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ABSTRACT
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we—ctuéyjéyansonic flows along a nozzlgabased on a one-dimensional
model. It is shown that flows along the expanding portion of the nozzle are
stable. On the other hand, flows with standing shock waves along a
contracting duct are dynamically unstable. This was conjectured by the author
baged on the study of noninteracting wave patterns. The author had shown
earlier that supersonic and subsonic flows along a duct with various cross
sections are stable. Basic to our analysis are estimates showing that shock

waves tend to decelerate along an expanding duct and accelerate along a

/
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contracting duct.my
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STABILITY OF TRANSONIC FLOWS ALONG A NOZZLE

Tai-Ping Liu.

§1. Introduction

It is well-known that gas flows are often highly unstable. This is clear from
experimental studies and causes great difficulties in numerical calculations. However, the
emergence of shock waves in the flow as a consequence of the nonlinearity of the gas
dynamics equations makes it even more difficult for analytical studies. The present paper
is a step in understanding such phenomena. We show that for a 1-dimensional model flows
along an expanding duct are always asymptotically stable; while flows with a standing shock
wave along a contracting duct are dynamically unstable. Since the initial value problem
for the gas dynamics equations is expected to be well-posed, by instability we mean the
asymptotic state of a flow does not depend smoothly on the initial state.

The equations which model gas flow in a variable area duct are of the form ([1)):

3p , 3tpu) _ _ a'l(x)
at * Tox alxy ™

2
3{pu) 3(pu”+p) - - a'{x) 2
“.n at M Ix atx) ™
3(pE) + 3(pEutpu) _ _ a'(x) (pBu + pu)

at x a(x)

where a{x) is the cross section of the duct, p, u, p and E are, respectively, the
density, velocity, pressure and the total energy of the gas, and x ¢ R, t > 0. For a

uniform duct, a'(x) = 0, the equations become

*
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3p , 3(pw) _
at + ax 0

.

3(pu) + a(puz#p) -0
at x .
3{pE) + 3( pEu+pu) -
at ax

(1.2)

e

0

In this case it was shown by Liu {6] that the asymptotic state of a solution of the initial
value problem consists of the elementary waves determined by the values of the initial data

t ! at x = to, In particular, the flows are always asymptotically stable. The reason for

| such a strong stability phenomenum is that in spite of very complicated nonlinear wave
interactions, waves also tend to combine, cancel and decouple as a result of the dependence
i of the characteristic speeds on the state and the hyperbolicity of the system.
j Consequently, a general solution tends to a wave pattern which is noninteracting. Such a
' wave pattern consists of shock waves, rarefaction waves and a traveling wave, and can be
found by solving the Riemann problem which is an initial value problem with the initial
5 data containing only two constant states:
w, for x <0 ,
(1.3) w{x,0) =

. for x>0 , ,

. w = {p,pu,pE) i

where and w, are constant states. -

! L
': For variable cross section duct, it has been shown by Liu (7] that supersonic and :'
g {
;71 subgsonic flows are also asymptotically stable provided that the duct becomes uniform as
2"
b A
fi x + t», In this case, the asymptotic state consists of the aforementioned elementary

waves and a standing wave which is a solution of

a'(x)
a(x)

a'({x) 2
a(x) pu

(pu)x = -~ ou

R (1.4)

2
(pu +p)x - -

a'(x)

a0 (pEu + pu)

i (oEu+pu)x - -
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When the flow is not transonic, shock waves and rarefaction waves travel with nongero speed
and eventually decouple from the standing wave. For transonic flows, these two kinds of
nonlinear modes intertwine and more interesting nonlinear wave phenomena occur. Based on
the above studies, one expects that a general solution also tends to an asymptotic state
which does not create any nonlinear interaction. Such noninteracting wave patterns were
studied in Liu {9]. It was found that for an expanding duct the wave pattern is uniquely
determined by its value at x = +» and thus one should expect the general solution to be
asymptotically stable. On the other hand, along a contracting duct there may exist three
noninteracting wave patterns with same given end states at x = tw. One wave pattern is
smoothly deformed to a supersonic flow and the other to a subsonic flow. Thus these two
should be stable by [8]. The third one, which contains a standing shock wave, is therefore
expected to be unstable by the criterion of the exchange of stability. It is the purpose
of this present paper to verify the above conjecture on the stability of wave patterns in
the dynamical sense. In particular, we show that when a standing shock wave in a
contracting duct is perturbed, it accelerates itself and eventually tends to a stable wave
pattern with no standing shock wave which differs greatly from the original unperturbed
state. On the other hand, when a standing shock wave in an expanding duct is perturbed, it
decelerates and tends to a nearby asymptotic state. Actually, as waves move along the duct
complicated wave interactions begin to occur, nevertheless, the above statements remain
valid qualitatively.

Our basic estimate is on the change of speed of a shock wave as it moves along a
duct. This and other estimates on wave interactions are established in Section 3. Our
analysis is based on the random choice method of Liu [8], which generalizes the Glimm
scheme, [3), for conservation laws. The idea is to decompose the solution into nonlinear
modes for conservation laws and standing waves. 1In Section 4 we describe a variation of

the simplified method of Liu [9]. Finally, in Sections 5 and 6, resnectively, we study

flows along a contracting duct and along an expanding duct.
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§2. Preliminaries

The gas dynamics equations (1.2) are supplemented by the constitutive relation .
p = plv,s)
where s 1is the entropy of the gas, v = 1/p the specific volume. These physical v

quantities satisfy the thermodynamics relation de = Tds - pdv, T the temperatura of the

gas. We assume that
(2.1) p/9v < 0 and 32p/av2 >0 .

The characteristic speeds ’1' i =1,2,3, and corresponding characteristic right vectors

ry are {2]:

1 1
(2.2) Ay = U= (= /)2y, Ay mu, Ayt (- /) 2y :

1
Y, = (1,X1,E + pv = uv(- 3p/3v)/§)) '
(2.3)

Y.
Yy = (1,25, + pv + uv(= 3p/3v) 2y,

3

and Y2 is such that 72 e Tu = Y2 e Vp = 0. Hereafter the coordinate system for the
states is w = (p,pu,pE). The first inequality in (2.1) implies that Al' i=1,2,3, are
real and distinct and so systems (1.1) and (1.2) are strictly hyperbolic. The second

inequality in (2.1) implies that

vy

- 372
Yy e WA = -Yya2e/,2 ¢ (- dp/av)” v <0,

(2.4)

1/2 v3/2

L) ’1 . - -
Yy 0 My =Y 02p/, 2 ¢ (~ 3p/av) >0 .

4=
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Direct calculations also yield:

1 1
(2.5) Y, *+ Vu=-= (= ap/av)/2v2 <0, vy, » Tus= (- ap/av)/l’v2 >0 ,
1 3

(2.6) y1-Vp='y3°Vp=—v2 />0 .

We now describe the elementary waves for Euler equations (1.2). An i-rarefaction wave

(mo.m1), i=1,2,3, is a smooth solution with speed Xi which depends on one parameter

and connects Wy on the left and w, on the right. It is a consequence of (1.2) that

w1 is on the i-rarefaction curve Ri(wo), the integral curve of ry through “b' and

Ai(w1) > Ai(wo)z

+
w, € Ri(wo) s {we Ri(mb)' Ai(w) > Ai(wo)} .

There are two kinds of discontinuity waves. For the 2-characteristic field, (wb,w1) is a

discontinuity wave with speed o(mo,w1) provided

w, € Tz(mo) = {w: ulw) = u(mo), plw) = p(mo)}

1

and is a constant Aiscontinuity:

ab%),w1) = Az(wo) = Az(w1) .

For the first and third characteristic fields, a discontinuity wave (wo,m1) with speed

o(mo.m1) satisfies the following jump (Rankie-Hugoniot) condition:

wy € Si(mo) z {w: o(urmh) = flw) - f(mo) for some scalar

o = oluy,w ¢ Xi(m) < Xi(mo)}, 1 =1,3,

-fa




‘4 and is a shock wave satisfying the following stability property, [1}:
xi(mi) < a(wo.w1) < xi(wo) .

If we set

- +
Ti(wo) H si(mo) §] Ri(uo), i=1,3 ,

then any state w on Ti(mo) can be related to , on the left by an i-elementary wave

0
(ub,w)- The curves T1(u0) and Ta(wo) are c2 at W and monotone curves in the
(u,p)-plane:
(p1—p2)(u1-u2) <0 for Wy w, € T1(”h)' wy # w,
(2.7)

(p1-p2)(u1-u2) >0 for wrw, € Ta(“b)' W, # w, -

The above holds in a small neihborhood of Wy under the assumption (2.1). It holds

globally under a stronger assumption, [S]:

(2.8) p = plv,e), 3p/3v < 0, 3p/pe > 0 .

It follows from the thermodynamics relation de = Tds - pdv that BS/Be = T 3p/38 and so

the second inequality in (2.8) is equivalent to, [11]:

p =pl(v,s), /393 >0 .

To solve the Riemann problem (1.2) and (1.3) we find states w and w, such that

w € T1(w2), Wy € TZ(“h) and w € 13(wr) so that the solution consists of l-wave

(wl'mm)' 2-wave (“h'wh) and 3-wave (uh,u%). The states w and w ~are determined

uniquely by Wy and W due to (2.7). We choose any nonsingular parameter T

i =1,2,3, along Ti curves to measure the strength of waves:

i,

6=
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" 4
(l.n,'u»“)1 H 11(w1) = Tyle) o
S (mi,"mr)2 H rz(wm) - tz(mn) ’
| = -
i (un,’,m!)3 H rs(un) 13(mr) .
! We choose T, 8o that shock waves have negative strength and rarefaction waves have
f positive strength.
1
- 4
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§3. Basic estimates

The steady state equations (1.4) can also be written as

r (w rs(m)

dw _1 g L3
3.1 ax ’2°""°“(x,(w)*x3(m)) ‘

where c(x) = -a'(x)/a(x) which is assumed to be small in absolute value. 1In this section
we will fix two space positions x = x_, x = x,, x_ < x,, and call (wb,w1) a standing
wave if there exists a solution w(x) of (1.4), or equivalently (3.1), such that

wlx_) = W, and w(x+) = Wy We will congider transonic flows with positive speed, that
is, IX1(m)| is small. We first study the evolution of subsonic and supersonic waves as
they propagate along the duct.
Lemma 3.1. Suppose that all the states are not sonic, that is, there exists A, > 0 such
that either Xi(w) > A, for all u under consideration or Ai(w) < =), for all w under
congsideration. Let (mg,al) and (mr,ar) be two standing waves, then the strengthes of

elementary waves in the solutions of the Riemann problems (wl'wr) and (;l,:g) for (1.2)

are related as follows:

- - - =2

(ml'wr)i = (wl'wr)i + 0(t)ac(d,) v 4 =1,2,3 ,
azuwf%l '
cz max Jelx)| ,

x<x<x+

where O0(1) 1is a bound depending only on the system (1.2).

Proof: Since the waves T i =1,2,3, are smooth, the solution of the Riemann problem

il
depends continuously on the end states. Thus the lemma follows from the elementary theory

of ordinary differential equations. We include ()‘,)—2 on the right hand side of the

estimate just to remind us that 1\, may be a small number.
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The following crucial estimate is on the evolution of a l-shock wave which is a
perturbation of a standing 1-shock wave. It shows, in particular, that the shock wave
accelerates as it propagates along a contracting duct and decelerates as it propagates
along an expanding duct.

Lemma 3.2. Suppose that (u ,wr) is a 1-shock wave which is a perturbation of a standing

L

shock wave, that is, X1(w2) >0 > X1(wr) and its speed g = u(wz.mr) is small compared

n

to its strength a l‘“l'”r"' Suppose also that the duct is not uniform for

X € (x_,x+), in other words, either c¢/2 < c(x) < c, x_ ¢ x < x, or c/2 € -c(x) € c,

x_ € x < X,o for some small positive constant c¢. Let ‘”z';z’ and (mr,;r) be two

standing waves, then there exist w, on S;(El) and a positive constant d depending

only on (1.2) such that

. = 2
(1) Mo, = w b =o0(Nelx_ - x la” ,

(ii) when c¢/2 < c(x) € ¢ for x e (x_=- x+)
delx_ - x| < olwg,w,) = olwrw) < 2aclx_ - x|

when ¢/2 € =c{x) < ¢ for x ¢ (x_,x+)
delx. = x,1 < olwy,w) = olwrw,) < 23clx_ = x| .

Proof. We will prove the lemma when ¢ » 0 and c/2 < c(x) < ¢, x_ < x < x,; other cases

are proved similarly. Let wz(x) and wt(x), x_ ¢ x < x,, respectively, be the solution

of (1.4) with ml(x+) = W ml(x_) = wge wr(x_) = W, and mt(x+) = we We will denote by

pl(x) the pressure for the state wl(x) etc. Clearly we have

X‘(m[(x)) > 0> x1(mr(x)), x_ € x <x,. We have by integrating (1.4)

(3.2), EQGR = Kotuz, SrGr = Korur

-=2 =~ 2 e

puy + Py = K(plu2 + pl) + Ix_ K(y)c(v)pz(y)dy
(3.2)2

- =2 - 2 R

o + p.= K(orur + Dr) + iy K(v)c(v)nr(y)dv




SEuU +pu. =K(pkE +

PgEgly * Pyiy = Ko By * Py
(3.2), o

prErur M pr“t = K( p!'g!'u!' + p!'u!‘) !

b4
x(y) = exp[-fx c(z)dz} ,
K = K(x+) .
We choose w on S;(;l) such that

(3.3) c(wt,w) = a(mz,mr) o .

It follows from (3.3) and the jump condition for (ml,w;) and (Bg,E>

(3.4), c(pl - pr) = plul S pu, a(pz - p) = plul - ou

2 2
o(p’zu2 - pr“r) = (olu,_ + p!) - (°r“r + pr) ‘

(3.4),
a(plul - pu) = (°2u£ + pl) - {pu” + p) ,
o(plz2 - prEr) = (°£E£“t + pﬂuz) - (prErur + pr“r)
(3.4), - _ . o -
<:l(p2!22 ~ pE) = (p"!lul + plul) - (pEu + pu) .

We have from (3.2)1 and the first identity in (3.4)1, that

This, and the second identity in (3.4}, yield

e

(3.5), P8, ~ pu = c((o'_ - p) - K(o,~ - pr)l .

~10-

’

that




We have from (3.2)2 and the first identity in (3.4)2 that

X
-=2 - -=2 = +
(pu, +p) = (puy +p) =olpu, = pu)+ jx_ Kiy)e(y)(p (y) = p,(y)dy .
:
This, (3.2),, and the second identity in (3.4)2 yield
1
4
4 x
] (3.5), (pu2 +p) - (pu2 +p) = alpu_ - pow + [0 Kiyely)ip_(y) - p,(y)ldy -
; p °v72 P ¥ Py e p Pe¥p = P x_ r L
i
d
L

From (3.4)1, we have

(g - “z) = Dr(a-ur) A , pl(a- “z) = o{g - u)

m
w

Py

whence we have from (3.4)3 that

E, = E_+ (p,'ug - prur)/k ’

=E+ (pu, - pw/B .

»
|

L L L
. (3.2)4 and (3.2}, imply
) Er * pr/pr =E ¢ pr/pr
Byt Py/og =Byt Ryloy -
f‘ Thus we have from the above four identities that
(Er + pr/pr) - (E - p/p)
‘ =Er+pr/pr-82+ (pzul- pul)/B + p/p
Al Ez (pz\lz prur)/h "x/"r E, 91/91 pz/"z
+ (p.u. =~ pu/B + p/p
R ("z“z pu/ p/p
v which can be simplified to
. -11-
i3
A
. M
sk
" 4 —
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4 (3.5) (E. +B./o) - (E - 5/3) = ol—2 PPy
' *S)y *+p./p,) - (B - p/p) = gl———— - ~a)
' rr pl(“z°°) °l(“!. o

! We now finish the proof of the lemma based on (3.5)1, (3.5)2 and (3.5)3. We have from

(3.5), that '

; K =1 +0(elx, - x_|

pu - pu= o{(p! - pl) + (pt -p)} + o(t - K)(p1 - pz) .

o,

On the other hand we have from (3.1) that

|
2 - -1
o Tog = oyl = 0the(r) ix, = x_|
< j
! - -1
o, = ol =o0tN)eld,) "Ix, - x_|
- where ), is the minimum of xi(m) for all  under consideration. Since ¢ and
B le(x)| are small compared to the strength a of the shock wave (ul,ut) we know that
i A, 1is of the same order of o and it follows from the last four estimates that
- = -1
| LI B pu=0(1)ac|x+-x_l(a + a)
. (3.6), 1
, =o(Meclix, =~ x_la . ’
‘i
. Note also that p_(y) - pl(y), x_ Sy <x, is of the same order as a and so (3.6)1 and
L]
' (3.5), yield
,g:‘ 2 -1
v 2calx - x| + 0(1N)agclx, - x la  »
3 - + + -
-y
% -=2 = —2 = 1 2 -1
»SA (ptur + pt) - (pu“ + p) > 3 calx_ ~ x+| + 0(1)o clx+ - x_la

-
¥ VA

where we have defined the strength a by the difference in p just for convenience.

Since o0 is small compared to a the above estimate becomes

3calx_ - x+l > (prur + pr) - (pu” + p)
(3.6),

>l Ix_ = x|
4cux_ x+ .

Similarly we have from (3.5)3 that




et A, Be

5 -
= r = -1
(3.6)4 (B, + =) - (€ +B) =« o(ealx_ - x ld .
Dt p

Let us denote by T any curve which is the interaction of surfaces pu=constant and

E + p/p=constant. The tangent T to T is the cross product of

r

n, = Vou and n_ = W(E + p/p). Direct calculations yield

1 2
(3.7) Tr =r, + X1(0, -1, =u - A1(1 + pev))
(3.8) n, en, = -p v2 ¥ 0
* 1 2 P
A A
(3.9) T, e Vpul +p) w - 2,
r —
1+pev

Estimates (3.6),, (3.6), and (3.8) imply that there exists @ on T(w) such that

~ - -1
(3.10) o - w = o(Mealx_ - x+|u .

-1
From our hypothesis we know that o¢a is small compared to a and |A1(m)l is of the
same order as a for all u wunder consideration. Thus we have from (3.10) that

- - - -1
W W= e -t o{1)colx - x+lq

and so (3.9) yields

1

2 - —2 - ~ - -
+ pr) - {pu” + p}| < Mw - wl + O(Ncalx_ - x*lu <

r

-1, - —
d.a |(°r“

-1, - -2 - —_2 =
2d,a Horvr +p) - tpu + Pl

for some positive constant 4, depending only on (1.2), The above estimate and (3.6)2

imply that for some nositive constant d,




P

~_ = -1
(3.11), 0¢a) ¢lw=wllelx_=x 1) <24 <= .

It i3 clear from (2.6) and (3.7) that
3 >
Tr >0

and so (3.9}, (3.6)2 and (3.11) imply that
(3.11), P ~p>0 .
It follows from (3.7), (3.10) and (3.11) that there exists « on R1l;) such that
(3.12), IR R MR L MR
-1 2
=o(velx x I{oa  + o}

S - -1
(3.12), 0 < do < - wiclx_- x+l < zdo < =

(3.12), p-p>0 .

It is wall known that Si(uo) is tangent to Ri(mo) up to second order (c.f. [2]).

w» is on s:(;l)' there exists ®, on SI(;t) such that
A 2 ~ ”
(3.13) fw, = wl = O(1)a fw - wl

which and (3.12), yield
— - ~ ~
Yo, - wl < To, - wl + v - w,l

(3.14) = oltclx_ - x,,l{cmn-1 +a'+ad)

= 0(Vxlx_ - x+|c|2 .

This proves (1) of the lemma; (ii) follows from (3.12)2 and (3.12)3.

Since
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§4. Numerical schemes.
Since we will be dealing with instability phenomena, it is important that numerical
schemes used to calculate the solution are effective so that approximate solutions do not

oscillate around the unstable solution or bifurcate into wrong branch of stable solutions.

We will describe two variations of the random choice scheme which was introduced in (8],

simplified in [9) and is a generalization of the Glimm scheme for conservation laws, (3],

{7]. For convenience we write (1.1) as

(1.1) %u

ag’(‘w) - glx, )

and the initial data, Euler equations and steady state equations become w(x,0) = ub(x),

dw , 3f(w _
(1.2) 3t + e 0
(1.4) 3%&21 = glx,0) .

We now describe the first scheme for calculating the solution for the initial value problem

for (t.1). Choose an equidistributed sequence {ak) in (0,1), and mesh length

o0
k=0
Ax = r, At = 3 satisfying the usual courant~Friedrichs-Lewy condition. The approximate
solution wr(x,t) H wr(x,tr {ak}) is defined inductively ag follows: Suppose that
mr(x,t) has been defined for 0 < t €< ks, k nonnegative integer. Then v, (x,ks+0) is

defined according to a,:

JUSIpp——

mr(hr + akt, ks + 0) = u&(hr + akr, ks), h integer ,

u;(x, ks + 0) is a solution for (1.4), (h-1)r < x < hr, h interger .
Thus ut(x, ks + 0) consists of standing waves with possile discontinuities at x = hr,
h integer. We now resolve these discontinuities so that ur(x.t) is defined for

ks < 0 < {k+1)s, To resolve the discontinuity, for example, at x = 0, we first solve

the Riemann problem for (1.2) with

-15-
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(w}(x-o, ks + 0) x <0

U(xlo) bt
(wrl)H'O, ks + 0) x <0

and denote the solution by w,(x,t) = y(x/t). Then we perturb Y{x/t) by (1.4) to obtain

an approximate solution to (1.1):

bk - e . -.;.;l.. PR R ST RS- . ;- S ]

wix,t) = vwE) when £ = x/t and ¢t + 0, and

;(x,x/i) satisfies (1.4).

Note that ;(x,t) exists locally in time and is uniquely determined by m:(x,ks) provided
that (1.4) can be solved locally, which is the case if xi(u), i =13, is nonzero for all
- states w under consideration. Finally, near (0,ks) w*(x,t) is defined as a translation

of ;(x,t): wr(x,t ~ kg) = ;(x,t). The discontinuities (hr,ks) in mr(x,ka) are

resolved in a similar way. This defines the approximate solution wr(x,t) for all !
.} (x,t). Note that in addition to solving the Riemann problem, which is needed in Glimm
scheme for conservatin laws, we only have to solve the ordinary differential equation (1.4) :
at most once for each time and space step. When akr/s is between the maximum (minimum)
speed of waves issued from (hr,(k-1)s), (((h+1)r,(k~1)s)) then mr(x,(k+1)g +0) =
wt(x,(k+1)s 4+ 0) for hr ¢ x < (h+1)r and we don't even have to solve (1.4). When ¥

Akr/s is, say, less than the maximum speed of the waves issued from (hr,ks), then

T N AP

ur(hr+0,(k+1)s + 0) 1is the same as w(akt/s) where ¢ is the solution of the

corresponding Riemann problem at (hr,ks). However one has to solve (1.4) with

.. ;K\;".

ur(hr+0,(k+1)s + 0) as given to find the value of wr(h+1)r-0,(k+1)s).

The above scheme, when system (1.1) is reduced to conservation laws (1.3), does not

zigzag the grid points (hr,ks) as was done originally in Glimm {3]. This makes the

scheme numerically more efficient. For the present study it is particularly convenient,

B

since waves with positive (negative) speed are never moved to the left (right). As a

~
aoum.

consequence the scheme would approximate the asymptotic state of an unstable solution

. ‘-,r

accurately, (see next Section). When one is interested in flows with a single relatively
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strong shock wave the following variation has the advantage in tracing the evolution of the
shock wave. Suppose that at time t = ks, the position of the shock wave is x = x,,
(h=1)r < X ¢ hr. Then we disregard the grid points ((h-1)r,ks) and (hr,ks) and extend
the standing wave in u!(x,ks + 0) for hr < x < (h+1)r (or (h=2)r < x < (h=1)r) to
interval X ¢ x ¢ hr (or (h=1)r < x < xk) 80 that ur(x,ks + 0) is discontingous at

x = x, and continuous at x = (h-1)r and x = hr. This has the advantage that the
position of the shock wave is a continuous function of time. 1In the present study we will
use the first scheme just for simplicity in the presentation.

The existence theory is based on the estimates on the total variation of the
approximation solution. This is usually proved by induction. For later purpose we now
introduce some of the notations. An I-curve J is a spacelike curve consisting of lines
between (h+a, )r,ks) and (hr, (k+1)8) or between ((h+ak),ks) and ((h+1)r, (ktt)s),

h any integer, k any positive integer. 32 is called an immediate successor of J4
it g, lies toward a larger time than J, and they pass through some grid points except
one. The region between 4 and J, is called a diamond A. The strength of waves
isgsued from (hr,ks) is measured by its initial strength at (hr,ks). Suppose A |is
centered at (hr,(k+1)s). Then waves entering A, besides thogse issued from (hr,ks),
come either from ((h-1)r,ks} or ((h+1)r,ks). The strength of waves issued from
(hr,ks) is unchanged at (hr,(k+1)s=0). Those issued from (h-1)r,ks) (or (h+1)r,ks))
have positive (or negative) speed and the difference of their strength between times
ks + 0 and (k+1)s~0 is due to the geometry of the duct between x = (h-1)r and x = hr
(or between x = hr and x = (h+1)r) and is estimated by Lemma 3.1, The waves leaving
4 are then the result of nonlinear interaction for (1.2) of waves inside A at time

(k+1)s=0 just mentioned. Such interactions have been studied in [3] and ([6].
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§5. Unatable flows.
In this section we study transonic flows with positive speed along a contracting

duct. PFor definiteness we assume:

1]
c(x) = - atx) >0 for 0 < x< 1 )
a(x)
(S5.1)
cl(x) =0 otherwise .

Consider the solution «,(x,t} = u (x) of (1.1) which consists of standing waves and a

standing shock wave at x = x,, 0 < x, € 1,: |

w, (x,t) = w(x) 0 < x<x,
wlx)  x, ¢ x <1

(5.2} wli-=) x<0

w(+») x> 1
where m'(X) and mz(x) are solutions of (1.4), (w1(x.),wh(x.)) is a 1-shock wave with
(5.3) olu, (x,),uw,(x,)) = 0

and  @(=-w) = m,(O), wl+oe) = u2(1). Before we study the instability of standing shock
waves, we fist show that wave patterns of other kinds are stable. We will then show that a
small perturbation of a standing shock wave causes the unstable flow to approach one of the
stable flows. By a noninteracting wave pattern we mean a solution of (1.1) consisting of
elementary waves for Euler equations (1.3) in the ragion x ¢ (0,7) and of standing waves
and a possible standing shock wave in x ¢ (0,1). Moreover, these waves do not interact in
the positive time direction, in other words, they do not occupy the same space position for
any positive time,

Theorem 5.1. Suppose that ;(x,t) is a noninteracting wave pattern for (1.1) with the
property that w(x,t) does not contain any standing shock wave and all waves in wix,t)

are weak and k1(m) #0 for w= wix,t). Then ulx,t) is asymptotically stable in the

-18~
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sense that if an initial data w(x,0) is such that the total variation of

w(x,0) - w(x,0) is small, then the solution w(x,t) of (1.1) tends to an asymptotic
state congisting of elementary waves which are close to those in ;(x,t) both in position
and strength.

Proof: We may let the perturbation w(x,0) - ka,o) be so small that w(x,t) is never

sonic and so the schemes described in the previocus section may be applied. Note that since

' w(x,t) contains no standing shock wave, the standing wave in it is either strictly

supersonic or strictly subsonic. Although Liu [8] studies only flows which are supersonic
(or subsonic) throughout the duct, the ideas employed there can be generalized to prove the

o present theorem. We omit the details.

Q.E.D.
Theorem 5.2. The wave pattern u,(x,t), (5.2) and (5.3), is dynamically unstable provided
that lc{x)| is small as compared to the strength @, of the standing wave
(m1(x.),w2(x.)). More precisely, there exists (w(x,0) such that the total variation of
w(x,0) - w,(x,0) is arbitrarily small and as time goes to infinity w(x,t) tends to one
of the stable asymptotic states without a standing shock wave as studied in the previous
theorem.
Proof: For definiteness we assume that 0 < x, < 1. We choose the perturbation w(x,0)

. to consist of standing waves and a 1-shock wave at x = x, with positive speed. This can

. be done quite easily by choosing a state @ on S;(m1(x.)) which is between uH(x.) and

wzlx.) and arbitrarily close to wb(x'), and define w(x,0) by:

,.;A{“*A

m1(x), 0 <x < x,

w(x,0) Wlx)  ox, < x <

w, (x,t) otherewise

P ot

where zg(x) is a standing wave with ;&(x.) = o w({x,0) 4is a small perturbation of

w,{x,t) since ; is close to "5(x',' Moreover we have

~ -
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* ¢ olu(x, - 0, 0), w(x, + 0, 0)) >0 .

1 'For convenience we choose Ax = r such that (x,,0) is a grid point. We will use the . i
first scheme described in the previous section. We first establish the existence of the !
solution w(x,t). The first step is to establish a uniform bound on the total variation of

the approximate solution u,(x,t). We will show inductively that there is a relatively

strong 1=-shock wave in ur(x,t) which originates at (x,,0) and persists for all time.

\ Suppose that it crosses an I~curve J at x = hor and has strength o,. Then we define a

nonlinear functional P(J) as follows:

F(J) 2 L(J) + x{Q,(a) + Qz(a) + Q3(J) + Qd(J)} '

{
d
; L(J) = z{lal : a the strength of any elementary wave crossing J} ,
o
; 0, =z ot + QT + o5 + Q}@)
. Q:(J) s 2{Ia| f:r le(x)]dx : a the strength of any 1-wave crossing J and issued
- from (hr,ks) with h < ho} ,
:E r _ T Ihr
5 9,(3) = T{lal fh r fetx}lax + lal (" le(x)|dx: a the strength of any 1-wave
(¢} o ]
O crossing J and issued from (hr,ks) with h > ho} R :
Qf zoaq, f:r fe(x)fdax ,
. 0
f Q:(J) = E{Iqsl : a and B strengths of 1-waves crossing J and at least one of
' them is a shock wave} ,
. .
i Q3 = T{lal f:; : a the strength of any 2-wave crossing J and issued from
-3 (hr,ks)}
%,
!0,‘ 0309 = Qy(I) + @y
4 Q;(J) z Y{lal f;r le(x)|dx : a the strength of any 3-wave crossing J and issued
from (hr,ks)} ,
) Q;(J) z X{Iael : a and B strengths of any two J-waves crossing J and at least
. one of them is a shock wave} ,
,! Q4(3) = {{|aa| : a and B, respectively, strengths of a i-wave to the right and a §
iy
. j-wave to the left crossing J and i < i} . E
L
t
[] -
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whers X is some large number tc be determined later.

The terms Q's are defined so as to detect the potential amount of wave interactions
in the solution. For insgtance, Qf is so dafined as to anticipate that the relative
strong shock wave would move to the right, (c.f. Lemma 4.2). Q: and Q: are defined to
reflect the fact that f-waves on either side of the ralative strong 1-shock wave move
toward it and are eventually combined into the right moving relative strong shock wave.
This is the case if the shock wave issued from (x,,0) remains relatively strong for all
time and always has positive spead. This, and other qualitative properties, will be proved
simultaneously as we establish the bound on the total variation of u, below.

We will prove by induction that for any I-curve J
(5.4) F(J) < F(0)

(5.5) QUA) < 2[Q(0) = Q(J)]
where A is the region below J and O is the (unique) I-curve in the zone 0 < t < s.
The term A 1is defined to he the sum of all Q(A), A any diamond in A, and Q(A) is
defined as follows: Suppose that waves entering A are solutions of the Riemann problems
(m1.w2) and (m3,m4) and are centered at (h1r,ks) and (hzr,ks), h1 = h2 -1,
respectively. Thus the center of A is (hr,(k+1)s), h equal to h1 or hz’ When h
equals h,, the waves leaving A 1is the solution of the Riemann problem (uh,z%) and is
the result of the interaction of waves in the Riemann problems (m1,w2) and ,:&). Here
(:S'“ﬁ) and (;%'"h) are standing waves in the interval x ¢ (hr,(h+1)r). Note that in
this case waves in (m3,m4) have negative speed and move from x = (h+1)r to x = hr

during the time ¢t ¢ (ks,(kx+1)s). We set (c.f. [B))

. (r(h+t)r . T
Q) = [Ihr Telx)|ax) )} Magew ) 1+ ) l(u1,m2)i(w3,w4)jl

i>3

+ z(|(w1.m2)i(u3.m4)il t at leaat one of (m1,u2)1

and (ua,ak)i is a shock wave).
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Similarly, when h = hz, waves in (m1,wb) have positive speed and more from x = (h-1)r

"4 to x = hr during the time t ¢ (ks,(k+1)s8). We set !
A
' o 4
Qea) = ( (h_1)r|c(x)|dx) ) |(u1,wb)1l + 7 |(w1.m2)1(w5,w4)jl i
- i >3 |
+ z{|(u1'm§)i(“§'m4)il : at least one of (m1,m2)i
; and (u&,nh)i is a shock wavel.
'
] with this definition of Q(A) we have from Lemmas 3.1 and 3.2 and results on the
j interaction of elementary waves for conservation laws, [3], (8], that
{
1
';i (5.6) a = (“H'”b)i + ("5'“2)1 + 0(1)0(4)
- where a, is the strength of the i-wave leaving A. ;
-<’ Suppose that (5.4) and (5.5) have been shown for an J = J, and J, is an immediate
N B
| successor of Jq0 8 the diamond between them. According to (5.6), waves may change their
Q strength only due to linear combining or cancelling, and nonlinear interation as measured
by Q. Since the only wave crossing O is the 1-shock wave with strength a and issued '
- i
. from (x,,0), it follows that the strength of this shock wave as it crosses J4 ia of the I
f strength ay + o(1)Q( 1) and all other waves have a total strength O(1)Q( 1)+ where
! Q( 4) is the region below J,. It follows from the induction hypothesis (5.5) that
' R
"‘:‘ x1 -3
- § (5.7) Q(A)) < 2[0(0) = Q] < 2 [~ letx)lax , '
N *
&
i
T8
where x = x, is the position of the relative shock wave as it crosses J,. Thus, in
particular, the relative strong shock wave has strength f
x
2 (5.8) o = alt + 01 [ fetx)lax > 2
x, 2
|

. as it crosses J,. The speed of this shock wave, according to Lemma 3.2 and (5.7), is

-22-
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x
1
olx,) > alx,) +¥ad [~ lely)lay + o(1)0(4A))
*
(5.9)
1. 5
> olx,) + 34 fx. lety)ylay .
Note that ofx,) is assumed to be positive (though arbitrarily small) and a wave with

positive speed may travel only to the right according to the scheme introduced in the

previous section. Consequently, x, ? x, and (5.9) implies by induction that the relative
strong shock wave always have positive speed at least up to the point when it crosses J,.
We now establish (5.4) and (5.5) for J = Jae Based on the above description of the

relative strong 1-shock wave we know that 1-waves to the right (left) of this shock wave

o have negative (positive) speed. This, along with estimate (5.6), imply that

F(3,) - FII ) < -hata) <o

2(3,) - Q) < -ota

whence we have easily (5.4) and (5.5) for J = Jz. Actually, the functionals F(J) and
Q(J) were defined so that these two crucial estimates hold (see also (8]). Details are
left to the reader.

To finish 