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1. INTRODUCTION and ABSTRACT

Since the work of Robbins and Monro [1] and Kiefer and Wolfowitz {2], much
attention has been devoted to the problems of stochastic approximation (3,4].
In recent years, work on the recursive estimation algorithms in adaptive con-
trol and communication systems has both rekindled widespread interest and
required results under rather different assumptions on the noise and dynamics
than were used in the early years (see, e.g., [5-10]). Problems with constraints
have been treated by similar methods.

A typical form of current interest is the following: The iterate sequence

is given by

= r 1 -
(1.1 Xn+l Xn + anh(xn,gn) , Xne R® , Euclidean r-space,

zan e, 0c< a > 0 as n-+w, and h{+,*) is not necessarily continuous.
For example, it might be an indicator function. Also, the noise sequence (En}
might depend on {Xn} in a complicated way. The references [5]) - [10] contain
a variety of techniques which are useful for proving w.p.l or wcak convergence
for fairly general types of stochastic approximations, both with and without
constraints. But they are not good enough to treat many problems where h(-,*)
is discontinuous or {En} 'state dependent.’

In [11] and [12]}, averaging methods were used to get weak convergence
results for suitably scaled stochastic difference equations, where the ‘dynam-
ical' term corresponding to our h(+,*) might have the properties mentioned
above. Here we adapt the method of [11] and [12], with that of {6] to develop
a technique which is quite useful and versatile for the problems of interest.
In a sense, we rely on the assumption that even if h(+,*) is not smooth,
expectations or conditional expectations of the types Eh(-,cn) or

E[h(-,en)len_l. £, 20 ...] are smooth functions of x. This situation occurs




v
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in many cases, as attested to by the examples in Section 5. Results for hoth
w.p.l and weak convergence (see remark at end of Section 4) are available.

We also obtain analogous results for the following projection algorithm.

Let ql(-), ey qm(-) denote continuously differentiable functions and define

6= {x: q;(x) £0, i=1, ..., m}. Let m.(y) denote any closest point in G

to y. Then the algorithm is defined by

(1.2) = n(x +ah(x ,£))

n+l

In Section 2, we treat the algorithm (1.1), and the projected algorithm is

treated in Section 3. A method for 'state dependent' noise {En} is given in

Section 4, and Section 5 contains two non-standard examples.

2. w.p.l CONVERGENCE FOR (1.1)

Assumptions. Write 4&X for X - X, and let &2 denote the space of
n n+l n 0

real valued continuous functions on R® with compact support and continuous
second partial derivatives. Let En denote expectation conditioned on

{Ej, j<n}, and K will be used to denote a constant (its valuc might change
from usage to usage).

One of the key difficulties is proving w.p.l boundedness of {Xn}. For

this we use a stability assumption on the differential equation x = h(x),
where h(x) is (very loosely speaking) Eh(x,gj). The boundedness argument
uses a perturbed form of the Liapunov function V(<) for that differential
equation, and various differences or derivatives of V(<) appear in the
(mixing type) conditions. Owing to this, some of the conditions might scem at
first glance a little unnatural, but they in fact are frequently readily
verifiable. Theorem 1 and its conditions should be viewcd as a prototype of a

method which can be adapted to a wide variety of problems.




The assumptions are written such that (Al) - (A4) can be used for both

bounded and unbounded {En}. With bounded {En}, we can let the w3 K,

all i,n. The (A6) and (A7) would not often hold as stated when {En} is

unbounded. The forms of (A6) and (A7) which are useful for the unbounded noise

case depend on the particular form of h(-,*) and it does not seem rcasonable
to try to get the most general form here. The unbounded case will be dis-
cussed after the theorem, and in the examples. Owing to our intcrest to have
a proof which can be used with only minor changes when (En} is unbounded,

the details are a little more complicated than necessary.

2 = 0 2 > . e y
Al. ):an < o, Zan =« a >0, {aml/an} is bounded. h(-, 18

measurable and for each compact set Q there is a sequence {a, } such that

On
2 2

for x € Q and ZEaOnan

[h(x,€ )] s oy < »

A2. There is a twice continuously differentiable Liapunov function
V(*) 2 0 such that IVxx(-)| is bounded, V(x) + » as |x| + ». There are

€ > 0 and Ao < » guch that for x ¢ Q0 = {x:V(x) ¢ AO}, we have

V)'((x)l'\(x) 3 where h(-) is defined in (A3).

-EO,

2
A3. Let {uln} denote a sequence of random variables such that | EuIn <w,
n

There i8 a continmuously differentiable h(+) such that the limit Jdefined

(pointwise in x) by

Volx,m) = ] ajV;(x)E,,[h(x,zj)-ﬁ(x)l

J=n

exists and (together with the partial swms) is bounded by aln(l . |V"‘(x)ﬁ(x)|).

The bound also holds if V(*) <{e replaced by a continuously differentiable
function with compact support ( {a.m} can depend on the function).
M. There is a random sequence {u2n} such that

E Ihx,6 )| < ad (1+]v:(0R(x)])




and a uz

n%2n 0 w.p.l as n >+ =,

AS. |V)'((x)l'\(x)| s k(1 + V(x)).
A6. With | ]x denoting gradient with respect to x, let

5 - . 1/2
Ijzn a; [V (0B h(x,8) RN, < Kag (1+ ]V (ORM] ’2)
The inequality holds with V(*) replaced by an arbitrary continuously

differentiable function with compact support.
A7. For s <1,

Enlv;[x+ sanh(x,gn)]ﬁ(x+ sanh(x,gn))l < K1+ IV;(x)ﬁ(x)I)

Remark. As seen from the Examples in Section 5, the assumptions include
some hard and interesting cases. In a sense, the 'prototype' model for (Al) -
(A7) is the case where |h(+,*)] and |h(:)] have at most a linear growth in [ x|
as |x] + = and V(-) has a growth one order higher than that of h(-,*) and
h(+). Then the bounds in the assumptions make sense, under various mixing type
conditions on {En}. Here, {En} is not treated as being explicitly 'state
dependent.’ In the state dependent case, we must take into account the way
that {En} evolves as a function of {Xn}, and use a slightly different form

of Vo(x,n). See Section 4 and Example 2.

Theorem 1. Assume (Al) - (A7). The sequence {Xn} is bounded w.p.1.

If V;(x)ﬁ(x) £ 0 for all x, then X A, = {x :V;(x)ﬁ(x) € 0} w.p.l.

Otherwise, {Xn} converges w.p.l to the largest bounded invariant setjt of

*Let S denote a bounded invariant set of (2.1). Then for each xe€§S, there

is a trajectory x(¢) of (2.1) contained in § for te (-»,») and x(0) =x.
The invariant set is the set of all limit points of bounded trajectories
(on [0,%)) of (2.1).




R

(2.1) x = h(x)

Remark. If V;(x)ﬁ(x) is not 0 for all x or if A; contains more
than one point, then the limit set of {Xn} might be more than one point, or
even be a non-degenerate trajectory of (2.1). Such possibilities do exist in
applications. But the theorem can be refined as follows, Let Xo z x(t) be
an asymptotically stable solution of (2.1) (in the sense of Liapunov) with
domain of attraction DA(x,). There is a null set N such that if w ¢ N
and Xn(u) € compact A ¢ DA(xO) infinitely often, then xn(u) > X, The
proof follows from the techniques of the proof below and the proof of

Theorem 2.3.1 of [6].

Proof. The proof uses an ‘averaged' form of the Liapunov function V().

We have
(2.2) EnV(Xn+1) - V(Xn) = anV;(xn)Enh(Xn’En)
1
2 ) .
+a f Enh'(xn’gn)vxx(xn + sGXn)h(Xn,Cn)(l-s)ds .

By (A2) and (A4), the last term is ¢ aneln(l + |v;((xn)ﬁ(xn)|), where

e, *0 w.p.l, as n + o, We also have

In

(2.3) EnVO(Xn+1,n+1) -Vo(Xn,n) =

«©
E, n§1 3V (X BRI 089 - ROX L)

w0

- ' - h
n§1 a; Vi (X DE [h(X ,€0) - R(X )]

- M - h
a Ve(X JIEh(X ,E) - h(X))} ,

which we rewrite as
S ki e R et T S AN S5 DL b ¢




(2.4) - a Vi(X ) [Eh(X ,E)-R(X )] +aEh (X,€E)e
1
J ds j=§+l aj[En+lv;(xn+56xn)(h(xn+56xn'£j) -h(xn+saxn))1x
0

By (A6) and (A7) and an application of Schwarz's inequality, the last term of
(2.4) is bounded by

(2.5) KaZ (1 + vy (X IR(X) )

Define the 'averaged' Liapunov function V(n) = V(Xn) + vo(x",n) and

note that by (A3),
(2.6a) lvocxn,n)l < aln(1+ lv;(xn)ﬁ(xn)l) ,
(2.6b) V) 2 - 0(x ),

where uln +0 w.p.l as n+«, Combining (2.2) - (2.5),

(2.7) EnV(n+1) - V() = a (146 JVI (X JR(X ) + 3nan ,

where Gn and Sn go to zero w.p.1 as n > e,
Define {mn’Mn} by

- n-1 -
(2.8) V(n) - 'Z a (1+6,)VI (X DR(X)) -

2 §.a, = Z m., = M
i=0 1= =

ivi .
0 i

By (2.7), {Mn} is a martingale. By modifying {xn'an’&n’en} on a set of
arbitrarily small probability, we can suppose that there is an N0 < »  such

that |3.] s ¢ /4, |5i| £1/4 for i 3 Nj. This modification will not alter

the conclusions.

Let n, be a stopping time 2 NO and such that Xno 4 Q, (with n,

equal to = if X € Q,, all n > N)). Define n, = min{n:n>n,, X ¢ Q,}.
n 0 0 1 0’ 'n 0

Then by (2.6), (2.7) the sequence {V(nt\nl). n 3 no} is a super martingale

which is bounded below by -O(a, ). The facts that Eni(n+1)-9(n) € -e4a /2

B : . -
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for X ¢ Q; and n large, and Zan = » imply that X_ ¢ Q) infinitely often
w.p.l. Define Q = {x:V({x) s Al} where Al > XO‘ Let Ql be the Q of
(Al).

By a modification of the paths on a set of arbitrarily small mcasure, we
can suppose that |anh(x,£n)| sao, <1 for large n and x ¢ Q (say,

for convenience, n : No). This modification will not affect the conclusions,

By (Al) and (A3), there are real Ki(Ql) such that if Xn ‘ Ql’

2 2 2 2 , 2
im [© < (lvo(xn,n)l ¢ V(XD [T+ Kp(Qar + [VIX ) - VX)) [k
2 2 2 2 2
(2.9) € Ky(Qla +ay +ay o rah(X e ) ]7)
. 2,2, 2 22 . .
$ Kg(Qdlagvog oy Lt = Ks(Q)8)
Let n, be any stopping time such that an € Ql‘ Let ng = min{n : xn¢<21,rtan2}.
Then by (2.9) (note that the right side is summable over all return periods in Ql)’
n n3-l ,
(2.10) Pl sup | ] m]zele Ky(Q,)E 1 B./¢
nzsn<n3 i=n2 i=n2 1

We conclude from (2.8) and (2.10) and the recurrence of QO and the facts that
. ' h - /
anh(xn,cn) +0 w.p.l for xn € Q1 and Vx(x)h(x) § -g, for x « Q0 that
eventually Xn remains in Q1 for any Al > Ay. Hence Mn converges w.p.l.
Furthermore, since Mn converges w.p.l and VO(Xn,n) = O(aln) + 0
w.p.l (since Xn eventually remains in the bounded set Q]),
m-1 _
- ]
(2.11) sup IV(Xm) - V(X)) ‘{ aivx(xi)h(xi)l >0
m2n i=n
w.p.l as n+we If V;(x)ﬁ(x) € 0 all x, then (2.11) implies that
. gt h =
Xn + {x: Vx(x)h(x) 0}.

Next, fix f(-) ¢ Cg, and repeat the development with f(¢) replacing

V(*). This yields

-y -




—— i e

m-1
sup [£(X)) - £(X) - T a,f1(X)h(X)| +0
mzn i=n

w.p.l1 as n + «,  In particular, since for large n, Xn € Ql’ we have

m-1
(2.12) sup lxm-xn *.z aiﬁ(xi)l +0 w.p.l as n->=o .
m2n i=n

Equation (2.12) implies that (w.p.l) the limit points arc contained in the set

of limit points of the bounded trajectories of (2.1). Q.E.D.

Remarks on the unbounded noise case. (A6) and (A7), which were used only

to get the bound (2.5), would not hold very often if {En} werc unbounded.

2 oy B 22 L
If (2.5) were replaced by afa, (1+]Vi(X )A(X )|] where syEa‘al <=, and if

this inequality holds with an arbitrary continuously differentiable f(°) with

compact support replacing V(+), then the proof goes through with only minor

changes. The {uSn} can depend on f£(°).

3. THE PROJECTION METHOD

Recall the definition of G and L from Section 1. Let i(ﬁ(-))

denote the (not necessarily unique) projection of the vector field h(+) onto

G, i.e.,
a(h(x)) = 1im [ﬂG(x-tAﬁ(x))-x]/A
AYO
We will use

A8. The qi(°), i=1l, ..., m, are continuously differentiable, G 1is
bounded, and is the closure of its intertor & =-c- 3G =

{x: qi(x) <0, i=1, ..., m}.

In lieu of (A6), we use the weaker ('unbounded' noise) condition:

itsitd

oo s e e e




A9. Let (azn} be (see (Ad4)) a random sequence satisfying

Enlh(x,En)Iz 3 agn for x e G. Let {a4n} be a random sequence 8atisjfying

(for x € G)

n

IJzn a; [Eh(x,E5) - h()1, | < a,

and let a EI/2 2

amEn  %a,nel + 0 and aznan+0 w.p.l as n+ =,

Remark. The assumption that G is the closure of its interior is useful

in visualizing constructions in the proof, and slightly simplifies the details.

The theorem remains valid when there are only cquality constraints. Then, of
course, {Xn} moves on the constraint surface. If {Ej} is bounded and .

satisfies a sufficiently strong mixing condition, then the a in (A9) is

4n
O(an) and the last requirement of (AY; holds by (A4). Condition (A9) is used

only to show that (3.4) is of the order given below (3.4).

Theorem 2. Assume (Al), (A3) (with the Vx term dropped and for x ¢ G),

(A8), (A9). Then (w.p.l) the limit points of {Xn} are those of the 'projected’

ODE

(3.1) x = nhx)

Let H(¢) 2 0 be a real valued function with continuous first and second

partial derivatives and define h(*) = -Hx(-). Then, as n + =, {Xn} conver- !

ges w.p.1 to the set KT = {x: E'(x)i(ﬁ(x)) = 0}.

Remarks. The last remark after the statement of Theorem 1 also holds herc.
The form h(-) = -Hx(-) arises in the projected form of the Kiefcur-Wolfowitz

procedure, where we seek to minimize the regression H(-+), subject to x ¢ G.
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Proof. Except for the treatment of certain projection terms, the proof is
quite similar to that of Theorem 1. Since G is bounded, the Liapunov func-
i tion V(+) is not required and (A3, A6) and extensions nced only be applied
with f(+) an arbitrary real valued function with continuous second partial
derivative, in order to characterize the limit points, similarly to what was

done in Theorem 1.

We have
(3.2) Enf(xn*l) - f(xn) = anf;(xn)Enh(xn’En) + anf;(xn)EnTn
1
2
+a I En(Gxn/an)' fxx(xn-+56xn)(6xn/an)(l-s)ds , ]
0 ‘

where T is the 'projection error': ;

' T ["G(xn'*anh(xn’gn)) ) (xn"anh(xn’gn))]/an

1f Xn + anh(Xn,en) £ G, but there is a unique i such that

= . - . . . )
X .1 € 36 {x: q; (x) 0}, then T, Points 'inward' at X ., and, in fact,
L _xiqi,x(xn+l) for some Ai 2 0. In general, suppose that Xn-va“h(xn,cn) f G,
but (with a reordering of the indices, if necessary) xn+l is in the interscction |
R
N 3G.,. Then for each y for which q! (X . .)y £ 0, each i g ¢, we must have
1 i i,x*"'n+l
r&y 2 0. (Otherwise i would not be the projection error' or, equivalently,

; l
xm1 would not be the closest point on 3G to Xn + anh(xn,cn) ¢ G.) Thus,

by Farkas' Lemma, L must lie in the cone 'C(xn+l)’ where i
Cx) = {y:y= |} yag (),
ieA(x) 4
where A(x) is the set of constraints which are active at x.
Note also that since axn + 0 w.p.l (by (Al)), there is a real sequence

0 < u, * 0 such that T, " 0 for large n (w.p.l1) if distance (xn,ac) 3 U




ot e D T O !‘
1
i
i

and at and anEntn + 0 w.p.l. These facts will be used when characterizing

the limit points below.
Now, following the argument in Theorem 1 but for smooth f(°*) replacing

V(+), define

£4(x,n) P a £ (OE [h(x,E) - h(x)}

J=n
and define E(n) = f(Xn) + fO(Xn,n). Analogous to the result in Theorem 1,

there is a random sequence sn + 0 w.p.l such that
(3.3) Enf(n+1) - f(n) - Gnan - anf;(xn)h(xn) - anf;(xn)Entn = 0. %

We do not need to average out the Entn term. [In order to get (3.3), via the :

method of Theorem 1, we must show that the difference

(3.4) E j=,§+1 £ (X By (RQX 085D - ROK )] -j=£+1 £ (X DE [h(X €0 - h(X)]
1 o )
= Ensxa J ds j=§+1 aj[f;(xn+56xn)En+1{h(xn+séxn,gj) -ﬁ(xn+sdxn)}]x
0

is of an order a a where o. -+ 0 w.p.l as n -+ <. But by (Al), (A9), and

n Sn 5n
1/2 2 ]

. . re s . _
an application of Schwarz's inequality, we have ag, = QZnEn °4,n#1'

We also have

< 2

. . n-1 _ n-1 n-1 n-1
(3.5) £(m)-£0)- [ a,f1(x)h(x)- 1 a,fi(X)v, - | a8, = I omo=uM,
i=0 i=0 i=0 i=0
where {Mn} is a martingale and‘r Eimz < o, Finally, letting f(¢) equal an é

arbitrary coordinate variable in G, and using the above square integrability

and the fact that fb(xn,n) + 0 w.p.l, we get

m-1 m-1
(3.6) sup |X -X -} ah(X.)- ] a.t.|]+0 wp.l as n-+e=
ol T RIS S e

o get the inequality, we might have to alter {X ,E } on a set of arbitrarily

small probability, but as in Theorem 1, this does"nof alter the conclusions.
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By the properties of the projection terms' {anrn}, and the fact that the
'limit dynamics' implied by (3.6) is that of the 'projected' ODE (3.1), (3.6)
implies that (w.p.l) all limit points of {xn} must be limit points of (3.1).
The Z a;t, term simply compensates for the part of Zaiﬁ(xi) which would

take the trajectory out of G.

Now, let h(-) = -Hx(-), and use H(+)} as a Liapunov function. Then

(3.7 H(x) = Hx(x)r'r(-Hx(x)) £0 .

Equation (3.9) implies that the limit points of (3.1) are contained in KT. Q.E.D.

4. STATE DEPENDENT NOISE

It is often necessary to take explicit account of the way that the cvolution
of {€j, j 3nl},depends on {Xj, j £n}. We might use a paramctrization of the type
En = gn(gn-l’ Xn, xn-l’ ey xn-k’ wn), where {wn} is an "exogenous' sequence.
Such a scheme was used in [5] and [6], where the g, were assumed to be suffi-

ciently smooth functions of the xn, X In the development of this

n-1°
section, we suppose that {xn’en-l’ n21} is a Markov process (not nccessarily
stationary). In fitting this format to particular applications, it might be

required to 'Markovianize' the original (state, noise) process. Let En denote

conditioning an {£j, j<n, Xj, j £n}. Define the 'partial' transition func-

tion as follows. Define

P(,n,T,n+l|x) = P{Emlgrlgn=g, X op =)

In general, define P(E,n,r,n*alx) by the convolution

P(E,n,T,n+a+B|x) = IP(E,n,dy,n#alx)P(y,n+u,P,n#m+8|x)
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Thus in calculating the above transition function, XJ. is held fixed at «x
for j s n+a+B. This partial transition function is useful becausc, looscly
speaking, {En} varies much faster than {Xn} does. V,(x,n) is now written
in the form

(4.1) Vo(x,n) 2 Jzn aJ.V;(x){Ih(x,E)P(En_l,n-l,d&,j|x) -h(x)}

Define V(n) = Vo(xn,n) + V(Xn). Note the way the averaging is done in (4.1)
compared to how it was done in the Vo(x,n) of (A3). The integral in (4.1)

could be written as E[h(x,gj (x)jgn_l(x) = t;n_l] where for each x,n, {!;j(x).
jzn-l} is a process which evolves according to the law P(E,a,r,slx), where

Bza2n-1 and En_l(x) =En_ See [12] for other applications of this idea.

1
Suppose that the sum in (4.1) is continuously differentiable in x, and
that the derivatives can be taken termwise. Then (4.2) replaces the sum in (A6).
(4.2) Y a,

; J

i [V;(X){Ih(X.E)P(En_l.n-l,de.j|X) - h(x)1

Theorem 3. Assume (Al) - (A7) but with the above cited replacements (4.1),

(4.2). Then the conclusions of Theorem 1 hold. The extensions to the unbounded

noise case stated in the remark after Theorem 1 also hold here. Under the con-

ditions of Theorem 2, subject to the above replacements, the conclusions of

Theorem 2 hold.

The proof is almost identical to that of Theorem 1 and (where appropriate)

Theorem 2. We note only the following. By the Markov property,

(4.3) EP(E,mT3iX) = P _,n-1,T5(X) ., j3n.

Note that the lowest term in (4.6) is (with x = xn) a_V'(X )[Enh(xn.cn) -ﬁ(xn)] ,

nx n

exactly as in the sum in (A3). In the proof we get (4.4), the analog of the
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first two terms on the right of (2.3).

I T A L U
- jq%d E,3;Va (X UR(X LEIP(E, ,n-1,dE,5 X)) - R(X))

The left side of (4.3) replaces the right side of (4.3) in the second sum of

(4.4). Then the differentiality assumption, and the bounds in (Al) - (A7),

yield a bound analogous to the one obtained for the sums on the right of (2.3).

emark. All the foregoing results hold if {an} is random, under the
following additional conditions. a depends on {Xi, i £ n} only,

z a ==, z ai < o, z Ian+l -anl <o w.,p.l and with
n n n

(4.4) Volxon) = a jzn E Vi) [h(x,€)) - h(x)]

replacing the Vo(x,n) of (A3).

n

n-1
Remarks on weak convergence. Define to= % a;, m = min{n : t t)

and xX°(t) = X_ on [t

n - #
n n’tn+l) and X (t) = X(t+tn) for t2 -tn and

X"(t) = X, for tsg -t Then the previous theorems imply various strong con-

0
vergence properties for {Xn(-)}. E.g., the proof of Theorcem 1 implies that
{x"(+)} converges uniformly on finite time intcrvals to a solution of (2.1)
and that the limit path is contained in the invariant set S cited there.

- n . .
Under weaker conditions, {X (*)} possesses various weak convergence (in

Drlo,w)) properties. Here, we only cite a result; the proof is quite similar

to that of Theorem 8 in [15].
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2 2
Assume the conditions of Theorem 1, except replace X(I+E00n)a“ < o by

a * 0 and o nén 0 w.p.l. Weaken (A3) to require only an 0 w.p.l

0

and Eafn + 0. Then {Xn(-)} is tight, and all limit paths are in 5. Also

Xn + § in probability. More strongly, for each T < », ¢ > U,

lim P{ sup distance (Xn(t),S) 2 e}l =0.

o t|<T

the candifions Il 1
N2 2 22 - . .

If EanuSn + 0 and aa. 0 w.p.l replace ZLanasn < @, then the above

result also holds for the 'unbounded noise' case. There are similar wecak

convergence versions of Theorems 2 and 3.

5.  EXAMPLES

5a. Example 1. Convergence of an adaptive quantizer. Frequently in tclecommu-

nications systems, the signal is quantized and only the guantized form is trans-
mitted, in order to use the communications channel as efficiently as possible.

It is desirable to adapt the quantizer to the particular signal {13,14]), in

order to maximize the quality of the received signal. Herc a stochastic approx-
imation form of an adaptive quantizer will be studied. Let §£(°) denote the
original stationary signal process and A a sampling interval. Write ¢£(na)= gn.
The signal £(-) is sampled at instants {nA, n=0, 1, ...,} , a quantiration
Q(cn) calculated, and only this quantization is transmitted.

The quantizer is defined as follows. Let L denote an integer, x a para-

meter, and {°i’"i} real numbers such that 0= PRSP < e Spy <o =,

O = " < n, < ... < g If Cn > 0, define Q(Cn) = xn,

i T Gy lxog puxey),

and set Q(z) = Q(-z). In order to maintain the fidelity of the signal which

is reconstructed from the sequence of received quantizations, thc scaling

parameter x should increase as the signal power increases.
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<I,M >1. A

Let B8 ¢ (0,1] and let 0O < M] < ... <M <o with M f

L 1

typical adaptive quantizer (adapting the scale x) is defined by (5.1), where

Xn is the scale value at the ntZ sampling instant.

6.1y x . =xP

nel n Bn , B = M, for X Py € ,Cnl < ani

n 1 nit

We will analyze a stochastic approximation version of (5.1). Let a > 0 be

<0, ¢ >0,

such that aa < 1, and let {li} be real numbers such that ¢ )

1

and £, < 8. < ... < ¢ Let 0 < x_ < xu < o, Then we use

1 2 L’ L
(1-2_0) *u
(5.2) Xn+1 = Xn (1+ anbn)
x

L
. ) s ]
where b = ¢, if Xp, , ¢ |gn| < X p,, and the bar | denotes truncation. 1
i

With a > 0, the algorithm has some desirable robustness properties. The

l-¢

algorithm (5.2) can be rewritten as (use y = y(l-e log y) + O(ez))

X
) 2.1 "
(5.3) Xiel = [Xn-*anh(xn,in)-'o(an)] ,
X
L
where
h(xn,gn) = ann - aXn log Xn
or
L
h(x,£) = -ax log x + x igl Q,jl{xpi_l N |€n| < Xpil
(5.4) 3

L
-ax log x + x igl 2. P{xp, | < l£n| <xp,} .

h(x)

For specificity, let &(+) be a stationary Gaussian process. In particu-

lar for a matrix M whose eigenvalues have negative re.l parts and a standard
Wiener process w(-), define v(:), £(¢) by dv = Mvdt + Cdw , £ = v .

Let og = var £(t). Suppose that Cov v(t) = F > 0. We have
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L 2.2 2 2
- pP.X p. X
(5.5) él.{hiilJ = 2 Z lilpi exp - 12 TPy EXP - - g | - a/x
x L X V21 o, i=1 20 20
0 0 0
L-1
2 ) 2.2 2
= (2. -%, )p. exp - p°x"/20, - afx
VD) 00 i=1 i i+1771 i 0

Thus h(x)/x is the sum of two strictly convex functions, the first being
bounded and having a negative slope and the second going to « as x » 0 and
to -» as x + =. Thus there is a unique x ¢ (0,») such that h(x) = 0.
Also h(x) >0 for x <Xx and h(x) <0 for x > x. We use the 'unbounded’
noise version of Theorem 2. See the remark after that theorem statement.

Let § ai < ®, Since h(+,*) is bounded (for «x e [xg,x 1), we need
only verify (A3) for f(-) ¢ ég and (as noted in the rcmark after the proof of
Theorem 1) get the appropriate bound for the second term of (2.4), with
f(+) € 63 replacing V(). Let En denote conditioning on v(iA), i < n.

It can be verified that (the rate of convergence of the sum depends on
v(na-4))

®

(5.6) jgn E, [h(x,E ) -h(x)] = anK(lv(nA-A)I +1)
The right-hand side of (5.6) goes to zero w.p.l1 as n > = and (A3) holds.
Next, using the fact that (j 2 n) Plxp, | % Iej[ < xpilv(nA-A)l is a smooth
and bounded function of x, and it and its x-derivative converge
(fast enough) to the unconditional probability and its x-derivative as J*o, we
can get a bound of the form of the right-hand side of (5.6) on the last term
of (2.4) (using f£(+) € ég in lieu of V(*)). Thus all the conditions of the
projection Theorem 2 hold. Hence if X ¢ [xz,xu], then X, X w.p.l;

otherwise xn converges w.p.l to the endpoint nearcst to x.

R —_—_——_——t.
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Sb. A Kiefer-Wolfowitz Procedure with Observation Averaging. Let f(+) bea

real valued function on Rl, whoée first and second derivatives are bounded on R].
Suppose that there is a unique 8 (let 8 = U) such that fx(e) =0 and Jet

there be €15€, such that fx(x) 2 € for x ¢ oy and fx(x) £ -eps for

1

X 2 €,. Let {an,cn} be sequences of positive real numbers tending to zero
2, 4 .
h = c < w a < oo, S a./a < w,
and such that |} a ) ac ) n/cn lém jgg J/ 0

lim sup ¢./c_ < =, Let (wi} be a sequence of mutually independent mecan :zero
n jan

2
random variables with variances bounded by o¢° < «, and 4th moment by m, <=

Let 0 <a<1l, B8>0 and define {Xn,En} by

n+l xn * anEn » nzl,

f(X +c ) - £f(X _-c ) v
n n n n n
(5-7) En ng_l - B[ 2c + __c]

n n

ag - ny(Xn) + 0n - 8wn/cn ,

where |0 | < ke .

With o = 0, we have a form of the Kiefer-Wolfowitz (KW) process. Then

) azlcz < » can replace | a2/c4 <w, With 0 < a < 1, the observations are

n n n’ 'n : ? ) ’ ’
averaged with exponentially decreasing weights. The conditions on {wn} and
on f(°) can be relaxed, but the technique will be well illustrated with the
given conditions. Here h(x,£) = £, which is not a priori bounded, and in fact
is 'state' dependent. We show that Xn + 0 w.p.1l, via Theorem 1 (cxtension
for unbounded noise). Define h(x) = -fo(x)/(l-a). For notational convenicence,
we drop the 0n in (5.7). It can readily be carried through with little addi-

tional difficulty. Define V(x) = xz.

Conditions (A2) and (AS) obviously hold. Define (f.n.En} by

[l

* aén-l - Bf (X)), E = a .1 - B /e, . Clearly {En} is uniformly

n n n

. no_ .
bounded and £, =8 ) o™t vi/c;. Now,
1




and

z ai]séi < o

Thus (Al) holds and anan - 0 w.p.l. Now check (A4). We have

n s n TR
(5.8) Eaz( Z a™? w./c.)4 : a2 Z aZ(n 1)0-(n J)od/c?c%
ne. i’ n ., & i j
i=1 i,3=1 -
n .
2 4(n-i) 4 _
+a izl a m4/ci =Y,

. 22 22
Since g Y, <= we have anen + 0 w.p.l and anEngn + 0 w.p.l. Thus (A4)
holds.

Define {EJ. (x), jzn}, Vy(x,n), Vo(x,n), by

gjx) = aéj_l(x) -8f (0 . B (X)) =&
Vo(xrn) = jzn ajvx(X)[Ej(X) -E(X)] »
Q(X,n) = '2 ajvx(x)EnEj
j=n :

Then IVb(x,n)l 13 Kan(lélxl). Also

A - j’l_n ~
n’j @ Cn~l

and

Voom = (1 e v o)
J=n

These representations can be used to readily show that both (A3) and the con-

dition mentioned for the unboundcd noise case after the proof of Theorem |

hold. Thus, by (the unbounded noise extension of) Theorem 1, xn + 0 w.p.l.
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