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ABSTRACT

Vt-stady ransonic flows along a nozzlebased on a one-dimensional

model. It is shown that flows along the expanding portion of the nozzle are

stable. On the other hand, flows with standing shock waves along a

-. Icontracting duct are dynamically unstable. This was conjectured by the author

based on the study of noninteracting wave patterns. The author had shown

earlier that supersonic and subsonic flows along a duct with various cross

sections are stable. Basic to our analysis are estimates showing that shock

waves tend to decelerate along an expanding duct and accelerate along a

contracting duct
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S1. Introduction

It is well-known that gas flows are often highly unstable. This is clear from

experimental studies and causes great difficulties in numerical calculations. However, the

emergence of shock waves in the flow as a consequence of the nonlinearity of the gas

dynamics equations makes it even more difficult for analytical studies. The present paper

is a step in understanding such phenomena. We show that for a 1-dimensional model flows

along an expanding duct are always asymptotically stable; while flows with a standing shock

wave along a contracting duct are dynamically unstable. Since the initial value problem

for the gas dynamics equations is expected to be well-posed, by instability we mean-the

asymptotic state of a flow does not depend smoothly on the initial state.

The equations which model gas flow in a variable area duct are of the form ((I)):

2.2 , ( Pu) = a'(x)
at ax a(x)

1(pu) + a(pu 2+p) a'(x) 2
at x -a(x) pu

a(pE) + a(pEu+pu) a'(x) (PEU+ pu)
at ax a(x)

where a(x) is the cross section of the duct, p, u, p and E are, respectively, the

density, velocity, pressure and the total energy of the gas, and x c R, t > 0. For a

uniform duct, a'(x) = 0, the equations become

t
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at ax

(1.2) 3(ou)+ 3(0u 2+p)

(1.2)+ (upu.0at ax

MDR3) + a PEu+PU) 0
*at a

In this case it was shown by Liu [6] that the asymptotic state of a solution of the initial

value problem consists of the elementary waves determined by the values of the initial data

at x - t-. In particular, the flows are always asymptotically stable. The reason for

such a strong stability phenomenum is that in spite of very complicated nonlinear wave

interactions, waves also tend to combine, cancel and decouple as a result of the dependence

of the characteristic speeds on the state and the hyperbolicity of the system.

Consequently, a general solution tends to a wave pattern which is noninteracting. Such a

wave pattern consists of shock waves, rarefaction waves and a traveling wave, and can be

found by solving the Riemann problem which is an initial value problem with the initial

" data containing only two constant states:

w I for x ( 0

(1.3) W(xO) -

wr for x > 0

W (P,Pu,PE)

where w and to are constant states.

For variable cross section duct, it has been shown by Liu (7] that supersonic and

subsonic flows are also asymptotically stable provided that the duct becomes uniform as

x + *-. In this case, the asymptotic state consists of the aforementioned elementary

waves and a standing wave which is a solution of

x al(x)
2 a(x) u

(1.4) CPu +p) a(x) pu
x a(x)

; a'(Cx)

(pEu+pu)x " 1W-) (pEu + pu)
xa(x)
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When the flow is not transonic, shock waves and rarefaction waves travel with nonzero speed

and eventually decouple from the standing wave. For transonic flows, these two kinds of

nonlinear modes intertwine and more interesting nonlinear wave phenomena occur. Based on

the above studies, one expects that a general solution also tends to an asymptotic state

which does not create any nonlinear interaction. Such noninteracting wave patterns were

studied in Liu [9]. It was found that for an expanding duct the wave pattern is uniquely

determined by its value at x = t and thus one should expect the general solution to be

asymptotically stable. On the other hand, along a contracting duct there may exist three

noninteractinq wave patterns with same given end states at x = ±m. One wave pattern is

smoothly deformed to a supersonic flow and the other to a subsonic flow. Thus these two

should be stable by [8]. The third one, which contains a standing shock wave, is therefore

expected to be unstable by the criterion of the exchange of stability. It is the purpose

of this present paper to verify the above conjecture on the stability of wave patterns in

the dynamical sense. In particular, we show that when a standing shock wave in a

contracting duct is perturbed, it accelerates itself and eventually tends to a stable wave

pattern with no standing shock wave which differs greatly from the original unperturbed

state. On the other hand, when a standing shock wave in an expanding duct is perturbed, it

decelerates and tends to a nearby asymptotic state. Actually, as waves move along the duct

2 complicated wave interactions begin to occur, nevertheless, the above statements remain

valid qualitatively.

Our basic estimate is on the change of speed of a shock wave as it moves along a

duct. This and other estimates on wave interactions are established in Section 3. Our

analysis is based on the random choice method of Liu (8], which generalizes the Glimm

scheme, 13], for conservation laws. The idea is to decompose the solution into nonlinear

modes for conservation laws and standing waves. In Section 4 we describe a variation of

the simplified method of Liu (91. Finally, in Sections 5 and 6, resnectively, we study

flows along a contracting duct and along an expanding duct.
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12. P~reliminaries

The gas dynamics equations (1.2) are supplemented by the constitutive relation

p " p(vs)

where a is the entropy of the gas, v - i/p the specific volume. These physical

quantities satisfy the thermodynamics relation de - Tds - pdv, T the temperature of the

gas. We assume that

(2.1) 3p/3v < 0 and 32 D/ 2 > 0
av

The characteristic speeds X i = 1,2,3, and corresponding characteristic right vectors

ri are [2]:

* (2.2) 1 = u - v)/2v, X2 u, X3" u + ( 3p/av)I/2v

", = (1 I 1 E + pv - uv(- ap/av)
1/ 2 )

(2.3)
1/2

y3 = (1, .3 ,E + pv + uv(- ap/av) ))

and y is such that y2 * Vu = y • Vp - 0. Hereafter the coordinate system for the

states is w - (p,pu,pE)- The first inequality in (2.1) implies that Xi , i - 1,2,3, are

real and distinct and so systems (1.1) and (1.2) are strictly hyperbolic. The second

inequality in (2.1) implies that

Y, 
° 

7A1 =- 1/2 32p/v2 
° C- 3p/3v)- /2 v

3
/
2 

< O

(2.4)

Y3 V - 1/ 2 32p/av2 ( p/ av) -/2v
3 /2 > 0

-4-
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Direct calculations also yield:

(2.5) Y1  Vu = - 1- p/3/2v2 
< 0, 1 3  Vu /- ap/v)/2v

2 
> 0

(2.6) Ti Y Vp = 3 Vp -v 2 
ap/av > 0

We now describe the elementary waves for Euler equations (1.2). An i-rarefaction wave

( i - 1,2,3, is a smooth solution with speed X which depends on one parameter

and connects W0 on the left and w on the right. It is a consequence of (1.2) that

A 1 is on the i-rarefaction curve Ri(w0} , the integral curve of ri through w0 , and

I e Ri(w0) 0- { e Ri(o%), Ai(w) ) Ai(w0
)  

.

There are two kinds of discontinuity waves. For the 2-characteristic field, (W 0 ,j ) is a

discontinuity wave with speed a(w 0 ,
) 

provided

SI T2(WO) _ {t : u(W) = u(W0 ), p(w) =p(w
) }

and is a constant discontinuity:

G(..Y 0 1 = A2(w) = A2(w )

For the first and third characteristic fields, a discontinuity wave ((0,I) with speed

a(w0, * ) satisfies the following jump (Rankie-Hugoniot) condition:

) 1 S i (w() ( : o(rw ) = f(w) - f(wn) for some scalar

C O 0(W,) : A (W) < Xi (wO), i 1,3,i

-5
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and is a shock wave satisfying the following stability property, [1):

"x in ) ( <  
i' 1 <  lo) "

If we set

Tin 0 ) = S 1(W0) U R1 i 0), i - 1,3

then any state i on T i 0 ) can be related to w 0 on the left by an i-elementary wave

2(0,w). The curves TI(N) and T (w.) are C at w0 and monotone curves in the

(u,p)-plane:

(p1-P2 (u1 -u2 ) < 0 for 1 , 2  ' TI(W 0 ), W1 # 2 '

(2.7)
(pl-P 2 )(u1 -u2 ) > 0 for w 1,h2 T3 (%), Wn1  w2 "

The above holds in a small neihborhood of i 0 under the assumption (2.1). It holds

globally under a stronger assumption, [5]:

(2.8) p = p(v,e), ap/av < 0, ap /pe > 0

It follows from the thermodynamics relation de Tds - pdv that ap/ae T ap/as and so

the second inequality in (2.8) is equivalent to, [11]:

p - p(v,s), ap/s > 0

To solve the Riemann problem (1.2) and (1.3) we find states in and in such that

in TI (In), in £ T2(in) and in c T3 ( r ) so that the solution consists of 1-wave

(iOn . , 2-wave (kn,in) and 3-wave (tn ,w). The states i and in are determined
mmnn r m n

uniquely by I and ir due to (2.7). We choose any nonsingular parameter T

i = 1,2,3, along Ti curves to measure the strength of waves:-6-



(w ,ta )l = (lw ) " r1 ' )

(.',r)2 - t21(c) - T W

Vr)3 3 n 31r

We choose -r so that shock waves have negative strength and rarefaction waves have

positive strength.

i.
-. 7

-7-
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13. Basic estimates

The steady state equations (1.4) can also be written as

(3.1 dw .12c()Pur1(w) + r3(-))
(3.1) dx )

where c(x) -a'(x)/a(x) which is assumed to be small in absolute value. In this section

we will fix two space positions x - x, x * x+, x C x+, and call (c0 ,w1) a standing

wave if there exists a solution w(x) of (1.4), or equivalently (3.1), such that

w(x) =w and w(x+) = w1" We will consider transonic flows with positive speed, that

is, IX1(w)l is small. We first study the evolution of subsonic and supersonic waves as

they propagate along the duct.

Lemma 3.1. Suppose that all the states are not sonic, that is, there exists A, > 0 such

that either i (w) > X* for all w under consideration or i(w) < -X* for all w under

consideration. Let (W,cI) and (ww ) be two standing waves, then the strengthes of

elementary waves in the solutions of the Riemann problems (wwr) and (w,,w ) for (1.2)

are related as follows:

(W z1W)i (WIcr)i + O(1)c(Ui) -2
, i 1,2,3

a I 1W-C W ,

c max Ic(x)I
x (x(x+

where 0(1) is a bound dependinq only on the system (1.2).

Proof: Since the waves Ti, i = 1,2,3, are smooth, the solution of the Riemann problem

depends continuously on the end states. Thus the lemma follows from the elementary theory
.1 (X.-2
of ordinary differential equations. We include ()) on the right hand side of the

estimate just to remind us that X. may be a small number.

Q.E.D.
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The following crucial estimate is on the evolution of a 1-shock wave which is a

perturbation of a standing 1-shock wave. It shows, in particular, that the shock wave

accelerates as it propagates along a contracting duct and decelerates as it propagates

alonq an expanding duct.

Lemma 3.2. Suppose that (w,rw ) is a 1-shock wave which is a perturbation of a standing

shock wave, that is, X(w) > 0 > )I(w r ) and its speed a - a(w W ) is small compared

to its strength a - I(w r )1. Suppose also that the duct is not uniform for

x C (x,x+), in other words, either c/2 4 c(x) 4 c, x_ < x < x+ or c/2 4 -c(x) ( c,

x_ 4 x < x+, for some small positive constant c. Let (w,£w ) and (wrw r) be two

standing waves, then there exist w. on S1 (Ws) and a positive constant d depending

-I only on (1.2) such that

- 2
( 1) IIw- - wr11 = O(1)clx_ - x+ 2la

(ii) when c/2 4 c(x) 4 c for x C (x - x +

dcx_ - x+1 4 (1(W,.) - a(w. ,ur  4 2dcrx_ - x+ ,

when c/2 4 -c(x) 4 c for x c (x_,x+)

dclx_ - x+l r G(W2£,wr ) - G(w;,i.) 4 2dclx_ - x+j

Proof. We will prove the lemma when a ) 0 and c/2 4 c(x) 4 c, x- < x < x+; other cases

are proved similarly. Let w (x) and w r(x), x_ < x < x+, respectively, be the solution

of (1.4) with wt(x) = W, W(x) = w, w r(x-) = w r  and wr(x) = r" We will denote by

p (x) the pressure for the state w£(x) etc. Clearly we have

!f. \(W(x)) > > ( (r(x)), x 4 x < x+. We have by integratinq (1.4)

(3.2)? OCu2 = KOtu 2 rur - Kfru r

x

-P-2 + K(p . uy2 + p) + fx+ K(y)c(v)p (y)dy

13.2)2 x

--2 + - l (O U2 
+ o ) + '+ (y)c(v)p Cy)dv%r +r r r r + x r



p fu + pu - K(p Eput + pIu)

(3.2)3 - - -
P r rU + pur -K(prEru r + prU) ,

yK(y) S exp[-f c(z)dz ,

K - K(x+)

We choose W on Sl(1 ) such that

(3.3) o(w , - o(wIW a 2

It follows frorft (3.3) and the jump condition for (WLWr) and (W£,tw) that

(3.4) 1  O(p - pr- PU , I(p£ - p) pu£ u ,

(p u£- Pr" (Ptu2 + p - u 2 
+ P

(3.4)
2 ((P u- pu) - (u + (Pu + P)( - ) (2tu -t -2 -

AO(p PrEr) = (PIEfuI + p~u ) - (PrErUr + PrUr)
"(3.4) 

3
(3 I)3 Et - pE) (P eu t + put) - (PEU + pu)

..

We have from (3.2)I and the first identity in (3.4)1, that

aK(p£- p) = pu t- PrUr

This, and the second identity in (3.4) 2 yield

(3.5)1 PrUr - Pu O(p- - t rK( - pr

-10-



We have from (3.2)2 and the first identity in (3.4)2 that

(--2 + r --2 x

Prur - (0-ui + p = O(PrU r - peu?) + fx
4 K(Y)C(Y)(Pr(y) - (y))dy

This, (3.2)I, and the second identity in (3.4) 2 yield

x

(3.5)2 (PrUr-- r (2 + P) U(pr r p) + f. K(y)c(y)tp r(y) pI(y)ldy

From (3.4),, we have

p - u) pr (a- u) A , (a u)P(O u) E B

whence we have from (3.4)3 that

E£ Er (pIu PrUr)/A

a - + (Pe ll - pu)/B

(3.2)1 and (3.2)3 imply

Er r fr Er + Pr/pr

E I + P A / P t B I +  P I / P k

Thus we have from the above four identities that

(E /+ p )- (E -p/p)
r r r

= Er + P/lP - + (ptut- pu)1/E p/p

E - (pu PrUr)/A + Pr/Pr-E£ -p£/p + p

+ (Pet - pU/B + p/p

which can be simplified to

-11-
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p -P

(3.5) + /P /) a -(Z)c( -
r rP (u -0) Y~u1-o)

We now finish the proof of the lemma based on (3.5)1, (3.S) 2 and (3.5)3. We have from

(3.5), that

K = 1 + O(1)clx+ - x l

PrUr - = 0{(P - 9 ) + (Pr - 0)1 + 0(1 - K)(PI -P2
)

On the other hand we have from (3.1) that

- -1
P- p I = O(1)c(X.) Ix+ - x-l

' pr - pI = O(1)c(.)' x+ - xI

where X. is the minimum of X i() for all w under consideration. Since a and

lc(x)I are small compared to the strength Q of the shock wave (wittwr) we know that

X, is of the same order of a and it follows from the last four estimates that

PrUr - -1 OOCIx+ x-I(a + a)

( 3.6) 1 P"r - O(1)OClx+ - x - 1  •

Note also that p - pI(y), x_ < y < x is of the same order as a and so (3.6)1 and

(3.512 yield

2 -1
2calx_ - x+I + O(1)a clx+ - xl - 1

(P u +pr) (P + P) ;0 cIx_ +I + O(1)o clx+ x I 1

where we have defined the strenqth a by the difference in v just for convenience.

Since a is small compared to a the above estimate becomes

3calx_ - x I, (u 2 + - -2 -

3mx -x+ I Pr r +Pr (PU + P)

(3.6)2 1

4 - +

Similarly we have from (3.5)3 that

-12-



(3.6)3 r  + _ ) - ( + ) -o(1)colx_- x+I 
1

0 r P

Let us denote by r any curve which is the interaction of surfaces pu-constant and

E + p/p-constant. The tangent T to r is the cross product of

n - Vpu and n2 - V(E + p/p). Direct calculations yield

(3.7) T r I + Xt(0, - , -u - X1 (1 + 0ev))

-2
(3.8) n, * n2 -puv 0

(3.9) T, * V(pu
2 

+ p) 1 3

1+Per

Estimates (3.6)I, (3.6)2 and (3.R) imply that there exists on r(u) such that

(3.10) 1 - -r I O()caOIX_ - x+I -

-1

From our hypothesis we know that 00 is small compared to a and IA 1()I is of the

same order as a for all w under consideration. Thus we have from (3.10) that

-. W r - W + O(l)colx - x+ I &

and so (3.9) yields

-1 -- 2 - -2 -
d aI (PrUr + Tr) _ (-u + P) 1 4 (A - WI + O(1)cCOIX- x lI - 1

-1  - -
2  

-2
2d - ryr + p r)- (Pu + p)I

for some positive constant dI depending only on (1.2). The above estimate and (3.6)2

imply that for some positive constant ,

-13-



(3.11)0 < do  1- w (clx -x + 2d0 <-

It is clear from (2.6) and (3.7) that

Tr 7p >0

and so (3.9), (3.6)2 and (3.11) imply that

(3.11)2 pr p > 0

It follows from (3.7), (3.10) and (3.11) that there exists w on R (w) such that

(
3
.
12

), , - w - 1w - wIa + 1w - wrI

. o(1)clx x +I{C;1 + 2)

(3.12)2 0 < d0 C , - _W(clx.- x +I -C 2d o <-

(3.12)3 pp > 0

It is well known that Si (w) is tangent to R i(w ) up to second order (c.f. 121). Since

w is on S1(w), there exists u, on Si(w) such that

(3.13) Iw - M- o(1)c2I - ^w

which and (3.12)I yield

Ow - . 1 1w r - WI + 1w- .1

(3.14) - O(1)clx. - x +{aa
-1 + aI + 2}

- o(1)xlx_ - x + 2

This proves (i) of the lemma; (ii) follows from (3.12)2 and (3.12)3.

Q.E.D.

-14-



14. Numerical schemes.

Since we will be dealing with instability phenomena, it is important that numerical

schemes used to calculate the solution are effective so that approximate solutions do not

oscillate around the unstable solution or bifurcate into wrong branch of stable solutions.

We will describe two variations of the random choice scheme which was introduced in [8),

simplified in [9) and is a generalization of the Glimm scheme for conservation laws, [31,

[7). For convenience we write (1.1) as

(1.1) aw+ af() g(x,W)
at ax

and the initial data, Euler equations and steady state equations become w(x,O) WOW,

(1.2) .w af(W)
at 3x

(1.4) af(W) g(xw)

We now describe the first scheme for calculating the solution for the initial value problem

for (1.1). Choose an equidistributed sequence (akO in (0,1), and mesh length

Ax - r, At - s satisfying the usual courant-Friedrichs-Lewy condition. The approximate

solution w (x,t) - wr(x,t; (aX)) is defined inductively as follows: Suppose that
r

w r(x,t) has been defined for 0 ( t r ks, k nonnegative integer. Then u r(x,ks+0) is

defined according to ak:

wr(hr + a r, ks + 0) - w (hr + r , ks), h integer

w r (x, ks + 0) is a solution for (1.4), (h-1)r < x < hr, h interqer

Thus u r(x, ks + 0) consists of standing waves with possile discontinuities at x = hr,

h integer. We now resolve these discontinuities so that w (x,t) is defined for~r
ks < 0 ( (k+11s. To resolve the discontinuity, for example, at x -0, we first solve

the Riemann problem for (1.2) with

-15-
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(1i (x-O, ks + 0) x < 0I (x,O) -

(W (x+O, ks + 0) x < 0
r

and denote the solution by w*(x,t) *(x/t). Then we perturb *(x/t) by (1.4) to obtain

an approximate solution to (1.1):

W(x,t) *(M) when - x/t and t + 0, and

c(x,x/l) satisfies (1.4).

Note that w(x,t) exists locally in time and is uniquely determined by W (x,ks) provided

that (1.4) can be solved locally, which is the case if Xi(t), i - 1,3, is nonzero for all

states w under consideration. Finally, near (0,ks) w r(x,t) is defined as a translation

of W(x,t): r (x,t - ks) = w(x,t). The discontinuities (hr,ks) in w (x,ks) are

resolved in a similar way. This defines the approximate solution wr(x,t) for all

(x,t). Note that in addition to solving the Riemann problem, which is needed in Glim

scheme for conservatin laws, we only have to solve the ordinary differential equation (1.4)

at most once for each time and space step. When akr/s is between the maximum (minimum)

speed of waves issued from (hr,(k-1)s), (((h+1)r,(k-1)s)) then w (x,(k+1)s + 0) =r

r (x,(k+1)s + 0) for hr < x < (h+1)r and we don't even have to solve (1.4). When

akr/s is, say, less than the maximum speed of the waves issued from (hr,ks), then

r(hr+0,(k+l)s + 0) is the same as *(akr/s) where 4 is the solution of the

corresponding Riemann problem at (hr,ks). However one has to solve (1.4) with

r(hr+0,(k+l)s + 0) as given to find the value of w (h+1)r-0,(k+1)s).

The above scheme, when system (1.1) is reduced to conservation laws (1.3), does not

zigzag the grid points (hr,ks) as was done originally in Glimm (31. This makes the

scheme numerically more efficient. For the present study it is particularly convenient,

since waves with positive (negative) speed are never moved to the left (right). As a

consequence the scheme would approximate the asymptotic state of an unstable solution

accurately, (see next Section). When one is interested in flows with a single relatively

-16-

- -



strong shock wave the following variation has the advantage in tracing the evolution of the

shock wave. Suppose that at time t - ka, the position of the shock wave is x - xk,

(h-1)r rXk < hr. Then we disregard the grid points ((h-1)r,ks) and (hr,ks) and extend

the standing wave in wr(xks + 0) for hr < x < (h+l)r (or (h-2)r < x < (h-1)r) to

interval xk < x - hr (or (h-1)r t x < xk ) so that wr(x,ks + 0) is discontinuous at

x - xk and continuous at x - (h-1)r and x - hr. This has the advantage that the

position of the shock wave is a continuous function of time. In the present study we will

use the first scheme just for simplicity in the presentation.

The existence theory is based on the estimates on the total variation of the

approximation solution. This is usually proved by induction. For later purpose we now

introduce some of the notations. An I-curve J is a spacelike curve consisting of lines

between (h+ak)r,ks) and (hr, (k+1)s) or between ((h+ak) ks) and ((h+1)r, (kt1)s),

h any integer, k any positive integer. J2 is called an immediate successor of J1

if J2 lies toward a larger time than J1 and they pass through some grid points except

one. The region between J, and J2 is called a diamond A. The strength of waves

issued from (hr,ks) is measured by Its initial strength at (hr,ks). Suppose A is

centered at (hr,(k+1)s). Then waves entering A, besides those issued from (hr,ks),

come either from ((h-1)r,ks) or ((h+1)r,ks). The strength of waves issued from

(hr,ks) is unchanged at (hr,(k+1)s-0)° Those issued from (h-1)r,ks) (or (h+1)r,ks))

have positive (or negative) speed and the difference of their strength between times

ks + 0 and (k+1)s-0 is due to the geometry of the duct between x - (h-1)r and x - hr

(or between x - hr and x - (h+1)r) and is estimated by Lemma 3.1. The waves leaving

a are then the result of nonlinear interaction for (1.2) of waves inside A at time

'1 (k+1)s-0 just mentioned. Such interactions have been studied in [31 and (6].

-17-
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.4 15. Unstable flows.

In this section we study transonic flows with positive speed along a contracting

duct. For definiteness we assume:

a' Cx)!
c(x) - ) > 0 for 0 < x < Ia(x)

(5.1)

C(x) S 0 otherwise

Consider the solution w.(x,t) - A, (x) of (1.1) which consists of standing waves and a

standing shock wave at x - x, 0 4 x* 4 1,:

W.(xt) - W X) 0 c x < x*

W2 (x) x* < x 4

(5.2) uC-) x<0

W(+-) x)

where wX) and 2(x) are solutions of (1.4), (w(x*),w2 (x,)) is a 1-shock wave with

(5.3) O(l (x.),m2(xl)) = 0

and w(--) a w 1 (0), W(+-) - W2(1). Before we study the instability of standing shock

waves, we fist show that wave patterns of other kinds are stable. We will then show that a

small perturbation of a standing shock wave causes the unstable flow to approach one of the

stable flows. By a noninteracting wave pattern we mean a solution of (1.1) consisting of

elementary waves for Euler equations (1.3) in the region x j (0,1) and of standing waves

and a possible standing shock wave in x E (0,1). Moreover, these waves do not interact in

the positive time direction, in other words, they do not occupy the same space position for

any positive time.

Theorem 5.1. Suppose that ;(x,t) is a noninteracting wave pattern for (1.1) with the

property that w(x,t) does not contain any standing shock wave and all waves in ;1x,t)

are weak and X () i 0 for w w(x,t). Then ;(x,t) is asYmptotically stable in the

-18-



sense that if an initial data w(x,O) is such that the total variation of

w(x,O) - Z(x,O) is small, then the solution o(x,t) of (1.1) tends to an asymptotic

state consisting of elementary waves which are close to those in w(x,t) both in position

and strength.

Proof: We may let the perturbation w(x,O) - U x,O) be so small that w(x,t) is never

sonic and so the schemes described in the previous section may be applied. Note that since

w(x,t) contains no standing shock wave, the standing wave in it is either strictly

supersonic or strictly subsonic. Although Liu [8] studies only flows which are supersonic

(or subsonic) throughout the duct, the ideas employed there can be generalized to prove the

present theorem. We omit the details.

Q.E.D.

Theorem 5.2. The wave pattern w,(x,t), (5.2) and (5.3), is dynamically unstable provided

that ic(x)I is small as compared to the strength a of the standing wave

(W 1(x*),w2(x.)}. More precisely, there exists (w(x,O) such that the total variation of

w(x,O) - w.(x,O) is arbitrarily small and as time goes to infinity w(x,t) tends to one

- -,of the stable asymptotic states without a standing shock wave as studied in the previous

theorem.

Proof: For definiteness we assume that 0 ( x, ( 1. We choose the perturbation c(x,0)

to consist of standing waves and a 1-shock wave at x - x* with positive speed. This can

be done quite easily by choosing a state w on SI(W 1(x,)) which is between w,(x,) and

w(x*) and arbitrarily close to w2(x,), and define w(x,O) by:
I2

W , 0 -C x < X

W(xO) 2(x x, < x < 1

o (x.t) otherewise

where (x) is a standing wave with &(x) - w. w(x,0) is a small perturbation of

W,(x,t) since w is close to iy(x.). Moreover we have

-19-
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Olu(x.- 0, 0), W(x5 + 0, 0)) > 0

For convenience we choose Ax - r such that (x*,0) is a grid point. We will use the

first scheme described in the previous section. We first establish the existence of the

solution w(x,t). The first step is to establish a uniform bound on the total variation of

the approximate solution u2 (xt). We will show inductively that there is a relatively

strong 1-shock wave in Ur (x,t) which originates at (x.,0) and persists for all time.

Suppose that it crosses an I-curve J at x - h0 r and has strength nL. Then we define a

nonlinear functional F(J) as follows:

r(j) - L(J) + K(Q (J) + Q2 (J) + Q (J) + ( ,

L(J) E{Icu : a the strength of any elementary wave crossing J)

Q1 (J - QI(J) + Qr(J) + Q(c) + Q (J)

Q (J) - fh Jr Ic(x)ldx . a the strength of any 1-wave crossing J and issued

from (hr,ks) with h e h 0

r r
Q (J) 7{a f0 r Ic(x)Idx + jal l~ c(x)ldx: a the strength of any 1-wave

crossing J and issued from (hr,ks) with h P ho}

c J'hr lc(x)ldx

QI(J) -(-- tB : g and B strengths of 1-waves crossing J and at least one of

them is a shock wave)

Q2 (J) l- hr " a the strength of any 2-wave crossing J and issued from

(hr,ks))

Q3 (j) Q;(J) +. Q;(J)

Q3 =- ( :r lc(x)ldx : n the strength of any 3-wave crossing J and issued

from (hr,ks)) ,

Q8(J) a{laBI : a and B strengths of any two 3-waves crossing J and at least

one of them is a shock wave)

Qd(J)-I : a and B, respectively, strengths of a i-wave to the right and a

i-wave to the left crossing J and i < J)

-20-
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where K is some large number to be determined later.

The terms Q's are defined so as to detect the potential amount of wave interactions

in the solution. For instance, Qi is so defined as to anticipate that the relative

strong shock wave would move to the right, (c.f. Lemma 4.2). QI and Q are defined to

reflect the fact that 1-waves on either side of the relative strong I-shock wave move

toward it and are eventually combined into the right moving relative strong shock wave.

This is the case if the shock wave issued from (x*,O) remains relatively strong for all

time and always has positive speed. This, and other qualitative properties, will be proved

simultaneously as we establish the bound on the total variation of ur below.

We will prove by induction that for any I-curve J

(5.4) F(J) 4 F(O)

(5.5) Q(M) 4 2[Q(O) - Q(J

where A is the region below J and 0 is the (unique) I-curve in the zone 0 C t 4 s.

The term A is defined to be the sum of all Q(A), A any diamond in A, and Q(A) is

defined as follows: Suppose that waves entering A are solutions of the Riemann problems

(ww2) and (w3 ,"4 ) and are centered at (h1r,ks) and (h2 r,ks), h I - h 2 - 1,

respectively. Thus the center of A is (hr,(k+1)s), h equal to h I or h2. When h

equals h,, the waves leaving & is the solution of the Riemann problem (w1, 4 ) and is

the result of the interaction of waves in the Riemann problems (i, ,W2) and i3,n(). Here

(ma,ws) and (w4,w4) are standing waves in the interval x c (hr,(h+l}r). Note that in

this case waves in (w3,w 4 ) have negative speed and move from x w (h+1)r to x - hr

during the time t c (ks,(k+1)s). We set (c.f. [81)

Q(A) !hrI(h+I)rc(x)idx) . 7 (i3w4)ij + ( 2i34j
i i>j

+- 1{I(WI'2)i(W3n4)i t at least one of (wI,'.2 i
i

and waw,) i4 is a shock wave).

-21-
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Similarly, when h h 2 , waves in (1,, 2) have positive speed and more from x - (h-i)r

to x - hr during the time t c (ks,(k+l)s). We set

Q(A) (fch)rlCxIdx) • 1 I(w 1 ,W 2 ) + (w )", i >21 (2iw 3 'w4)j

+ 1{I(w. I 2 )i(,w3 W4)iI at least one of (w1, 2)i

i

and (u3,4)i is a shock wave).

With this definition of Q(A) we have from Lemmas 3.1 and 3.2 and results on the

interaction of elementary waves for conservation laws, E31, (8], that

(5.6) ai - (wl'w2)i + (w3'w 4 )i + O(1)Q(A)

where a is the strength of the i-wave leaving A.

* Suppose that (5.4) and (5.5) have been shown for an J - JI and 12 is an immediate

successor of J10 A the diamond between them. According to (5.6), waves may change their

strength only due to linear combining or cancelling, and nonlinear interation as measured

by Q. Since the only wave crossing 0 is the 1-shock wave with strength a and issued

from (x*,O), it follows that the strength of this shock wave as it crosses JI is of the

strength mo + o(1)Q( I) and all other waves have a total strength O(I)Q( I), where

Q( 1)  is the region below J1" It follows from the induction hypothesis (5.5) that

(5.7) Q(A<) (2(Q(O) - Q(J)] < 2 lc(x).dx
X*

where x - xI  is the position of the relative shock wave as it crosses J1. Thus, in

particular, the relative strong shock wave has strength

(5.8) a* atO(I + 001) fI x lx

as it crosses J1 The speed of this shock wave, according to Lemma 3.2 and (5.7), is

-22-
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xl

olx 1 ) Q o(x,) + 1/2 d f Ic(y)Idy + O(1)Q(A1 )
X*

(5.9)

Sa(x. ) + i d f1  Ic*(y)dy

Note that o(x,) is assumed to be positive (though arbitrarily small) and a wave with

positive speed may travdl only to the right according to the scheme introduced in the

previous section. Consequently, x, P xI and (5.9) implies by induction that the relative

strong shock wave always have positive speed at least up to the point when it crosses J1 "

We now establish (5.4) and (5.5) for J - J2 . Based on the above description of the

relative strong 1-shock wave we know that 1-waves to the right (left) of this shock wave

have negative (positive) speed. This, along with estimate (5.6), imply that

F(J I  F(J 1) f -/2Q(A) 4 0

Q2 Q 1 1/2 Q( A)
Q(J2) - Q( )  -I ()

whence we have easily (5.4) and (5.5) for J - J2" Actually, the functionals F(J) and

Q(J) were defined so that these two crucial estimates hold (see also (81). Details are

left to the reader.

To finish the proof of the theorem, we show that the relatively strong shock wave

leave the region x £ (0,1) in finite time so that the solution becomes a small

perturbation of a stable wave pattern as studied in the previous theorem. We know from

(5.9) that the speed of the shock wave is always positive. It remains to show that as a

result of the equidistributedness of the sequence {a k and (5.9), the time limit for the

shock to leave x c (0,1) is independent of the mesh length Ax - r. Assume for the

moment that the shock wave propagate along a continuous curve (which would be the case if

the second scheme of the previous section was used). Let x - x(t) be the position of the

shock at time t, then x'(t) - o(x) and we have from (5.9):

-23-
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x"(t) O - d c(x(t))x' (t)
3

For the approximate solution, the above estimate holds module an error which depends on how

well equidistributed the sequence {ak I is and goes to zero as Ax = r tends to zero,

(7]). Thus for simplicity we may argue with the above inequality. Since d is a

positive constant, c(x) is positive for 0 < x < 1, x(0) £ (0,1), x'(0) is positive

(though it may be arbitrarily small), the inequality implies that

x(t) > x'(0) ft exp t ft c(x(s))ds]dz

and so there exists a finite time t. independent of &x - r such that x(t) > I for

t ) t.. In other words, the relative strong shock wave leaves the region 0 < x < 1

before finite time t.. This completes the proof of the theorem.

Q.E.D.

2r-
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§6. Stable flows.

We already know that a noninteracting wave pattern containing no standing shock wave

is stable and a flow along a contracting duct which contains a standing shock wave is

unstable. To complete the present study it remains to show that a flow with a standing

shock wave along an expanding duct is stable. Since for an expanding duct, an asymptotic

(i.e. noninteracting) wave pattern depends uniquely and smoothly on its end states at

x - t ., 10], it suffices to show that a small perturbation of a flow with a standing

shock wave tends to an asymptotic wave pattern as time tends to infinity. Throughout this

section we assume:

a'(x)c(x) - -- < 0 for 0 < x < I
a(x)

(6.1)
c(x) - 0 otherwise

Theorem 6.1. Suppose that w(x,O) contains a 1-shock wave (w_,w+) at x, c (0,1) with

XI (W) < 0 < %I (w,,), and both Ic(x)I and Ia(w_,w+)I are small compared to the

strength a of the wave (w_,w+). Suppose also that w(x,O) is a small perturbation in

total variation of standing waves for -- < x < x, and for x. < x < -. Then there exists

a solution (x,t) of (1.1) which tends to a noninteracting wave pattern as t tends to

infinity.

Proof: The difference between the situation here and that in Theorem 5.2 is that although

there still exists a relatively strong shock wave for all time, this shock wave, unlike the

corresponding one in Theorem 5.2, stays nearby the unperturbed standing shock wave.

Consequently, we have to show that the shock wave decelerates in general and so would not

cause too strong nonlinear interactions if it were to oscillate along the expansion portion

of the duct. For this we define a different nonlinear functional F(J) as follows:

Suppose that the shock wave has speed a - a(t), strength a and position x - h0r -

h0 (t)r when it crosses J (at time t). We set

(FJ) = L(J) + X{QI(J) + Q2(J} + Q3(J) + Qd J))

where L and Q's are the same as those in the previous section except that Q'c(J) is

set to be zero and L(J) is redefined as

-25-
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L(W) K lal + lol l a the strength of any wave crossing J)

The proof of uniform boundedness of the total variation in x of the approximate solution

w(x,t) is similar to the proof of Theorem 5.2. The notable difference here is that

since we do not know a priori the sign of the speed of the relative strong shock wave, we

cannot foresee the potential interaction of the shock with the geometry of the duct (which
C

was taken care of by Q1 in Theorem 5.2). Instead, we notice from Lemma 3.2 that when the

shock moves between x - 0 and x - 1, where the duct is not uniform, it tends to

decelerate and so ola tends to decrease. This shows that the first part of L(J) tends

to decrease. This is sufficient to dominate :ae increase in the remaining parts of F(J)

as the resUlt of the nonlinear interaction of the relative strong shock wave with the

duct. Therefore, in place of (5.5), we have

(6.2) Q(A) O(I)0(0) + 2{Q(O) - Q(J))

The above statements are shown using Lemmas 3.1, 3.2 and analogous arguments used in the

proof of Theorem 5.21 details are omitted.

We now study the asymptotic behavior of the solution. Given any e > 0, it follows

from (6.2) that there exists T - T(E) such that

(6.3) Q{t , T) - c

By choosing M = M() sufficiently large we have

(6.4) total variation x fu(x,T) : lxl ; M) £

Through (M,T) and (-M,T) we draw generalized i-characteristic curves Xi and X,

i - 1,2,3 which travel either with i-characteristic speed or i-discontinuity speed [4],
+

(7]. The region between x, and x, is denoted by 9 *. Due to the strict hyperbolicity

of the system, t do not intersect t, i 0 J, after finite time T. > T. After time

4* To, the i-waves outside 9i are either produced by interaction or issued from (xT),

lxl > M, and so (6.3) and (6.4) imply that the total amount of i-waves after time To and

outside 9t is 0(I)c. Thus in fl, i-waves cancel and combine and behave (mod O(I)E)

like waves for scalar conservation law, (Section 10, [81). Consequently, module the error

0(1) 3-waves tend either to a 3-shock wave or a 3-rarefaction wave, 2-waves tend to a

travelinq wave and 1-waves tend to a shock wave due to the presence of the relative strong
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shock wave in the solution. Moreover, outside the I-shock wave and in the region

0 < x < 1, the solution equals (mod O(I)) standing waves. To show the closeness of such

elementary waves to a noninteractinq wave pattern it remains to show that when the 1-shock

wave stays in the region 0 < x < I its speed is close to zero. In fact we will show that
2+Ix ()I

in this case its speed is O(I)/ after time T + where x - x is the position
0 0

of the 1-shock wave at time To . For this we first note that the speed a(t) of the shock

wave at time t is a Lipschitz function of t (mod O(')e) in the following sense: By

Lemma 3.2 we have for t2 > tI > To

10(t HI < a0t ) + O(1)Q{t C (t 't )
2 1 10

( 6 .4 ) - t + ( I ) .

= c t T + 2 ( x c f o

Thus if Ia(t)I 4 c for some 0(T ,T O + --Cx0 ) then 1a(t)l ( /- + o(1) c 2/ for

t > t It remains to show that if jo(t)l > re for all t c (T0 , T + --- ) then the
0 C

1-shock wave does not stay in the region 0 < x < I after time T + - . In fact itis

clear that whon the speed of the one shock is larger than e (or less than -JE) for all0 %1 I 
Ix 01+1

t (T0 , T O + ) then at time T0  + -- the position of the shock wave is to the

right of x -I (or left of x - 0) and by (6.4) its speed after that time is

r,- O(l)1 )1/21r (or - VC + O(1)€ - 1/2 r) and always stays in the region x ) I

(or x < 0) for any larger time. This completes the arguments.

When the perturbed data W(x,O) equal to constant states both to the right and to the

left of a finite interval, the convergence of the solution w(xt) to noninteracting wave

patterns is of algebraic rates. For this more precise estimates are needed, we will not

pursue that here (c.f. (61, (81). This completes the proof of the theorem.

Q.E.D.
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