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ARSTRACT

ON THE PALLET LOADRING FPROBLEM

In this rarer the two-dimensional rallet loadindg sroblem is
considered: that iss the rroblem of loading a rectangular rallet
of size "L" by *W'» drawing from 3 set of "n® rectandular boues.
The obdective is to maximize the area covered omn the rallet by
the boxes loaded. The rrohlem is srrroached using 3 combination
of Duonamic prodramming and heuristics. The structured solutiorns
resulting from the arrlication of the "dunamic srodram® have two
serendiritous characteristics! anv item may be slaced on the
rerirhery of the r3llet for easy access» and some control mavy be
retairned over the center of gravity of the rallet. Waus of using
the rrocedure to load three-dimensioral rallets are'‘discussed.
Comrutational results are diven.




Introduction

Much of the rackaded material which is shirred in trucks,
railcarses aircraftsy and shies is racked on a3 rallet or in some
other bulk contaziner, The sacking rroblem can be stated simrly
3s truind to rack a3s many rackades as rossible into 3 contairner.
Certainly the deneral racking groblem would include irredularly
shared rackades and contairners. Howevers in this r&arery only
rectandgularly shared rackades (boxes) and contziners (rallets)
are dealt with., There are» at leasty two mador rroblems that can
be identified a3s *The Fallet Facking Froblem.® The first s=roblewm
could be called "The Manufacturer’s Fallet Facking Frobhlem.® In
this rroblems the manufacturer rroduces 3 rroduct which 1is
rackaded in identical boxesiy the bores maw be racked in
identical cartonss the cartons are racked on i1dentical ralletss
angd the rallets are losded in standard sized trurksy rsilcarss
or shisring containers, The rroblem is to choose the rackader
cartons r3llet» (and rossibly the container) dimernsions so that
the volume of sroduct racked in 3 container is maximized. This
Froblem recuires a one-time analusis to find the solution. With
the excertion of Steudel [£103y little has arreared on this
rroblem in the oren literature. Howevers it is clear that
industry is attacking this sroblem and several consulting firms
offer services in this ares.

The second sroblem could be called *The Distributor’s Fallet
Facking Froblem.® 1In this rroblemr» the distributor fills an
order from a8 customer. The order is rackaded in boxes of varwing
dimensions, The rroblem is to rack the boxes on a standard
#3llet so a3s to maximize the volume rlaced on each rallet (i.e.
minimize the number of rallets used to shirF the order). The
rroblem reauires a rnew analusis for each rallet racked. As 3
consequencer from an ecoromic stand rointy the cost of a
solution for the Distributor’s Froblem can bes at mosty a3
fraction of the cost of a solution for the Manufacture’s Froblem.
In additions in most arrlicationsy the DNistributor’s Froblem
must be solved quickly (i.e.» real-time comrutation) in order
for the solution to be arrlied.

For the Manufacturer’s Froblems rresent technologwe surrorts
the racking of rallets using suwtomated material handling suystems.
Howevery the Distributor’s Froblemr bw its nonreretitive nature
and solution time recuirementss is more difficult, I order to
automate the rhdsical racking of 3 distributor’s szllets one
first rneeds 3 racking aldorithm which essentially is real-time.

The sroblem addresced im this rarer is 3 constrained version
of the listributor’s Problem. Some of the boies to be racled on
the rallet mas contain volitile liauids or exrlosives. As a
consequences those items must be racked on the rerirhery of the
rallet so thaty if necessaruyy thew can be removed cuickly. This
rroblem is faced by the U.S. Air Force when thews transrort
ralletized cardo consistind of military equirment and surrlies.

Backdround
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The rallet loading rroblem is related to a rroblem lond
studied irn the Orerations Research literature! The Cutting Stock
Froblem. The cuttind stock literature is not discussed heres but
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the interested reader is directed to a3 recent review rarer bu
Goldern [S). The two-dimensional cutting srobhlem (of which the
rallet loadindg sroblem is 3 srecial case) has been studied by
Christofides and Whitlock [1])y Gilmore and Gomory [CAly Hahn [&1y
and Herz [7]1. The two-dimensional cuttindg erroblem hecomes the
two-dimensional rallet loading rroblem when the recuirement for
duillotine ture cuts is drorred (i.e.rstraight cuts made in
stades from one edde to the orrosite edde of the object beind
cutsy such as with a common rarer cutter). Steudel C10) studied
the rallet loasdind rroblem. Howevers his work was limited to
the case where 311 boxes have the same lendgth and width, He
develored a3 rrocedure combining heuristics and dunamic
Frrodramming.

DeSha [2]y in an unrublished master’s thesiss» develored 3
heuristic for loading contairiers. His rrocedure first sets us
stacks of items to fit the contairner heisht» then loads the
stacks in the container to maximirze the contairner floor area
covered. The heuristic arrears to obtain cuite fHood results
using 2 data base with boxes whose dimensions are randomly
dgenerated. The rrocedure does rnots howevers include
considerations of cernter of dravitys rositioning of hazardous
material irn the containery or box manirulation (no *this end u="
assumrtion).

The rallet loading rroblem falls in the catedory of rroblems
called NF-HARD (31, Conseacuently, 3 truly efficient ortimal
algorithm is rnot likely to be forthcoming., In develorind an
arrroach to the rroblem that would be consistent with the
srecial needs of the USAFy it also bhecame clear that it would he
highly desirable for the sustem to be interactive. This would
allow a user to duide the solution of a3 rarticular loading
rroblem in order to deal with those uncuantifizable elements of a
‘real world® loading rroblem. With these observations in mindy 2
sustem called IFI S (Imteractive Fsllet Loading Sustem) was
develored. A rartial descrirtion of that sustem is irn [81 (IFLS
is underdoing evaluation and further develorment by the USAF
Lodistics Manadement Center). In this Farers the aldorithmic
develorments and concertual use of such a3 system is discussed.

In the followindy a rPallet loading rrocedure is develored
for the two-dimensional loading sroblem. Then wauws of using this
#rocedure to load real-~life (three-dimernsional) rallets is
discussed, Comrutational exreriernce is rresented.

Fallet lLoading Frocedure
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The rallet loading rrocedure can be described as a3
combination of the rrincirles of Ounamic Frodramming (9] and
heuristics. To understand the rrocedurer it will be useful first
to consider a3 *bhest"' rrocedure, It will be obvious that the
*best" rrocedure is comrutationalls infeasible. Therefore:
structural limitations will be introduced which limit the
comrutational effort. A serendiritous bu-eroduct of the
resultindg rrocedure structure is that rositioning of hazardous
material and considerations of center of dravite can be handled
without loss within the srocedure.

Assume that it is desirable (ro matter what the cost) to
find solutions to the two-dimernsional rallet loading srohlem
which maximize the area covered on the rallet. In order to




achieve this ends let us consider Dunamic Frodramming 2s a
solution methodolodw, The following definitions will be useful,

F = A rpartition dividing the rallet into two rarts (see
fidure 1), The left-hand sub~-ra3llet must include the
oridin (0»0)» and the ridht-hand sub-rallet must
include the roint (L:W).,

i = The inde: of boxes to be loadedy i=1ls.ssrn,

1¢(i) = The length of boi i. ’

wi(il) = The width of box i.

S8(1) = The rrofile (shadow) of box i, The rrofile is a rect-
andle with lendgth 1(i) and width w(i),

N = Set of 3l1l1l boxes to be considered for loadindg

(of size ).
I = Subset of the borxess 192940 ermMe
f(FyI) = The maximum 3rea which can be covered of the left-
hand sub-rallet of P usind the subset of boxes I.

The Dvynamic Frodramming ecuation for the r3llet loading sroblem
can be given as follows!

(1) fFsI) = max [1CidXw(i) + F(P-G(i)yI-1i)1],
i€l

It should be noted that the rnotation ‘P-8¢i)’ rerresents a
rartition whichy in 23 drarhical senses is the rartition F with
a #rofile of box i removed from the right-hand edde of the
left-hanmd sub-rallet. Turicalluys there could be many different
realizations of ‘P-S(i)Y’ that should be considered within z
dynamic ortimization. There are other obvious difficulties with
imrlementing ecuation (1), The most obvious is that the number
of rossible sartitions F of the rallet is extremely larde. This
means that the state srace for the Duramic Frodram will recuire
larde amounts of comruter storsde. It also means that the
comruter time recuired to solve the Dvnamic FProgram likely would
be well bewond any sensible limit for resal world arrlications.

Ome arrroach to develoring 3 more tractable rrocedure is to
limit in some wayd the form of the rossible rartitions of the
#3llet. In the rresent caser rartitions of the r3llet have been
limited to rectandles (figure 2a3). In order to srecify the
Ienamic Prodgram resulting from the rectandgulsar rartitionss the
following additionasl definitions are needed,

Two-dimensional indey srecifuindg 3 rectandgular
rartition (fidure 2a).

Subset of the boxesy 1+2vi0ern,

The maximum area which can be covered of the left-
hand sub-rallet of xyv using the subset of bomes I.
hilMydr’»u’»I) = The maximum area which can be covered of the
left-hand sub-rallet of ' ygy’ less the left-hand
sub-rallet of Myy using hoxes from the set I
(rot a3ll elements of 1 recessarily are usedy

see figure 2h).

ey

J
g(o2r 1)

The DIwnamic Frogramming ecuation for the rallet loading sroblem
(limited to rectandular rartitions) can be divern as follows!?
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The imrlementation of equation (2) 31so has its difficultiss,
The function h(xrgrii’sw’»I-J) itself recuires am ortimiration 1n
order to rack the L-shared area commor to the rartition ' s3’»
tut not common to the rartition yry (i.e.» I-J is the
cross—-hatched area in figure 2b)., The state-srace is sti1ll too
larde to deal with on a8 rractical basis.

In order to limit the size of the state seacey 1t is
necessary to carry only one rartial solution (4€CG:yysy 1)) for each
rartition r9. The obvious choice i1s to carry

max [d(r9rIN],
I

With this limitation on the state sraces the imrlementatiorn of
eauation (2) is relatively straishtforward. It is necessarys
howevers to srecifs several imrortant details first!

1. 3n ortimization structure for h(sswy /e’ »I-23

2. boundindg rules for the elimination of rarlial zolution=;
3, bounding rules for the minimization of comrutetional
effort.

The ortimizsation for h(xsgyir‘syg’»1) 15 done cimrl= by
breaking the L-shared area into {wo vectanmsular 3reas (figure 3
andg filling each area using 3 linear Dunamic Frogrammins
#rocedure. The following definition is usetul,

b{drx) = The maximum rFOssible srace covered in 3
rectangular area of lendth @ bvy stackindg
toxes from the set 1r...9d (Note the N
limitation of "linear" stacking imroserd).

The DNunamic Prodgramming ecuation for the rectandular lozding
rroblem can be divern as follows!

(3) bldsxt) = max Ch(d-19:)y b(I~1su-1 ()41 (0 RWCH) T,

The imrlementztion of ecuation (3) is achieved by first
eliminating boies too larde to fit in the rectandles then
turning each box in the candidate set so that its londgecst
dimension is rerrendicular to the long dimension of the
rectangular area (if the londest dimension of the hox is¢ less
tham or eaual to the short dimernsion of the rectangular areass
that is). This imnsures an ortimal racking of the rectangular
srea, The L-shared area is broken into two rectaninlar areas
(corridors) two different waus (figure 3) for the arrlication of
eauation (3). The best solution obtairneds in terms of zrea
coveredy is retained.

A simrlesy srnd almost ohviouss bounding riile that eliminates
a dgreat deal of the storade reauirements for the ztate srace 1nm
comruting equation (2) is that 3 rartial solution dees not need
to be retained for the rartition vy if there evwizts a rartial

,

solution for a rartition <’ sy’y (/<=1y w’<=y) guch that the
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solution value for x‘»9’ (max [(d(x’»w’vI)])) is dreater than or
eauadl to the solution value for xry (maxld(xrwrI)1),

Another effective boundind scheme is used to elimirate
comrutation time., It involves computing an urrer bound on the
amount to be lozded in a rectandgular area of dimernsion LW by
usind the result of a3 linear Dwnamic Frodram in multirlicative
fashion. The following definition is useful,

c(dsx) = The maximum rossible linesr srace covered in a length
N by stacking boxes from the set 1lr...rd.

The Dunamic Prodramming ecuation for the linear loadindg rroblem
can be diven as follows!

(4) c(ldex) = maxle(i-1r)y c(d=193~1(Ud)#1(U)y c(d-1s~-w(d))4+w(d) ]

The function c(nsx) srecifies the maximum lirnesar coverade that
is rossible on the line sedment [0rx] choosingd from the set of
toves 1rssern (rositioning them bw either length or width). For
a r3llet (rectangular sub-rallet) of size L by Wy an urrer bournd
orn the maximum load (coverade) rossible is c(rsL)Xc(rooW), The
function c(nyx) can be comruted rrior to the r3llet loading and
is easily imrlemented within the structure of eauation 2., The
urrer bound can be used to eliminate the need to consider s
given rartial solution (x‘y¥’) in eauation (2) altodether. It
can 3lso be used to eliminate the comrutation of Duyramic FProdram
eauation (3) within the ortimation of eauation (2) when
considering a3 srecific partial solution (xrv).

A more rowerful boundindg rrocedure can be used far
rectandular sub-rallets of certain dimensions. Clearly, if the
width of the sub-rallet is less than the minimum dimension
(lendgth and/or width) in the candidate box sets it is imrossible
to rack ang of the candidate boxes on the sub-rallet.
Consequently, the uprer bound orn the amount which can be loaded
is zero. Nowr let MINDIM eaual the minimum dimension in the
candidate box set, If the width of the sub-pallet satisfies

MINDIM <= W < 2%XMINDIM,

then boxes not fitting within the width of the sub-rallet can bhe
eliminated from the comrutation of ecuation (4), and the urrer
bound function is Jdust clrmeyryW) (where the *"W" indicates the
elimination of rnon-fitting box lendgths and/or widths from the
candidate sety j.e.r 1(J)xW and/or w(J)>W), The matrix lasout of
the bound is shown drarhically in figure 4.

Another bound to surrliment the above bounds can be
calculated, The following definitions are useful.,

a(i) The area of bni i (i.esr» 3(i) = 1Cid%kw(i))

d(dsyz) = The maximum rossible area covered on 3 rallet of
area = bu loadind boxes from the set 1s.se9.dr and
idrnorind considerations of box share.

The Diwriamic Frodramming equation for the area loading srohlem
can be diven as follows!?




(5) dGdsz) = max Ld(i-1rzdy a(id+d(i-1rz-8(J))1]

The function d(Jrz) srecifies the maximum area coveradge that is
rossible on 3 rallet of size =y choosing from the set of boxes
1rsseernr a3ng assuming that the bores can be *mashed” into anu
share without loss of area. The urrer bound for 3 rectandgulsr
rallet (sub-rallet) of size W by Wy is Just dlnsl XU, The urrer
bound used in the rrocedures» theny is Just the minimum of 311
the bounds described above.

The solution rrocedure results in the bores beind Flaced in
corridors on the rallet. Two serendiritous buw-products occur.
First» since each corridor has a3t least one end on the rallet
rerimetery anw box which contains hazardous material can be
rlaced a3t the end of the corridor (a8s rer USAF Resulations)
within the structure of the solutiom. It is rossible to det
multirgle "hazsrdous® boxes on 8 corridors so there is no
dguarantee that any box can be rlaced on the rerirherw of the
rallet, Howevery it has beern our exrerience that the srobabilits
of mnot beindg able to do so is quite low. Secondr sls0 since
boses can be moved within their assisrned corridorss some control
can be maintained over the center of dravite of the razllet
within the structure of the solution.

Since real-life rzallet loading sroblems turically have
considerably more comrlexity thanm the sresent formulationy the
arrrozch described above is best used as sart of 3 highly
interactive comruter sustem [8), The following illustrates two
rotentiasl waus of using the rrocedure to load a
three~dimensional rallet, The first arrroach is to load the
rallet in lavers, Thsat iss from the set of boxes to be loaded on
the eallety choose 3 subset 3ll of which have the same heisght
(It may be necessary to *rotate”® some bhorxes in order to dget the
correct dimension as the "height'".). Then run the rrocedure to
load the rallet using the constant height subset of bor'es as
ineut data. The tors of the loaded boxes now form 3 new "rallet”
on which znother set of boxes (of commorn height) can be loaded.
This rrocess czn be rereated until either the total weight limit
or the totzl height limit has been reached, The result is a2
rallet with 3 "lavered' lozd z5 in figure Sa.

The second arrrozch is to loasd the rallet with columns of
bores., That isy make ur stacks (or columns) of boxes such that
the stacks are no higher than the marvimum z3llowable rallet
heidght and the volume filled over the bhasse hox (bottom box in
the stack) is manimized, Stacks can be made ur using 3 simrle
Dunzmmic FProgramming (knarsack) srocedure (91, Using the stacke
as bigs "boxes’s the =3llet loading srocedure can then be used,
The result is a3 #allet with 3 "stacked" lozad as in figure 5Sb.

Comrutations

The =allet loading rrocedure was srogrammed in Fortran IV
and imrlimented on both a8 FIF-11/34 arnd the University of
Florida Amcgahl 470. The comrutation times shown in Table 1 are
for the Amdzshl using the IBM Fortran G comriler., Since the
Amdahl orerates under 3 *virtusl® orerating sustemy» the resorted
times include "rasing"y and actuzl CFU times maw be 3s much 3s
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Figure 5a

"Layered" Pallet Load

Figure 5b
"Stacked" Pallet Load
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S0% less (CFU times for the FDIF-11/34 using the Fortran IV-Flus
comriler are arrroximately ten times thse rerorted for the
amdahl.)., The exrerimental comrutstion runs were made usindg five
different sets of boxes and four different rallet sizes, As
might be exrecteds comrutation times drow 3= 3 furnctiorn of
rallet size (area) arnd diversitws of the box dimensions in the
data set (maximum box lendth ~ minimum box width). It is our
orinion that further imrrovements in the bounding function would
greatly imrrove observed rumning times. Comrarison runs with and
without the existing bounding function resulted in reductions of
ur to thirty to orne in comrutation time., Yet it is our
observation that the bounding function maw still have much room i
for imrrovement. !

The rerorted rercent coverade of the rallets arrears to be
euite sood. Averade coverade (actusl coverade in sauare inches
over the urrerbound in seuare inchesy times 100) was 94.3%Z for
all rroblems.,

Table 1

Bo:x Set Virtual
Minimum Maximum Fallet Comrutation
#RBores Length Lendth Lendth Width Uriits (sec) 7% Coverazde

- o o e e et e 2 e g e ot v o e ey bime e mee ta0e e P e - me ey — es e e

29 17 19 70 50 +09 100
29 17 19 80 60 + 28 @5
29 17 19 90 70 +87 89
29 17 19 104 84 % 3.04 ?2
25 17 21 70 50 o 32 100
25 17 21 80 60 2.01 89
29 17 2 ?0 70 3.13 23X
25 17 21 104 84 % 15,44 90
29 17 30 70 50 36 29
29 17 30 80 60 1.61 98
29 17 30 20 70 6449 29
29 17 30 104 84 % XX X%
25 17 36 70 50 + 58 @5
25 17 36 80 60 6.83 88 .
25 17 36 90 70 22.89 ?4
25 17 36 104 84 X X% L3
25 10 36 70 50 8.20 92
25 10 36 80 60 %X *%

X The standard U.8. Air Force Fallet is 104 in. by 84 in.
XX The Froblem was rnot solved inm 25 *virtual®' seconds.
y
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