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 Since the introduction of the notion of NP-~completeness in the study

of complexity theory about ten years ago, there has been an explosion of

|

()

N

g research activities in the area. In particular, the collective effort of

ﬁ many researchers has led to the discovery o.f a very large number of

< problems that are certified to be NP-complete. However, there is an

2 interesting question about which very little is known, namely, what makes
a problem NP-complete? In order to gain futher insight into the charac-

§ terization of NP-complete problems, we studied several problem areas in

which there is a spectrum of problems whose complexities vary with some

"small" variations on the assumptions. We hope that a further understanding
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- of the "boundary'" that separates those problems in P and those problems

E that are NP-complete will lead toa further understanding of the charac-

Lt}
= terization of NP-complete problems.,
e
; 2. The Subgraph Homeomorphism Problem

N

¢ A problem that we studied is the Subgraph Homeomorphism Problem

% (SHP). Given two graphs G and H, the question is to determine whether there

” ) exists a mapping f from the set of vertices of H onto the set of vertices

of G such that for every edge (Vi’vj) in H there is a corresponding path

] _ between E(Vi) and f(vj) in G. There are several obvious variatioas of .
i . 1 the problem, for example, the graphs G and H can both be directed or

: % undirected, the paths in G can be either vertex-disjoint or edge-disjoint, ]
! 5 the pattern grapih d can be either fixed or varied for different G.

(e
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Previous work upon these problems has resulted in the following
findings: the general Subgraph Homeomorphism Problem is NP-complete, the
fixed SHP for directed graphs has been completely solved by Fortune,
Hopcraft, and Wyllie, and two polynomial time algorithms have been found

for simple pattern graphs - two disjoint paths by Y. Shiloach and triangle

by LaPaugh and Rivest - within the framework of the fixed SHP for undirected

graphs.

The vertex-disjoint version of the SHP is NP-complete because it
includes as a subproblem the Hamiltonian Circuit Problem. As a fixed SHP,
though, pattern graph H is no longer part of the input; thus, a reasonable
question to ask in the exploration of the boundary between those problems
having polynomial time algorithms and those problems which are NP-complete
can be stated as follows:

Instance: Let pattern graph H be an elementary cycle containing

K vertices for a fixed value of K.

Input: Graph G = (V,E) and a set of K vertices of graph G

onto which the vertices of H are to be mapped.

Question: Can this instance of the fixed (vertex-disjoint)

SHP be solved in polynomial time for all values

of K or is there some value of K for which this

problem is NP-complete?
Solving this problem will help to solve other problems which have one of
their parameters fixed, due to the frequency with which the Hamiltonian
Circuit Problem has been used to prove that other problems are NP-complete.

Presented here are a variant of LaPaugh and Rivest's linear time
algorithm for k = 3 (triangle algorithm) and a linear time algorithm k = 4

which was previously unknown. Both of these algorithms depend upon the




technique of generating a sufficient number of paths; so that, if an
elementary cycle containing the K specified vertices exists, then it is
necessary that one of these paths belongs to some elementary cycle contain-
ing the K specified vertices. Having found the image of one or more of the
edges in H, the problem can be reduced to working on a homeomorphic mapping

of a simpler pattern graph.

B Variant of LaPaugh and Rivest's Triangle Algorithm

&:, This problem was first solved by LaPaugh and Rive§t, but their
algorithm was more involved and included many cases. Their problem was !
stated as follows: given an undirected graph G, and three vertices of

G, determine whether the three vertices lie on a common elementary cycle

and coanstruct that cycle if it exists. The variant of the algorithm here
avoids all the case analysis by observing at one point that if such a cycle

is to exist then one of the paths already generated must be one of the sides

of the desired triangle. This observation reduces the pattern graph to two
vertex-disjoint paths sharing a common endpoint which can easily be solved

using a network flow algorithm.

Algorichm #1:
let the three specified vertices of G be A, B, and C.

Step 1. Find au elementary cyecle which contains vertices B and C.

—— If no elementary cycle exists then the triangle can not
*épce§51°n Fo;~——-_,-_u7
| NTIS GRA&T S exist.
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U“aﬂnounced [ Step 2. If A is not on this cycle, then designate A to be the
i
tio source and all vertices on cycle BC to be sinks. Assign
:y““~—-——.___~_____~ all vertices other than A to have capacity equal to one.
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Step 3.

two of the three paths must intercept the same path
linking B and C. 1If a flow of less than two occurs
then the triangle can not exist since A, B, and C are
not all in the same biconnected component.

In this case a flow of two was found from A to cycle
BC. Either the two intercept vertices (i.e., those
vertices common to cycle BC and one of the paths from
A) are on the same path linking B and C or else the
intercept vertices are on different paths. In the
first case an elementary cycle containg A, B, and C

obviously exists so consider the latter situatiom.

Claim One of the six paths shown below between A and B, B and C, or

A and C must exist in some elementary cycle containing A, B and

C if indeed any such cycle does exist.




Proof Given the set of paths shown above which includes no
triangle, one observes that if any one of the six sub-
paths is allowed to be traversed once in each direction

then a triangle exists containing A, B, and C.

TS

Each of these six subpaths creates a bottleneck prevent-
ing a triangle from existing among the paths generated
so far. Only if a pair of vertex-disjoint paths having
the effect of breaking the bottleneck exist, can triangle
ABC exist in graph G. These two paths will intercept
the same side of a cycle containing two of the specified
vertices, thus leaving the other side of the cvcle intact.
Thus to find triangle ABC, assuming one exists, repeat the following
for each of the six paths between A, B, and C. Assign all the
interior vertices of one of the six paths capacity zero, thus
effectively deleting these vertices. Designate the two endpoints
of the chosen path to be sinks, and the remaining vertex of the
trio A, B, and C to be the source. Assign capacity one to all
vertices other than the source and those vertices which were
"deleted". If a flow of two exists, then these two paths along

with the "deleted” path form an elementary cycle containing A,

B, and C.




Algorithm 2
Given an undirected graph G, can an elementary cycle be found which
includes four specified vertices A, B, C and D. The order of these
vertices around the cycle is not specified.
Step 1. Assign A, B, C, and D to have capcity two, all other

vertices have capacity one. Designate A and B as sources,

and C and D as sinks. Find the maximum (low. Three

- possibilities exists:

a) flow of one from A to C, B to C,

A B
I::r<::, AtoD, BtoD
C D

These four paths form the desired
cycle.

' b) A B A B
QoorOQ
D D
The desired cycle may exist, go to step two. i

c) A flow of four is not possible. 1If the flow is less

b
]
ey than two then the cycle can not exist. If the flow
e
is two or three then go to step four.
3 Step 2. Case (b) from step one has occurred. Designate the
3!
4
: vertices of one of the two cycles as the sources and the
i
b vertices of the other cycle as the sinks. Assign every
]
vertex capacity to be one. 1
Find a flow of four if possible. [f the maximum flow
1
is less than two then the cycle can not exist. If the
4

flow is two or three then go to step four.
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Step 3. A flow of four was found in step two. In step two,
four vertices on each cycle were found which serve as
endpoints of the four vertex-disjoint paths that connect
the two cycles. If any of the four paths found in step
one have three or four intercept vertices then a cycle
exists; otherwise, each path has two intercept vertices.

Three possible forms:

cycle exists

a) . ;; ;;;
b)
ﬁ cycle exists

c)

no elementary
cycle exists

among this set
of eight paths ]




Claim 1f an elementary cycle which includes the vertices A, B, C and D
exists in graph G, then an elementary cycle exists which includes
two of the eight paths which have been generated between A, B, C, & D.

Proof Obviously, only case (c) from step three need be - -

considered here sinc¢e in all other cases a cycle exists
among the eight generated paths. This set of paths is
comprised of L6 subpaths, each of which acts as a bottle-
neck preventing the desired elementary cycle {rom existing
among the set of generated paths. If any one of these
subpaths is allowed to be traversed twice, once in each
direction, then a cycle exists. Due to the symmetry

involved the 16 subpaths belongto only two classes.

Only if a pair of vertex-disjoint paths having the effect

of breaking the bottleneck exist,can an elementary cvcle

ABCD exist in graph G. In the above example, these two

paths must leave intact either path CD and BD of the

Bkl

edl

triangle or one path from each distinct cycle.

e gL W Y
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To find the desired elementary cycle,
repeat for each of the following pairs
of paths: 143, 1+4, 243, 2+4

5+7, 5+8, 6+7, 6+8

1+6, 1+7, 2+5, 248

8 346, I8, 4+5, 4+7
If the pair of paths form one path containing three of the

R four specified vertices, then "delete" the interior vertices

of this path by nssigning themcapacity cqual to zero. Assipn
the remaining specified vertex (source)'capacity two, and
all other vertices capacity one. The two endpoints of the
"deleted" path are the sinks. If a flow of two exists then
the desired elementary cycle exists which includes the
"deleted" path and the two flow paths. If the pair of
paths are vertex-disjoint, then 'delete" the interior
vertices of each path by assigning them capacity zero.
Assign all other vertices capacity equal to one. Designate
the endpoints of one of the two paths as the sources, and
the endpoints of the other path as the sinks. If a flow

of two exists then these two paths along with the ''deleted"
2caths form an elementary cvcle containing A, B, C, and D.
Mote that in place of the above procedure, the triangle
ilgorithm could be used six times since at least one of

the paths 1 through 6 must appear in the desired elementary
cveles  This is true because at least one of these paths
appears in each of the 16 pairs which are listed above.

Step 4. At thispoint, either two or three cut-vertices have been }

found which separate A, B from C, D or A, C from B, D.

First, the case of two cut vertices, call them X and Y,

these cut vertices split G into two or more components.

o
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Suppose that the cut vertices separate A, B from C, D as

the other case is treated similarly-

If A and B are in different components then no elementary
T cycle is possible; likewise, if C and D are in different

components then again no elementary cycle is possible.

- Add a copy of X and Y to each component, and the edges

incident to that component from X or Y. If a vertex-
disjoint path from X to Y which includes A and B exists,
and also a second vertex-disjoint path from X to Y which
includes C and D then an elementary cycle containing A,

B, C, and D exists. If either of these paths fails to

exist then the desired cycle must fail to exist also.
A slight variant of the triangle algorithm can be used
to check for the existence of the two paths.

Secondly, the case of three cut-vertices, call them

X, Y, and Z. There are three possibilities: X and Y,
X and Z, or Y and Z are the vertices used to pass from
one component to another. For each possibilitv, the
third cut-vertex can also be on the elementary cycle.

So, proceed as above for each possibility except now,

the third cut vertex must be allowed to be on one of
the two vertex-disjoint paths that might be found, but
not both. Again suppose that the cut-vertices separate
A, B from C, D. |

a) 1if A, B, C, and D are all in different components

then no cycie can exist.

i
-4
.4
I
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!
!
5
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b) if only one of these pairs (A and B or C and D)

are in different components, then add the third cut-
vertex and those edges incident to this vertex which
are not incident to the component containing the
pair of specified vertices. Next proceed as with
two cut vertices,
c) 1If A and B are in the same component and so are
C and D then there are two cases that must be allowed
for:
1) the third cut-vertex is on the path from one
cut-vertex to another which includes A and B
2) the third cut-vertex is on the path from one
cut-vertex to another which includes C and D.
These two possibilities can be handled similarly to
té case (b).
case 1) Add cthe third cut vertex and the edges

¢ incident to anv component but the one

2y

i' which contains C & D. Now proceed as ]

&
with two cut-vertices,

case 2) Add the third cut vertex and the edges
incident to any component but the one
which contains A & B. Now proceed,

again, as with two vertices. This

[N

gives a maximum of six cases, which

means that the triangle algorithm might

&

be performed as many as twelve times in

step four.
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3. The k~color path problem
A problem which we studied shall be referred to here as the k-color

path problem, aand can be stated as follows:

Instance - Given a network G as input, either directed or undirected

with source s and sink t, K colors are used to "color"
the remaining vertices such that each color is used
for "coloring" at least one vertex

Question - Does there exist a vertex-disjoint path from s to t which

includes at least one §ertex of each color?

When K is not fixed, this problem is NP-complete, since one of the
instances of the problem is k = |V|, which is the Hamiltonian Path Problem.
On the other hand, for fixed k = 1 the problem is obviously polynomial.
Somewhere in between there exists a distinct boundary separating the two
classes.

A closely related problem is the Fixed Subgraph Homeomorphism
Problem, where pattern graph H is a path with K vertices. This problem was
completely solved by Fortune, Hopcroft, and Wyvilie for directed graphs, and
from their work it can be shown that the 2-colcr path problem for directed
graphs is NP-complete. The problem of finding a vertex-disjoint directed
path from source s to sink t which includes a specified vertex v, where
neither edge (s,v) nor (v,t) exist, is one of the problems shown by
Fortune, et al to be NP-complete. Applying the simple reduction of
"coloring"” the specified vertex red and all other vertices blue to any
directed graph G given as input for the above problem. The existence of
a polynomial-time solution for the directed 2-color path problem would

contradict the fact that the above problem is NP-complete.
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Is there a polynomial time algorithm for the 2-color path problem,
if it is known that there are at least n vertices of each color in G for any
fixed value of n? This problem can be shown to be NP-complete by reducing

the directed 2-color path problem for n=1 to the same problem with any fixed

value of n. Use the same instance as in the previous reduction where v is
the only red vertex in directed graph G and the edges (s,v) and (v,t) do
not exist. Then vertex v can be replaced by n copics of v such that cach copy
1s adjacent to (from) the same set of vertices as v. If needed, blue
vertices can also be added to graph G. Obviously, this problem can not be
solved in polynomial time without also solving the directed 2-color path
problem which is NP-complete.

Though, the directed 2-color path problem is NP-complete,
there are instances of this problem which can be solved in polynomial-
time. Ubserve that any directed 2-color path from source s to sink t must

] 1)
include at least one edge of E , where E 1is the set of edges in G which

]
have one red endpoint and one blue endpoint. Obviously, if E 1is a cut-set

b 5 ae

which separates source s from sink t then the problem can be solved by

-

3

£
>

'

using other breadth-first or depth-first search techniques, since any

PN

Al
path from s to t is a 2-color path. The condition that E 1is a cut-set

is a suffi:ient condition for the solution of the 2-color path

problem in polynomial time. In fact, we can also show the following i

sufficient condition:

Claim Given G = (V,E) whose vertices have been colored with two colors-
red and blue. Assign capacityone to all edges. If aminimal cut-

L L]

set of G i{s larger than that of aminimal cut-set for G = (V,E-E )

[RepUR W S

then using max flow techniques a path can be forced to include at
]
least one edge of E in polvnomial time.
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The proof is not difficult. The Max Flow-Min Cut Theorem says that the
number of edges in the minimum cut-set equals the value of the maximum flow;
and, since the edges were defined to have capacity equal to one, the maximum
flow value equals the number of edge-disjoint paths from source to sink. If
there exists fewer edge~disjoint paths in G' than in G, then one of the edge-
disjoint paths in G must contain an edge from set E'. If the two cut-sets
have the same size, then possibly none of the paths include an edge from E'.

A restriction of the directed 2-color path problem which is solvable
in polynomial time is to find a path from source s to sink t which contains
only one edge from set E‘. This restriction forces all the vertices of one
color to appear along the path before any vertex of the other color; thus, it
is impossible for the two monochromatic subpaths to share any vertices. To
find a red-blue path (i.e., all red vertices precede any blue vertices) delete
from G all arcs from the source to any blue vertices, from any red vertices
to the sink, from the source to the sink, and finally all arecs from blue

vertices to red vertices. Any path now from source to sink will be a red-

blue path, and can be found using either breadth-first or depth-first search

techniques. Blue-red paths can be found similarly.







