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*We show in this note that the problem of two-coloring a

graph G = (V, F.) witli a Jd qtiwittshed vertcx p an:! two distingtshed

siloopt A (p) nind 31 (p) o~f V, sii h that there Ls a rod coune,2tor sb

contaiiiing A - p a L-iu' * cnnacted slibgrznph zor~tairiinS 3 + p., Is

1"P -Co e 4t e. Wc- r':th~ by reductioti of 3-sat Lsfab Ility [Ah~o] by

cons truc 1:i-, r . f vea hoolIcait ezpress Unin rd isjitn.tive oorv-al 1

with thirce vailhler in e;ichi tt-rm', a .,rtph G With a dIrotinguiirn'i

vai t(x D andi L.!,) subsets A (T,) ind B (!j uch theit "he exoress Ion is

*sai f 1ible L,' 3-nt onl y if t-he~ grnph hns tc-coLoring WiLl, flip

destr.;i mnocr'-aLV t r.
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In constructing our graph, for a given expression E in variahkes

xIP x 2 ' "'' 'xn there will be two types of configurations. The ftLr9t

one corresponds to a varlab-le (Figure 1). For each variable, we

construct one of these configurations and connect it to what will be

our disLinguished vertex D by an edge from the top vertex. In this

construction, !e let the edge on the. left side of the confgturatioin

correspond to the un-complemented form x. of the ith variable x. andI 1

the right side correspond to the complemented form xi . Now, for each

tera t in the expression, we construct a copy of the second

configurqt Lon (F.1ure 2) and again connect the top vertex of tCe

confignratioa to D by an edge. Then we identify the three edges in the

middle of the configuration to three of the middle edges which are In

the "variable" conf[girations in the f.]1lowing. iay: Tf the Ith term

contains dLoe three variable forms yill Yib' and y i: where, for

example, v. is cither the complem.,nted or un-complemented form of some

variable x*, then we fdentifV the edge y. to the corresponding edge inJ -

the x "va:iable" cnfigueation. This implies that the two \'ert I. s

connected to this cdge, are also identirL'ed everywhere the variable torm

Yia appears.

So we have constructed a graph (Figure 3) )hich corres';ods to

the .*arr ex2rr ;,!L-n. We hac hiere irawt. thu . in Jhe two sides of

the graph as diLjoint for simplicity; hut I n the graph, we P'Lzt

remember that all of the edges which correspond to a particular form of

a vari{bL)[ aL:! Idetifled. Ve noLe here that thils construction Is
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Figure 1 Vart'ibl.: Fl ,ture 2 T"rn

&1 clearly polynomial ia time, (and also spa.'e,. It shnuld also be noted

that our prob.2m is ,learly in NP, siuce if we ar given al alleged

solution, we ,-ia c: 4ly cIhez1k to determine if all of the communLcation

constraint:s are :.-t ,fied by performlng a depth first search from D to

see whI,_h vertL., -re renhable frrm it by blue and red paths, and

then t. chec!: if rb.. two distingntished 'subsets -are included in the

reachb.e v,:rt.-cs f,:1r L',# c.irresponding c-a r.

We now form. Lh t,.o subsets of vertiCes LI the following way:

A (D) (or simply A) consists of all of the "round" vertices, and B (D)

(or siniply 11) of the "square" ones. , l note that none of these

vert f, 1 ii f:tid'rit to in edge which has been identified.
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i "variable" conflgurauiaii (say x i ) both of the edges are blue ("c,,ua-")

and if there is to be a red path from th,? "round" vertex Vi in the ith!II "variable" configuration to D, it must "sneak through" to D through the

"expressiou" side of the graph. If we arsume that it starts this

"sneak path" through the term tj, it must go through the vertex Tj

since it can't go directly upwards beoo:use thLs edge Is, by hypothnsts,

blue. Thiis red path will isolate some "sonare" verL- x by Lwo red edges

(and note that these are the only edges leading to thL- "square"

vertex). lowever, this contradicts the fac Lhat there is a blue path

from this vertex .Po D. Therefore one of the edges in each "var.j,1le"

configration must he red.

It may be the case that both of these edges might be red, hut

this Ind catcs that the variabile has nothing to do with the truth v.,iue

of the e:puesston, it cannot appear in any blue path, and is a "don't

care" which can have no effect on the satisfiability of the expres::ion.

This completes thc proof to show that the graph has a suLtable

orientation if and only if the exj:rersion is satisfiable; an-

therefore, this edge-colornillity problem I: :P-Complete.
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