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ABSTRACT

ON THE PALLET LOADIING PROBLEM

In this Paper the two-dimensional Pallet loading~ Problem is
congsidered: that ist the Problemn of' loading a rectang~ular Pallet
of size 'L' bw 'W~p drawini from a set of Wr rectangular boxes.
The objective is to maximize the area covered orn the Pallet bv
the boxes loaded* The Problem is approached using a combination
of Eiyramnic ProgramfmiriA ard heuristics. The structured solutions
resulting from the appelication~ of the 'ddnamic Programo have two
sererndipitous characteristics:4 ar.v item mav be plcdon the
ceripherv of the Pallet for easv accesisy arid some conitrol ma4 be
retained over the center of gt'avitv of the Pallet. Was-s of' using
the Procedure to load three-djimensional Pall.ets are 'discussed.
Computationial results are given.
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Introduction

Much of the Packa.ed material which is shiPe-ed in trucks,
railcars, aircraft, and ships is Packed on a Pallet or in some
other bulk. container. The Parking problem can be stated simply
as trvin to Pack. as marw packages as Possible into a container.
Certainlw the general packin problem would include irre.gularlv
shaped Packages and containers. However, in this PiaPer, onlv
rectangularlv shaped pack.ages (boxes) and cortainers (pallets)
are dealt with. There are, at least? two major Problems that can
be identified as The Pallet Packing Problem.' The first Frobh ,e
could be called "The Manufacturer's Pallet Pack.ing Problem. In
this Problem, the manufacturer produces a Product which is
Pack.aged in identical boxes' the box-es maw be Packed in
identical cartons; the cartons are packed ore identical pallets;
and the Pallets are loaded in standard sized trunks, railcars,
or shippin.g containers. The Problem is to choose the Pack.ase,
carton, Pallet, (and Possiblq the container) dimensions so that
the volume of Product Packed in a container is maximized. This
Problem reauires a one-time analysis to find the so].ution. With
the exception of Steudel E10i, ]ittle has appeared on this
Problem in the open literature. However, it is clear that.
industry is attacking this Problem and several. consultirn. firms
offer services in this area.

The second Problem could be called 'The tistributor's Pallet
Packing Prob]em.o In this Problem, the distributor fills an
order from a customer. The order is Pack.a.ed in boxes of var,.inq
dimensions. The Problem is to Pack the boxes on a standard
Pallet so as to maximize the volume Placed on each Pallet (i..,
,minimize the number of' Pallets used to ship the order). The
Problem renuires a new analysis for each pallet Pack.ed. As a
consequence, from an economic stand point, the cost of a
solution for the Distributor's Problem can be, at m6st, a
fraction of the cost of a solution for the Manufacture's Problem.
In aodfition, in most applications, the Distributor's Problem
must be solved auick.lv (i.e., real--time computation) in order
for the solution to be applied.

For the Manufacturer's Problem, Present technolol supports
the packing of Pallets using automated material handlinc. systems.
However, the Distributor's Problem, b, its norePetitive nature
and solution time reauiremerts, is more diffic,..].t. In order to
automate the Physical PacP.in of a distributor's r-allet one
first needs a Pack.in algorithm which essentiall. is real-time.

The Problem addreseed In this Paper is a constrained version
of the Distributor's Problem. Some of the boxes to be pacKed or,
the Pallet may contain volitile liouids or explosives. As a
corseneuence, those items must be Packed on the eeriPherv of the
Pallet so that, if necessarw, thew can be removed oljickly. This
Problem is faced bw the U.S. Air Force when thew transport
'Palletized cargo consisting of military ec.uipment and supplies.

BacP.g round

ihe Pallet loading Problem is related to a Problem long
studied in the Operations Research literature: The Cuttino Stock,
Problem. The cutting stock. literature is root discussed here, but



the interested reader is directed to a recent review Paper bv
Golden [5). The two-dimensional cutting Prohlem (of which the
Pallet loading Problem is a special case) has been studied by
Christofides and Whitlock [1, Gilmore and Gomorw [4), Hahn [61?
and Herz [73. The two-dimensional cutting Problem becomes the
two-dimensional Pallet loading Problem where the renuirement for
guillotine type cuts is dropped (ite.,straight cuts made in
stages from one edge to the opposite edge of the object being
cut, such as with a common Paper cutter). Steudej [103 studied
the Pallet loading Problem. However, his work was limited to
the case where all boxes have the same length and width. He
developed a Procedure combining heuristics and d namic
Programming.

DeSha [2], in an unpublished master's thesis, developed a
heuristic for loading containers. His Procedure first sets up
stacks of items to fit the container height, there loads the
stacks in the container to maximize the container floor area
covered. The heuristic appears to obtain nuite good results
using a data base with boxes whose dimensions are randomly
generated. The Procedure does not, however, include
considerations of center of gravity, Positioning of hazardous
material in the container, or box manipulation (ro 'this end ur-
assumption).

The Pallet loading Problem falls in the category of r'roblees
called NP-HARD E33. Conseauently, a truly efficient optimal
algorithm is riot likely to be forthcoming. In developin ar
approach to the Problem that would be consistent with the
special needs of the USAF, it also became clear that it would be
highly desirable for the system to be interactive. This would
allow a user to guide the solution of a Particular loading
Problem in order to deal with those .inoantifiable eleeents of a
'real world' loading Problem. With these observations in mired, a
system called IPI.S (Interactive Pallet Loading System) was
developed. A Partial description of that system is i n8] 1(IF'..SL
is undergoing evaluation and further development by the USAF
Logistics Management Center). In this Papery the algorithmic
developments and conceptual use of such a system is discussed.

In the following, a Pallet loading Procedure is developed
for the two-dimensional loading Problem. Then ways of using this
Procedure to load real-life (three-dimensional) Pallets is
discussed. Computational experience is Presented.

Pallet Loading Procedure

The Pallet loading Procedure can be described as a
combination of the principles of Dynamic Programming [9) and
heuristics. To understand the Procedure, it will be useful first
to consider a *best' Proced,..re. It will be obvious that the
"best' Procedure is computationally infeasible. Therefore,
structural limitations will be introduced which limit the
computational effort. A serendipitous by-product of the
resulting Procedure structure is that Positioning of hazardous
material and considerations of center of gravity care be handled
without loss within the Procedire,

Assume that it is desirable (no matter what the cost) to
fired solutions to the two-dimerisioneal Pallet loadin, Problem
which maximize the area covered on the Pallet. In order to
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achieve this end, let us consider Dynamic Procramming as a
solution methodology, The followin.g defiritiorns will be useful.

P = A Partition dividinr, the Pallet into two Parts (see
figure 1). The left-hand sub-pallet must include the
origin (0,0), and the ri4ht-hand sub-pallet must
include the Point (L.,W).

i = The index of boxes to be loaded, i=1,.°°,n.
l(i) = The length of box i.
w(i) = The width of box i.
S(i) = The Profile (shadow) of box i. The Profile is a rect-

argle with length l(i) and width w(i)°
N = Set of all boxes to be considered for loading

(of size n).
I = Subset of the boxes, 1,2,..,n.
f(P,I) = The maximum area which can be covered of the left-

hand sub-Pallet of P using the subset of boxes I.

The Dynamic Programming eouation for the Pallet loading Problem
car. be given as follows:

(1) f(P,I) = max El(i)*w(i) + f(P-S(i),I-i)].
ie i

It should be roted that the notation 'P-S(i)' represents a
partition which, in a graphical sense, is the Partition P with
a Profile of box. i removed from the right-hand edge of the
left-hand sub-pallet. Typically, there could be many di fferent.
realizations of 'P--S(iW" that should be considered withir a
dynamic optimization. There are other obvio..,s difficulties with
implementing ecuation (1). The most obvious is that the number
of Possible Partitions P of the Pallet is e-tremely large. This
means that the state space for the DEnamic Program will renuire
large amounts of computer storage. It also mears that the
computer time reauired to solve the Dynamic Program likely would
be well beyond ary sensible limit for real world applications.

One approach to developing a more tractable Procedure is to
limit in some way the form of" the Possib]e Partitions of the
Pallet. In the Present case, Partitions of the Pallet have been
limited to rectangles (figure 2a). In order to specify the
Dynramic Program resulting from the rectar, ular partitions, the
following additional definitions are needed.

., = Two-dimensional index specifying a rectangular
Partition (figure 2a).

J = Subset of the boxes, 1,2,..,rn
g(xy,I) = The maximum area which car be covered of the left-

hand sub-Pallet of xvy using the s.,bset of boxes I.
h(-,yx',9',I) = The maximum area which car. be covered of the

left-hand sub-Pallet of x'',4' less the left-hand

sub-Pallet of xy using boxes from the set I
(not all elements of I necessarily are used,
see figure 2h).

The Dynamic Programming euation for the Pallet loading problem
(limited to rectangular Partitions) car. be giver, as follows:

-3-
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(2) 9(x'eV',D m)= ax 110.,J) + h( xyx', J-J 'I

JI

The iumplemnrtation of enuatioe (2) also has its difficu itri's.
The furnctionhxyx,'IJ itself rectuires arn optioai.atior ir,
order to Pack. the L-shaped area common to the P'artition~'''
but riot com~mona to the partition xry (i.e., I-J is the
cross--hatched area irn figure 2b). The state-sr'ace is still t'
large to deal with ore a Practical basis.

Irn order to limit the size of the state sFoaceg, it is
necessary to carrv only; orae Partial solution (-i(xq,i,T)) for Peach
Partition x~.The obvious choice is to carry3

max (xyI)
I

With this limitation or the state spacep the impFlemeratatioa of
ectuatioa (2) is relatively straiqhtforwarj. It is necessary,
however, to specif4 several importanat details firSt:

1. are optimnization structure for (,~'~',-4
2.bounading ~ rue orte iniratior, of pa i al c.I.in~

3. bounadinc. rules for the ninieeirtiori of'vn i t
effort.

The optimizationa for h~~~',~p)is dorF %ifytrJ.- b

breaking~ the L-shar'-ed area irnto two re+.r~,lraa (fi._(ure 7;
and filling each area using a linesar Psniramnic Progr.ammir.l
?-rocedure. The following~ def'initiona is useful.

b(j,x) = The maximum Possible 5r-2ce covered in ;3

rectang~ular area of' Ienqth , bvstackincl

limitation of 'lirnear' stackins( imp~osed).

The Dvyramic Programming ectuatior, for the rectara~ular lopdinS_
Problem cart be givern as follows:.

(3) b(j,,x) = ryax EbJ1,),b(j-1yx-l(,) +l(j)*w(i)i*

The impelementation of ectuatiora (3) is achieved b : first
eliminating boxes too large to fi~t irn the rertaroflel thenr
turrning each box ira the candidate set so that~ its lorngest
dimfension is Perpendicular to the loris dimension of the
rectangular area (if the longest dimension of the box ii l e s C
than or ectual to the short dimension of the rectanclul ar area'
that is).* This insures. an optimal Packinc. of the rer.taragular
area.* The L-shaped area is brokern irnto two rectarrafl ar aress
(corridors) two different wavs (fi.ifure 3) for the- are-lication of'
enuation (3). The best solution obtaintedg, in t~erus of' irea
covered, is retained.

A sirnele, arad almost obvialis, bre-ndirag r10P. that el iffiraates
a great deal of the storage reouiremerats for the Atot~e sace ira
c'ompua~ting~ enuaation (2) is that a P-7rt jal solutio nrdes ro,t riped
to be retairned for the Partition x,'y if there ex~~ a rta
soluition for a Partitiona x'~',('<,Y'(:=Y) sucih that. the-
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solution value for x',w' (max [g(x'pw',l)]) is greater than or
enual to the solution value for xy (naxt(xyI)]).

Another effective bounding scheme is used to eliminate
computation time, It involves computing an upper bound or, the
amount to be loaded in a rectangular area of dimension LxW bw
using the result of a linear DInamic Program in multiplicative
fashion. The following definition is useful.

c(ix) a The maximum possible linear space covered in a length
x bw stacking boxes from the set l,...,J.

The Dwnamic Programming enuation for the linear loading Problem
can be given as follows:

(4) c(J,x) = max[c(J-lx), c(J-1,x-l(J))+l(J), c(J-1,x-w(J))+w(J)]

The function c(nx) specifies the maximum linear coverage that
is Possible on the line segment [Ox] choosing from the set of
bo"r 1,...,n (positioning them bv either length or width). Foiv
a Pallet (rectangular sub-Pallet) of size L bw W an upper bound
on the maximum load (coverage) possible is c(nL)*c(nW). The
function c(nx) care be computed Prior to the Pallet loading and
is easily implemented within the structure of eauation 2. The
upper bound can be used to eliminate the need to consider a
given Partial solution (x',y') in eauation (2) altogether. It
can also be used to eliminate the computation of Dvnamic Program
eauation (3) within the optimation of eauation (2) where
considering a specific Partial solution (xvy).

A more Powerful bounding Procedure can be used for
rectangular sub-pallets of certain dimensions. Clearly, if the
width of the sub-pallet is less than the minimum dimension
(length and/or width) in the candidate box set, it is impossible
to Pack any of the candidate boxes on the sub-pallet.
Consseouently, the upper bound on the amount which cAn be loaded
is zero. Now, let MINDIM eaual the minimum dimension in the
candidate box sets If the width of the sub-Pallet satisfies

MINDIM <= W < 2*MINDIM,

there boxes not fitting within the width of the sub-pallet cars be
eliminated from the computation of enuation (4), and the upper
bound function is Joist c(ne,x,W) (where the "Wu indicates the
elimination of non-fitting box lengths and/or widths from the
candidate set, i.e., l(J)>W and/or w(J)>W). The matrix layout of
the bound is shown graphicallw in figure 4.

Another bound to suppliment the above bounds care be
calculated. The following definitions are useful.

a(i) = *he area of br.: i (i.e., a(i) = l(i)*w(i))

d(J,z) = The maximum Possible area covered on a Pallet of
area z b, loading boxes from the set 1,...,J, and
igroring considerations of box shape.

The D ramic Programmirng eouation for the area loadirng Problem
car be given as follows:

-9-



(5) d(J,z) = max I d(j-I,z), a(J)+d(J-Iz--a(J))]

The function d(J,z) specifies the maximum area coverage that is
Possible on a Pallet of size z, choosing from the set of bo.es
1 P o##n, and assuming that the boxes can be 'mashed" into an.
shape without loss of area. The upper bound for a rectar,-iular
Pallet (sub-pallet) of size W bv W, is Just d(ri,l), The upper
bound used in the Procedure, then, is Just the minimum of all
the bounds described above.

The solution Procedure results in the boxes being Placed in
corridors on the Pallet. Two serendipitous b..y-products occur.
First, since each corridor has at least one end or, the Pallet
Perimeter, anY box which contains hazardous material cart be
Placed at the end of the corridor (as Per USAF* Regulatiors)
within the structure of the solution. It is Possible to -et
multiple "hazardous" boxes on a corridor, so there is no
guarantee that any box car be Placed on the peripherv of the
Pallet. However, it has been our experience that the Probability
of not beirg able to do so is ouite low. Second, also since
boxes can be moved within their assigined corridors, some control
can be maintained over the center of gravitv of the Pallet
within the structure of the solution,

Since real-life Pallet loading Problems tyPically have
considerably more complexit.y than the Present formulation, the
approach described above is best used as Part of a highlv
interactive computer s.qstem [8]. The followin.l illustrates two
Potential ways of using the Procedure to load a
three-dimensional Pallet. The first aPProach is to load the

Pallet in lavers. That is, from the set of boxes to be loaded on
the Pallet, choose a subset all of which have the same height
(It may be necessarv to 'rotate' some boxes in order to .et the
correct dimension as the 'height'.). Then run the Procedure to
load the Pallet usirg the constant height subset of boi'es as
input data. The tops of the loaded boxes now form a new 'Pallet'
on which another set of boxes (of common height) car, be loaded.
This Process car be repeated until either the total weight limit
or the total height limit has been reached. The result is a
Pallet with a 'lavered' load as in figure 5a.

The second approach is to load the Pallet with columns of
boxes. That is, make up stacks (or columns) of' boxes such that
the stacks are no higher than the max.rimum allowable pallet
heig ht and the volume filled over the base box (bottom box in
the stack) is ma-imized0 Stacks cart be made uP using a simple
Dinammic Programming (knapsack) Procedure [93. Usin.g the stacks
as bi-s 'boxes', the Pallet loadin Procedure can then be used.
The result is a Pallet with a "stacked' load as in figure 5b.

Computations

The Pallet loading Procedure was Programmed in Fortran IV
and implimented on both a PEIP-11/34 and the University of
Florida Amdahl 470. The computation times shown in Table 1 are
for the Amdahl using the IM Fortran 6 compiler. Since the
Amdahl operates under a 'virtual" operating system, the reported
times include "paging', and actual CF'IJ times mpv be as much as

- 10 -
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Figure 5a
"Layered" Pallet Load

Figure 5b
"Stacked" Pallet Load



50% less (CPU times for the FPDP-11/34 usirng the Fortran IV-Plus
compiler are approximatelv ten times thse reported for the
Amdahl. ). The experimental computation runs were made using five
different sets of boxes and four different Pallet sizes. As
might be expeected, computation times grow as a function of
Pallet size (area) and diversity of the box dimensions in the
data set (maximum box len.gth - minimum box width) . It is our
opinion that further improvements in the boundin function would
greatlw improve observed rurning times. Comparison runs with arid
without the existing bounding function resulted in reductions of
up to thirty to one in computation time. Yet it is our
observation that the boundirg function mas still have much room
for improvement.

The reported Percent coverage of the Pallets appears to be
nuite good. Average coverage (actual coverale in sauare inches
over the upperbound in snuare inches, times 100) was 94.3% for
all Problems.

Table 1

Box Set Vi rtual
Minimum Maximum Pal let Computation

#Boxes Length Length Length Width Units (sec) X Coverage

29 17 19 70 50 .09 100
29 17 19 80 60 .28 95
29 17 19 90 70 .87 89
29 17 19 104 84 * 3.04 93

25 17 21 70 50 .32 100
25 17 21 80 60 2.01 89
25 17 21 90 70 3.13 93
25 17 21 104 84 * 15#44 90

29 17 30 70 50 .36 99
29 17 30 80 60 1.61 98
29 17 30 90 70 6.49 99
29 17 30 104 84 ** *

25 17 36 70 50 .58 95
25 17 36 80 60 6.83 88
25 17 36 90 70 22.89 94
25 17 36 104 84 ** *

25 10 36 70 50 8.20 92
25 10 36 80 60 ** **

The standard U.S. Air Force Pallet is 104 in. bw 84 in.
* The Problem was not solved in 25 'virtual' seconds.
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