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| SIGNIFICANCE AND EXPLANATION

In optimization problems which possess certain geometric properties

~ (concavity) duality relations can be obtained which are very useful in

bounding or determining the extremum of one problem by the extremum of a

related (dual) problem. 1In the present work useful duality relations are

[ obtained in the absence of concavity.

The responsibility for the wording and views expressed in this descriptive
summary lies with MRC, and not with the author of this report.
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; DUALITY IN NONCONCAVE PROGRAMS USING TRANSFORMATIONS
Okitsugu Fujiwara'
1. Introduction
We shall be concerned throughout this paper with a constrained maximiza-
tion problem:
- (®P) maximize {£(x) subject to g(x) 3 b}

L2 where £: R® -+ R;, 8: R~ R?; £,8 € C3; n 3 m. Under the concavity

"‘f ' assumption, the canonical dual problem which is concerned with finding a
saddle point of the Lagrangian function has been extensively studied (e.g.

Geoffrion [5], Rockafellar ([8]). On the other hand, without the concavity

ff assumption the Lagrangian function is no longer an appropriate function for

the dual problem. Thus different types of augmented Lagrangian functions were
introduced and have been intensively studied for both local saddle points
iy (e.g. Arrow, Gould and Howe [1], Rockafellar [9], [10], Mangasarian [7]) and

. global saddle points (Rockafellar [11]).

In this paper, with no concavity assumption, we will transform the original
problem so that in the transformed problem the Lagrangian function takes an
adequate role for the dual problem, However, this transformed problem is by
no means a concave program, hence our approach is different from the so~called
concave transformability (e.g. Avriel [2], Ben-Tal [3]). We will study the

hypograph

K: = {@,,y) ¢ el ¥, & v}

*Industrial Engineering and Management Nivison, Asian Institute of Technology,
Bangkok, Thailand.

Sponsored by the United States Army under Contract Wo. DAAG29-80-C-0041.
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Our main result, under certain conditions, is to construct the nonlinear
support of K at (w(b),b) (Theorem S.1)., Moreover, it is shown that i:u. non-
linear support function becomes linear in the transformed space, and therefore
a global saddle point of the dual problem in the transformed space gives a
solution to the original problem (Theorem 7.4), (Figure 3).
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of the optimum value function

_ N

w(y): = max {f(x) subject to g(x) 3 ¥y} .

Geometrically speaking, the existence of a global saddle point of the Lagrangian
function can be understood to be the existence of the linear support of E at
(w(b),b), (Figure 1). Thus the concave program is simplified by virtue of the
supporting hyperplane theorem. But in a non-concave program the supporting

hyperplane theorem is no longer available (Figure 2).

TRANSFORMATION
(u(b) ,b)
7/,

(w(b

Peaks

Figure 3
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K f!{(yo.y) + R:+1} = {(YO.Y)}. Let e(S) denote the set of all efficient

2. Definitions and Notation

Let us denote

0(u): = max (£(x) + u'(g(x) - b)}

xGRP

Ri = {(7,,e™ | (7,9 & (£(0),8(x)

for some x€R"}

Definition (efficient point)

(yo.y)el( is efficient with respect to SCI: = {1,2,...,m}, 1if (zo,:)ik,

(zo.zs) 3 (yo,ys) PN (zo,zs) - (yo,ys) where g (or zs) is the projection of
y (or z) to Rlsl.

As a particular case, (yo.Y)eK is efficient with respect to I if and only if

points with respect to S, let eff(K): = U e(S) and let eff(X): = {xer®|
sCI
(£(x),8(x)) € eff(K)}. The following statements which are easily proved

explain why we are interested in efficient points,

(a) If x* is a unique solution of (P), them (f(x*).g(x*)) € e(I) and
hence (P) is equivalent to

max {£(x) subject to g(x) 3 b}
ef£(X)

(b) If x is a solution of ¢(u), then (f(x),g(x)) € e(S) where

S: = {1 | u, > o}, and hence

0u) = max  {£(x) + u*(g(x) = b)}
eff(X)
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; Definition (Morse Program)

1 (P) is called a Morse program if for any local minimm point x of (P) with
< + = {J]8,(® = by}, the folloving conditions are satisfied:

(cQ): {ng (x) | JeJ} are linearly independent

(SCS): there exists a unique u 3 0 such that

o d -

n
VeE(x) + L 0173 (x) =0
1 b

and

u >0 =36

n
(S0SC): XL(x): = V2£(x) + L u,V3g
1 31

Kernel VgJ(x)T, where gJ(x) = (sj(x))j“.

(x) is negative definite on

Spingarn and Rockafellar [14] showed that if f£eC? and ge¢C” then for almost

every (s,t) € R® x g%

(P(s,t)): max {f(x) - s7x subject to g(x) 3 b+t} 1s a Morse progrun.

Note that this perturbation of the objective function enables us to have at
most one global solution (Fujiwara [4]). Therefore under the same assumption,

we can almost always expect that (P) is a Morse program with a unique solution.

Definition (total uniqueness)

(P) is totally unique if (Ps) has at most one global solution for every
S$ G I, where

1)
A topological approach to this argument was studied by Fujiwara [4].
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(Ps): max {£(x) subject to gs(x) 3 bs}

Note that if £ ¢ C2 and g € C° then almost always (P) is expected to be

totally unique, moreover (Ps) is expected to be a Morse program for all S ¢ I.

® *
Let x be a local minimum point of both (P) and (PJ) where J = (jlsj (x)
=) J}' Suppose (P) and (P J) are Morse programs, and let u* be the Lagrange

* *
multiplier of x*. Then since £(x") VSJ(x ) is nonsingular, by the
* T
VgJ(x »» 0

implicit function theorem thexe exist ¢! functions x(.) and uJ(.) from a
neighborhood N(b J) in RIJI to, respectively, Rﬁ and RIJ| such that (x(bJ) R

uy(by)) = (x*.u*). and for any y; € N(b,),VE(x(y;)) + §uj(yJ) Vsj (x(y;)) = 0

and gJ(x(yJ)) ab AT Moreover, we have
(2.1) 2"V )T + 9g,(HVu b)) = 0

* T T
(2.2) VgJ(x) Vx(bJ) = IIJI

Note that we can obtain that for any yJeN(b J)

3. Nonlinear Support Functions

In this section we will define and study a parametrized family of functions
which will be used as the support functions of K., Throughout this paper, a

following assumption is made.

(Al): (P) is a totally unique Morse program with a unique global

*
solution x and its associated lLagrange multiplier u*.
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Let J: = {j]s, (x') = b,} = {Jlu;>0}. We will assume, in this section, that
bi >0 (1-1.000’ ‘) and boz - !(x*) > 0.

Before defining the support functions, let us consider a following

functionz) for given a >0 (i=0,1,..., m)3

(3.1) ain {y, /a,}
0<icn i/ 1

for (y,.,y)€ K.

It is easily verified that this function (3.1) has L-shaped indifference
curves (Figure 4). Hence, if the maximm of (3.1) over K is attained at

Go.'y'). the function (3.1) actually supports K at Go.;) (Figure 5).

Yo

A | ' {P

Tay8)

’(;ml)

Figure & Figure 5

This fact leads us to consider the so-called mean value functions studied by

Hardy, Littlewood and Polya [6], because they showed

2)
First used by Scarf [12] in the analysis of discrete programming problems.
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Lemma 3.2 ([6], Theorems 3 & 4)

m
Let y, > 0, a, > 0 (i=0,1,..., m), (Z) a = l. Then we have

m q l/q
(3.3) (§ a, yi) + min {yi} as q + -»
i
m 1l/q
(3.4) (5 8, yg) + max {y,} as q + +w
1
n q 1/9 m a,
(3.5) % a; v *Ty, as q-+o

Thus wve now define a parametrized family of functions {Fq}q)_

Rrlrl-l

- 8 follows:

n -q -1/q
F g = (Ge v,

m+l

for (y ,y)€ R_ ", q3~1 (q#0); and

F (y,y): = 1lin F (y_,y)
oo q_mqo

S TR e * .
where ey uibi g uJ l:).1 (i=0,1,..., m), u, 1.

1

defined on

Note that § c = 1 and the above limit exists by [6] Theorem 3. It is shown

that the functions Fq are concave ([6] Théorem 24) and especially F.is a

linear function,

Then by Lemma 3.2, we have

Proposition 3.6

1




We have that

(3.7) P Tge?) + ry b} - niJn {yi/bi} as q >+
o
O c;’
(3.8) P(y.y)*ﬂbjﬂ(y b,) - as q+0
q7o Jo J J :l./ i
vhere J : = JU{0} c: = uib /z ujbj (1=0,1,..., m).

Moreover, the convergence (3.7) is uniform on any compact set of R"']'
gfoof

. ~1/q
P (7,9) - Ehi/ 3 gugpT™ 574

-1/q

m o, q 1l/q m . -q
- {g(ujbj)bj} {g(uibi)(yi/bi)
- /q

m , /m, qLl./q / -q," 1
- Gaipy [pan) N G, [Eub) o, /o7

The first term 4 max {bj} as q + @ by (3.4), and the second term + min {y‘/bi}
o s

By Dini's Thnoru” » the second convergence is uniform on any compact

set, Therefore, by the next lemma which is easily verified, the conyergence

k)]
Dini's Theorem If a sequence of continuous functions, defined on a compact

metric space, converges pointwise to a continuous function monotonically,

then the convergence is uniform, .




(3.7) is uniform on any compact set of Ril. We also have that by (3.5) the
c? )
first term > T b.‘lj as q + 0 and the second term T (yi/bi) 1ae q~+0,
J J
o o

Hence, (3.8) is obtained

QED

Lemma 3.9 Let {h }, h be real valued continuous functions on a compact set

D in R' for some Y > 1. Let {an}, a be real numbers such that a +a. 1f hn

converges uniformly to h, then anhn converges uniformly to ah on D.

Remark By Proposition 3.6 the behavior of the indifference curves evaluated

* &
at (yo,y ), according to the increase of q from -1 to 4=, is illustrated in

Figure 6. Yo
A
*
_— 2N q=4>
Yo u :
' q=0
i
[ -_1
.* —> y
y
Figure 6

4. Local Support Theorem

In this section, under the certain assumptions, we will show that the
parametrized family of functions {Fq}q)-l locally supports K at (w(b),b) for

sufficiently large q. Throughout this section, in addition to the assumption

(Al), the following assumptions are made:




(A2): (y:,y*): - (f(x*), b) 1is efficient with respect to

*
J: = {1|81(x ) = bi}
(A3): eff(K) 1is compact

(A4): wi(yy) = £(x(y;)) in a neighborhood of by, where w(y,): =
nax {£(x) subject to gJ(x) 3 yJ} and x(.) is the implicit function defined at

the end of section 2.

We will prove the following result,

Theorem 4.1 (Local Support)
Under the assumptions (Al) ~ (A4), a program

(442) T;x'{Fq(yo.yJ) subject to W, (y)) 3y }
RO
Ty

_ ®
attains a strict local maximum at (yo,y;) for sufficiently large q > -1, where

- ~1/a .
F (y.,y) = C cy,.0) and J : = JU{0}. In other words, there exists
q-o J 3 171 [+ T S ———

o
x &
q, > -1 and for any q 3 9, there exists an open neighborhood Uq of (yo,yJ) in

3,1

- jad
R ,, such that for any (yo,yJ)é an {(yo.yJ)G R ° I WJ(}'J) 3 Yo}. we have

LA
P Ggryy) € F (5g0yy)

x %
where equality holds only if (yo,yJ) = (yo,yJ).
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' To prove this theorem we need some preliminary results and we start to prove the

following lemma.

lgg!!g 4.3

*® * * . .
1f (yo,y ) is efficient with respect to J, then x 1is also a unique global

1 . solution of (PJ).

PP

3 proof
i It suffices to show that if £(x) 3 £(x) and 8,(x) 3 b, then x = <.
Stace (£(x), 8;(x)) 3 (£(x"), b)) = (y5,7]) and (55,y") € e(3), we have that

- v (£(x), gJ(x)) - (y:,y;). Since (PJ) is totally unique, a solution x of (PJ)

. *
1 must be x ,
QED

L3 ‘ Note that we have obtained wﬁ(bJ) = w(b).

For computational convenience, instead of (4.2) we consider a program

FIE

(46.4) T;xl{cq(yo.y_,) subject to w,(y;) 3 yo}
R o
++

P e o I
“1:_):‘.‘.’.)1[.-1;-!_

vhere Gq(yo,yJ) = log Fq(yo,yJ); and we assume that J = {1,2,..., 2}. Since
eff(K) is compact by (A3), we can translate all coordinates so that we have

that all ¥y > 0 (i=0,1,..., m) in a neighborhood of eff(K).

Prégosition 4.5

x % :
In _a program (4.4), (yo,yJ) satisfies the Kuhn-Tucker condition with the

* -
Lagrange multiplier v = (u*Tb) 1 which does not depend om q.




|
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g proof Let L(y_,y;,v) be the Lagrangian function of (4.4). Then by (A4)
= and (2.3),VL(y,7»V) W gyy) + W (y;) = y,), namely 2, C4¥y" e
=y m - -1
‘ (gciyi“) - vu,(y;) for §=0,1,..., & (recall that u = 1). Hence the Kuhn-
Tucker condition becomes
: ©m -1
1 - -l -
’, Solving these equations at (y:,y;), we obtain
: -1
: ® L
E v = (u tb) ;
2 ;
QED |
- I"‘l is a concave function and log(.) is a strictly increasing concave
function, hence Gq is a concave function for q 3 =1, Then the Hessian of Gq, g
" ‘7"Gq is negative semidefinite on R, Restricting Vch on a subspace we have,
. Lemma 4.6
‘ x % * T
; Van(yo,yJ) is negative definite on Ker V(wJ(yJ) - yo) for any q > -1.
R
’I”'i proof
g Note that we have
A4
b [ 3%\ /3G
2 o ) €14
- 3% < 1 3
.i." 3y13yJ -1 ic.s 3G 2
! -(q+l + =
. |-G 5, %, q-gy-i- if 4 =)

RO ey e

T

\
.
&8
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and hence
2
2. , M K qv" qu; if 14}
LA }
3Y13Yj -(q+1)b-1v*u* + qv?u* if 1 = 3§
i 1 i

T

* * * * %

Since V(wb(yJ) - yo) = (1, qJ), we have that 8 ¢ 0 € Ker V(wk(yJ) - yo)
L

if and only if s = - L

1
u; >0 for j=l,.s., &, Thus we have that

u;sj. This implies that s # Oéms # 0 because

atvch(y:,y;)g = I 8,5, —i

9% -3%¢
= 2%s8s + L 8.8
12103 9y g 3k Ay iy
Jrkal
3% 3%

o 3
= (%)
* *2 % *x2 *
First term =2{Z (- us)s qv u,} =-2qv (L u,s,)?
31 ka1 EKIT ISR
Second t = V*2 I u*u*s s
cond term q e 5955
J. k3l
*2 * -1 % *
Third term =qv (Lugs,)?-(qHl)b v (L u,s,)?
ISR ° g1 4
%2 * ® -] %
Fourth term = qv I (u,8,)% = (q+l)v ( £ b, u,s2)
* =1 * o, -1 % , {
Hence (%) = =(q+l)v {b "(Z u,s,)*+ Zb,u,s?}tco:
° ‘431 33 31 3 33

for s, # 0 and for q > -1,
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By (2.3) and by the assumption (A4), we have

0 1}
* & & LI *
VAL(y, 0T 5sV ) = V26 (v 03p) = V a
0’°J q e 0 Vu. (y,)
R g §
Proposition 4.7
. «[0 O .
Let A(Q): = vch(yo,yJ) and let B: = -v « |+ Then A(q) +B is
- 0 Vu,(yp

T
*
negative definite on Ker V(vJ(y;) - yo) for sufficiently large q > ~1.

Remark 4.8 If VuJ(y;) is positive definite on RIJI, then B is negative
* *
definite on Ker V(wJ(yJ) - yo)r. Hence A(q) + B is negative definite on
* * T .
Ker V(wJ(yJ) - yo) for all q 3 ~1, because Gq is concave and so A(q) 1is

negative semidefinite on RIJ|+1.

By the elementary computation of matrices we obtain,

Lemma 4.9
*® * *
-“1 '% ses "“z
Let E: = 1 0 see 0 and let

0 <1
-1 %2 -1 % -1 k& -1 k&
bo "1 +b1 ul bO ullh Iy bo lﬁ.ll2

. -] * % -1 *2 -1 .

D: o %Y b Y ":"z by : ,
~1 ® h S TS T
b u’:“l sec0sen bo “l"bl u"
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Then we have :
. ‘
ETA(Q)E = =(qt1)VD .
® x T

Note that Ker V(wJ(yJ) - yo) =In E.
Lemma 4.10 f

Let d;,..., d; be eigenvalues of D, then we have that all d,>0 ‘

® *

(1‘1.0... 2) 24 -(q+1)v dlgooo, "(q“'l)v dz are Gi‘ln“lu“ of ETA(q)E.
proof

A(q) is negative definite on Im E (by Lemma 4.6)

) BTA(q)E is negative definite on R"

é==) D is positive definite on Rz (by Lemma 4.9)

The last assertion is obvious by Lemma 4,9,

QED
Let P be an orthogonal matrix such that
*
~-(q+l)v dl 0
(4.11) PT(E%A(q)E)P = el
. *

Then we have

Lemma 4.12

PTET(A(q) + B)EP is negative definite on R" for sufficiently large q>-l.
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proof
Let A= (a,) = PTE'BEP, then by (4.10) we have
*
-(q+1)v dl + ‘11 .12 soeca ‘u

a
PTET(A(Q)+B)EP = 2L

had

Pick up a sufficiently large q that satisfies

(4.13) -GV +a <0 for 1%1,..., 2
aod
(4.14) m;n | ~@t)vd +a,, | > ;:;: "31;' . (12-2)

L

Thus for any 8 ¥ 0€R~ with |s | = max Icil and for any q > q, we have that
i

B, L

T,T ®
8 P'E (A(qQ)+B)EPs = i{-(q+1)v dihu}ai + jikajkcjsk

< {~(q*1)v'd ta_ ol + ;:(ajkl.(z*-z)-: <0

by (4.13) and (4.14).

18

Then Proposition 4.7 follows immediately. By Propositions 4.5 and 4.7,
Theoren 4,1 follows since (y:,y;) satisfies the second order sufficiency

conditions for the local optimality of (4.4).

g R RET - ~. - - . P — . . . '
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5. Global Support Theorem

* &
In this section, we will show that {Fq}qa-l supports eff(K) at (yo,y )

for sufficlently large q. The following assumption is made in this section:

(AX): In Theorem 4,1, we assume U = Uq for all q 3 9,

Then the global support theorem will be

Theorem 5.1 (Global Support)

Under the assumptions (Al) ~ (A4) and (AX), for sufficiently large q > -1
* * '
and for any (yo.y)teff(x), we have Fq(yo,y) < Fq(yo,y ) where equality holds
I
only 1f (v,,¥5) = (7,55

* &
proof We separate this proof into two partsé) ¢ a neighborhood V of (yo,y )

and outside this neighborhood, eff(K) - V ,

|\, |
Q v Let V: = R °N{(y,,y) |v(y) 35} .

(gsy') € Vb w (y3) 3Ww(y'") 3y, == (y,7PE TN {7 |
Vi 3y} = E oy € Fq(y:.y;) by Theorem 4.1 ==} F_(y.,y')

x & *
£ Fq(yo,y ) and equality holds only if (y‘;.y"]) - (yo,y;). Since V does not

* &
depend on q 3 Qs rq supports eff(K) N V at (yo,y ) for q > q .

[T\, |
(2) eff(K) - UXR_, = ef£(K) ~ V

4)
This idea of resolving the global support theorem into a local and nonlocal

components, when the set in question is compact, is due to Westhoff [15].

‘\_ N

e T e b R R o et R i e B,
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* &
Since (y ,y )€ e(J), min{yilbi}t min {y:/b 1} = 1 on K and equality holds
o Yo
x % »
only 1if (yo,yJ) = (,4¥;). Because m{yilbi} 31 == y, 3b, =y, forall

J
°

® &
163, =md (7,,7;) = (¥5s75)e

Since {(yo.y)e K| (¥oe7y) = (y:.y;)}n n‘:l.c. V, we bave that
*®
(5.2) n}n {y /v } < n}n {yg/o,}
o [+

on & compact set eff(K) - V .,

Let hq(yo.y): - rq(y

&
0*Y) = ¥ (7,07 ) and h(y,,yXx = n:x{bj}.(ntn{yi/bi} -

o JO

m{y:/bi}). Then hq —> h uniformly on eff(K) - V by Proposition 3.6, and we
J¢:o
have that h < 0 on eff(K) - V by (5.2). Therefore, by the following lemma, we

have that h q < 0 on eff(K) - V for sufficiently large q.

Qe

Lemma 5.3 Let {hq} and h be real-valued continuous functions on a compact
set D in * for soms k 3 1. If hq converges uniformly to h and if h(x) < 0

!of all x€D, then there exists 9 such that for any q 3 q, and for asy x¢&D,

we have hq(x) <0,

proof Suppose not, then for any k 3 1, there exists QY 2 k and xkﬁ. D such
that hqk(xk) 3 0, Since D is compact, there exists a converging subsequence
of {xk}. For notatiocnal convenience let us assume x * xoe D. By the conti~
nuity of h at x, and by the uniform convergence of {hq}. we have that for any
€ > 0 there exists n(c) such that for any k 3 n(e) |n(x) - h<x°)|<-§- and

€
|hqk(xk) - h(x)|< 3 hold. Thea for k 3 n(e), Ihqk(xk) - h(x)] ¢
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!

lhqk(xk) - hx)| + |h(x) - h(x))[< €. This implies that hqk(xk) < 0 for
sufficiently large k, which contradicts the choice of {qk} and {xk}.

QED

6. ZIransformation

In this section we define a transformation which is coordinate independent

and strictly increasing. It is showm that by this transformation the functions

{rq}q>0 are transformed to be linear,

For q > 0 and Y4 >0 (i=0,1,..., m), we define a transformation used by
Scarf [13] by

: 1-y4
g " o
n

for 1=0,1,..., m. We denote the transformed spaces of eff(K) aad Rf:l by

oél m+l
eff(K) and R,, . Let us define functi F } defined on R b
£(K) 4t e ctions {'\.q >0 e 4+ y

F(y,»:=1<F(y,n 3
a320’A qo’

Then we have that

m =-1/q =4
F(y,y) =1-] (CeyYH
| ,\‘o’,\‘ [ o171 ]
o o=q
=1-Ley,

m n

= gci(l-y;q) since gci -1
»

= 5eady

.
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1

This shows that for any q > 0, a nonlinear function I"q is transformed to a
linear function Fq. Since this transformation is strictly increasing for q > O,

N

we have that l?q supports eff(K) at (y:.y*) if and omnly if !’q supports eff(K)
~n an
® A
at (y_ ,y ) (see Figure 3). :
a2 A,

7. Global Duality Theorem

In this section we prove the strong duality theorem of the canonical dual
formulation in the transformed space. First of all a sufficient cbndi:ion for

the strong duality theorem is discussed.
Lemma 7.1

*
If is a solution of ¢(u ) satisfying

(7.2) g(xu*) 3 b
(7.3 u*T(g(xu*) -b) =0 .
then d(u") = w(b) = £(x ).

proof Let x, be a solution of ¢(v) for v 3 0, Then we have that

$(¥) = 9(u) = £x) + V' (B(x) = B) = £(x,,) - u'(g(x ) - b)
3 f(x ) + vx(s(xu,) -b) - £(x ) - u*T(s(xu*) - b)
= (v- ) By - B

- v'(g(x ) - b) by (7.2)

30 by (7.1) and v > O,

.‘ R
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If ¢(v) has no solution for some v 3 0, then there exists ;v such that

d(v) 3 £(X) + VI (BR)) - b) 3 £(x,,) + v (g(x,) = b).
Hence in this case we still have ¢(v) 2 Nu*). Therefore we obtain
®
¢(u ) = min ¢(v).
va0
For any x & R® satisfying g(x) 3 b, we have that
- *T
f(xn*) - f(!u*) +u (s(x“*) - b) by (7.3)
- ¢(u”)
3 £(x) + u T(g(x) - b)
3 £(x) since u 3 0, g(x) 3 b,

Therefore w(b) = f(x“*) = ¢(u*)

Now we state the main theorem,

Theorem 7.4 (Global Duality)

Under the assumptions (Al) ~ (A4) and (AX), we have

£(x") = min  max {£(x) + u’(g(x) - b)}
n ux0 eff(X) ~ n

for sufficiently large q, where f(x) = 1 - f(x)-q. 3i(x) -] a- 81(:)-‘[,
n n

by =1- b;" for x € eff(X) and for i=l,..., m.
N

R e e WG
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proof
* *
F g0y ) 3 F (7,7) on eff(K)
Gmnact) Pq(yo.y )3 Fq(y »Y) on eff(K)
LR IR S a3 a2 A, n
n
=) 5“1,{1 3 ’:"'1,»1 op efi(&)
m o,
q+l * * q+l )
s J 5“1"1 zi 3 Z ibi X." on cff‘(x)
N f(x ) + Lu b3, M 3 b2 1f(x) + Tupd lsi(x) on e££(X)
13 i
* * qtl
e f(x) 3 £f(x) + zui(bilb ) (Si(x) - b:l.) on eff(X)
n " 1 o n n
Let ;(u) = max {f(x) + ur(g(x) - b))} for u 3 0. Then f(x*) = ;(v*)
eff(X) ~» N N a

) q+l

* * *
with v, = “1(bilbo for i=1,..., m. However since .ﬁ(‘ ) 3 k‘ and

* ~ A
v*'r(g(x ) =b) = 0 hold, by Lemma 7.1 we have that ¢(v*)-m1n ¢(u). Hence, by
n n

w0
Theorem 5.1 we complete the proof.

Q95D

8. A Sufficient Condition for Assumption (AX)

In this section (Al) ~ (A4) are assumed, and we will show that the strict

*
local concavity at x is a sufficient condition for the assumption (AX).

Definition A program (P) is locally concave at a local minimm point x, if
m

R(x) = V2f(x) + tujvzg 3 (X) is negative semidefinite on R® where u is the
1

associated Lagrange multiplier of x. (P) is locally strictly concave at x if

AL(x) is negative definite on R®.

—

.
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Lemma 8.1

*
lg_lkx ) is negative (semi)definite on RP, then VuJ(bJ) is positive

(semi)definite on RlJl.

proof For any s € RIJI, we have
Tou_(b.)s = (s°Vx(b )Vg.(x")) Vu.(b.)s by (2.2
‘s u,(b;)s = (s7Vx(b)) 8;(x)) Vu,(b))s y (2.2)
= s7Vx(b ) (-(x") Vx(b)T)s by (2.1)

= (26 )Te) T 2(x") (vx(b ) o)

lJI if and only if .’t(x*) is

Hence Vuu(bJ) is positive (semi)definite on R
negative (semi)definite on Im Vx(bJ)? because by (2.2) Vx(bJ)T has full rank.
Since !(x*) is negative (semi)definite on RP, it follows that VuJ(bJ) is

positive (semi)definite on RlJi.

Q=D

By the assumption (A4) and by (2.3), we have Vzwk(bJ) = -Vuu(bJ).
Hence Lemma 8.1 implies that wh(yJ) is strictly concave in a neighborhood of

*
bJ if (P) 1s locally strictly concave at x . So we obtain

Proposition 8.2 Assume (Al) ~ (A4) are satisfied.

If (P) is locally strictly concave at x*, then the assumption (AX) holds

groof

Let N be a convex neighborhood of bJ in Rlilsuch that “3(') is strictly

. = |3,
concave on N by Lemma 8.1. Then M: {(yo,yJ)é R0 | QJ(yJ) 3, V5 € N}
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: J
"4 . 1 o
is a convex set. Let U: = R, *N. Then UN {(yo.yJ)GR_H_ IwJ(yJ» 70} =M,

x &
: By remark A.S,lfoT any q 3 -1, (yo,yJ) attains a strict local maximum of Fq
~, J
on {(yo.yJ)e R, |"'J(YJ) 3 yo}. Hence, it is also a strict local maximum of
F_ on the smaller domain M. However, since Fq is a strict concave function

*
. and since M is a convex set, (y o,y:';) is a unique global maximum of Irq on M,
! J

* *
Namely, we have shown that for the neighborhood U of (y c};:[!) ia R, |° ve have ‘

- a4

that for any q 3 -1 and for any (yo,yJ)e un {(yo.yJ)E R
* %
F Oovy) & B (7,75)

* x
holds where equality holds only if (y_,y;) = (v_,¥;)

9, Optimum Value Function with A mdratic Term

In this last section a parametrized quadratic term is considered. Ve
subtract a quadratic term from the optimum value function and we will derive
the modified global duality theorem without the assumption (AX). Throughout

this section (Al)~ (A4) are assumed as usual.

":‘.“. P IRT IR

iy
For Yy 3 0, y€R®, v € RIJI ve define
A Y 2 ‘
! w(y): = w(y) - v||y-b}|
a y .
i~
K

m
2 12 (12 = h )2
where ||y-b|| }1: (yJ b,)* and ||yJ bJ|| § (}'_1 bj) .

Let TV : RL o R%*l po defined by TY(yo,y): - (yo-Ylly-sz, y) for vy 3 0,

1

It 1is easily verfied that Y gives a homeomorphism of Rm' and wsaps

4 ,
* {
L& ¥
X3
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{(yo,y) | w(y) 3 yo} homeomorphically onto {(YO.Y) | wi(y) » yo} . Let us define
ef£V(K): = T (e££(K))
of£V(X)t = {xeR® | (£(x),8(x)) ¢ eff'(R)} .

Since T' is continuous c!fY(K) is compact by (A3).
Let us consider a program
(9.1) max {rq(y +7;) subject to w (yJ) >y}

19,1

o
‘#

for somea q 3 -1l and Y 3 0. Trhex <@ have

Lemma 9.2 (local support)

In_the program (9. 1),|tor sufficiently large v, there exists a neighbor-

°" such that for any q 3 -1 and any (y .YJ)EUYn
{(yo.yJ) | V}(yJ) > ’o}' ve have that

hood i of (Y ,yJ) in R,

F (7geyy) € F (y .yJ)

* &
where equality holds only if (yo.yJ) = (YO.YJ)

proof For computational convenience, we consider a program
(9.3) max {G (y ,Y,) subject to w (y ) 3 Y, }
J I q J J
o
R‘H'
vhere Gq(yo.yJ) = log Fq(yo,yJ) as before.

Since we have Vw}(b - VvJ(b J), the entire proof of Proposition 4.5 is applied.

Ry
)
So we obtain that (yo,yJ) satisfies the Kuhn-Tucker conditions with the Lagrange

st S N dare e e B R, N
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multiplier v* - (u.tb)-l which does not depend on Y and q. Note that Vzw}(b J)
is negative definite for sufficiently large y, because Vzw}(bj) - V’vJ(bJ)

- zyll Jl. Therefore, by Remark 4.8 (y:,y;) satisfies the second order suffi-
cient conditions for (9.3) for sufficiently large Y. Hence by Proposition 8.2

we complete the proof.
QgD

Lemma 9.4 (global support)

Let Y 3 0 be sufficiently large such that V’w}(b y) is negative definite.
Then for sufficiently large q and for any (yo.y)é effY(K). we have

* &

F (Fge7) € Fo Gy )

wh ual 1d 1f - *
ere equality holds only (YO.YJ) (YO.YJ)-

groof

We saparate this proof into two part: a neighborhood v’ of (y:,y*) and
outside this neighborhood effY(K) - VY. The proof of the last part is exactly
the same as the one in Theorem 5.1, So we will prove the first part. Let us

define

1y, |

AFERCLE WRRS LT (¢ AR IR I 2 I
GLahev = Wb = wivh - vlly] - bl1? s weh = vllyt - bl)2
=v'ish e vl

= GLyhevnlt,yp | Vo) > vl == FOLD € FOhyD =

1 1 1 1
because v (y;) 3 w(y') and Hy™ = b1 > ||y = b5l 1%

1 1 xR 11 k &
rq(yo,y ) € rq(yo,y ) for q 3 -1 and equality holds only if (yo,yJ) - (yo,yJ).
QED
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Theorem 9.5

Let v 3 0 be sufficiently large such that V"v}(b ;) is _negative definite.
Then under the assumptions (Al) ~ (A4), for sufficiently large q we have

£(x') = min max {£(x) + ul(g(x) - b)}
LY uBo ooV (xy ¥ N n
groof

1f we replace eff(K) and eff(K), respectively, by efty(l) and eth(K).
a

then the proof of this theorem follows exactly from the proof of Theorem 7.4.
QED
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