -0.218 0.0556 -0.0521

-0.159 -0.232 -0.294 0.444 0.349 0.133 0.183 -0.129

-0.153 0.158 0.684 1.049 0.799 0.223 0.724 0.641

0.087 0.279 0.738 0.572 -0.071 0.158 0.353 0.148

-0.113 -0.131 -0.045 0.127 0.011 0.135 -0.086 0.413

-0.129 0.117 0.319 -0.364 -0.242 -0.121 0.270 -0.081

-0.052 0.398 0.752 0.137 1.148 0.917 1.334 -0.435

0.218 0.293 -0.109 -0.235 0.643 0.133 -0.155 0.133

Figure 9B. 50th Run o = 1/4 Pixel S/N = 10 c = 0.1
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0.352 0.283 -0.649 -0.520 -0.287 -.0.161 -0.427 -0.229

-0.382 -0.222 -0.198 -0.20/ 1.642 0.263 1.023 0.962

-0.049 0.287 0.499 2.4. 2.46 1.29 0.992 1.66

-0.156 -0.383 2.15 1.35 0.221 1.26 0.857 1,38

0.731 0.843 -0.042 C.h4j -0.176 0.303 1.31 -0.0q5

-0.083 0.363 1.175 -0.401 -0.196 -0.108 0.941 -0.129

0.361 0.532 1.21 9.568 2.59 0.250 2.14 -0.557

0.297 -0.485 0.378 0.098 2.22 -0.425 -0.467 0.674

Figure 10A. Ist Run = 1/4 Pixel S/N = 20 a = 0.1

:1 0.10 0.136 0.032 0.022 -0.149 -0.218 0.056 -0.052

-0.159 -0.231 -0.293 0.683 0.814 0.1-34 0.183 -0.129

-0.153 0.158 1.49 1.93 1.70 0.223 1.53 1.06

0.087 0.279 1.16 0.787 -0.071 0.158 0.77 0.363

-0.113 -0.131 -0.045 0.127 0.011 0.135 -0.086 0.413

-0.129 0.357 0.784 -0.364 -0.242 0.118 0.734 -0.081

-0.052 0.862 1.65 0.138 1.96 1.80 2.23 -0.434

0.218 0.293 -0.109 -0.235 1.06 0.348 -0.154 0.133

Figure lOB. 50th Run 0 = 1/4 Pixel S/N 20 C = 0.1

45



12.17 16.46 20.22 22.51 22.73 20.81 17.29 13.03

16.04 21.43 26.08 28.90 29.17 26.82 22.46 17.12

19.84 26.14 31.49 34.72 35.02 32.34 27.33 21.11

23.06 29.97 35.73 39.17 39.49 36.64 31.25 24.47

25.13 32.24 38.08 41.51 41.84 38.99 33.55 26.60

25.52 32.39 37.94 41.16 41.47 38.79 33.64 26.94

23.95 30.14 35.07 37.92 38.18 35.83 31.26 25.23

20.61 25.78 29.86 32.18 32.40 30.48 26.71 21.69

Figure 11. No Noise IMAX = 20 c = 3 pixels
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1-5.51 7.51 7.71 11.22 11.11 10.36 8.79 6.81

8.16 11.49 12.90 13.33 15.83 13.81 10.42 9.17 1
-9.60 13.16 15.75 15.41 18.81 16.96 11.75 9.83 •

10.51 15.21 18.73 19.04 19.77 19.11 14.41 13.36

14.14 15.93 20.27 20.42 20.80 20.38 16.31 13.03

13.80 16.33 19.86 21.89 20.67 21.17 17.56 12.62

12.0 15.0 17.91 20.10 19.82 19.27 15.13 13.06 
Al

11.31 13.51 16.26 16.04 16.10 13.79 10.31 10.69

Figure 12A. 1st Run 0 = 3 pixels S/N 10 OL 0.1

3.304 4.472 5.355 5.951 5.838 5.264 4.608 3.378

4.064 10.55 12.89 15.03 15.24 14.81 13.16 10.48

5.071 13.01 15.57 17.79 18.16 17.71 15.41 12.92

6.16 14.55 17.69 19.85 20.14 19.55 17.14 14.04

6.51 14.66 17.92 20.29 20.93 20.23 17.76 15.05

6.59 14.20 17.24 19.15 20.03 19.12 17.12 14.11

6.25 12.87 15.56 17.78 18.68 17.69 16.12 12.40

5.65 11.13 13.07 14.59 15.66 14.78 13.05 10.92

Figure 12B. 50th Run o 3 pixels S/N 10 C = 0.1
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11.59 15.74 17.82 22.48 22.47 20.77 17.44 13.32

16.17 22.20 25.94 27.19 30.41 27.22 21.66 17.73

19.52 26.23 31.50 32.77 36.32 33.13 25.41 20. 9

22.04 30.19 36.60 38.62 39.51 37.43 30.04 25.60

26.70 32.05 39.31 41.18 41.72 39.88 33.09 26.32

26.55 32.53 38.83 42.47 41.40 40.56 34.37 26.09

23.97 30.06 35.44 39.06 38.91 37.18 30.76 25.68

21.61 26.40 31.19 32.13 32.30 29.03 23.66 21.53

Figure 13A. 1st Run 3 = 3 pixels SIN 20 a = 0.1

6.51 8.81 10.67 11.87 11.82 10.74 9.16 6.81

8.29 21.32 26.08 29.85 30.59 29.49 26.14 21.09

10.29 25.87 31.26 35.41 36.42 35.20 30.91 25.61

12.23 28.81 35.06 39.35 40.36 38.94 34.35 28.15

13.12 29.44 35.89 40.45 41.85 40.32 35.61 29.83

13.31 28.52 34.63 38.66 40.29 38.61 34.43 28.29

12.56 25.80 31.26 35.41 37.03 35.34 31.80 25.23

11.07 21.97 26.24 29.41 31.10 29.65 26.26 21.70

Figure 13B. 50th Run a = 3 pixels SIN 20 x = 0.1
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IV Conclusions and Recommendations

In conclusion, this thesis did not accomplish nearly as much as

anticipated at the beginning of the project. 11owever, a number of mile-

stones were realized. To natre a few, the digital implementation of a

negating phase shift, the vali ' tion of the FOURT subroutine, and the

implementation of the exponential smoothing technique were highlights

of this project. Since the investigation of the deterministic stationary

truth model identified a possible problem with the forward-backwards

difference approximation, the deterministic constant velocity and

stochastic truth models were not analyzed.

Although some ar.alysis was accomplished with this project, more is

needed. To begin, the arbitrary assumption of padding the input array

with 8 additional rows and columns of zeroes could be i-aves'.igated in

more detail to determine if little distortion results in using less

zeroes. In addition, a further extension on the analysis of the averag-

ing technique would involve not only a further investigation of its

dependency on the image shape, but also an investigation of how the

filter's performance is affected when the steady state value of the

smoothing constant ct is varied. Another modification to the computer

algorithm that could be made deals with the sampling scheme described

in Appendix A. A more unbiased and resolvable sampling scheme could be

implementec. However, the addition of the Fourier transform derivative

property would be the most important modification to the existing com-

puter software, since it provides the best hope of solving the filter

divergence problem. Analytically, the spatial derivative of the non-

linear h function represents the linearized h function. This spatial
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1, derivative could be more precisely calculated by using the following

Fourier property:

T {h(x'y) = +j2irfx H(fx,fy) (63)

T j21fy H(fx,fy) (17:314) (64)
D1.

As a possible plan of attack for future research, the following

steps may be taken. First and most importantly, the filter divergence

problem must be solved, hopefully with the use of the Fourier Transform

divergence property. Next, the deterministic constant velocity and

stochastic truth models should be employed keeping in mind that the nor-

mal robustness that is characteristic of Kalman filters may not be

possible since the negating phase shift requires extremely accurate

estimates of the target location. Once this has b-en performed, the

filter performance can be evaluated based on changes to the zero padding
IL

of the input array, changes to the sampling scheme of the same input

array, and variation to the steady state smoothing constant.
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APPENDIX A ..

Nume r ica . Approx int i III

In the development of this thesis project, two numerical approxima-

tions were used. In generating the measurement vector z(ti), the first

approximation involved computing the average intensity over each pixel. .2

Algebraically, the component of the z(t i ) vector corresponding to a

particular pixel is

z j(t f f I (x,ypt )dxdy + V (ti) (65)

jkti A target i jki

region of

jk t h pixel

where A = area of one pixel
P

l(x,y,t.) two-dimensional intensity pattern 1

vjk(ti) noise effect on the jk pixel

zjk(ti) = actual measurement from jk pixel

Since a simple functional form of the intensity pattern that can be

analytically integrated is not available, the exact integration of

equation 65 cannot be performed. Instead, 25 sample points from each

pixel will be taken and averaged to provide the average intensity over

the pixel. The exact locations are given in Figure 14 below. It should -,

be noted that samples are taken along the top and leCt edge of the pixel

of interest so that duplicate sampling does nt occur along the edges.

In other words, the right edge becomes the sampled left edge for the 2

next pixel to the right, while the bottom edge becomes the sampled top

edge for the pixel just below. The selection of this sampling scheme .2

was arbitrary. In follow-on projects, more samples from different loca-

tions may be taken to provide better resolution and thus more sensitivity
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_ _ _ I

Figue e t e jn explicimto he oveentof he ntesit pler 9rmoesml eidt

analytical form of the non-]|near It function is not available, an exact

differentiation of this 4on-linear function to provide a linearized

function cannot be performed. Instead, a numerir. ' approximation known

as the Forward-Backwards Difference Method is used (18:16-17). A

familiar numerical method used in finite difference calcuius, this tech-

niqu is used to compute the derivative of a function to any higher

order. However, to compute the first order spatial derivative for a

fparticular pixel, the pixel values, along the direction for which the

spatial derivative is Lkeon, just befor and ur. after the iXl of

interest is used. The values are subtracted from each other and divided

by the distance between each other (i.e. 40 urad). For the piXels located

alon the edges for Which the pixel just before or just afoer does not

exist, either just a forward or just a backwards difference is taken.

To be more specific, the value of the pixel itself is subtracted from

II
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;I

cither the v lue of LiIi' p1i L .ju5iL hIb or' or jt,;t afLer, which ivr is

available, and dLvided by th di;Lace Ibc Lwetin the two ( i c 20 Lurad)

For example, referring to Figure 5, Pixel Numbering Scheme, if the

spatial durivative in the x direcLivn for pixel number 29 is to be com-

puted, the value for pixel 28 is subtracted from the value for pixel 30

and divided by 40. However, along the edge, just a forward or backward

difference has to be calculated. For instance, to find the spati"i

derivative in the y direction for pixel number 3, the value for pixel 3

is subtracted from the valae for pixel II and divided by 20.
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APPLNiITX B I
Coordinate System for 8 x 8 Input Array

The development of a coordinate system to use throughout this pro-

ject was critical. The 8 x 8 input array represents an 8 x 8 FLIR array

whose individual pixel FOV is 20 urad x 20 urad and system FOV is 160

urad x 160 urad. With thu additional 8 rows and columns of zeroes (see

Fourier Transform section), the resulting 24 x 24 array of data actually

represents a coordinate system that is 480 urad x 480 urad with the (0,0)

cocrdinate in the upper left hand corner, x increasing from left to right

and y increasing from top to bottom (Figure 15).

480
x(urad)

(160,160)

FOV

(320,320)

480

y(urad)

Figure 15. Coordinate System for Input Array
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APPENDIX C

Input Patterns

Although the development of the Extended Kalman Filter for this

-hesis assumed no apriori knowledge concerning the exact algebraic form

of the intensity pattern, three different intensity patterns were devel-

oped to provide the measurement vector z(ti) necessary to verify the

performance of the Kalman Filter. The actual computer subroutines

(Input 1, Input 2, Input 3) are described in Appendix D. However, the

three input patterns are a 40 x 40 constant intensity block, 3 constant

heighL cylinder patterns, and 3 gaussian profiles. Figures 16a,b,c

illustrate ho'- the centered patterns would appear on the FLIR array.

Figures 17a,b,c show the resulting noise-free values for the average

intensity per pixel. The selection of these three patterns is signifi-

cant, since the 40 x 40 pattern provides a very pronounced difference

between zero and non-zero values, while the 3 cylinder pattern once

again provides a pronounced difference between zero and non-zero values

but is closer to simulating a multiple-hot-spot target, while the 3

gaussian profiles provide the best representation of the multiple-hot-

spot targets.
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480
(0,0) I

(220, 2 2 j O 260)

(260,220) (260,260)

480-

Figure 16a. 40 x 40 Constant Intensity

480
.0)

1 (280,280)

4801

Figure 16b. 3 Constant Height Cylinders

(200, 240)

(280, 280)

Figure 16c. 3 Gaussian Profiles
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00 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 1 1 0 0 0

0 0 0 1 1 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

Figure 17a. Discrete 40 x 40 Constant Intensity

0 0 0 0 0 0 0 0A
0 0 0 0 0 0 0 0

0 0 0 0.2 0.32 0 0 0

0 0 0 0.12 0.2 0 0 0

0 0 0 0 0 0 0 0

0 0.2 0.32 0 0 0.2 0.32 0

0 0.12 0.2 0 0 0.12 0.2 0

0 0 0 0 0 0 0 0

Figure 17b. Di3crete 3 Constant Height Cylinders

0 0 0 0 0 0 0 0

0 0 0 0.045 0.0881 0 0 0

0 0 0 0.0881 0.171 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0.045 0.088L 0 O 0.045 0.0881 0O

0 0.0881 0.171 0 0 0.0881 0.171 0

0 0 0 0 0(0

S =  I/4 l'ixel

Figure 17c. Discrete 3 Gaussian Profiles
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APPENIX 1)

CoitiL t'-1 So[;I wa rc

This appendix contains the Fortran computer software used for this

project. The computer software only reflects the use of the stationary

target truth model. Since some models were used from previous thesis,

there may be some duplication of their work within this software. This

program was written for use on the CDC 6600O Fortran IV compiler.
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