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SUMMARY

Mixed-path propagation along a plane Earth is studied by applying
the rigorous theory of scattering by a surface impedance discontinuity.
The theory, originally available only for the normal inecidence case,
has been extended to the oblique incidence case. Results of the analysis
have been specified to the case of surface wave incidence and to the ca-~

se of a magnetic line excitation.
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1. Introduction

Groundwave propagation is one of the oldest studied topics in ap- i 4

plied electromagnetics. Several models of the propagation medium have
been considered, e.g., flat or spherical Earth, homogeneous, stratified

or anisotropic ground, corrugated surfaces, single or mixed path propa-

gation. An excellent summary of problems and modern solutions to this
subject is given in [1] » which contains also a large number of referen-
ces.

A canonical problem in mixed-path propagation is that of an abrupt
discontinuity in ground parameters along a straight line, as depicted
in Fig. 1; the ground exibits different properties, e.g., con&uctivity

and/or permittivity, for y > 0 and y < 0. The canonical problem is the

following: for a given incident plane wave, compute the field at point
P. If the plane wave solution is needed to synthesize the field produced
by localized sources, the angle ¢° should be allowed to be complex, and
the incidence should not be restricted to the normal case (two-dimensi _
nal problem).

A central role in the sclution to this problem is played by the
surface impedance concept, i.e., by definition, the ratio of the tanger-

tial components E_ and Ht of the fields at the interface x = 0. For the
1%




problem of an Incident plane wave with a fixed angle ¢_, the use of an
impedance type boundary condition is an exact approach. However, when
using plane wave expansions (as in the solution of the just mentioned

canonical ptroblem), the use of an angle independent surface impedance

.implies an aspproximation to the exact boundary conditions.

A discussion about the validity of the surface impedance concept
is given in [2] and, more recently, in [3] . We want also to mention
a few of the excellent agreements between experimental and theoretical
results usiﬁg impedance type boundary conditions: see [4, 5] for the
case of scattering by a half-plane with two face impedances, and[6-8]
for the case of laboratory models of groundwave propagation. Additional
results are listed in [lJ . Accordingly, the use of impedance type boun-
dary conditions seems quite adequate to the case at hand.

The solution to the canonical problem depicted in Fig. 1 is known
essentially for the case of normal incidence [9-16] 3 when oblique inei-~
dence is considered, only an approximate matching of tangential compo-
nents of field at the impedance discontinuity line is provided; and
restrictions on surface impedances are imposed, e.g., one of them is ze-

ro [17-18] . We note that the problem of scattering, under normal inci-

ence, by a wedge of arbitrary angle with two different face impedances

4<,_..,__,,_,_.,
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has been rigorously solved since 1958 by Maliuzhinets [19] . When the
wgdge angle is made equal to T, the problems of Fig. 1 is recovered.
Maliuzhinets' solution has been recently extended to the case of obli-
que incidence, for the half-plane case [20] , and to the case of a pla-
nar surface impedance discontinuity [21] .

Before considering the extension of Maliuzhinets' solution and
its modifications appropriate to groundwave propagation problems, it
is worth remembering that an alternative convenient way to the study
mixed-path propagation problems is obtained by using the compensation
theorem [22] . This procedure has been originally exploited by Wait
[23—2&1 and then applied to oblique propagation of groundwaves across
a coastline f25-27] . Extensive theoretical and experimental work,
using essentially this procedure, is referred to in[ 1 ]. Use of the
compensation theorem is very attractive inasmuch as it allows one to
consider not only the simple canonical problem of Fig. 1, but, in prin-
ciple, any geometry of surface discontinuity, therefore rendering the
procedure very powerful from the application viewpoint. However, the
resulting integral equation should be solved numerically in general,

even when some simplifying approximations are made. Accordingly the ri-

gorous solution of the canonical protlem, e.g., the one depicted in

SR
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Fig. 1, is worth inasmch a physical description of the refraction pheno-
mena at the impedance discontinuity is obtained. We also mention that
mode-matching technigues have been used for solving idealized canonical
problems [28] . Comparison between different theories is given in Ref.
|29] .
In the rigorous solution of the problem of Fig. 1 a key role is

. . + -

obviously played by the two surface impedances 2 and Z or, better, by

the related parameters

* U

. + Z °
sin 8~ = ——, z = (1. 1)

£ sin B, €,

vhere B, is related to the ablique incidence angle (see Fig. 2 and
1. 1) and the * signs refer toy > O (plus) and y < O (minus) respecti-.:
vely (when confusion does not arise, we omit the superscripts).

For groundwave propagation

u -iwp, 1
- = —(1-1) (1. 2)
€g € = T~ o g

N
[}
]

vherein er is the relative permeability, o the conductivity and § the
skin depgg a time dependance exp( -iwt) has been assumed; and the appro-

ximation requires:




1

Inequality (1. 3) is satisfied up to frequencies f = 10kHz for

a very dry soil (g = 10 siemens/m; Er = 15) and up f = 1 Miz for

. -2 . .
normal soil (0 = 10 = siemens/m, € = 15); over the sea (0 = 5 sie-
) r
mens /m, €. = 80) the inequality is valid in all the frequency range
of groundwave propagation. In any case, the (complex) angle @ defined
by (1. 1) is always small, and usually very small. We are consisten-

tly using this last assumption in all the body of this report. Accor-

dingly, we take (for B = 90°)

Z 1
g — = ——— _i , 8 . )4
. pretl ) [6] <<1 (1. %)

It is also necessary to introduce another characteristic angle, rela-

ted to the rormalized surface admittance, hence:

r &

siny = "
Z~ sing,

The (complex) angle Y can be easily computed under the approximation

(1. 2), hence (for B = 90°)

+iln%=%-iln [o]; (1. 6)

<
n
=i

[¥1>1
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In passing, we note that the underlying assumptions leading to
(1. 4 and 6) are also sufficient to validete the use of the surface impe-
dance ccncept for non plane wave excitation.

It has been first recognized by Senior [17~18] that prepagation of
waves along a mixed-path, as depicted in Fig. 1, consist assentially of a
scattering problem, although it is usually referred to as a refraction
one, in the frame of surface propagation (for istance, costal refraction).
This is clearly shown in the Maluizhinets' theory, wherein the total
field is decomposed in its various components: the incident one (a pla-
ne wave), the two reflected waves on the two surfaces y <0 and y > O,
the two surface waves alongy <0 and y > 0, and the (cylindrical) wave
scattered by the line impedance discontinuity y = 0. Particularly impor-
tant are the surface waves, since they are characteristic of the surface
and, therefore, less sensitive to the approximation of the model, e.g.,
undulation of the surface or Earth's curvature.

In the two~dimensional case of Fig. 1 (z-independent fields) an
H-polarized surface field (the only of interest in radiopropagation along
the Earth's surface) is characterized by a propagation factor{the wave

progresses along - ¥);

exp(-ikx sin 6-iky cos6 )= exp [-ikp cos(¢- g +8 )] (L. 7)

’

. 2 2 . ’ . .
wherein k = W g, U, and 1s the free-~space propagation constant. According

sl 2o S o

Py
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the incident angle is
b
¢, = E - 8 (1. 8)

For the three-dimensional case of Fig. 3, wherein the field propaga-
tes with a {real) angle B with respect to the z-axis, the appropriate
propagation factor is obtained from (1. 7) by using the rotation of the
coordinates

Yy =ysin B - z cos B (1. 9)

Accordingly, we get the new propagation factor

exp(-ikx sin 6 -iky sinB cos 6 + ikz cosf cos 8 )=

. : (1. 10)
= exp[~ik pcos(p - ¢ )] exp(ikz cosB,)
Therefore, the incidence angles ¢,, B, are given by
cos B, = cos 8 cosB
cos b, = sin 9 ' (1. 11)
[o] 2 2 .
v 1 - cos Bcos B )
sin 6. = cos & sinB
°o - 2 2
v(- cos Bcos B
MAccordingly, to the first order in 8
Bo = B
(1. 12)
17
d = 5 - 9

The simple source model for exciting surface waves over an impedance

i e ——
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plane is an infinite magnetic line of intensity Im, as depicted in

Fig. 3.The free space magnetic field produced by the line is z-polari- {
zed and given by

k I b
H=—7" Ho(l)(kd) (1. 13)
Lg

. 1 . i . . .
wherein H, ) (x) is the Hankel function of the first kind. Let us use

the integral representation of the Hankel function:

Hil)(kd) =% Jr exp [ikd cos(a-n )] d a =
5 (1. 1b) ﬁ
|
=~% { exp[ikp, cos(a- ng)] exp[ -ike cos(¢-<§ + a)] da i
JS {

vherein S in the Sommerfield contour of integration depicted in Fig.
L. Inspection of (1. 14 and 13) shows that the line source is synthe-

sized as superposition of plane waves of (variable) incidence angle

¢°=g—a ' (1. 15)

and of spectral intensity

exp [ike cos(a- 1,)] (1. 16)

Accordingly, superposition of the plane wave solution weighted by the
factor (1. 16) allows the computation of the field produced by the

line source.
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As a last remark in this introductory section, let us state that the
Sommerfeld contour of integration S, after deformation into the steep-
est descent path, transforms in the real axis, from - ® up to + =,

upon use of the variable change

V2 exp(i % ) sin Eéﬂ =t (1; 17)

2. Mathematical background

In the Muliuzhinets' theory of scattering.by the configuration
depicted in Fig. 1, a central role in played by the Maliuzhinets' fun-
ctions [19]

‘Ph = ‘{'h(a , 6 ‘{'e= ‘I’e(a,y ) (2.1)

The two functions are identical, the second being given by the first
one upon replacement of Y with © . Accordingly, only the function We

is presented hereafter, and the subscript and © dependance is dropped.
We have:

¥(a) = N(a +1 - G) N (a+ G)N(a-T+6 )N (a - €) (2. 2)

or, equivalently:

The function N {v) is given by

. 3)

RO —
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A%

N(Vv) = exp f; [ 2tc;s“ilnt dt (2. 4)

Jo

and is a vparticular determination of a most general class of

function introduced by Maliuzhinets [19] with reference to
the problem of impedance wedge scattering. The function

N(v) is eésy to compute numerically and, in any case, it is
simply related to a tabulated function [20, 30] . Its main

properties are hereafter summarized:

N(v) = N(-v ) (2. 5)

M. -5 = N »
N{v + 2) N(v 2) N (2) cos > (2. 6)
lim N(v) = © [exp L%J] 3 vV = v+ i v; (2. 7)

lv"l + ®

The location of poles of ¥{(a) within the strip

R 1. SR 3

2 2

is of interest. From (2. 4) it is noted that

a
[ 2t ~Tsin t

com 1t dt (2. 8)

is finite for a=7n1/2, diverges toward negative values for




r—
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o =317/2 and toward positive values for a = 57/2. Since the
divergence of (2. 8) is of logarithmic type, the function
N{a ) has a simple pole atma= *5m/2. Accordingly, the pole of
¥Y(a) in the strip of interest are, from (2. 2 ):

+ t

a=:(%+e) (2. 9)

An appPopriate use of relations (2.2 ~ 3 - 5 - 6) may
avoid the necessity of effective computation of the function
¥(a). We quote here after those cases which are relevant to
subsegquent analysis.

Use of (2. 3 - 5 - 6) gives

)

. L N I BLIC R

Wh(‘é + 1) = . .

ISNE ]

N(‘g'- 8%+ 1)

e Sin (2. 10)

If, as assumed, O is small and 1 is prescribed to assume on-

ly small values, then

g | . 8 -1
Wh( > + 1) = N { > ) sin

(2. 11)

Similarly




+ - —
L o7 0 +T 8 -1 //. 8 +7T (
~ = . . —_ 2. 12)
N (2)[ sin 5 sin > sin 5 ]

under the same previous assumptions.
To complete this section let us quote an integral which
is systematically used in the body of this Report and which

can be evaluated properly accomodating results of Ref.[31]:
400

2
I(Q) /2 exp (i% +iQ) sin % exp(- Qt7)

2 . .
t - 21 sin
- 00

F ( /20 sin %)

F (0)

Ti exp(i QcosH)

wherein F(x) is the Fresnel integral

F(x) = f exp(i te)dt
*

3. Mixed-path propagation. Formal solution for plane wave

oblique incidence

"Let us consider the (three-dimensional) problem of plane

wave scattering by the mixed—péth configuration depicted in

Fig. 2. Any component F the incident plane wave is represented




N g
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by
Gi(o, $,z) = Gi exp(ikz cosB,lexp[-iko sinB, cos(9-6¢,)]
(3. 1)
Without loss of generality we take O <Re[Bolj g and

drop the z-dependence of the field components.

Boundary conditions are expressed as

.. t, i
E-i 1.-E=23i x H at ¢= = (3. 2)
- - X Tx T -x - 2
or, equivalently,
. . 1 . v
H-11 H= S E«x1 at = &= .
=  XTx T Z = —x ¢ 2 (3. 3)

By taking the divergence of (3. 2 and 3) and using Maxwell's

equations, we get

L EEE ¥ ik sin@i E =0 at ¢=i1 (3. L)
08 ¢ x 2

1 GHX _ N T

= £ ik sin Yy H_ = =t .
5 + ik sin vy Hx 0 at ¢ 5 (3. 5)

respectively.
Let us now expand any component G of the total field as

a superposition of plane waves, hence:

G(p,9) = E%; G(a+¢)exp(~ikp sinB,cosa)da (3. 6)
J
r

where T is the two-branch contour of integration depicted in

Fig. 5.

Forcing boundary conditions (3. 4 and S) in (3. 6) we

= i
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get, upon integration by parts
(
U e L c f
(sinatsin€ )Ex(aig)exp(-lkp sinB,cosa)da=0(3. T) 3
; .

4
¢ H

i (sinatsinYt)ﬁx(atg)exp(—ikp sinB,cosa)dod 0 (3. 8)
r
Solution to equations of type (3. 7 - 8) is given in[lﬂ
under the assumtion that a simple pole does exit at ¢= ¢,:
Gi cos ¢,
G(a) = +IG sin‘a Ha)

sin a- sin ¢, ol 1 ¥(0,)

(3. 9)

(Rl Y

wherein Gz is clearly the residue at ¢= ¢,, Gn are arbitrary

constants and the function ¥Y(a) is the Maliuznets' function

introduced in Sect. 2.

In order to determine these unknown constants G 1let us

express the spectral z-components of the field (E

-

,» H ) in
z z

terms of the x-components (ﬁx, Hx). We have (see Appendix A) 5

. cosacosBEx(a)-sinacﬁx(a)
Ez(a) = sinB, (3. 10)

2
l-cos asin2 Bo

R cosa cosB;ﬁ (a)-sinaE (a)
CHz(a) =. X = sin B, (3. 11)

2 ., 2
l-cos asin B,

As discussed in [32], the value of any field components

G for p+0 is related to the asymptotic behaviour of the corre-

sponding spectral component G as[aq +o. In particular, G should
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be bounded if G is required to be regular as it happens for
E sand H .
z z
Substituting the expansion (3. 9) in (3. 10 and 11)
and using (2. 7), it is easy to convince ourselves that all
Gn must be equal to zero with the exception of G_,. The con-
clusion is that the appropriate expansion for ix’ ﬁs is the

following one:

. [E,_cos¢, ¥ (a)
E (a) =|—F + B, h (3. 12)
* : . ¥ (9,)
sina - sing, h
PHoxcos do v] Y (a)
H (a) = + H_ £ (3. 13)
sin a-sing, We(¢°)

vherein on, H°x are the x-components of the incident field and

Eh, He two still unknown constants.

In order to evaluate those constants, we note that the

-~

spectral components iz’ HZ as well as ﬁy’ ﬁy exhibit simple

poles in the integrand (3. 6) at values of a given by

cos{a+d) =2 2 (3. 14)

sinB,

When the integral (3. 6) is evaluated in terms of its singu-

larities, these poles generate plane waves whose y-dependence

is of the type:

e
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exp(*ky cosB,) | (3. 15)
therefore diverging for positive or negative values of y.
In order to have a field solution which is everywhere boun-
ded, the singularities (3. 1%) must be compensated forcing
the numeratores in (3. 10 ~ 11) to be zero at values of «

givenm by (3.14). This can be obtained by letting

~ + -~ t
E(a”) iz H (a") =0 (3. 16)
X P x p
wheTein
+ 1
cosup = oinf. (3. 17)

and, consequently:

+
sina; =ticotgB, (3. 18)

It can be checked by ispection that relation (3. 16) fdrces
- - +
also E , H (see A. 10 - 11) to be finite at G=0" .,
Y y P
Condition (3. 16 ) provides a system of two equations in

the two unknown Eh, He. Once these are evaluated, the spe-

ctral components of the field are completely known.

L, Spectral field singularities

For a discussion about the properties of the spectral

-
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representation (3. 6) it is convinient to deform the origi-
nal integration contour I' into the two-branch steepest de-

scent path C (see Fig. S), so that
(

l -
G(p,9) = E;j G(a+¢)exp(-ikp sinB, cosa)da +

¢ (4. 1)

+Z[Residues of Goet¢) in (F—C)]
The function G(a+¢) exhibits singularities coincident with
those (3. 9). Poles of the first factor in (3. 9) do accour
at:

13 . . . . . (k. 2)

o]
n
o

n
a = —¢+(-) "o, +nm;
n
Poles of the second factor do accour at
+
a =+{ _2 + 07) + 2nm (4. 3)

If those poles are located inside (I'-C), the corresponding
residues generate plane-wave fields.

In particular, the pole 0, corresponds to the incident
wave; the two poles ailto the (geomefrically) reflected wa-
ves upon the two half-planes ¢=+7/2 respectively; and the
poles atto surface waves upon the same half-planes.

Furthermore, the integrand in (4. 1) exhibits saddle
points at a = -¢tw . In the asymptotic evaluation of the

field, these saddle points generate cylindrical waves from

the discontinuity line p = 0
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5. Surface wave incidence

As stated in Sect. 1, an important problem is the computation
of the surface wave conversion at the surface impedance discontinuity
for a mixed-path plane Earth propagation. Accordingly, we are taking
as incident wave a TM (with respect to x) surface wave (see Fig. 2) of

field x-components (see 1. 10 and 11):

Ei = on exp(ikz cosB,)exp [—'-ikpSinBO cos(¢—¢°)]
i (5. 1)
H =0
x
. . . +
wherein, to the first order in Qh .
T+
BB 3 fox 5—9 (5. 2)

The spectral x—components of the total field are readily obtained from

(3. 12 and 13), hence:

E,_ cos ¢, ¥ (a)
E (a) = = + B b (5. 3)
sina =~ sing, ‘i’h(¢°)
¥ (a)
H () = H_ € (5. 4)
‘l’é(%)

The fields for ¢= -m/2, i.e., on the Earth's surface y < O are of

interest. The three poles (see 4. 2 and 3)

p~

+
a . =-mb

+

ﬁ a_, = -m-6" . (5. 5)

A
e




are located near the saddle point a= ~7m as far as ﬁx(a) in concerned,

while ﬁx(a) is regular in the same neighbour. The two poles

<+
o, = m1C
s (5. 6)
al = T+

are located near by the saddle point o=m, again as far as ﬁx(a) is con-
cerned, while ﬁx(a) is again regular in the same qeighbour. Since the
surface wave transmitted in y <O is essentialy the contribution of the
pole a_, it follows that this wave is still TM polarized, as it would
be expected, since ﬁx(a) provides no contribution to it. For the com-
putation of this transmit;ed surface field, first we must evaluate the
constant Eh in (5. 3). This can be readily accomplished by forcing the

condition (3. 16}, hence:

. 2
on cos¢, sin B,

Eh = sin ¢, + i cotgB,

. 2
1l- 51n28° cos ¢,

(5. 7)

+

- - +
‘i'h(a )'Pe(aE) +‘l’h(ap)\l’e(ap)

+ 0

- - +
Wh(a ) We(ap) - Wh(ap)we(ap)

‘™

Now, in the asymptotic evaluation of the integral in (4. 1) for large
ko sinB,, only values of the integrand near the saddle points Q =im
are of interest, so that a series expansion of Ex(a- m/2) near those

two points is appropriate. In particular, we get from (2. 11 and 12)

latioiitoch




- o) -
O= - T-. -
near ’ R Ceter . 8Tt
E, sin 0 sin =7~ sin 73 5. 8)
B (et Ty=|—X g >
X 2 + h _
cosT - cosB + . 0 41

A'great care should now be taken in the asymptctic evaluation of the

field; due to the clustering of two poles nearby the saddle point. The
evaluation can be accomplished either by using the Bleistein method[30]
or simply by extracting the singularit& near the saddle point[Sl]. The-
se two methods are equivalent to the first order and the latter is most
convinient to our purposes since only the term singular at @=0_ is here

of interest. This term, E;(T), is given by:

- ._+ -~ (o]
E'(1) = 1im sin &= E (1) = X +E |
b'd 2 b 4 6" 5 e+ h
T8 2(sin 7; - sin” —)
ety
- sin
sin@ 2
. ; ~ (5. 9)
sinf - I
sin 5

Wherein the integration contour C in depicted in Fig. 6. A detained
. . +
evaluation of the constant Eh in terms of the system parameters 0 |

9-, B, is given in Appendix B. If not only ® is small, but also

[9 cotg ‘Z‘ ] << 1 : (5. 10)

. e

PR I
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and (1. 6) is valid, then Eh is of order 1/6 while the Bo-in_ ii

. . .2 . ’

dependent term in (5. 9) is of order 1/6 . Accordingly: F
- 2 sin @ 1 1

E'(a) = E, = ,

. + . - x -
sinf + sin 6 .0T )

2(sin — + sin 7 ) \ 4
2 2 /i

(5. 11) H

. 1
= TE; - t

wherein T is a transmission coefficient.

The transmitted surface field upon the Earth is given by:

Es(p, _ 1) E (y)= °x j exp({ikp sinB. cos T1)dT -
x 2 - -
Cs sin L Q‘ + sin 8 cos L
° 2 2 2
T 4
T on g~ ( ©OS 5 exp (iko sin B, cos T)
& - —— gin — J n at (5. 12)
b i 2 .21 .28
Co sin > - sin > !

wherein C, is the integration contour depicted in Fig. 6 and the
odd part of the integrand has been disregarded.

By using the change of variable (1. 1T) with n = O the inte-
gral (5. 12) is transformed in the canonical form (2. 13) and

we get: §
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T e . [/2kosins'o"sin g J :
[+ - ..
Es(y) = —“5‘5— exp (-iky sin B, cos 6 ) ° = |
* F(0) |
(5. 13)
T E, } ;
= —— exp (-iky sin B, cos 8 ) {
5 !
if t
28 ?
28p sin B, sin” 5 <<l (5. 1) '

The result (5. 13) is interesting inasmuch as it shows that, at

large distanceslfrom the suiface discontinuity, the surface field
is transmitted according to the ususal tranmizsion coefficient of
the refraction theory. Furthermore, the two components of the pro-
pagation constant are given by:

k
2z

k cos B, =k cos B cos B+ (5. 15)

. 2.+ . 2.~
sin ® - sin @
2

k
Yy

fl

- +
k sin B, cos & = k sin B, cos 6 (1 +

)

Egs. (5. 15) show that the change in the phase front direction is
negligible when the assumption (1. 3) is made. However, expression

(5. 15), at variance of that for T, is valid also when (1. 3) is

. : +
relaxed, since only the angle 6 is small.
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S.Egpitation of the surface made by a magnetic line source over the

Earth

In the preceeding section it was shown that, in the case of
highly conducting surfaces, propagation of the surface wave is
poorly affected by the incidence angle.

This result suggests to examine the excitation of the surface
wave in the two-dimensional case, i.e., when.the source is taken
equal to a magnetic line source parallel to the plane x = O, as
depicted in Fig. 3, with ng<< 1. From the analysis of Sect. 1
-see (1. 13 and 16) - we get the formal expression for the z—compo-
nent of the total maénetic field along the surface x = 0, y £ 0,
hence 1 ] (6. 1)

y = —8— i J G(a) exp [ ik p, cos(a - n,) ] da
Lz bis S

NOE]

H(p,-
2z

wherein S is the integration contour represented in Fig. 4 and

Gla) is given by (3. 6 and 9) with B, = 90° and Gi = 1, hence:

T X
1 [ cos( 2 @) wh(g 2) exp(-ikpcos§)dg
Gla) = == .
2m ) - T .
sin(g - E) - sin(E -~ a) Wh(z - a)

(6. 2)

The integration contour is represented in Fig. 7 and can be changed

in the alternative contour C provided that the residues of the integrand

inside '~ C are taken into account.
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From result of Sect. 4, it follows that the pole location is that
depicted in the same Fig. 7. Since o is prescribed to run along the curve
S of Fig. 4, it follows that the two poles £o andg_l are always in-

side the closed contour T'- 0, forn,> O. The corresponding residues

are given by: -
v, (- a) sin 3
1 - - exp(ik pcosa ) =exp(ikpeosa )| 1- ———— =
¥ (= ~-a) J . 8 +al
h'2 sin
L 2 |
2 sing .
> — exp(ik pcos q ) (6. 3)

sing+ sing

since, in the asymptotic evaluation of the integral (6. 1) for kp,
large, only values of aq=n, <<l are of interest. Note that we used
result (2. 11 - 12) in order to obtain the final expression (6. 3).

The integral (6. 2) along the two steepest descent paths C must
now be computed. If :

X p sin %° <« 1 (6. k)

the position of the poles go,gl,g_l,g_e, is sufficiently remote from
the integration path to produce any significant change in the conventio-
nal asymptotic evaluation. From another viewpoint, decomposition of

the integrand (6. 2) in simple fractions and transformation via
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(1. 17) in the canon’ zal form (2. 13) leads to terms that are inversely
propotional to (6. 4), and therefore dominated by (6. 3). This is not
true for the pole £ . Expanding the integrand (6. 2) nearby £ = -1,

be have, forasmall,

cos(X - a) E-3)
2 o>
w
T T - -
sin(§ - E) - sin('2' - o) wh( 2 @)
sin 8 41 snxe“—’r
sin O 2 2
= + _ » & = ~T+T (6, 5)
o 0 +0 .00 o+
cos T - cos sin =7 sin =7

Extracting the singularity at 1 = -8 and evaluating the integral as

in Sect. 5, we get the term

+ -
. . - . 98-8
1 sind sin 8 sin 5 _
> * exp(ikp cos 6 )
- +
(:-'.:'L22 - sineg) ine * 2
o2 2/ 8 2

(6. 6)

which again dominates the remaining part of the asymptotic evaluation

if, as we have assumed,

Xp sinc 0 <<1 (6. T)
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The conclusion is that we can take as G{a) the sum of (6. 3) and

(6. 6). For the term (6. 3) we have

(
2 si . ]
1 l Sin @ exp(ikp cos.a) exP[ ikpcos(a~n O‘] do =
m )S -
sin a+ sin ©
r -
1 2 sin u- exp[ ik d cos(a- ] & (6. 8)
sin a+ sin ©

S

upon comparison with (1. 1L) and when the point P(x, y) of Fig. 3
lies on the surface x = O.
By using the same procedure as for the integral (5. 12) we get

for the first term H of the magentic field for y < O

Z
kI 5 .
H (o,-1)=—'—'—m 2 | exp(-i T +1kd)+
zy 2 y L Tk a i (6. 9)
6+
0" _ ¥ ( Y2kd sin ;r }
+ Ui sin— exp [ikd cos(8 + n)]
2
F(0)
when:
. 8 41 )
Y2k 4 sin >> 1 ( 6. 10)

asymptotic expansion of the solution gives
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= m 2 sin 0 2 n

exp(-i N + ikd)

% L% sinni+sing Tk a
(6. 11}

i.e., the cylindrical wave radiated by the source and its image with
respect to the plane y = O.
- . » - ‘“’
Similar results we have for the contribution H (p, - E) due
z
2

to the second term (6. 6) upon decomposition in simple fraction.

Computations are straightforward.

Conclusions

We presented a rigorous theory of propagation along a mixed-path
plane Earth. The theory is based upon the exact solution given by
Maliuzhinets for the normal incidence, properly extended to the obli-
que incidence case. Maliuzhinets' solution is given in terms of a
(relatively) complicated function.

We have evaluated this function in closed form for all cases of
practical interest.

First the case of an incident surface wave has been considered.
For highly conductive surfaces, it was shown that the transmission
coefficient is real and practically independent from the incidence

.

angle. This is not the case when at least one of the surfaces is

poorly conducting. Although not explicitly examined, the solution
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gives, in.this'last case a (complex) angle depending trasmission
coefficient.

The direction of propagation of the phase front is not appre-
ciably changed, for the case of highly conducting surfaces, far from
the impedance discountinuity. Again, this is not true when at least
one of the surfaces is poorly conducting.

The case of source excitation can be considered by synthesizing

the field from the plane wave solution. Examination of the solution

confirms previous results.

N

4 e b e
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APPENDIX A

Relations between spectral components of the field

For the spectral components of the field we have:

kK x E = wou H ' (A. 1)
k x H =-we_‘ﬁ_ (A. 2)
k E =0 (a. 3)
k - B =0 (A. 1)

From (1.10), it follows that:

k

-k sin B, cos{a+¢) - k sin B, sin(a+¢) }y + k cos Boiz

i
i,
X "X Yy Yy z "z _ (A. 5)
2 - N s
(ky +k)E =wpk H -kk E (A. 6)
Similarly, by substituting (A. 5) in (A. 2, 3, L) we get:

2, = - 2
JH =-uwek &L -k k H {A. 7)
2z’ Tz Yy x

(k2+k
Yy X 2z X

Accordingly:
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cos acosB E(a) - sina ¢ i (a)
E(a) = X > 5 X sin B, (A. 8)
' 1 - cos a sin = B,

cos acosBcf{x(a) + sin a Ex (a)
;Hz(a) = sin B, (A. 9)

2 . 2
1l -cosa sin B,

For the y-components we get similarly:

, 2 . - ' -
sin” B, sinacos aEx(a) + cos B,¢ H (a)
Ey(cx) = - = (A. 10)

2 . 2
l] - cosa sin Bo

sin26o sinacos a £ (a) - cos Boﬁx(a)
CHy(a) = - % (A. 11)

2 . 2
l~cosa sin B,




APPENDIX B }

Evaluation of the constant Eh

From ( 5. 7) the constant Eh can be put under the form: . ‘

E = ‘{sin¢, + 1 cotg B, R (B. 1) :
2 2 ' 4
1 - sin B, cos ¢, L i

. 2 .
on cos¢, sin B ‘

v @) ) ey 00 o ) §

R = P B e P e D (B. 2) %

+ - + - B

¥a ) ¥ (a )~y (@) /N (a) 1
h p h p e D e p

wherein, from (3. 18) |

Bo

5 = 1ip (B. 3)

a =+ i 1ln cot
P g

On the other hand, we have from (2. 4)

"

20 -7 sin a
— %

N(a+x) = N(a) + Tl{ No ) . (B. L)
cos a
Accordingly, for small values of 8 ,
sinB . + . -
+ 1+ (wt 2ip)6 + (m -2ip )@
‘l’h(a ) > ¥ 4
2 = (B. 5)
Y a” i T + -
h( p) 1 + =20 i;(ﬂ - 2iple + (v + 2iple }

2n



Furthermore

X
. 1/k4
N(z) = N(x + iy) = cos / z exp ;} ( E at| |
é cos t )
; @ + it ‘
exp é: J —X TP 4t (B. 6)
s cos(x + it)
For y >>1,
N(x + iy) N(x + i) (8. T)
Accordingly, for © small and 3
8o |
0 cot o << 1 (B. 8) ‘1

we have from (2. 2)

+
¥ (o) 1 (B. 9)

[t

A ¥ (@)
. . e p
In conclusion, we have:

R= u (B. 10)

+
ip sin B,(6 -0 )

. 2
on cos ¢, sSin B, n cotg B,

1

* -
8 -6 sin 8, 1n cotg'g°

=
n

sin ¢, +

. 2 2
l - sin B, cos ¢,

(B, 11)
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Fig. 1. Geometry of the scattering problem under considerationm.
Normal incidence.
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Fig. 2. Geometry cf a surface wave cbliquely incident on a sur-
face impedance discontinuity

e
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Fig. 3. Geometry of an uniform magnetic source line over a
mixed-path Earth.
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Fig. b. Sommerfeld contcur of integrati?n for the expansion of
the Hankel function H,(kd)




Fig. 5. Integration contour in the compley plane.
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. Integration contour for the trasmitted surface field.
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Fig. 7. Integration contour and pole positions for the field produced

by a magnetic line source over a mixed-path propagation.







