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ABSTRACT

An analysis and computer code are presented to calculate the effective

wake fraction for a propeller in a nonuniform free wake. The existence of an

effective wake has been known for a long time, but the rational theory pre-

sented here seems to have eluded all previous investigators. The simple

formula developed herein to calculate the effective wake requires knowledge

only of the nominal wake and the load distribution on the propeller. Since

both the nominal wake and the load distribution are ordinarily given in the

design problem, this information suffices to calculate the effective wake

for a given design once and for all.

KEYWORDS

Propeller

Ship Wake
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NOMENCLATURE

A constant in nominal wake distribution; see Eq.(22)

B constant in nominal wake distribution; see Eq.(22)

CT thrust coefficient based on ship speed

J advance ratio

p pressure

AP pressure jump on actuator disc

r radial coordinate

R propeller radius

U(r) nominal wake velocity

U e effective wake velocity

u axial velocity

u 0 induced axial velocity at actuator disc

U0  ship speed

V reciprocal of U

v radial velocity

x axial coordinate

pseudo-stream function; see Eqs.(Jl),(12),(13)

p fluid density

(P p/U

to stream function at actuator disc; see Eq.(2)

iv
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I
INTRODUCTION

A propeller operating in the wake of a marine vehicle interacts

with the wake thereby modifying the flow into the propeller from that of

the nominal wake measured in the absence of the propeller. The resulting

change in the velocity distribution at the propeller plane is due to the

change in pressure induced by the propeller in the wake flow of the

vehicle. The radius of many ship propellers is about the same order of

magnitude as the thickness of the wake at the propeller location. The

propeller suction therefore increases the velocity in the wake in the

vicinity of the propeller. This effective inflow velocity distribution

("effective wake") which is experienced by the propeller is a result of

the interaction of the propeller and the wake and it is different from the

nominal velocity distribution (nominal wake) determined in the absence of

the propeller. In order to design a wake-adapted propeller for specified

propulsion requirements and a desired radial distribution of loading, it

is important to have an estimate of the effective wake.

Huang, et.al., have shown experimentally that the conventional tech-

nique of adjusting the nominal wake by a constant factor, which is determined

from resistance, self-propulsion, and open-water experiments such that the

volumetric average effective wake is equal to the thrust identity wake, is

not adequate for propellers operating near the stern of axisymmetric bodies.

Albeit the conventional procedure provides a reasonable estimate of the

* !average inflow to the propeller, it is unable to determine the actual radial

distribution of this inflow. The differences between the effective wake and

the nominal wake were found (experimentally) to be greatest near the propel-

ler hub and smallest in the vicinity of the propeller tip. This result is in

contrast to the result obtained by the conventional procedure, which usually

yields the largest differences between the two wakes in the vicinity of

the propeller tip. Therefore, analytical procedures are needed to provide

a more accurate description of the interaction between a propeller and its

Superior numbers in text matter refer to similarly numbered references
listed at the end of this report.

' 
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inflow. This is especially true because the nature of the effective

inflow into the propeller disc is known to play a critical role in

predicting powering and cavitation performance.

The investigation reported by Huang, et.al., represents the most

comprehensive study in recent years on the steady propeller-hull inter-

action problem. They presented a prediction method which obviates the

conventional technique of determining the effective wake distribution

Into the propeller operating near the stern of an axisymmetric body.

They utilized a moderately-loaded lifting-line model of the propeller

to calculate the propeller induced velocities (the model was originally

developed for an inflow containing no vorticity; see, for example,

Lerbs 2). The circumferential average velocity distribution is taken to

be given two-diameters upstream, where the influence of the propeller

is assumed negligible. The flow field from this location up to the

propeller disc is calculated numerically by solving a simplified form of

the Euler equation of motion for an inviscid fluid containing vorticity.

The propeller induced flow field displaces the streamlines from the

original position when the propeller was not present. It is the re-

distribution of the upstream vorticity by the contraction of the stream-

lines which causes an additional induced velocity field and it is this

induced velocity which is the effective wake fraction. In the Huang,

et.al. procedure, the effective wake is taken as the inflow into the pro-

peller. Since the effective wake fraction is not known a priori,an iterative

scheme was required in which the propeller influence on its inflow was first
calculated as if there were no effective wake fraction at the disc, and

continued until the prediction of effective wake converged. The comparison

with experiments showed good agreement with the lightly- to moderately-

loaded propellers considered.

Recently, Goodman developed a linearized axial momentum theory for

a lightly-loaded actuator disc operating in an axially directed shear flow.

He examined the effect of the vorticity contained in the shear flow experi-

enced by the propeller on the optimum propeller characteristics. He found

that the velocities induced by the propeller at its location were sub-

stantially altered due to the shear. The results he presented were for an

2
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optimum disc loading only although he presented formulae for arbitrary

disc loadings.

The investigation described herein has the purpose of developing a

theoretical analysis to compute the effective wake which is assumed to be a

consequence of the intensification of the inflow vorticity by the extension

of the vortex tubes caused by the propeller induced flow. In other words,

a theory for predicting the propeller induced velocity field is developed,

which takes into account the vorticity in the onset flow. Goodman's theory

was extended to compute the propeller induced velocity field due to a pro-

peller with an arbitrary radial distribution of loading operating in a

shear flow; therefore, all the assumptions inherent in his axial-momentum,

lightly-loaded, actuator-disc theory apply here as well. The induced flows

due to the propeller interaction with its inflow can be separated into two

components: one due to the disc itself, and the second due to the rearrange-

ment of the onset flow vorticity. The latter is the effective wake frac-

tion. A formula for the effective wake on the disc is derived for an

arbitrary distribution of inflow vorticity which may be evaluated by desk

calculation. This formula should prove useful in the preliminary design

of propellers behind axisymmetric bodies where a first approximation to the

effective wake is required quickly (any errors incurred by the lightly-

loaded actuator disc theory assumption are expected to be less than the

other uncertainties in preliminary design analysis which are taken into

account by applying error margins to the estimated resistance of the body,

etc.). However, if the design being considered is heavily loaded, then the

1 , prediction by the formula presented herein should be viewed with caution.

The designer may want to adjust the effective velocity distribution computed

herein as if it were for nominal wake until its volumetric mean matches the

thrust identity wake. Then, at least partially, the effect of shear may be

accounted for in a quick manner as is often desired in preliminary design

analysis.

The results presented show that without shear the formulation, and

computed results reduce to the linearized actuator disc theory of Hough and

Ordway as expected. An attempt was made to compare the results of the

present theory with the measurements presented by Huang,et.al., but a large
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discrepancy resulted. There are two possible reasons for this discrepancy:

The theory is applied at the propeller disc, whereas the measurements were

taken somewhat ahead of the disc. Near the disc the axial velocity is in-

creasing rapidly and so at a small distance ahead of the disc the axial

velocities may be considerably smaller than they are on the disc itself.

The second reason for the discrepancy is that the measurements (and the

theory) of Huang, et.al., were made near a propeller mounted on a body

of revolution as in a submarine or torpedo. The body with its incumbent

boundary condition thus contributes to the modification of the flow near

the propeller. The present theory, on the other hand, is for a propeller

in a free wake. To be sure, the wake will have been generated by a body,

but that body is several propeller diameters ahead of the propeller and

therefore does not play a role in the interaction of the propeller and wake.

This situation is more likely to be the case for a ship rather than a sub-

marine or torpedo. Thus, what is required to test the present theory is a

set of experiments specifically designed for the purpose.

This research was sponsored by the Naval Sea Systems Command, General

Hydromechanics Research Program, and administered by the David W. Taylor

Naval Ship Research and Development Center under Contract N00014-79-C-0239,

Davidson Laboratory Project 4679/056.
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ANALYSIS

The computation of the "effective wake" from a hydrodynamic viewpoint

involves determining the modifications to the flow around the stern of a

ship into the propeller due to its operation. On an axisymmetric body where

the propeller is in the wake, the disturbance of the propeller is felt no

more than two-propeller diameters upstream of the propeller plane. The

required input data for the determination of the "effective wake" are the

nominal wake velocities. These data can either be measured experimentally

or computed analytically for a particular hull. A calculation procedure

for the flow near the tail region of a body of revolution has recently been

presented by Geller.5 Axisymmetric bodies will be investigated in order to

focus on the physical nature of the complex interation between a propeller

and a thick wake. Their geometric simplicity offers considerable computa-

tional convenience in treating the fundamental aspects of the interaction

physics.

In this investigation the nominal wake is assumed to be given. In

addition, the nominal wake is usually supplied in the design problem of

the propeller. The velocity field induced by the propeller is to be calcu-

lated by using the theoretical proc!edure described next.

Induced Axial Velocities in the Plane of the Propeller

It is shown by Goodman 3 that the pressure jump across the propeller

.* disc in a nonuniform stream U(r) is given by

=  d u (1)
2P 0 r dr 0

where r
* -=- ru dr (2)

0

defines a Stokes stream function, and u is the perturbation axial velocityo0

in the plane of the propeller. Equations (1) and (2) give a relationship

between the pressure jump AP and the induced velocity u0. our object will

be to invert the relationship so that the induced velocity is expressed

5

NX**
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directly in terms of the pressure jump. Solving for ' we obtain

r AP

0 
-  ruodr =  2 l do (3)

0
U r dr

LeI dU fA),p-
Let r U dr f r) = g(r) , then upon differentiating Eq.(3) with

respect to r , there is obtained

f - Ef' + rf 2 ]u = fg' - gf' (4)
dr

This is a first order linear differential equation for uo, and its solution

can be shown to be

LP + d1 U r Aprdr(5

L 2pU r dr o 2p U

Thus the total velocity in the plane of the propeller is

U AP I dU r APrdr (6)u F + 7o  
r  So 2u()

oU~zpu rd 2p U

The stream velocity U is frequently called the nominal wake, while the

second term on the right-hand side is the induced velocity in the absence

of shear. The third term is the ihduced velocity due to the presence of

shear, and it is customary in propeller design to lump the first and third

terms together and call them an effective wake. Thus,

Ue = dU r APrdr (7)
0 2p U2

Note that in a uniform flow the effective and nominal wakes become identical.

From Eq.(7) it is possible to calculate the effective wake directly from the

load distribution on the propeller. In the design problem the load distri-

bution is ordinarily given so that the effective wake can be calculated for

a given design once and for all. This may be contrasted with the procedure

of Huang, et.al., in which the effective wake is calculated from flow

variables which are unknown at the outset so that it becomes necessary to

iterate between the effective wake and the wake-adapted propeller to which

it is designed. Equation (7) is, in fact, so simple that it is easy to

6
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calculate the effective wake by hand using a trapezoid rule to carry out

the integration. The simplicity inherent in Eq.(7) comes about because

the equations of motion have been linearized in developing Eq.(l), and

also because the nominal wake has been taken to be independent of the axial

coordinate. These assumptions make Eq.(]) so simple that it can be in-

verted. By contrast, Huang, et.al, have not linearized and, consequently,

no such inversion is possible in their case. On the other hand, the theory

on which the propeller design is based is invariably a linear one so that

no great advantage is obtained in retaining nonlinearities in the determina-

tion of the effective wake. With regard to the second assumption, viz.,

that the nominal wake is independent of the axial coordinate, it is

certainly true that the nominal wake varies axially according to boundary

layer theory and, if the Reynolds number is sufficiently large, the varia-

tion will be very small over a distance of one or two propeller diameters.

Thus it is sufficiently accurate to take the nominal wake to be independent

of the axial coordinate and equal to its value in the plane of the propeller

in the absence of the propeller. With these considerations it can be seen

that the approximations inherent in the development of Eq.(7) are no more

severe than the approximations at the core of the method of Huang, et.al.,

although they are different.

of course,the present theory is valid for a propeller in a free wake

(as for a ship), whereas the theory of Huang, et.al., is valid for a

propeller mounted on a body of revolution (as for a submarine or torpedo).

Thus It is not possible to evaluate the present theory using the data of

Huang, et.al, and what is needed is an experiment specifically designed

to test the present theory.

Induced Axial Velocities Ahead of the Propeller

In order to be able to calculate the induced velocities ahead of the

propeller disc, it is necessary to consider the complete linearized field

equations. The linearized Euler equations ahead of the disc in the case of

axial symmetry are

au + dU I a (8)
I U v d' = -

T- u(9)

7
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The equation of continuity is

3 (ru) + L (rv) 0 (10)7or

In order to develop an equation for the axial perturbation velocity

in the field, we define a pseudo-stream function r such that

p r ar

u = -7 (ur) (12)

(V = -; ur) (13)

With this definition, Eqs.( 8) and (10) are satisfied identically. Expanding

Eq.(12), we see that

U ar r dU
r Br r dr

I p r dU (14)

or, from Eq.(ll)

r 2- rdr

u IdU r . r (15)
U P rdr U2

Equation (15) may be looked upon as a generalization of Eq.(5) to points

ahead of the propeller. Indeed, on the propeller disc p = - AP , and,

upon substituting into Eq.(15), it can be seen that this equation reduces

identically to Eq.(5). From (14) or (15), the effective wake can be seen

to take one or the other of the following two forms

o dU U

= u- rdUr (17)r dr

The effective wake can therefore be determined ahead of the propeller once

p/p or r are known ahead of the propeller. One possibility is to use

pressure measurements ahead of the propeller and to substitute such

8
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measurements into Eq.(16). We will be concerned here, however, with an

analytical procedure, and for this purpose will require the solution of

the field equation for either r or p/p. First consider the field equation

for r

Upon substituting Eqs.(ll) and (13) into Eq.(9), there is obtained

r(17)

In order to obtain the field equation for p , we differentiate

Eq.(lO) with respect to x and substitute Eqs.(8) and (9). This yields

a2P/P~l + 6 p/p U d8 v IldU aPp =-s• 1 r d) ! dr r 0 (18)ax 2  r Tr_ dr rx r 6 r

Then using Eq.(9) again to eliminate -, the following field equation for p

is found

V2 p - 2 = 0 (19)

This is basically the same equation for the pressure found by von Karman and6
Tsien. It can be manipulated into another form more suitable for our pur-

poses. Let

V __ 1
U

(20)

_ U

It can then be shown that Eq.(19) reduces identically to the following

! 9 equation for cp:

V V CP - 'V V = 0 (21)

and this equation for cp can be shown to be valid whether or not U and Yp

also depend on the azimuthal angle as well as the radial coordinate.

We will choose to solve Eq.(21) rather than either Eqs.(17) or (19)

because for a particular family of wakes it admits of a relatively simple

solution. It can be seen from Eq.(21) that whenever the wake function V
obeys the Laplace equation, the pressure function cp will also obey the

Laplace equation. In the case of axial symmetry the solution of the Laplace

9

....................-
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equation that V must satisfy is of the form

V =A A~n r + B (22)

where A and B are constants. it will be assumed for the purposes of this

development that the nominal wake is, indeed, of the form of Eq.(22). in

this case, since yp obeys the Laplace equation, we can immvediately write

down the solution for the pressure in the field from Lamb 7 (Article 102,

#2):

2 + S S J 0(kr)j 0(ks)ek I kssk(3
0 0 )

where AP is the jump in pressure across the disc (= AP(s) for s < b,

0 for s > b).

Thus from Eq.(l6), the effective wake is

U Ur ap(s) srk klj~sekx
Ue U r + r S.~ dr, ds dksik~r)~se(4

Now the r1 integral, viz.,

r J 0 (kr,)r rdr1

S U(r)

can be evaluated explicitly when U obeys Eq.(22), and the result is (see

Appendix A):

r J 1(kr) A[] - J 0(kr)]
w 1=- 2(25) 0)

k U(r) k2

Thus the effective wake becomes

Ue= JU~) b ap(s)s I ,(s, r)ds
AU~r)PU(s)

+4 A 2 U2 (r) b &P(s)sl 2(s r) ds (26)

10
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where

1 o J(ks)Jl(kr)ekxdk (27)
0

2 - (I - J0(kr)) J(ks) (28)
2 1 kr 0

and use has been made of the relationship

dU AU2  (29)

dr r

which follows from Eq.(22).

It can be shown by using identities involving the Bessel functions

that 12 = - Iidr, and then, passing to the limit x - 0, i.e., on the disc,
0 8

from Gradshteyn and Ryztik (#6.5123):

r r>s
x=0

=0 r< s

and, consequently,

In r r>s12 r s r>s
x =0

=0 r<s ,,

12 may also be written

" 12 Ar ur - 7-) r > s

x =0
. ' =0 r<s

and in this form it is easy to show that Eq.(26) reduces identically to

Eq.(7) on the disc as it must.

xlJ- t 11
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COMPUTER CODE

A FORTRAN program was developed to compute the velocities given by

Eqs.(7) and (26) depending upon the location of the field point of interest.

If the field point is on the disc, i.e., at x=O and any r , then Eq.(7)

is used and U=U(r) may be any arbitrary distribution of inflow velocity

(nominal wake). However, if the field point is off the disc, i.e., x# O and

any r, then the inflow velocity distribution must be approximated by Eq.(22).

The input radial distribution of the thrust must gradually drop to zero at

the hub and tip of the disc, i.e., a disc with constant load may not be con-

sidered. This is not a severe restriction because the latter is unrealistic.

This restriction is implicit in the assumptions made to develop Eq.(26); see

Lamb.
7

Appendix B presents a listing of the code. The input/output informa-

tion is described next.

INPUT

The first input card is read in the main program VFSHEAR; see page BI.

The constant to be read is an integer called NCASES with format 15. It in-

dicates the number of sets of input cards to follow this card, i.e., it is

the number of cases. One case constitutes the complete set of input cards

read in the subroutine INPUT; see page B3 in Appendix B.

The set of INPUT cards for each case is clearly presented in the

FORTRAN statements on page B3. The appropriate formats are given as well.

Therefore, the only additional information required to execute the program

is the definition of each piece of input data. The FORTRAN variables

representing the input data are defined in Table 1.

p 12
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TABLE I

INPUT TO VFSHEAR

DEFINITION OF FORTRAN VARIABLES IN THE ORDER THEY ARE READ

FORTRAN VARIABLE TYPE DESCRIPTION

IDENT(I) Alphanumeric Any phrase used to define the case to be calculated.

RHOF Real Fluid density, p

DS Real Annular strip width (taken to be 0.05 if the hub
radius is O.2R).

AWK Real The wake parameter A in Equation (22).

CTHRUST Real The thrust coefficient, Cth

UNORM Real Volumetric average of the input velocities (use
1.0 if field points are off the disc)

NSTRIP Integer Number of annular strips (16).

S(t) Real Radial coordinate of the center of each strip.

US(1) Real Axial inflow velocity at each strip.

DELPS(I) Real Pressure jump across each strip.

NOFPS Integer Number of field points to be calculated.

N Integer Number of Laguerre coefficients in Guass-Laguerre
quadruture scheme (50).

XF(J),RF(J) Real Coordinates of the field points of interest.

UR(J) Real Axial inflow velocity at the field point.

13
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OUTPUT

First, the number of cases is printed followed by a review of the input

data for the case under consideration. UR is read as an integer if the point

is on the disc. In addition, when computing points on the disc, the field

points must be selected such that they are at the center of the strip. The

integer value of UR is the number of the radial strip at which the induced

velocity is to be computed. UR = 1.0 corresponds to the strip closest to

the hub, while UR = 16.0 corresponds to the strip nearest the tip. If the

field points are off the disc, then the actual velocity is input for UR.

The first set of cc, puted output is called "velocity at given field

points" and is calculated using Eq.(26). If AWK - 0.0, then the values of U

do not account for shear and are the potential part of the propeller induced

flow.

The second set of output apply only when the field points are taken on

the disc. The formula used to calculate the second set of U is Eq.(7).

If the program is executed for an arbitrary distribution of U(r) for

field points on the disc, AWK should be set to zero. Then, if the first

set of U's are substracted from the second set of U's, the user will obtain

the linearized actuator disc theory prediction of the effective wake frac-

tion.

For field points off the disc, the effect wake fraction is determined

by running two cases. In the first case AWK is set to its appropriate

value for the input US(l). In the second case everything else is kept the

same but AWK is set to zero. The differences in the finite values of the

output U's is the effective wake fraction.

14
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RESULTS

Since the present theory is for a lightly-loaded actuator disc,

for U = constant, we should recover the results calculated and reported

by Hough and Ordway. 4 The results calculated with the present code

using a loading distribution close to Hough and Ordway's variable distri-

bution were compared with the data presented by Hough and Ordway and were

found to be virtually identical. Differences, which are in the third

significant figure, are due to the numerical integration scheme and also

because the load distribution that was used accounts for a hub while

Hough and Ordway's distribution does not.

Next, the nominal wake presented in Figure 16e of Huang, et.al.,

was used together with the appropriate values of C Ts(O.371) and J(=1.25)
and the load distribution of Hough and Ordway (modified to account for a

hub) to calculate the total axial velocity using Equation (5). It is to

be noted that the nominal wake was measured one-quarter of a radius ahead

of the propeller disc, but for the purposes of this calculation it was

assumed that the nominal wake remained the same at the disc itself. No

attempt was made to use the off-disc computer program for this comparison

because the wake measured and presented by Huang, et.al. does not fit

Eq.(22). Instead, the wake appears to fit the "law of the wall," viz.,

U-an r+b, and this fact was used to extrapolate the nominal wake data
J

*. presented to the hub of the propeller. The results are presented in Fig-

ure 1. A set of experiments specifically designed to test the present

theory is clearly required. Since it is impossible to measure the axial

velocity directly at the propeller disc, it would be necessary to measure

it a small distance ahead and an equal distance behind the disc. Then,

since the axial velocity is known to be monotonic and continuous through

the disc, its value at the disc can be inferred by averaging the fore and

aft measurements. Moreover, in order to simulate the wake of a body, a

wake screen could be used and the measurements taken in a water tunnel

using a Lazer-Doppler Anemometer.

15
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APPENDIX A

EVALUATION OF A CERTAIN INTEGRAL

Consider the integral

r J (kr1)rIdr 1

where
1*

U = A in rI+B

- A An krI+B'

where

B' B-A 1n k

Let
kr I

kr = z

Then

I = " z dz [A en z + B']Jo(Zl)

but

Zl~o(Zl1 0 dz---

Upon substituting for J0, the term proportional to B can be integrated

directly, while the term proportional to A can be integrated by parts.

This yields

I = " {AzJ(z)in z-A S JI(Zl)dZ I + ZJ (Z)

0

But since J- "Jo the integral can be evaluated. Then, upon substituting
0

for B' in terms of B and simplifying, the result, Equation (25), follows.

*! Al

II



APPENDIX B. FORTRAN LISTING OF PROGRAM VFSHEAR

*PPROGRAI1 VFSHE AR( IN PLT, OUT PUTP TAPE 5 aINPUTP T APEb. OUT PUTTAPE7,
*TAPElTAPE3)

C
C PROGRAM TO COMPUTE VELOCITY FIELD UPSTREAM OF A PRiPt:LLER

*C OPERATING IN A SHEAR FLOW~ UEFINE BY II/La AWK*LOGL(R) + 8wK
C

COMMON/INPUT/RHOFS(32), DSXF( IOG),PF(100),DELPS(3Z)
COIMMON/NOIWAKE/US(32),NCFPSPUR(100),U(100), AWK
COMMUNIINTGRND/FIOFIlFI2,XlOXPXx2
DIMENSION FIO(960), F11(960) pFI2(96O)
DIMENSION XIO(32)pX11(32)p'Xl2(32)
COMMON/LAGZRS/ Y(i5),N-
COMMO./DUDR/ URX(100)
COMMON/THRUST/ CTHRUSTLINORM
COfMJN/STRIP/ NSTRIP
COMMON/LAG/XL, ALNN
DIMENSION Q(125),Q1(1Z5)
DIMENSION XLC5'0)pAL(50), B(50),C(50)

C
*C READ INPUT DATA

C
READC5,2C0O) NCASES

2000 FORMAT(15)
WRITE(b,2002) NCASES

2002 FORMAT(///* NUMBER OF CASES =*15/)
D0 2001 INCIu1,NCASES

* -~ CALL INPUT
C FOP EACH FIELD POINT COMPUTE VELOCITY

* IF(US(1).NE*0*O) Ga TO 95
DO 96 IXNalNSTRIP

9b US(IXN)ul.0/(AWK*ALOG(S(1XN) )+6I ,)
* 95 CONTINUE

C CALCULATION OF ZEROS AND COEFFICIENTS IF N.NE.15oOR.NNE.1O.
C

EPS a 0.0000000001
EPS a EPS**2
IF(N*EQ*15*OR.N*EQ.10) GO TO 546

) NN aN
00 547 I - lpNN
XI - FLOAT(I)
B(I) - 2**XI-1.

54? C(I) a (XI-l.)**2
CALL LAGUIER(NNXLAL,0.0,3,C, EPSCSXCSATSXPTSA)

546 CONTINUE
DO 1001 IFPwlvNOFPS

* IF(XF(IFP)*EQ*0.0) GO TO 1019
C
C CALCULATE INGREDIENTS TO VELOCITY 1NTEGR~AT1tJNS
C

) IFPX a IFP
CALL INTGRD(IFPX)

* C
*C PEPFORM GAUSSIAN-LAGUERRE QUADRATUPE

CALL GAUSSIG

C AT THIS POINT WE HAVE FOR EACH STRIP I0pIlvAN.D 12
* IF(XF(IFP)*GT*0.2) GO TO 2090

DO 10001 IX.1,NSTRIP (13i)
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ARGOu(XF( IFP )**2+RF( IFP) **2+S( IX) 4*2) 1(2.*SIX )*RF( IFP))
FACQSXF(IFP)I((RF(IFP)*S(IX)U**1.5)
CALL LEG2HO(ARGQ,Zp0,Qlp2)
XIO( IX)-01(1 )*FACQI3.1415927
XIO(IX)u-XIO(IX)

10001 CONTINUE
2090 CONTINUE

C CALCULATE VELOCITY AT PARTICULAR FIELD POINT
C
C SPANWISE INTEGRATION
C

USUMluo.
USUM2 a 0.0

Do 1002 JSu1,NSTRIP
FAC a OS*DELPS(JS)/(RHOF*US(JS)*20)
UINTG a S(JS)*FAC*XIO(JS)
USUMO - USUMO + UINTG
UINTG1 n S(JS)*FAC*XIlCJS)
USUMi u USUMi UINTG1
UINTG2 - S(JS)*FAC*XI2(JS)

1002 USUM2 a USUM2 +' UINTG2
U(IFP) a USUMO-AWK* R(IFP)*US1/PF(IFP)+AK*AK*Uc( IFP)*UR( IFP)*
1 USUM2/RF(IFP)
GO TO 1060

1019 CONTINUE
IF(RF(IFP).LE*1.0) GO TO 1018
GO TO 1016

1016 CONTINUE
S * S R SOMEWHERE ---- RESTRICTION

) 151 UR(IFP)
UR (IFP )-1.0
UXO=O.5*OELPS(ISI)/(RHOF*US(ISI))
UXmO. 0

) DO 1014 IXIw1,ISI
UXi a UXi + DELPSJ(LXI)*S(IXI)/(US(lXI)**2)

1014 CONTINUE
IF(ISI*EQo1.OP*ISIsEQ.16) Go TO 93
UPXP a (LS(ISI+1)-US(ISI-1) )/(2.*DS)
URX(IFP) - UXO + DS*URXP*UX1/(FF(IFP)*PHOF)

793 CONTINUE
UXi a IX1*AWK*UR(IFP)**2*O.5/(PF(IFP)**2*RIOF)
UXi - UX1*DS*(US(ISI)**2)
UR(IFP) - US(ISI)
U(IFP) a UXO-UXi
GO TO 1060

1016 U(IFP) - 0.0
1060 CONTINUE

*C** SAMPLE CASE THRUSJT COEFFICIENT

U(IFP) - U(1FP)/CTHRUST
URY(IFP) aURX(IFP)/CTHRUST

0oul CONTINUE

C PRI14T RESULTS

C CALL OUTPUT

2001 CONTINUE 
(2

STOP(B2

;111 ip1 V
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END
SUBROUTINEr INPUT
CO)MMONIIPUTRHfFS(32)DS,XF100),RFC1oo),OELPS(32)
COMMON/NCMWAKE/US(32),NDFPSUR(1OC'),U(100),AWK

-' COtIPON/LAGZRS/ X(15),N
COMMONISTRIP/ NSTRIP
COMMON/THRUSTI CTHRUSTUN)RM

C READ INPUT -- RHOFmFLUID OENSITYS(I)s ISTIS uIDIiO
C STRIPSP (XFPRF)zCOORDS* OF FIR
C STRIPSP (XFPRF)oCOORDS. OF FILLD POINTS, WHERE XF.LT,.O U.'(I)s

C INFLOW AT EACH STRIP
C
C INPUT THE MOL) OR ABSOLUTE VALUE OF XF
C

DIMENSION IDENT(7)
) READ (5,100) (IDENT(I)pIs1,7)

WRITE (6,101)
WRITE(6.212)

READ (5,102) RHOIFDS, AWKCTHRUSTUNORP.
IF(CTHRUST.EQ*0*0) CTHRUSTwl*0

* IF(UNORM.EQ*0*0) UNORM=1.0 -

WRITE(6,213)
WRITE(6, 110)
W'RITE(6#111) FHOFOSAW(
READ(5#103) NSTRIP

) WRITE(6p112)
wRITE(6,10O2) (SCI ),ImulNSTRIP)
READ(5#102) CLS(I)p1ulpN!TRIP)

) WRITE(6,113)
DO 1001 IXIwlNSTRIP

* *1001 USC IXI) = US(IXI)/UNORM
WRITE(bP102) (USC I)jIu1NSTRIP)
PEAD(5pl02) (DELPS(1),I-lNSTRIP)

WRITE(6P102) (DELPS( I) lmipNSTRIP)
READ(59103)NOP, NOFPS

IF(NOFPS.GT*100) STOP
WRITE(6p115) NDFPS

D0 105 Iu1,NOFPS
105 PEAD(5P102) XF(I)PRF(I),URCT)-T

DO 117 I-1,NOFPS
) XFA a -XF(I)

117 WRITE(6p118) XFAPPF(I)PUP(I)
0 C

C FORMAT STATEMENTS FOP INPUT/OUTPUT
C

101 FORI4AT(1HI)
100 FORMAT(7A10)

* 212 FORMAT(//)
213 FORMAT(///)
10 FOPMAT(8I5)
110 FORMAT(/IOXP* INPUT CARD NO* 2*/)
111 FOPMAT(5XP* FHjF-*FlO*5p* DSu*F1Oo5,* AWKs*Fl0.5/)
112 FORMAT(/1OXo* INPUT CARD NO, 3PPRDPELLER STidPS-MilDPOlNTS*/)

* 102 FORMAT(8Fl0.5)
113 FORMAT(/1OXP* INPUT CA.0 NO. 4PINFLOW AT EACH STRIP*/) (B83)
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114 FORMAT(/10XP* INPUT CARD NO. 5p STEADY THRUST LOADiING AT EACH SR''-

115 FORMAT(//1OXP* NO.* OF FIELD POINTS =*13)
116 FORMAT(/10X** FIELD POINT COORDINATES*/)
118 FORMAT(10XP* XF **F1Oe5,8X,* RFu*F10o~p* UR=*FIO*5)
104 FORMAT(/5XP* NOFPSu*15,* EXCEEDS DIIPENSIONS OF 100*/)

*C UR IS THE VELOCITY OF STREAM AT RF
* RETURN >

END
SUBROUTINE INTGRD(IFP)
COMMON/INTGkND/FIOFI1,FIZXIOXI11XI2
DIMENSION FIO(960)vFI1(9b0)pFI2 (960)
DIMENSION XIU(32)PXI1C32)PX12( 32)

C

C CALCULATION OF INTEGRANDS FOR I1,12,AND 10

C COMION/BESFUNC/XJOSXJORpXJ1R

DIMENSION XJ.S (960)pXJOR(50),XJIR(50)
COMMON/INPUT/RHOFS(32)L)SXF( 100),RF(100),DELPS(32)
COMMON/NOMWAKE/US (32 ),NOFPSUR(100),U( 100),A4K

C** COMMON/LAGZRS/ Y(15)PN
* COMMON/LAGZRS/ YY(15),*NNNi

COMMONILAGIXL( 50) ,AL( 50)PNN
COMMON/STRIP/ NSTRIP
DIMENSION XJ(1O),XJ1(10)

* DIMENSION Y(50)
C** IF(N*EQ*0) N1l5
C
C GET ZEROS OF LAGUERPE POLYNOMIALS

C** CALL LGZEROS(N)

DO 300 Is1,N
300 Y(I)uXL(I)

IFCN*EQ.10*OR*NE0,15) CALL LG ZEROS(N)
C
C CALCULATE BESSEL FUNCTIONS JO AND Ji
C

DO 100 I=1,N
DO 101 J=1,NSTRIP

IJ NSTRIP*(1-1)+J
ARGO.Y(I)*S(J)/XF(IFP)
CALL BESL(1,XJO00ARGO,1)

101 CONTINUE
) ARG1=Y(I)*RF(IFP)/XF(IFP)

CALL 8ESL(1,XJ1,0,10pOARG1,2)
XJOR(I)sXJ1C1)
XJ1R(I)uXJl(2)

100 CONTINUE
DO 200 Ju1,NSTRIP
DO 201 IsloN

IJ a NSTRIP*(1-.1)4J
C
C CALCULATE FIO

FIO(IJ)uY(I)*XJOS(IJ)*XJOR(I)/(XF(IFP)**2)
C
C CALCULATE PHl AND F12

C 11 (I J)X J 0S ( IJ)XJ1 R( I)X F I FP) (B4)
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F12CIJ) =(1.-XJOft(Ifl*XJOS(IJ)/(YCI)*RF(IFP))

201 CONTINUE
2(n0 CONTINUE

R ETURN
END
SUBROUTINE LGZEROS(N)

9 COMMON/LAGZRSI X(lr5),Nl

C ZEROS OF THE LAGUERRE POLYNOMIALS
C
C SELECT N a10, OR N w 15 ONLY

DIMENSION XlO(100,15(15)
DATA((X1O(I),Iu1,10)a.137793470540,.729454549503,
11.80834290174,3.4014336977835 5.5552496140064p
28.330152?46764,11.8'.37u56379,16.2792b7831378v
3 2199b658581198l,29.920b97012274)
DATA ((X15(1),Iu1,15)aO0.93307b3.2017,0.4926917s0302i

1 1.2155954l207l,2.2699495Zt204,3.667622721751,
2 5.4253366274l4,7.56591b226613,1O.120228'568019
3,13.13026248217b,16.654407708350,20.776'tB69 9449,
4 25o62389422b729, 31.'O7519lb9754,,38.530b83306.db,
5 48.026085572686)

* C
Ni a N
DO 1OU Ix1,15

* 100 X( I) -aO 0 GOT10
IF(N*EQol5)GOT10

C IF(N.EQ.10) CONTINUJE
DO 101 I1p,1

101 X(I)SX1O(I)
GO TO 104

102 CONTINUE
00 103 1=1,15

103 X(I) - X15(I)
104 CONTINUE

RETURN

SUBROUTINE GAUSSLG
COMMON/INTGRNrDFIOFF112ZXIOPXI1,XI2
DIMENSION FI0(960),FI1(9b0) ,FI2C9bO)
DIMENSION XI0(32)pX11C32)pXI2(32)

COMMON/LAG/XL(50)pAL(!50)pNN
COMMON/JTRIP/ NSTRIP

* C
C GAUSS-LAGUERRE QUADRATURE
C

* COMMONILAGZRS/ XC15)PN
C

1 .218068Z87612,0.062087456O987, .0O9:0151697518,
2 o00C753008388588, .000028259233496, .0000004249314,

) 3 o*000000001839565,.O00U0000000991183)
* DATA ((A15( I), Il15)a.21623488594, .342210177923,

I .Z63027.77942,.12b42581SIU~)oO4O2068b4921,.~Jd5b3b77bU3b1,
2 :00121243614721,;000111674392344,.00000645 992b7b202,

) 4 *0000000000392189?3, .000000000000145652,
5 .000000000000000148e303, .000000000000000000016006)

* ~IF(NsEQ.55) GO TO 500 (5
NaNN (5
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IF(t4NEsj0oOR.N.NE.15) Go TO 106 -

C IF(N.EQol0) CONTINUE
IF(N.EQ.15) GO TO 1.01
DO 100 Iw1,10

-~100 AMI a AlOCI)
GO TO 103

101 DO 102 1.1,15
102 AMI a A15(I)

GO TO 103
106 DO 108 Iu1,N
108 A(I)zAL(I)
103 CONTINUE

C
C XIOXI1,XIZ INTEGRALS

00 104 JxlNSTRIP
) SUMO-O00

SUM 1.00
SUM2*Oe0

* DO 105 Iu1,N
IJaNSTRIP*(1-1)4J
SUMOsSWiO+FIO(IJ)*AE I)
SUMl-SUM14Fl1(IJ)*A(I)
SUM2-SU.2+F2(IJ)*A(I)

105 CONTINUE
XIO(J) a SUMO

C* WRITE(6,220) XIO(J)
220 FOPMAT(/I* XI0.*E14.b//)

XI1(J) - SUMI

X12MJ a SUM2

* GU TO 505
50CONTINUE
N a 15

DO 501 Iall15
SUMO u SUMO + FIO(1)*A15(l)

C** WRITE(b,5050) SUMOoFIO( I),A15(1)
5050 FORMAT(2X,* SUu*Ll4e6,* F10u*El4obo* A15(I)=*E14.b)
501 CNIU

RETURN

505 CONTINUE
* RETURN

END

$ SUBROUTINE BESLCMJ, YNDIMJPNOIMYXNMAX)

C CALCULATION OF BESSEL FUNCTIONS
C Mini, FOR J
C Mw2 PFOR Y
C M=3 #FOR J AND Y
C NDIMJ-DIPENSION OF JIAT LEAST 2)

) C NDIMY-DIMENSION OF Y
C X-ARGUMENT
C NMAXmMAXIMUM ORDER PLUS ONE

REAL J
DIMENS10t4 J(NDlMJ)py(NDIIMY),CJOL3(7)CJL3(7)CY~OL

3 (7),CYlL3(7)'
)1CFO(7)CTHO(7)CFI(7,CTH1?7

DATA ((CJ0L3'(1)#Iulp7) 1*0#-292499997, lo2656208,.e3l63bbO,

)1*0444479CPo0U394440 *0O10)( l3(~~l7=5
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0 2-*56249965o *21093573p-*03954289t eOC443319#-.9sOO317b1P .0000110(o)

3p ((CYOL3(I)pIll7)0 *3b74bh91p, b05593bp-.74,350384p .25300117p
4-.04261214P *00427916p,.00024846), (CCYlL3(I)s Ivl,7)w-*b3cvb1980P

.22120910, 2.1662709#-i.3164327* *3123951CP,-Cs4vO97bj, o0C27673)
DATA (CFC0(I),I-1,7)u .7r7d8456p,-00OO77p,-005:p2740p,-Ooo9512,
1 *00137?379-900072805, .00014476),w ((CrH0(l),.#I1,97)m-,7853981t~p

I 2-#O41663 i7p-.00003954, .00262513,-.00054125,-.00029333,.00013558),
-~ 3((CF1CI)PIu1,7)u ,797881t56P .00000156P .01659667# .000171U0,,

4-.00249511, *001136532-*00020033 )p ((CThl(I),Iu1,7)z-2e35619449p
5 el2499b12P *00005b50p,00b37879P .00074348, .00079824P
6-. 00029 166 )
IF(X*EQ*0.) GO TO 9
Pill 3,,1415926
Xl1ABS(X)

T- X*X/990
IF(t1.NEel) FLPIa2o*ALOG( .5*X1) IPI

* IF(X1.GT*3) GO TO 1
J(l)= POLY(6pCjOL3ffTv7)
IF (M eNE& 1) Y(1).POLY(6,CYOL3,tT,7)+J(1)*FLPI
IF (NMAX *EQ* 1) RETURN
IF (M *EQ. 1 .AND- t4MAX GTo, Z) GO TO 5

* JC2) aX*PDLY(6,CJ1L3,T,7)
IF (M1 *EQ9 1) RETURN
Y(2)n FLPI*JC2)+POLY(6,CYlL3,T,7)/X
IF (NMAX .EQ. 2) RETURN

5 MM=NMAX,;2)G T
) FMwMM

J (MMeZ)sl*0
J(MI +i)o SQRT(FM*CFM+l.) )*((FM,1.)/FM)**(MM+I)*2./(X*2.71828)

MMSMI1+2
* CALL BESREC(1,jPJONIMJXPMMl)

) FAC- A/J(l)
D0 7 IulNMAX

7 J(I)uFAC*J(I)
IF (M .EQe 1) RETURN

b CALL BESREC(2,YPNDIMYPXPNMAX)
RETURN

1 T=39/X1
SOXale/SQRT(Xl)

~ p F*PGLY(6pCFOPTP7)
TH=POLY(6pCTHOPT,7)+Xl
IF CM .NEq, 2) J(l)aF*CDS(TH4)*SQX
IF C M *NE@ 1) YC1)-F*SINCTH)*SOX
IF CNMAX *EQ* 1) RETURN
FNMAX=NMAX-1

* IF CM *EQ* I .AN~o NMAX .GT. 2 *ANiD* FNMAX .GT.Xl)GO TO 5
Fit POLYC6pCF1p,,7)
THin POLYC6pCTIPiTP7).Xi

el IF(M ,NEs 2 .ANDs FNMAX eLE., X1)J(2)-F*COS(THI*SQX*S
IF (M *NE.1) Y(2)*F*SIN(TH)*SQX
IF CNMAX *EQ* 2) RETURN

* IF (M ,EQe 2) GO TO 6
IF CFNMAX .GT. X1)G(G TO 5
CALL BESREC(2,JNDIMJPXPNIAX)
IF CM *EQ9 3) GO TO 6

) RETURN
9 DO 10 Im1,NMAX

S10 J(I)804
JC1)810 (87)
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END
SUBROUTINE BESREC(MPWPNDIti4,KNMAX)

C RECURRENCE FORMULAS FOJR BESSEL FUNCTION4S
C Malt, FOR BACKWARD J AND Y
C Mn2, FOR FORWARD J AND Y
C M-3# FOR BACKWARD I(
C M=4, FOR FORWARD K
C W(I)- INDICATED BESSEL FUNCTION Of ORUER I-i AND ARGUMENT X
C NMAXa LARGEST ORDER PLUS ONE

) C DIMENSION WCNDIMW)

Fl(FNPU, ,)- 2**FN*U/X-V
FZ(FNUV)- Z.*FN*U/X.V
IF (M *EQ* 1 *OR* M1 *EQ* 3) GO TO 1
IF (M *EQ. 4) GO TO 6
DO 3 l-3pNMAX
Fl- 1-2

3 WC(I) a FICFIsW(I-1)pW(I-2))
RETURN

1 IF (M *EQ* 3) G0 TO 4
DO 2 1-3sNMAX

* Js NMAX-I+1
FJ-J

2 W(J)- F1(FJPW(J+1),oW(Je2))
* ) RETURN

4DO 5 Iu3vNMAX
J=NMAX-I+l

* FJwJ
5 W(J)- FZ(FJPW(J+13,Wv(J.2))

RETURN
6 DO 7 I.3pNMAX

FIuI-Z
7 W(I)-F2(FIPW(I-1)#W(I-2))

) RETURN
END
SUBROUTINE MODBES(MIKPNDlMINIlhKXNMAX)

C COMPUTATION OF MODIFIED BESSEL FUNCTIONS
C -i, FOR I

C Mu2v FORK
1'C Mw3 FOR IAND K

C XwARGUMENT ODRPU N
C NMAX-MAXIMUM ODRPU N
C

REAL IK
DIMENSION I(NDIMI)p K(NLDIMK)o CICL (7), CIlL (7), CKOL C7),

) ~ICKIL (7), ClOG (9), CIiG (9)p CKOG (7) CK16 (7)
DATA CCCIOL(I),I*1,7)u1.,3.5156229.0899424,1.Z0o7492,.2b59732,
1 .0360768, .0045813), C CIOG(I),Iul,9)s.39894228, .O1328592,
2 *00225319,-.00157565,.0091b281,*-.02057706,.C2635537,-.01b47633,
3 .00392377),C(CIlL(I)vIaI,7)*@5p87890594.514;8869.15034934,
4 *02658733,.00301532,.00032411),CC(CIlGCI)j,I1.9)..398Q',228,

)5 -e03988.024p-oOO362018poO0163B0lp-*0103155?5poO2282967*-*02895312P
6 *01787t54P-.00420059)

DATA CCCKOLI),Ia17)u-.5?77Z56,422784eO,.23O69756,.OJ348859O,
1 *00262698,.00010750, .0000074),C CCKOGC I), IJ7)ul.25a33i',14,
2 -.07832358,.02189568p,01Ob2446,.O0587872,-.0025I54,.O005320b),
3 CCCKlLCI)PI's1*7)8 I., .5443144,-.67278579,-.1ts15b897,-.01919402,
4 '.0l10404,-.00O04686),C(CKlGCJI)l 9,).l.25331414.Z.3498619,
5 -.0365562,.01504268,-o00780353,.003256l4,-.000b8245)
GCOEF(FNPX)s SORT(FN*FN+X*X)4FN*ALOG(X/(FNSQkT(FN*FNX*X)))

jIF (X oLEs 0. *AND* MI *NE* I) GO (81? 200



R-2 129
* IF (X .EQo 0#) GO TO 99

X1u ABSCX)
T2. .25*X*X
TR-2e/
Tl1X/3o75
TiSs X*XI14*0625

* I TlRu 3*75/X1
* XSRu 1./SQRT(Xl)

DEC. EXP(X1)
DECK.o EXPC -Xl)
FIN- ALOGC.5*Xl)
Sa Xl/X
IF (M *EQ. 2)G9 TO 100

C
C MODIFIED BESSEL (FIPST KIND)
C

IF (X1.GT* 3.75) GO TO 10
I(l)s POLYbCIOLT15,7)
IF (M *EQ* 1 *AND. NMAX *EQo 1) RETURN
IF (M oEQ* 3 *AND* NMAX *EQ* 1) GO TO 100
IF (NMAX *NE* 2) GO TO I
IQ 1)- POLY(bCI1LT1S,97)*X
IF (M .NEe 1) GO TO 100
RETURN

1 AIll)
) MM.s NMAX+5

FMu MM
I(MM+1). 1./SQRTC6.28316 *FM)/((l,+X*x'(F*FM)1)**0.25)*

1EXP(GCOEFCFMX1) )*S
) FM.Ft4+1

ICMM+2)- 1./SQRTC6e28318 *FM)/( 11,*X*x/ (FPdF!M) **0925j)*
1EXPCGCOEF(FM, XI))

* MM. MM+2
CALL BESRECC3#IPNDIMIPXPtMM)

) FACa A/IC1)
DO 2 Lu1,NMAX

2 IL)m FAC*ICL)
IF (M eEO. 3) GO TO 100

) RETURN
10 I(1)- PULY(BCIOGT1RP9)*XSR*DEC

IF (M eEQ9 1 *AND, NthAX .EO. 1) RETURN
'IF (M 9EQ: 3 *AND* NMAX .EQ, 1) GO TO 100

1(2) - POLYC8,CIlGPT1R*9)*XSR*D)EC*S
IF CM *NEe 1) GO TO 100

RETURNA
C
C MODIFIED BESSEL (SECOND KIND)
C

100 IF (X eGT. 2.) GO TO 110
IF (M .EQ. 2) 1(1)8 PULY(6bCiOLvT1SP7)
KC1)m -FLN*I(1 )+POLYC6pCKOLpT2p7)
IF CNMAX eEQ9 1) RETURN
IF (M *EQ* 2) 1(2)- POLY C6,CIlL#TlS,?)*X
K(2). (X*FLN*1C2)+POLY~bC(.LT2i7) )IX
IF INMAX *NE9 2) GO TO 101
RETURN

101 CALL BESREC(4,K#NDIliKX#NMAX)
) RETURN

110 K(1)m P0LY~bPCK0GTIk,7)*XSk*DECK
* IF (NMAX oEQ* 1) RETURN

K(2)- POLY(6#CKlGTPP7)*XSR*DECK ()



IF (NMAX *NEo 2) GO TO 101 R29
RETURN

99 00 98 Jw1,NMAX
98 ICj)uO.

I(l)ulo
RETURN

200 PRINT 97,X
97 FORMAT (1OXZ6HK NOT DEFINED FOR X *LE* 0p2X2H~uEl6od)

CALL EXIT
END

) FUNCTION POLY(NPAXNDIMA)
DIMENSION A(NDIMA)
PCI YcA(N41)
DO 1 I-l,-N
J-N41-I

1 POLY=A(J).X'POLY
RETURN
END
SUBROUTINE OUTPUT

C
C WRITE OUT THE COMPUTED VELOCITIES AT THE GiVEN FIELD POINTS

* C
COMMON/INPUT/RHOFS(32),DSXF(100)PRF(100),DELPS(32)
COMMON/NCMWAKE/US(32),NUFPSURC100),U(100),AWK
COMMON/DUDR/ URX(1O0i)

100 FORMAT(lHl)
WRITE(6,10l)

101 FORMAT(/1OX,* VELCCITY AT GIVEN FIELD POINTS*/)
URITE(6,102)

102 FORMAT(15XP* A8S(XF) RF UR U )
WRITE(6#105) (XF( I),RF(I),URCI),U(I),Iu1,NCFPS)

) 105 FORMAT(5XF1O.5,2XF1O.5,2XF10.5XE14.b)
WRITE(6P100)

) WRITEI6, 110)
WRITE(6,102)

110 FORMAT(/1OXP* VELOCITY FIELD ON DISK USING EXACT DUDR*/)
RETURN
END

1.~~, SUBROUTINE LAGUER(NNXA, ALFBPCEPSCSXCSAiTSA, TSA)
&IMENSION X(50),A(50),B( 50)pC( 50)
FN aNN

C a 000
CSA - 0.0
CC - GAMMA(ALF+l.)
TSX a FN*(FN.ALF)
TS A.CC
DO 1 Jw2vNN

1 CC 0 CC*C(J)
0O 7 I-1,NN
IF(I-1) 6p2v3

2 XT a (1.,ALF)*C3.4.92*ALF)/(1.+2.4*FN+l.d*ALF)
GO TO 6

3 IF(I-2)6p4p5
4 XT w XTe(15.46.25*ALF)/(l.4.9*ALF4'2.5*.N)

GO TO 6
5 Fl a 1-2

Rlw(1.+2e55*FI )I( 19*FI)
R231.26*FI*ALF(lo,3*5*Fl)
RAT 10'(Rl.R2 )I C1.43*ALF)
XT - XT + RATIO*(XT-A(I-2)) (Blo)



CALL R-2129
6 CLLLGRCOT(X1,hNNALFPDPNiPNlBCEPS)X(I) a XT
AMl a CClDPN/PN1

C** PUNCH 20, ALFPNN,1,XTPA(.)
CSX aCSX +XT

7 CSA a CSA *ACl)
C** PUNCH 20, ALFPNNPICSX,*CSAPTSXTSA

20 FOPMAT(Fe.2,2I3,Z(1XEi4.6),2Zx~zcXE14.8))
RETURN

* END
SUBROUTINE LGROOT(XPNNALFDPNPN1,BCEPS)
DIMENSION B(50)PC (50)
ITER a 0

1 ITER - ITER +1
CALL LGRECR(PDPPN1,XNN,-ALFPB,*C)
o - P/op

IF(ABS(DIX)-EPS) 3,3,2
2 IF(ITER-10) 1,3,3
3 DPNmDP

RETURN
END
SUBROUTINE LGRECR(PNPDPNPNlPXPNNALFPBC)
DIMENSION B(50),C(50)
Plulo
P aX-ALF-lo
DPlw0*
DP a lo
DO 1 Jn2pNN
a (X-B(J))*P - C(J)*Pl
DO a (X-B(J))*DP + P - C(J)*OP1
P1 a P
P O

& DP1-DP

PN aP

PN1*Pl
RETURN
END

) FUNCTION GAMMAIX)
,we GAM(Y) - (((((((9O35868343*Y-el9352781e)*Y+4.'82199394)*Y-

I 756704078)*Y,.9182C,6857)*Y-.897056937),Y,.966205891)*Y
2 -o577191652)*Y + 1.0
Z a X
IF(Z) 1,1l,4

1 GAMMA a 0*0

~* *-~C*2 PUNCH (2X#9Z R ERROR FOR GAMMA ,E16.8)
WRITE(6#2) Z
GO TO 14

4 IF(Z-70.) 6,1,1
6 XF(Z-1o) 8,7,9
7 GAMMA a 1.0

SGO TO 14
8 GAMMA a GAMMZ

GO TO 14
9 ZA-1.O

1IF(Z-19) 13,11,12
*11 GAMMA a ZA

) GO TO 14 (B??)



12 ZA a ZA*Z R22
GO TO 10

13 GAMMA a ZA*GAM(Z)
14 RETURN

END
SUBROUTINE LEG2HO(XPNPQQlPIC)

C A FORTRAN SUBROUTINE TO EVALUATE LEGENDRE FUNCTIONS OF THE SECOND
C KIND AND THEIR DERIVATIVES
C XuAIIGUEIIENT
C N-3/2-MAXIMUN ORDER REQUIRED (N LESS THEN OR EQUAL TO 105)
C OOLEGENDRE FUNCTION OF SECOND KIND
C QluDERIVATIVE OF Q
C ICal FOR JUST Q
C IC*2 FOR 0 AND Qi

DIMENSION Q(125),Q1(125)PR(125)
11 M*N.19
6bFM=M

IF(X-190C14) 7,8p8
7 Q(M+1)uRLEG2(XMe1,19)

0(M)=RLE G2 IX, K19)
GO TO 9

*8 0(M)xle
* Q(Me1)aCFM*X-SQRT(FM*FM*(X,1.)*(X-1. )+.253)/(FM+.5)

9 00 1 IJ=ZM
I-M-IJ+2

* FIsI-1
FI.*0/(Fl-0e5)
Q(I-1)u2.*FI*X*F*0(1)-(F140.5)*F*Q(I+1)

) 10 IF(Q(1-11-1@E.30) 1,1,10

GO TO 11
1 CONTINUE
S*ALEG1(Xpl)
SaSIOC 1)
DO 2 Ia1,N

2Q(I)-S*0(I)
IF(IC-1) 4,4,3

3 Sa1./((X+1.)*CX-19))
* ) Ql(l)o-*5*S*(X*0(1)-012))

DO 5 Ia2,N
FIu-1

4RETURN
END
FUNCTION RLEG2(ZN11)
QARGIU,#FNWoW2)a((W/(W+U))**FN-1.)/SQRT(U*(UW2))

) W-Z4SQRT( (Z+1. )*(Z-1.))
* WZUZ.*(W-Z)

FNuN
FNaFN-o5
RLEG2uD.
Us.001
DO 1 181019
RLEG2-RLEG24QARG(UPFNPW, UZJ

1 U-U*.OO1
) AwQARG(o02pFNPWoW2)

RLEG2u( .5*A+RLEG2 )*9OO1+A**005
U-003
DO 2 1a3pM
RLEG2.RLEG2+o01*QARG(U#FN#WW2)

2 USU40010
RLEG2-RLEG2,.OQ5*QARG(UPFNPwWZW) (612)



AuSQRT(CZ-1.)*CZe1.)) R22
B .-ALOG(CA)
CmALOG(U+A4SQRT(U*(U+2.*A)))

* UuRLEG2+B+C
RLEG2aD*Vi**(-FN)
RETURN
END
FUNCTION ALEG1CXN)
DIMENSION ZCZO)PA(10)PB(10)

* Plm3*1415926
IF(X-1*09) 3,4,4

4 DO 1 Iw1,20
Fl 31*2-1

1 Z(I)sCOS(FI*PI**025)
ALEG1vO*0
FN-N
DO 2 1-1,20
A1.1.0-Z(I)*Z(I)
AZuX-Z(CI)

2 ALEGl.ALEG1+(AI/A2)**CN-)/SQRT(A2)
ALEGl1ALEGI/(2.O**(FN-O.5) 1*O00*PI
RETURN

3 YaX-190
ALuALOG(Y)
A~i) sZ*5*ALOG(2o)
IF(N-1) 5,5,6

6 NZ-N-1
DO 7 Iu1,NZ

) 7 AC1)=AC1)-2sl(2*O*FI-1*)
5 B(1)-.5

*F NmN-i
G*FN*FN-*25
DO 9 1.2,10
FI-I-2

) H-I-1
H2s.5/ (H*H)
H3uFI*H
AfI)a(A(1-1)*(G-H3)-B(I-1)*(2e*G/H+l.) )*H2

9 B(I)mB(I-1)*(G-H3)*H2
) ALEG1=A(10)+AL*B(1O)

D0 10 I-1,9
* J.10-1

10 ALEG1*A(J)+AL*BIJ)+ALEG1*Y
RETURN
END

NUMBER OF CASES a 1

(B13)
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