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sUMMARY

Mixed-path propagation along a plane Earth is studied by applying

the rigorous theory of scattering by a surface impedance discontinuity.

The theory, originally available only for the normal ineidence case,

has been extended to the oblique incidence case. Results of the analysis

have been specified to the case of surface wave incidence and to the ca-

se of a magnetic line excitation.
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1. Introduction

Groundwave propagation is one of the oldest studied topics in ap-

plied electromagnetics. Several models of the propagation medium have

been considered, e.g., flat or spherical Earth, homogeneous, stratified

or anisotropic ground, corrugated surfaces, single or mixed path propa-

gation. An excellent summary of problems and modern solutions to this

subject is given in [1] , which contains also a large number of referen-

ces.

A canonical problem in mixed-path propagation is that of an abrupt

discontinuity in ground parameters along a straight line, as depicted

in Fig. 1; the ground exibits different properties, e.g., conductivity

and/or permittivity, for y > 0 and y < 0. The canonical problem is the

following: for a given incident plane wave, compute the field at point

P. If the plane wave solution is needed to synthesize the field produced

by localized sources, the angle 0. shpuld be allowed to be complex, and

the incidence should not be restricted to the normal case (two-dimensio_

nal problem).

A central role in the solution to this problem is played by the

surface impedance concept, i.e., by definition, the ratio of the tangen-

tial components. Et and H of the fields at the interface x = 0. For the
t
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problem of an .ncident plane wave with a fixed angle 00, the use of an

impedance type boundary condition is an exact approach. However, when

using plane wave expansions (as in the solution of the just mentioned

canonical ptoblem), the use of an angle independent surface impedance

.,implies an approximation to the exact boundary conditions.

A discussion about the validity of the surface impedance concept V
is given in [2] and, more recently, in [3] . We want also to mention

a few of the excellent agreements between experimental and theoretical

results using impedance type boundary conditions: see [h, 5] for the

case of scattering by a half-plane with two face impedances, and[6-8]

for the case of laboratory models of groundwave propagation. Additional

results are listed in [i] . Accordingly, the use of impedance type boun-

dary conditions seems quite adequate to the case at hand.

The solution to the canonical problem depicted in Fig. 1 is known

essentially for the case of normal incidence [9-16] ; when oblique inci-

dence is considered, only an approximate matching of tangential compo-

nents of field at the impedance discontinuity line is provided; and

restrictions on surface impedances are imposed, e.g., one of them is ze-

ro [17-18] . We note that the problem of scattering, under normal inci-

ence, by a wedge of arbitrary angle with two different face impedances

- .P
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has been rigorously solved since 1958 by Maliuzhinets [191. When the

wedge angle is made equal to Tr, the problems of Fig. 1 is recovered.

Maliuzhinets' solution has been recently extended to the case of obli-

que incidence, for the half-plane case [20] , and to the case of a pla-

nar surface impedance discontinuity [211

Before considering the extension of Maliuzhinets' solution and

its modifications appropriate to groundwave propagation problems, it

is worth remembering that an alternative convenient way to the study

mixed-path propagation problems is obtained by using the compensation

theorem [22] . This procedure has been originally exploited by Wait

[23-24] and then applied to oblique propagation of groundwaves across

a coastline [25-271 . Extensive theoretical and experimental work,

using essentially this procedure, is referred to in[ 1 ]. Use of the

compensation theorem is very attractive inasmuch as it allows one to

consider not only the simple canonical problem of Fig. 1, but, in prin-

ciple, any geometry of surface discontinuity, therefore rendering the

procedure very powerful from the application viewpoint. However, the

resulting integral equation should be solved numerically in general,

even when some simplifying approximations are made. Accordingly the ri-

gorous solution of the canonical problem, e.g., the one depicted in
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Fig. i, is worth inasmch a physical description of the refraction pheno-

mena at the impedance discontinuity is obtained. We also mention that

mde-matching techniques have been used for solving idealized canonical

problems [28] . Comparison between different theories is given in Ref.

1291

In the rigorous solution of the problem of Fig. 1 a key role is
+

obviously played by the two surface impedances Z and Z or, better, by

the related parameters

s i Z -

sin o co

where 8o is related to the ablique incidence angle (see Fig. 2 and

1. 1) and the ± signs refer to y > 0 (plus) and y < 0 (minus) respecti-.

vely (when confusion does not arise, we omit the superscripts).

For groundwave propagation

-iWl1o

[e _ -( -i) (1. 2)

wherein e is the relative permeability, a the conductivity and 6 the
r

skin dept; a time dependance exp( -iwt) has been assumed; and the appro-

ximation requires:

WCOC r a (. 3)
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Inequality (1. 3) is satisfied up to frequencies f lOkHz for

-4
a very dry soil (aF 10 siemens/m; 15) and up f 1 !f{z for

r

normal soil (a = 10 siemens/ir, c 15); over the sea (a 5 sie-
r

mens/m, c 80) the inequality is valid in all the frequency rangeL r

of groundwave propagation. In any case, the (complex) angle E defined

by (1. 1) is always small, and usually very small. We are consisten-

tly using this last assumption in all the body of this report. Accor-

dingly, we take (for 8 900)

e-- = -( (-i) [e] << 1 (1. 4)

It is also necessary to introduce another characteristic angle, rela-

ted to the normalized surface admittance, hence:

sin y Z (
Z sin8 o

The (complex) angle y can be easily computed under the approximation

(1. 2), hence (for 8 = 90')

y 7 + i in - i 1n CO ;
4 72;i (4

B"I>1
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In passing, we note that the underlying assumptions leading to

(1. 4 and 6) are also sufficient to validate the use of the surface impe-

dance concept for non plane wave excitation.

It has been first recognized by Senior [17-18] that propagation of

waves along a mixed-path, as depicted in Fig. 1, consist assentially of a

scattering problem, although it is usually referred to as a refraction

one, in the frame of surface propagation (for istance, costal refraction).

This is clearly shown in the Maluizhinets' theory, wherein the total

field is decomposed in its various components: the incident one (a pla-

ne wave), the two reflected waves on the two surfaces y < 0 and y > 0,

the two surface waves along y < 0 and y > 0, and the (cylindrical) wave

scattelred by the line impedance discontinuity y = 0. Particularly impor-

tant are the surface waves, since they are characteristic of the surface

and, therefore, less sensitive to the approximation of the model, e.g.,

undulation of the surface or Earth's curvature.

In the two-dimensional case of Fig. 1 (z-independent fields) an

H-polarized surface field (the only of interest in radiopropagation along

the Earth's surface) is characterized by a propagation factor(the wave

progresses along - y);

exp(-ikx sin 0-iky cosO )= exp [-ikp cos(0- +e)] (1. 7)

2 2

wherein k 2 w 2 and is the free-space propagation constant. According
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the incident angle is

eo =n- a (1.8)

For the three-dimensional case of Fig. 3, wherein the field propaga-

tes with a (real) angle 8 with respect to the z-axis, the appropriate

propagation factor is obtained from (1. 7) by using the rotation of the

coordinates

y = y sin a - z cos 8 (1. 9)

Accordingly, we get the new propagation factor

exp(-ikx sin 6 -iky sina cos a + ikz cosB cos e

(1. 10)
- exp[-ikpcos(¢-4)] exp(ikz cosBo)

Therefore, the incidence angles 0,, ao are given by

cos o- cos 6 cosB

Cos sin 2 (1. ii)/1- _
1 cos acos 2

cos e sin8
2 2

1- cos ecos28

Acordingly, to the first order in 6

.o -- (1. 12)

f 2

The simple source model for exciting surface waves over an impedance

A
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plane is an infinite magnetic line of intensity I , as depicted inm

Fig. 3.The free space magnetic field produced by the line is z-polari-

zed and given by

k i
m (i)

H - Ho  (kd) (1. 13)

(1)wherein H I  (x) is the Hankel function of the first kind. Let us use

the integral representation of the Hankel function:

H W)(kd) exp [ikd cos(cL-7l )] d a =

s (1. 14)

=1 [exp[ikpo cos(a- n0 )] exp[ -ikP cos(0- I + a)] da

wherein S in the Sommerfield contour of integration depicted in Fig.

4. inspection of (1. 14 and 13) shows that the line source is synthe-

sized as superposition of plane waves of (variable) incidence angle

0 = Tr - a(1. 15)

and of spectral intensity

exp [ikP cos(C- 0 )] (1. 16)

Accordingly, superposition of the plane wave solution weighted by the

factor (1. 16) allows the computation of the field produced by the

line source.
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As a last remark in this introductory section, let us state that the

Sommerfeld contour of integration S, after deformation into the steep-

est descent path, transforms in the real axis, from -
= up to + ,

upon use of the variable change

v-2-exp(i ) sin - t (1, 17)

4 2

2. Mathematical background

In the Muliuzhinets' theory of scattering.by the configuration

depicted in Fig. 1, a central role in played by the Maliuzhinets' fun-

ctions [19]

Th = Th(a, C-) ; le = Te(a'  (2.1)
h h e e

The two functions are identical, the second being given by the first

one upon replacement of y with 6. Accordingly, only the function T ee

is presented hereafter, and the subscript and 0 dependance is dropped.

We have:

,(a) = N(a +7r - 6) N (a + e6) N (a -Tr +0) N (a - C-) (2. 2)

or, equivalently:
+ a6 _ a _

=(a) - N2 2 N( + C) N (a - -) os Cos (2. 3)
2 +)N(+ 2 2

N(a - 6) N (a+ 6)

The function N (v) is given by
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1([ 2t - Tsint dt (2.N( )417 =ep Cos t

J 0

and is a rarticular determination of a most general class of

function introduced by Maliuzhinets [19] with reference to

the problem of impedance wedge scattering. The function

N(v) is easy to compute numerically and, in any case, it is

simply related to a tabulated function [20, 30] . Its main

properties are hereafter summarized:

N(v) = N(-v ) (2. 5)

N(+ !) N(v - T) = N2 (1) cos
2 2 2 2 (2. 6)

it

lim N(V) 0ex 4 = V'+ i v" (2. 7)
I " 1 -

The location of poles of T(c) within the strip

37r < a' < 31t

2 2

is of interest. From (2. 4) it is noted that

2t - 7r sin t
Ct dt (2. 8)

JO cos t

is finite for a=T/2, diverges toward negative values for

.... . . . .... . . . . ] . . . . . .. .l
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a =37r/2 and toward positive values for a = 5Tr/2. Since the

divergence of (2. 8) is of logarithmic type, the function

N(a)has a simple pole at.a= ±5r/2. Accordingly, the pole of

T(a) in the strip of interest are, from (2. 2 ):

+2 + t) (2. 9)
2

An appfgopriate use of relations (2.2 - 3 - 5 - 6) may

avoid the necessity of effective computation of the function

T(a). We quote here after those cases which are relevant to

subsequent analysis.

Use of (2. 3 - 5 - 6) gives
2( + - - TN -

N (-)N(- +0 + T)N(- )N(- -T)
h( + ) 2 2 2 2

h 2
N(- e++t)

2+

•sin 2 
(2. 10)

If, as assumed, 0 is small and T is prescribed to assume on-

ly small values, then

Tr + T) N 2 ) sin (2. 11)
h 2 2 2

Similarly

N'ON( "  )N( 2 - - )

)= N 4 2 2
+ +)w(-

h 2 2

NT + N
2 2
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+

sin 
+ Tsin e -T
2 2 e+ T

2
sin +

2

= 1"+T sin e 2T i- -+Ti (2. 12)2) L 2 2 2

under the same previous assumptions.

To complete this section let us quote an integral which

is systematically used in the body of this Report and which

can be evaluated properly accomodating results of Ref.[ 31]:

8 exp(- St 2

I() =- exp (iE + i Q ) sin dt
4- t2 2i sin 2

F ( /2 sin 2)
= 7i exp(i S1cos6) (2. 13)

F (0)

wherein F(x) is the Fresnel integral

F Fx 2
F(x) - exp(i t )dt (2. 14)

3. Mixed-path propagation. Formal solution for plane wave

oblique incidence

Let us consider the (three-dimensional) problem of plane

wave scattering by the mixed-path configuration depicted in

Fig. 2. Any component F the incident plane wave is represented
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by
• i

G2 (P, 4,z) = Go exp(ikz cos o)exp[-ikP sin$. cos(O-#0 )]

Z3. 1)

Without loss of generality we take 0 <Re [soJ_< 1 and

drop the z-dependence of the field components.

Boundary conditions are expressed as

i E = Z-+i x H at O= t -- (3. 2)
- xx - x 2

or, equivalently,

H-2i 1 x -
H - i i H E x i at - (3. 3)

xc -- x 2

By taking the divergence of (3. 2 and 3) and using Maxwell's

equations, we get

6E

1 + ik sin 7 E = 0 at 2=- (3. 4)

6H
+ ik sin Y7H = 0 at +=±- (3. 5)

p6 x 2

respectively.

Let us now expand any component G of the total field as

a superposition of plane waves, hence:

G(p, ) = G(a+o)exp(-ikP sin~ocosa)da (3. 6)
2n

where r is the two-branch contour of integration depicted in

Fig. 5.

Forcing boundary conditions (3. 4 and 5) in (3. 6) we
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get, upon integration by partst

((sina±sin0) (a±2)exp(-ikp sin80 coscx)da= 0(3. 7)
Jx 2

r[(sinc±siny-)H (ct±)exp(.-ikp sin 0 cosci)dah- 0 (3. 8)
X 2

Solution to equations of type (3. 7 - 8) is given infl19]

under the assumtion that a simple pole does exit at *:

'ci+ E G sin a (3 9)nJ'~0

wherein G i is clearly the residue at O= 00, G are arbitrary0 n

constants and the function 'V(a) is the Maliuznets' function

introduced in Sect. 2.

In order to determine these unknown constants G let us
n

express the spectral z-components of the field (E , z in

terms of the x-components (,H).We have (see Appendix A)
x X

COSOLa (a)-sina H (a)
E (a) =XX sin$. (3. 10)

2 2
1-cos asin 8

cosa cos$ H (a)-sinaE (a)
x x

H (a) sin (3. 11)
-Z2 2

1-cos 2 asin 2 0

As discussed in [32], the value of any field components

G for p-0O is related to the asymptotic behaviour of the corre-

sponding spectral component Gas [ci"] -. In particular, Gshould

4. A
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be bounded if G is required to be regular as it happens for

E and H
z z

Substituting the expansion (3. 9) in (3. 10 and 11)

and using (2. 7), it is easy to convince ourselves that all

G must be equal to zero with the exception of G The con-
n"

clusion is that the appropriate expansion for E , H is the

following one:

a E0 xcoscP h (a)
E() = -- +E h (3. 12)

x sino - sino j h

x(a) Cos +H e (a) (3. 13)

x~elsin -sin o + e( 0)  (

wherein E o , Hox are the x-components of the incident field andx x

Eh, H two still unknown constants.e

In order to evaluate those constants, we note that the

spectral components E , H as well as E , H exhibit simple
z z y y

poles in the integrand (3. 6) at values of a given by

cos(a+o) =± (3. 14)
sin80

When the integral (3. 6) is evaluated in terms of its singu-

larities, these poles generate plane waves whose y-dependence

is of the type:

I.i
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exp(±ky cos 0o ) (3. 15)

therefore diverging for positive or negative values of y.

In order to have a field solution which is everywhere boun-

ded, the singularities (3. 14) must be compensated forcing

the numeratores in (3. 10 - 11) to be zero at values of OL

given by (3.14). This can be obtained by letting

(a-) -ic (a-3 0 (3. 16)
x p x p

wherein

± 1
COS 0 - (3. 1T)

p sina1

and, consequently:

±
sina =+icotg$o (3. 18)

It can be checked by ispection that relation (3. 16) forces

+
also E H (see A. 10 - 11) to be finite at x = a -

y y p

Condition (3. 16 ) provides a system of two equations in

the two unknown Eh, H . Once these are evaluated, the spe-e

ctral components of the field are completely known.

4. Spectral field singularities

For a discussion about the properties of the spectral

16 I
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representation (3. 6) it is convinient to deform the origi-

nal integration contour r into the two-branch steepest de-

scent path C (see Fig. 5), so that

1G(po) = G(a+0)exp(-ikP sin o cosa)da +

(4. 1)

+E[Residues of G4) in (r-C)1

The function G(c+o) exhibits singularities coincident with

those (3. 9). Poles of the first factor in (3. 9) do accour

at:

a = -+(-)n, +n7r; n = 0 ; ±1; .. ..... (4. 2)n

Poles of the second factor do accour at

3 =±( + 0-) + 2nn (4. 3)
2

If those poles are located inside (r-C), the corresponding

residues generate plane-wave fields.

In particular, the pole a o corresponds to the incident

wave; the two poles a 1 to the (geometrically) reflected wa-

ves upon the two half-planes =±Tr/2 respectively; and the

poles a to surface waves upon the same half-planes.±

Furthermore, the integrand in (4. 1) exhibits saddle

points at a = -$±r In the asymptotic evaluation of the

field, these saddle points generate cylindrical waves from

the discontinuity line P = 0
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5. Surface wave incidence

As stated in Sect. 1, an important problem is the computation

of the surface wave conversion at the surface impedance discontinuity

for a mixed-path plane Earth propagation. Accordingly, we are taking

as incident wave a TM (with respect to x) surface wave (see Fig. 2) of

field x-components (see 1. 10 and 11):

i Eo exp(ikz cosSo)exp [-ikpsin6o cos(0-4,)]Ex =

(5.1l)

wherein, to the first order in

8= -e (5. 2)

The spectral x-components of the total field are readily obtained from

(3. 12 and 13), hence:

E0 x cos 0o Y h (a)( + (5. 3)
X sina - sin~o + Eh ( )

' (a)
H (a) H e (5. 4)x e (o

e

The fields for = -7r/2, i.e., on the Earth's surface y < 0 are of

interest. The three poles (see 4. 2 and 3)

n+

at=2-n-e* (5. 5)

= - -
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are located near the saddle point a= -7 as far as E (a) in concerned,
x

while H (a) is regular in the same neighbour. The two poles
x

CLo = 7"- C
+ (5. 6)

O = T+ 0
1

are located near by the saddle point a=7, again as far as" E (a) is con-
x

cerned, while H (a) is again regular in the same neighbour. Since the
x

surface wave transmitted in y <0 is essentialy the contribution of the

pole a-, it follows that this wave is still TM polarized, as it would

be expected, since H x(a) provides no contribution to it. For the corn-

putation of this transmitted surface field, first we must evaluate the

constant E in (5. 3). This can be readily accomplished by forcing the
h

condition (3. 16), hence:

21
E x coso, sin 0'

E h sin o + i cotga o
S sin 2 os2

(5. 7)

+h(ap) (a) +' )(a) e (a +)
p e p h pep

TY +ak ~) T -' ()'V (a +
h p e p h p ep

Now, in the asymptotic evaluation of the integral in (4. 1) for large

kp singo, only values of the integrand near the saddle points a = "T

are of interest, so that a series expansion of E (a- n/2) near those
x

two points is appropriate. In particular, we get from (2. 11 and 12)



near - Tr-
n =-"+T 6-T

(-Tr4T 3 E Ox sin e + sin 2 2 (5. 8)

COST - cose +  e+ s -in _+

A great care should now be taken in the asymptotic evaluation of the

field; due to the clustering of two poles nearby the saddle point. The

evaluation can be accomplished either by using the Bleistein method[30]

or simply by extracting the singularity near the saddle point[31]. The-

se two methods are equivalent to the first order and the latter is most

convinient to our purposes since only the term singular at t=a is here

of interest. This term, E'(T), is given by:
x

E0  sin0

x +2 2
E'() sin E +

T isin sin 2
2 2

sine sin 2 (.9)

sinO . 6___T
sin 2

Wherein the integration contour C in depicted in Fig. 6. A detained
e+

evaluation of the constant Eh in terms of the system parameters e

a . is given in Appendix B. If not only 8 is small, but also

cotg << 1 (5. 10)

2 .- .
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and (1. 6) is valid, then Eh is of order i/6 while the $0-in_

dependent term in (5. 9) is of order 1/'. Accordingly:

sinO -
S+sin X 8

x sn E + in x2(sin T + sin 2

2 2 (5. 11)

T E
n2( 

sin + sin

2 2

herein T is a transmission coefficient.

The transmitted surface field upon the Earth is given by:

Sx"'- ) =E~ ()=IT Eox0 exp(iko sinl_ COS T )T

C. sin 2 uuos 2 +in 2cos 2

TEox COS I o exp (iko sin e o COS T)sin 2 dT (5. 12)

i Co  sn 2 sn 2

2 2

wherein Co is the integration contour depicted in Fig. 6 and the

odd part of the integrand has been disregarded.

By using the change of variable (1. 17) with n = 0 the inte-

gral (5. 12) is transformed in the canonical form (2. 13) and

we get :

in? JdiT (. 12
hii r_,2
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S T Eo 2j2pir$'i
E (y) - exp (-ikysin 80 cos 0 F(")x 2 F(0)

(5. 13)
T E

ex2 (-iky sin 8o cos e)

2

if
2 e

28p sin 8o sin << 1 (5. 14)
2

The result (5. 13) is interesting inasmuch as it shows that, at

large distances from the surface discontinuity, the surface field

is transmitted according to the ususal tranmission coefficient of

the refraction theory. Furthermore, the two components of the pro-

pagation constant are given by:

+
k = k cos ;B, = k cos 8 cos 0 (5. 15)

+ sine8 -sine -

k = k sin 8
o cos e = k sin 80 cos 0+(1 + 2- --

y

Eqs. (5. 15) show that the change in the phase front direction is

negligible when the assumption (1. 3) is made. However, expression

(5. 15), at variance of that for T, is valid also when (1. 3) is

relaxed, sinice only the angle 8+ is small.
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6.Eicitation of the surface made by a magnetic line source over the

Earth

In the preceeding section it was shown that, in the case of

highly conducting surfaces, propagation of the surface wave is

poorly affected by the incidence angle.

This result suggests to examine the excitation of the surface

wave in the two-dimensional case, i.e'., when the source is taken

equal to a magnetic line source parallel to the plane x = 0, as

depicted in Fig. 3, with qo<< 1. From the analysis of Sect. 1

-see (1. 13 and 16) - we get the formal expression for the z-compo-

nent of the total magnetic field along the surface x 0, y < 0,

hence (6. 1)

H (p, - ) is G(a) exp [ik P. cos(a - no) I da

wherein S is the integration contour represented in Fig. 4 and

G(a) is given by (3. 6 and 9) with 8 900 and G = 1, hence:

2' 2 h(& 2) exp(-ikpcosZ)d&
2ri sin( - -sin(" -) 'Y (- c)

2 2 h 2

(6. 2)

The integration contour is represented in Fig. 7 and can be changed

in the alternative contour C provided that the residues of the integrand

inside r-C are taken into account.
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From result of Sect. 4, it follows that the pole location is that

depicted in the same Fig. 7. Since a is prescribed to run along the curve

S of Fig. 4, it follows that the two poles %, and El are always in-

side the closed contour - O, for n o > 0. The corresponding residues

are given by:

- - 37 2C in

1 72 1exp(ik p cos ) exp(ik p cos a ) 1 -2

h 2 sin

2 _ - exp(ik p cos ) (6. 3)

sin X + sin 8

since, in the asymptotic evaluation of the integral (6. 1) for kp0

large, only values of «=1no <<l are of interest. Note that we used

result (2. 11 - 12) in order to obtain the final expression (6. 3).

The integral (6. 2) along the two steepest descent paths C must

now be computed. If :

2 sin o << 1 (6. 4)
2

the position of the poles E,&14_i4_2, is sufficiently remote from

the integration path to produce any significant change in the conventio-

nal asymptotic evaluation. From another viewpoint, decomposition of

the integrand (6. 2) in simple fractions and transformation via
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(1. 17) in the canon/ al form (2. 13) leads to terms that are inversely

propotional to (6. 4), and therefore dominated by (6. 3). This is not

true for the pole E-. Expanding the integrand (6. 2) nearby =-iT

be have, fora small,

T
Cos--a h 2

Tr Tr

2 sin(2  h 2

+T
sin - sin- -

s.in c 2 2+-- , -T+T (6. 5)

cos T - cos a sin 2 sin 2

Extracting the singularity at T = -e and evaluating the integral as

in Sect. 5, we get the term

sine sin 0- sin 2
2 exp(ikP cos 0-)2

26- e++a
(sin - - sin ) sin 2

2 2
(6. 6)

which again dominates the remaining part of the asymptotic evaluation

if, as we have assumed,

kp sin2 6- << i (6. 7)

.... i. . ',«.



- 30 -

The conclusion is that we can take as G(a) the sum of (6. 3) and

(6. 6). For the term (6. 3) we have

1[ 2 sin a exp(ikp cosca) exp[ ikpc~os(a- e)3 d -

sin a+ sin -

1 2 sin a exp[ ik d cos(a - r ]b (6. 8)

sin o+ sin 0
S

upon comparison with (1. 14) and when the point P(x, y) of Fig. 3

lies on the surface x = 0.

By using the same procedure as for the integral (5. 12) we get

for the first term H of the magentic field for y < 0
zi

kI m 2
Hz (p, -Z) = -exp(-iZ+i kd) +

2 d) (6. 9)

-+ r,

F( Y2kd sin 
+

+ 4i sin exp [ikd cos(- + r)2

F(O)

when:

r2kd sin + (6. 0)
2

asymptotic expansion of the solution gives
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H (P k1I m 2 sin TI exp(-i + ikd)
z2  2 4 sin n:,+ sin k d

(6. 11)

.e., the cylindrical wave radiated by the source and its image with

respect to the plane y = 0.

Similar results we have for the contribution H (p, -) duez2  -2

to the second term (6. 6) upon decomposition in simple fraction.

Computations are straightforward.

7. Conclusions

We presented a rigorous theory of propagation along a mixed-path

plane Earth. The theory is based upon the exact solution given by

Maliuzhinets for the normal incidence, properly extended to the obli-

que incidence case. Maliuzhinets' solution is given in terms of a

(relatively) complicated function.

We have evaluated this function in closed form for all cases of

practical interest.

First the case of an incident surface wave has been considered.

For highly conductive surfaces, it was shown that the transmission

coefficient is real and practically independent from the incidence

angle. This is not the case when at least one of the surfaces is

poorly conducting. Although not explicitly examined, the solution



32-

gives, in this last case a (complex) angle depending trasmission

coefficient.

The direction of propagation of the phase front is not appre-

ciably changed, for the case of highly conducting surfaces, far from

the impedance discountinuity. Again, this is not true when at least

one of the surfaces is poorly conducting.

The case of source excitation can be considered by synthesizing

the field from the plane wave solution. Examination of the solution

confirms previous results.

-.......
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APPENDIX A

Relations between spectral components of the field

For the spectral components of the field we have:

k x E = W (A. 1)

k x H wE(A. 2)

k E -0 (A. 3)

k H=0 (A. 4)

From (1.10), it follows that:

k -k sin 8 cos(a+0) i - k sin 80 sin(c+ ) i + k cos ao i z_-yz

-k i + k i + k i (A 5)x --x y -y zz (A.-5

Substituting (A. 5) in (A. 1, 3, 4) we easily get:

2 2
(k +k ) E = k H - k k E (A. 6)
y z z y x x z x

Similarly, by substituting (A. 5) in (A. 2, 3, h) we get:

2 2

(k+k)H -u ek Z k k H ~ (A.)y z z y x x z x

Accordingly:

aro
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Cos cxcoss (00) Si sic (ax

(a 2 si 2 sin 0  (A. 8)
z-cosa in $0

cos ccosB8f (ax) + sin ct E (ax)

~(ax x Xx sin B. (A. 9)

1-cos ax sin 8

For the y-components we get similarly:

sin 2 sin a coscxa (ax + cos i(

E(ax) -X (A. 10)

22

1 -cos ax sin 00
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APPENDIX B

Evaluation of the constant E,

From ( 5. 7) the constant E can be put under the form:
h

EO0 cosl0 sin ao
E .2 = sin 40 + i Cotg B0 R (B.)

1 sin Bo cos 0C I

( + ) /' (a- + If (a + ) /e (-)(
- P ho e p (B. 2)
h(a + ) /h(01-)- i (o,+ ) /A (a-)

hp hp e p e p

wherein, from (3. 18)

+ + i In cotg iP (B. 3)p 2

On the other hand, we have from (2. 4)

1 2a -1T sinaBN(cs+x) -N(cE) + N()-- + (B. h)

cos a

Accordingly, for small values of ,

1 [(r+ 2ip)e + (- -2ip0
h (p 2 

(B. 5)

h (ap i + si( - 2ip)S+ + (ir +
2 i L
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Furthermore

N(z) =N(x + iy) = cos 1/4z exp 1d

exp+ (B. 6)

j cos(x + it)

For y >>l,

N(x+iy) N(x+ i-) (B. 7)

Accordingly, for e small and

[0 cot A. << 1 (B. 8)

we have from (2. 2)

~(a +
e (B. 9)

e p

In conclusion, we have:

R- 7r(B. 10)

ip sin 0 (e - e)

E0X cos *O .in2 00 1__ Wcotg 0  1-- sinOo sin

Eh 2 2 +- J
1E - sin 0 cos 2 i e -e sin 8 0 ln cotg

(B. ii)

Lf -



Op-,

- 3T -

Literature cited

[I] R. J. King and J. R. Wait, "Electromagnetic groundwave propagation"

in Teoria Matematica dell'Elettromagnetismo, Symposia Mathematica,

Vol. 18, pp 107 - 208, Accademic Press , 1976.

I

[2] T. B. A. Senior "Impedance boundary conditions for imperfectly

conducting surfaces", Appl. Sci. Res., Sect. BVol. 8, pp 418-

436, 1960.

(3] N. G. Alexopoulos and G. A. Tadler, "Accuracy of Leont~vich boun-

dary conditions for continous and discontinous surface impedance",

J. Appl. Phys., vol. 46, No 8, pp 3320-3332, 1975.

[4] G. Franceschetti et al. "Polarization properties of edge loaded

high gain reflector antennas", Final Rept., ESTEC Contract No

2893/76/IL/AK, 1977.

[5J 0. M. Bucci and G. Franceschetti, "Rim loaded reflector antennas

IEEE Trans. Antennas Propagat., vol. AP - 28, n. 3,pP 306 - 310,

1981.



- 38 -

[6] R. J. King, S. H. Cho, D. L. Jaggard and V. Sikolov,"Height-gain

experimental data for groundwave propagation; 1, lio acgneous paths"

Radio Sci. Vol. 8, N. 1, pp. 7-15, 1973.

[7] R. J. King, S. H. Cho and D. L. Jaggard, "Height-gain experimental

data for propagation, 2, Heterogeneous paths", Radio Sci., vol. 8,

No 1, pp 17-22, 1973.

[8] R. J. King and W. I. Tsukamoto, "Groundwave propagation across

semi-infinite strips and islands on a flat Earth", Radio Sci.,

Vol. 1,N0 7, pp. 775-778, 1966.

[ 9] R. F. Millar,"Propagations of electromagnetic waves near coastline

on a flat Earth", Radio Sci., Vol. 2, N0 3, pp 261-286, 1967.

[1O] J. Bazer and S. N. Karp, "Propagation of electromagnetic waves past

a shoreline", J. Res. NBS, Sec. D, Vol. 66-D, N03, pp.319-334.1962.

[llJ H. Bremmer, "Application of operational calculus to ground-wave

propagation, particularly for long waves", IRE Trans.Antennas

Propagat., Vol. AP-6, N0 3, p. 267, 1958

[12] H. Bremmer,"The extension of Sommerfeld's fcrmula for the propaga-

tion of radio waves over a flat Earth with different conductivities



- 39 -

of the soil'Physica , Vol. 20, pp. 441-460, 1954

[131 G. Millington, "Ground wave propagation over an inhomogeneous smooth

Earth", Proc. IEE, Vol. 96, Part III, pp. 53-64, 1949.

[141 E. Feinberg, "On the propagation of radio waves along an imperfect

surface, Pt. IV, Coastal refraction and allied phenomena", J. PDhys.

(Moscow), Vol. 10, N05, pp. 410-40, 1946.

115] G. Grunberg, "Suggestions for a theory of coastal refraction", Phys.

Review, Vol. 63, pp. 185-189, 1943.

[161 G. Grunberg, "Theory of coastal refraction of electromagnetic waves",

J. Phys. (Moscow), Vol. 6, pp. 185-209, 1942.

[171 T. B. A. Senior, "Radio propagation over a discontinuity in the

Earth's electrical properties, I", Proc. IEE(London), Vol. l04C,.

pp. 43-53, 1957.

(18] T. B. A. Senior "Radio Propagation over a discontinuity in the Earth's

electrical properties, II, Coastal refraction "Proc. IEE(London),

Vol. 104C, pp. 139-147, 1957.

1U,>



- 40 -

[191 G. D. Maliuzhinets, "Excitation, reflection and emission of surface wa-

ves from a wedge with given face impedance", Soy. Phys. Dokl., Vol 3,

pp. 752-755, 1958.

[201 0. M. Bucci and G. Franceschetti, "Electromagnetic scattering by a

half-plane with two face impedances", Radio Sci., Vol. 11, Nol, pp.

49-59, 1976.

[21] G. Franceschetti and V. G. Vaccaro, "Diffraction at a slirface impedan-

ce discontinuity. Application to sea land radiowave propagation",

First Annual Technical Rept., DA-ER0-78-G-099, Sept. 1979.

[22] G. D. Monteath, "Application of the electromagnetic reciprocity theories"

Pergamon Press. New York, 1973.

[23] J. R. Wait, "Mixed path groundwave propagation, I, short distances",

J. Res. NBS, Vol. 57, N' 1, pp.1-5, 1956.

[24] J. R. Wait and J. Householder, "Mixed path groundwave propagation, II

larger distances", J. Res. NBS, Vol. 59, No l,pp. 19-26, 1957.

i



- 41 -

[251 J. R. Wait, "Oblique propagation of groundwaves across a coastline,

Part. 1" J; Res. NBS, Vol. 67D, pp. 617-624, 1963.

[261 J. R. Wait and C. M. Jackson, "Oblique propagation of groundwaves

across a coastline, Part II", J. Res. NBS, Vol. 67D, N06, pp. 625-630,

1963

[271 J. R. Wait, "Oblique propagation of groundwaves across a coastline,

Part. III", J. Res. NBS., Vol. 68D, No 3, pp. 291-295, 1964.

[28] J. R. Wait, "Diffraction and scattering of the electromagnetic ground-

wave by terrain features", Radio Sci., Vol. 10, N' 3, pp. 995-1003,

1968.

[29] J. R. Wait, "Theories for ground wave transmission over a multisection

path", Radio Sci., Vol. 15, No 5, pP. 971-976, 1980.

[30] 0. M. Bucci, "On a function occurring in the theory of scattering by an

impedance half-plane", Rept. 75- 1, Istituto Universitario Navale, Napoli,

Italy.

[311 M. Abramowitz and I. A. Stegun "Handbook of Mathematical functions", Ch. 7

p. 307, eq. 7.4. 11, Dover Publications, 1965.



[32] G. D. Maliuzhinets, "Inversion formula for the Sommierfeld Integral",

Soy. Phys. Dokl.,Vol. 3, PP. 52-56, 1958.

[33] N. Bleinstein, "Uniform asymptotic expansion of integrals wittn Pnarby

stationary points and algebraic singularities", J. Math.,Mech. Vol. 17,

pp. 533-559, 1967.

[34] L. B. Felsen and N. Marcuvitz, "Radiation and scattering of waves".

Chi. 4, Asymptotic evaluation of integrals, Prentice-Hall, Englewood

Cliffs, N.. J. ,1973



p43

01

+

Fig. 1. Geometry of the scattering problem under consideration.
Normal. incidence.
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Fig. 2. Geometry of a surface wave obliquely incident on a sur-
face impedance discontinuity
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Fig. 3. Geometry of an uniform magnetic source line over a
mixed-path Earth.
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Fig. 4. Somnierfeld contour of integraton fcor the expansion of
the Hankel function d4(kd)
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