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ABSTRACT

'i.The canonical dual formulation (the Lagrangian function) is considered.

No concavity is assumed. The existence of the nonlinear support to the

hypograph of the optimum value function is proved under certain assumptions.

By the transformation, this nonlinear support becomes linear and the global

duality is derived. A
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SIGNIFICANCE AND EXPLANATION

In optimization problems which possess certain geometric properties

(concavity) duality relations can be obtained which are very useful in

bounding or determining the extreinum of one problem by the extremum of a

related (dual) problem. in the present work useful duality relations are

obtained in the absence of concavity.

The responsibility for the wording and views expressed In this descriptive
summary lies with MRC, and not with the author of this report.
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DUALITY IN NONCONCAVE PROGRAMS USING TRANSFORMATIONS

Okitsugu Fujiwara

1. Introduction

We shall be concerned throughout this paper with a constrained maximiza-

tion problem:

(P) maximize {f(x) subject to g(z) 4 b)

where f: Rn a1 , g: Rn. Rm; f,g ( C2 ; n t a. Under the concavity

assumption, the canonical dual problem which is concerned with finding a

saddle point of the Lagrangian function has been extensively studied (e.g.

Geoffrion [5], Rockafellar [8]). On the other hand, without the concavity

assumption the Lagrangian function is no longer an appropriate function for

the dual problem. Thus different types of agMnted Lagrangian functions were

introduced and have been intensively studied for both local saddle points

(e.g. Arrow, Gould and Howe [1], Rockafellar 19], [10], Mangasarian [7]) and

global saddle points (Rockafellar f11]).

In this paper, with no concavity assumption, we will transform the original

problem so that in the transformed problem the Lagrangian function takes an

adequate role for the dual problem. However, this transformed problem is by

no means a concave program, hence our approach is different from the so-called

concave transformability (e.g. Avriel 121], Ben-Tal 13]). We will study the

hypograph

K. -RG I y0 r WWI

*Industrial Engineering and Management nivison, Asian Institute of Technology,
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of the optimum value function

v(y)- max (f(x) subject to S(x) , y .

Geometrically speaking, the existence of a global saddle point of the Lagrangian

= function can be understood to be the existence of the linear support of K at

(v(b),b), (Figure 1). Thus the concave program is simplified by virtue of the

supporting hyperplane theorem. But in a non-concave program the supporting

hyperplane theorem is no longer available (Figure 2).

YO y

wiy)y)

'-y '-(l' ",u)

i ,b)b)

,~~~ :K .... T .. y\ ,
y N y

Figure I Figure 2

Our main result, under certain conditions, is to construct the nonlinear

support of K at (w(b),b) (Theorem 5.1). Moreover, it is shown that this non-

linear support function becomes linear in the transformed space, and therefore

a global saddle point of the dual problem in the transformed space gives a

solution to the original problem (Theorem 7.4), (Figure 3).

v(Y) F TRANSFORMATION

(b)

(w( ),b)
K

> ZI

Figure 3
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2. Definitions and Notation

Let us denote

u):- max {f(x) + uT(s(x - b)}
x61n

K: " {(yo y)ER!+l I (YopY) 4 (f(x),g(x))

for some xten

Definition (efficient point)

(yo y)SK is efficient with respect to SCI: - {lp2....,}, if (ao0s)OK,

(zoz S) k (YoYs) (zoS) (yY) where y (or zs) is the projection of

y (or z) to RIs I,

As a particular case, (yoy)*K is efficient with respect to I if and only if

K n {(yoy) + Ror l - ((yo,y). Let e(S) denote the set of all efficient

points with respect to S, let eff(K): - U e(S) and let eff(X): - (xoeRU

(f(x),g(x)) C eff(K)1. The following statements which are easily proved

explain why we are interested in efficient points.

(a) If x is a unique solution of (P), then (f(x ),g(x*)) f e(I) and

hence (P) is equivalent to

max {f(x) subject to g(x) i b)
eff(I

(b) If x is a solution of *(u), then (f(x),g(x)) A e(S) where

S: * {i J u, > ol, and hence

(u) = max {f(x) + uT(S(x) - b))
eff(X)
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Definition (Morse Program)

(P) is called a Morse program if for any local minimum point x of (P) with

J: - {J lIj(x) - bj}, the following conditions are satisfied:

(CQ): {(Vg(x) I J,} are linearly independent

(SCS): there exists a unique u a 0 such that

Vf(Z) + E u Vs (x) - 0

and

Uj) 0 J 4 J.

(SOSC): X(x): - V2f(x) + E uJV2  (X) is negative definite on

TKernel Vgj(x) , where g (x) - (S (z))j6j .J j~ j

Spingarn and Rockafellar [14] shoved that if fEC 2 and grC then for almst

every (s,t) C -n x R

(P(st)): max {f(x) - sTx subject to S(x) a b+t} is a Morse program ) .

Note that this perturbation of the objective function enables us to have at

most one global solution (Fujiwara [4]). Therefore under the same assmption,

we can almost always expect that (P) is a Morse program with a unique solution.

Definition (total uniqueness)

(P) is totally unique if (Ps) has at most one global solution for every

S Ca I, where

1)
A topological approach to this argument was studied by Fujiwara [4J.

9,' 4 1 ~ T7
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(Ps: max {f(x) subject to SS(x) i bS}

Note that if f ( C2 and g C- e then almost always (P) is expected to be

totally unique, moreover (PS) is expected to be a Horse program for all S ( I.
Z*

Let x be a local minimum point of both (P) and (Pj) where J - {J Ij(x*)
*

bj}. Suppose (P) and (P) are Morse programs, and let u be the Lagrange
(X * gx*

multiplier of x . Then since is nonsingular, by the

* VgJ(x* 0

Implicit function theorem there exist C' functions x(.) and u (.) from a

neighborhood N(bJ) in RI'I to, respectively, R and RiJI such that (x(bJ),

u (bj)) - (x*,u*), and for any yj .N(b.),Vf(x(y )) + Zu (YJ) Vg (x(yj)) - 0

and gi(x(yj)) - yj. Moreover, we have

(*) ~ jT *
(2.1) X(z )Vx(b + Vg (x )Vuj(bT) = 0

(2.2) Vj(x*)T Vx(b,) - Ilj

Mote that we can obtain that for any y jN(bJ)

(2.3) Vf(x(yj)) - - uJ(yj)

* 3. Nonlinear Support Functions

In this section we will define and study a parametrized family of functions

which will be used as the support functions of K. Throughout this paper, a

following assumption is made.

(Al): (P) is a totally unique Morse program with a unique global

solution x and its associated Lagrange multiplier u

A. j
bS



Let J: {ilsj(x) bi) Q Yiu). We will assume, In this section, that

b 0 aii.. ) and b: 0 f(z) >. 0.

Before defining the support functions, let us consider a following

function 2) for given a, > 0 (1.0,1...,. a):

(3.1) mi {y 1/a }

4 for (yoqy)* K.

It is easily verified that this function (3.1) has L-shaped indifference

curves (Figure 4). lence, If the usam of (3.1) over K Is attained at

G ).the function (3.1) actually supports K at (jg ) (Figure 5).

'a,.a)
"(a~aY

Figure 4 Figure 5

This fact leads us to consider the so-called mean value functions studied by

Hardy, Littlevood and Polya [6], because they shoved

2)
First used by Scarf [12] In the analysis of discrete progrming problem.
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Lema 3.2 ([6], Theorems 3 & 4)

Let Y1 > 0, a1 > 0 (1-0,1,..., m), Z a, - 1. Then we have

q q1/q
(33)ai Y1 ) + min (y1 } as q.

i

m q 1/q
(3.4) (Z ai y) + max y } as q'+

q i-

a q /q a aS(3.5) (a i Yi) f Yii  as q o

00

Thus we now define a paramtrized family of functions (Fqq. defined on

-!i 1 + as follows:

- q -1/q

S(Y y ) :  ( c y)

for (yo0ty)f.R qa-I (q#tO); aond

F 0o(Yo0 y) " - 1m F q(Yo~y)
- q-"

where C U* bq+l En * bq+1 (*olgofMU 1
,uqb1 / * q~ b (1-0,1,., a), u0 - 1.

.- e~ c "°i/ o ui b1 0"
'I° m

i Note that E c 1 - 1 and the above limit exists by [6] Theorem 3. It is shown
0

that the functions Fq are concave ([6] Thdorem 24) and especially F is a

linear function.

Then by Lemma 3.2, we have

Proposition 3.6

, ,) ,..-,,g.,, .,. ,.. .. . ... ... . .. 4,
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We have that

(3.7) Fq (Yosy) max (b } min (Y/b 1 } as q-
J J

0 0o C
(3.8) F (y ,y) r b w (y /bj) as q 0

0 0

q o Jo • /

! -.-.wer Jo: - JU{O) ci " - uib±/ ub 1  (1-0,1,..., *).

Moreover, the convergence (3.7) in uniform on any cowact set of m+.

proof

m ([+I q~l) Y-1-/q
Fq (Y ,y) - { (u Eu )b1

q0 0 o j j
m 1/q a -1/q

S{(E(u* b )bq qb,) { /b(y,(/b/)b- q )

'S.J J i

o o

as q qby (3.3).

By Dini's Theorem3), the second convergence is uniform on any compact

set. Therefore, by the next lama which is easily verified, the convergence

3)

Dini's Theorem If a sequence of continuous functions, defined on a compact

metric space, converges pointise to a continuous function monotonically,

then the convergence is uniform.

k ___lI__________
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(3.7) is uniform on any compact set of R: We also have that by (3.5) the

first term - 7 bJ as q * 0 and the second term ?r (y/b as q - 0.
j i as q .

0 0

Hence, (3.8) is obtained

Lemma 3.9 Let {hn} h be real valued continuous functions on a compact set

D in Ry for some y 1. Let {a} a be real numbers such that a *a. If h

converEges uniformly to h, then anhn converges uniformly to ah on D.

Remark By Proposition 3.6 the behavior of the indifference curves evaluated

at (yy), according to the increase of q from -1 to 4-, is illustrated in

Figure 6.
0

• q-4-

yy

Figure 6

,'1'

4. Local Support Theorem

In this section, under the certain assumptions, we will show that the

parametrized family of functions {Fq~q,.l locally supports K at (w(b),b) for

sufficiently large q. Throughout this section, in addition to the assumption

(Al), the following assumptions are made:
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(A2): (yoy*): (f(z *), b) is efficient with respect to
0

*" = {iIsi(x*)- bi)

(A3): eff(K) is compact

(A4): wJ(yi) - f(z(yj)) In a neighborhood of bjo where wj-Yj):

max {f(x) subject to gT(x) as y } and x(.) is the Imlicit function defined at

the end of section 2.

We will prove the following result,

Theorem 4.1 (Local. SuMport)

Under the assumptions (Al) (A4), a program

(4.2) max {F (yoy j )  subject to wj(yj) i y
IJ0 q o.J wJy~ 0

attains a strict local maximum at (yo j)for sufficiently large q > -1, w

oq)-1/q
F ( E and J : - JU{01. In other words, there exists

J 0o

* *

qo > -1 and for an q a q0 there exists an open neighborhood U of (yo,y )

R i l such that for any (yoIyj)* U (I ((yy) R v(yj) J yo) , we have

F (yo yj) ,4 F (yy)

where equality holds only if (ySy) (yoy
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* To prove this theorem we need some preliminary results and ve start to prove the

following lemma.

Lema 4.3

If (y*,y*) is efficient with respect to J, then z is also a unique globaloo-
solution of (P).

Proof

It suffices to show that if f(x) ), f(x ) and g (x) a b j, then x z

Since (f(x), g (x)) 3 (f(x ), bj) " and (y,y) J e(J), we have that

(f(x), gi(x)) a (Y*,Y) Since (P) is totally unique, a solution x of (Pj)

mut be x.

Note that we have obtained vj(b,) - w(b).

For computational convenience, instead of (4.2) we consider a program

(4.4) max {G (yosyj) subject to wj(y.) yo}

I q~ 0IR++

where C q(Yy ) = log Fq(Yoqyj); and we assume that J - {l,2,..., 1}. Since

eff(K) is compact by (A3), we can translate all coordinates so that we have

that all yi > 0 (i-0,1,..., m) in a neighborhood of eff(K).

Proposition 4.5

In a program (4.4), (yo,yj) satisfies the Kuhn-Tucker condition with the

Laarange multiplier v - (u *Tb) "1 which does not depend on q.

t I I . ! I • I "-°-

• i l l l i i il I I I I il I - - " .i .
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proof Let L(YoYjV) be the Lagrangian function of (4.4). Then by (A)
aL .cjjq-1.

and (2.3),VL(Yoyj,v) - Vq(Yoy?) + vv(wj(yj) -y), rnamely -yj c

(Ec y- q ) - ,(y.) for j0,1,..., I (recall that u - 1). Hence the Kuhn-

Tucker condition becomes

vuj(yj) - cjy -q-1.(Ec q )  z.

Solving these equations at (ypyj), we obtain

0
V -- ub

F is a concave function and log(.) is a strictly increasing concave
q

function, hence Gq is a concave function for q i -1. Then the Hessian of Gq,

VzG is negative semidefinite on Rn. Restricting V2 G on a subspace we have,
q q

Lemma 4.6

V2G (Yoy J ) is negative definite on Ker V(wj(y) -yo) for any q > -1.

proof

Note that we have

q ( ay) if i j I

8a~q G
-(q+l) y7,' (yI +q( ) if i J

.. ....... ... . .. . .. . . .. . .. . .. . .
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and hence
-*2* *kj

go(*y) {qV ujluj if £L # J

aYtaYJ .(q+l)bjlv*u * , *qvqv u if 10 J

.*T
Since V(wj(y.) - yo) *-(l, uj), we have that a ,0 0 f Ker V(vj(y,) Y

if and only if so  - Euisi This implies that s 0 0 4. sj 0 0 because

u > 0 for -1..., L. Thus we have that

T 2 Gs-V2 Gq(oY) =i~~~

q oi ayjayj

2 S8 - + a
p 0 J aa J~&k i an ayk

J,kl

a2G a2G
+s---I+ E 82.

, 0,2 jal J ay2

- (,)

Uk~ks *2 *j 2qvZ )2

First term - 2{E u (- k * ,k ,_ujJ,-l j jai

*2*
Second term a qv E uJukSjsk

~k
J, k l

Third term - qv *2 E UJs) 2j - (q+l)b0 v ( E u*s )

2 * *2 -I ,* 2
Fourth term = qv E (uJs4) - (q+b)v ( ) bus

Jb Z11 Jbl i u" "

Hence (*) -(q+l)v* {b-( E u*s )2 + E b- lu*sz < 0
91ju jal Ji i

for s 0 and for q > -1.

iJi1..

ofn
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By (2.3) and by the assumption (A4), we have

0 0•

V L(yo0 yjv) - V2Gq(yoy() - * ,'J VUjy)

PEovoition 4.7

let A(q): - V 2G (yo,yj ) a let B: -- v 0 0-0 V uj (y) l q)4. i

,T

negative definite on Ker VCwj(y,) - YO)  for sufficiently large q > -1.

Remark 4.8 If Vuj(y;) is positive definite on 1 IJI, then B is negative

definite on Ker V(wj(y*) - *)T. Hance A(q) + B Is negarIve definite on

Ker V(wj(y*) - y )T for all q ), -1, because Gq is concave and so A(q) is

negative seidefinite on RIJI+l.

By the elementary computation of matrices we obtain,

Lama 4.9

Let E: 1 0 0 and let

°l*2  . .... " o

u2bu. 2 b 2

i

a . - . 2 ! • t.,a

a~~~ I~ l *a i ?I i,,



15

Then we have

TT

Note that Ker V,,jyj) - yo) - Ia .

* Le 4.10

Let dl 9 ... , dy be eizenvalues of D# then we have that all di>O

(i-l,..., 1) end -(q+l)v d1 ,..., -(q+l)v d, are eienvalues of IT&(q)Z.

proof

A(q) is negative definite on In E (by Lea 4.6)

T I4- EA(q)E is negative definite on R'

D is positive definite on RX (by Lama 4.9)

The last assertion is obvious by Lemma 4.9.

- I&

Let P be an orthogonal matrix such that

-(q+l)v dI  0

(4.11) PT(ETA(q)E)P - "'j

Then we have

Le 4.12

PTET(A(q) + B)EP is negative definite on Rt for sufficiently large q>-l.

I
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proof

Let A - (aij) - PTET IP thon by (4.10) ve have

-(q+l)v d, + all a1 7 .... l

P?2A~) -)C a 21

a, -(q+1)v dt,+tI .

Pick up a sufficiently lareg that satisfies

(4.13) -. +lfox -l,..., 

* and

(4.14) min I -(.+l)v*d. + a. > , Ijkt " (t2 'L)

Thus ~ ~ ~ ~ ~ a fo an I U~wt sj mx~ and for any q at we have that
Thu ToTn 00C twt I a *

S-(A(q)+B)EPs Z{-(q+l)vda }s + dl-,,a is -.j<k

( {-(q+1)v d+e s;mx )al.tL~ 0

by (4.13) and (4.14).

Then Proposition 4.7 follows Immdiately. By Propositions 4.5 and 4.7,

Theorem 4.1 follows since (y 0 ,y) satisfies the second order suff.iciency

conditions for the local optiality of (4.4).

II .
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5. Global Support Theorem

In this section, we will show that {Fq q .l supports eff(K) at (y0 ,y )

for sufficiently large q. The following assumption is made in this section:

(AX): In Theorem 4.1, we assume U - Uq for all q ; qo"

Then the global support theorem will be

Theorem 5.1 (Global Support)

Under the assumptions (Al) (A4) and (AX). for sufficiently larle q > -1

and for any (yoy)* eff(K), we have Fq(Yo9y) 4 F (yoy ) where equality holds

onl If (yotyj) - (yOyj).

4)
proof We separate this proof into two parts : a neighborhood V of (yo,y)

and outside this neighborhood, eff(K) - V

(1) V Let V: " UxRH "  fl(yoy)lw(y) yo )
V w

yty V wj(y ) ; w(y') Yo J Y U n {(y)'Y? I

wi(y ), y F F(yy') F (yy by Theorem 41 =--# F (yo5'y')

4, F q(y y )and equality holds only if (yoyj) - (yoy ). Since V does not

depend on q i qo9 F supports eff(K) V at (yy) for q i qo"0 q YO

(2) eff(K) - UxR++"  - eff(K) - V

4)
This idea of resolving the global support theorem into a local and nonlocal

components, when the set in question is compact, is due to Westhoff [15].

-rI
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Since (yoy) E e(J), iny./b.,} min y - 1 on K and equality holds

0 0

only if (yo yj) - (yo*y*). Because min{y/bi) ; 1 = y i bi Y* for all
Jo

i JO ) (Y=M y ) (YoYJ)*

Since {(yoy)a K I (oy) (yoy)n el C V, we have that

(5.2) min (y/b1} < min (y*/b1)
To 0*

on a compact set eff(K) - V

Let h (y ,y): I (yoy) - (y*,y*) and h(yo,y):- max(b .( n(y1 bi) -qo0 qo qYoa
0 0

*.n(yi/b})o. Then h -. h uniformly on eff(K) - V by Proposition 3.6, and we
~1 J q

JO

have that h < 0 on eif(K) -V by (5.2). Therefore, by the folloving tes, we

have that h < 0 on eff(K) - V for sufficiently large q.
q

Lm 5.3 Let {h ) and h be real-valued continuous functions on a comactq
set D in u k for sons k 1. If h converges uniformly to h and if h() < 0

for all x 6 D, then there exists q1 such that for any, q i q1 and for any 4D,

we have h() < 0.

n p .f Suppose not, then for any k 4 1. there exists qk i k and zkO D such
that hqkxk) i 0. Since D is compact, there exists a converging subsequence

qkX~
of (x ). For notational convenience let us assume * o x CD. By the conti-

nuity of h at zo and by the uniform convergence of {hq, we have that for any

£ > 0 there exists n(c) such that for any k Z n(e) Ih(z k) - h(x2)<  and

Ihq (xk) - h(x )1 <1 hold. Then for k b n()9 Ihqk(Zk) - h(xo)l f
.-. 2, k

t , A-i .
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Ih qk (xk) - h(xk)I + Jh(xk) - h(% )  c< . This implies that h(qk ) < 0 for

sufficiently large k, which contradicts the choice of {qk} and {Zk).

6. Transformation

In this section we define a transformation which is coordinate independent

and strictly ncreasing. It is shown that by this transformation the functions

{Fq)q>O are transformed to be linear.

For q > 0 and Yi > 0 (iO0,1,..., i), we define a transformation used by

Scarf [13] by

*1 - -y7

for 1-0,1,..., a. We denote the transformed spaces of eff(K) and R; by
1 M 4+

eft(K) and R"" Let us define functions (F - defined on R by

F (y ,y): 1- F (y ,y)-qq ; oq o

Then we have that

M -l/q
F (y y)- 1]E y-

%q~ io ,i

-q-l-o 1-y1:

oi"c ot(1-y 1q  sice Eoc~ -

a
- Ec y
0 1 i
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This shows that for any q > 0, a nonlinear function F is transformed to a
qi linear function F . Since this transformatiLon is strictly increasing for q > 0,

ve have that F supports eff(K) at (yoy if and only if F supports eff(K)

at (yy ) (see Figure 3).

7. Global Duality Theorem

In this section we prove the strong duality theorem of the canonical dual

formulation In the transformed space. First of all a sufficient condition for

the strong duality theorem is discussed.

Lema 7.1

If X, is a solution of *(u*) satisfying

(7.2) g(x*) i b

(7.3 u *T(g(zu) b) -0*T

then *(u ) -w(b) - f(xu).

2roof Let x be a solution of O(v) for v i 0. Then we have that

OW(v) "#(u*) - f(xv) + vT(g(x v ) - b) " f(xu*) " u (g(x) " b)

T *
4 f(Eu,) + v (g(xu) -b) - f(x) - u (g(xu* ) - b)

_ (v - u*T((z) - b)

SvT(g(zu) - b) by (7.2)

0 by (7.1) and v 0.

t -
* .1|1
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If *(v) has no solution for some v 0, then there exists xv such that

(v) f( + ) (g() - b) 4 f(xu*) + v( ) - b).

Hence in this case we still have 4(v) N J'u*) Therefore we obtain
*Q

(u*) = min (v).

For any x C6 Rn satisfying S(x) as b, we have that

f(x.,) - f(, + u*T(S(,- b) by (7.3)

u u U*

- Vu

t f() + u (S(x) - b)

fWx since u 0 , $(z) :A b.

Therefore v(b) f(xu*) -(u

Now we state the main theorem,

Theorem 7.4 (Global Duality)

Under the assumptions (Al) - (M) and (AX), we have

f(x*) - min max {(x) + uT(S(x) - b)
' u 0 off(X) 'U ,

for sufficiently larze q, whore f(x) 1 - f(x)-q, gi(X) - 1-L(X)-q ,

b - 1- b-q for x 4 eff(X) and for ino,..,Im
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proof

Fq(Yoy) F q(Yo,Y) on f f (l)

F (yy) F (y ,y) on eff(K)

Nq ., q ;ko* *

M *.r+l * .q+l

oqIf a*+l *~-== (x + u (zhf ((X) + u*bq+l (M) on off(W

"AAt v o How "vi

m*,qql

v*(+(x * ) - b) - 0 hold, by Lama 7.1 we have that h(v*)-aft O(u). Hence, by

0 0

Theora 5.1 we complete the proof.

8. A Sufficient Condtion for Assu ()t-on (AX)

In this section (Al) - (A4) are assumed, and we will show that the strict

local concavity at x *is a sufficient condition for the assumption (AX).

Definition A program (P) is locally concave at a local minim- point x, if

Ltw * V2f( - m u f() is negative eidefinit an in where u is te

associated Lagrange mulfiplier of x. (P) is locally strictly concave at x if

n(x) is necative definte on Rn .
loa ocvt t *i ufcet odto o heasmto A)
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Lemma 8.1

f Y(x) is negative (semi)definite on Rn , then Vuj(bJ) is positive

(semi)definite on RIJI.

proof For any s ( RIJI, we have

! T*

sTvuj(bj)s - (s Vx(bj)Vgj(x*)) Vuj(bj)s by (2.2)

" STVx(b )-X * Vx(bj)T by (2.1)

T-•T T
-(Vx(bj)Ts) X(x )(Vx(bj) s)

Hence Vuj(bj) is positive (semi)definite on RIJ I if and only if Z(x*) is

negative (semi)definite on Imn Vx(bj )T because by (2.2) Vx(bj)T has full rank.

Since -(x) is negative (semi)definite on Rn, it follows that Vuj(bj) is

positive (semi)definite on RIJ I.

By the assumption (A4) and by (2.3), we have Vawj(bj) -Vuj(bj).

Hence Lemma 8.1 implies that w,(yj) is strictly concave in a neighborhood of

b if (P) is locally strictly concave at x . So we obtain

f (P) is locally st ictly concave at x , then the assumption(AX) holds

Let N be a convex neighborhood of b~ in RIJ.~.such that w,(.) is strictly

concave on N by Lema 8.1. Then M: - {(yolyj)C RJOI wj(yj) yo, y EY N}

T iII l i .
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is a convex set. Let U: -R+ xN. Then U ( ((Yo 0Yj) Iw n(yj) i 1y) - H.

By remark 4.8, for any q ; -1, (yoRy ) attains a strict local maximum of F

on f(yoyj)E+- [wj(yJ )  i yo).oHence, it is also a strict local -axim of

F on the smaller domain H. However, since F is a strict concave function
q q

and since H is a convex set, (y ,yj) is aquniqueglobalmximof F on H.4 oJ •o * * s J l v

Namely, we have shown that for the neighborhood U of (y _y ) in we have
that for any q 4 -1 and for any (y ,y)x un i r ljwy.) i yo},

Fq (yy t F
q~oy

holds where equality holds only if (yoyj) (yoyj)

9. Optimum Value Function with A Ruadratic Term

In this last section a parametrized quadratic term is considered. We

subtract a quadratic term from the optmum value function and we wil derive

the modified global duality theorem without the assumption (AX). Throughout

this section (Al)- (A) are assumed as usual.

For y 4 0, yKm YjRIJI we define

WYv-(y): W(y) - ylly-b112

V y j(yj): vj (Yj) - Y[ I I,-bT] I I

where Ily-b11 - E (y-b 2 and Ilyj,-bj l 2 - E (yj-b )2.

Let TY : e l -- o R7+1 be defined by TY(yoy): - (y -yIjy-bjj', y) for y b 0.

It is easily verfied that TY gives a homeomorphism of Rm+l and maps
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{(YoY) I W(y) . yo} homeomorphically onto {(y oy) I vY(y) g yo) Let us dfin

effy(K): a TT(eff(K))

effi(): - {zRU I (f(x),g(Z)) eff(Z)}•

Since TY is continuous effY(K) Is comact by (A3).

Let us consider a progran

(9.1) sY subject to vn(y) 31 yo}

for some q a -1 and y a O. Van #have

Lemm 9.2 (local support)

In the program (9.1), for sufficiently large y, there exists a neikhbor-
hood U of (y otyj 1n R+.5  such that for any q at -1 and any (yoyJ) EUY n

{(yoYj) I W (yj) ' yo}, we have that

Fq (yo. I; Fq(Yoyj)

where equality holds only if (yoyj) . (yoy )

proof For computational convenience, we consider a program

9max {Gq (yoy ) subject to V!(y ) a yo}

where Gq(Yoy J) = log Fq( oy J) as before.

Since we have Vwl(bj) - Vwj(bj), the entire proof of Proposition 4.5 is applied.

So we obtain that (yovyj) satisfies the Kuhn-Tucker conditions with the Lagrange

Iii

'.~.4

I ',,. , .. . ., , ., , ,; .., , , , ' , , ., , .. , .J -
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multiplier v - (u*Tb) .1 which does not depend on y and q. Note that VZVY(b

is negative definite for sufficiently large y, because VZw(b 3) - V w(bj)

- 2y1 1j3 . Therefore, by Remark 4.8 Y,) satisfies the second order suffi-

cient conditions for (9.3) for sufficiently large y. Hence by Proposition 8.2

we couplete the proof.

Lame 9.4 (global support)

Let Y t 0 be sufficiently large such that Vwv(bj) is negative definite.

Then for sufficiently large q and for any (y O,y)( effT (K), we have

Fq (yo ,y) 4 Fq (y y )

where equality holds only if (y0,yJ) - (y*,y).

proof

We separate this proof into two part: a neighborhood VY of (yy*) and

outside this neighborhood affy([) - V¥ . The proof of the last part is exactly

the same as the one in Theorem 5.1. So we will prove the first part. Let us

define

vY: - (u YoX++ )n{(yoy) I wY(y) - yo)
d (yol~yl) v~f V :~j - -UxR )fl{(yy0 _ ,lll ll

1 112(y) 1 -i 1 w Iy - 2

1F. 1112
atv~( yj because 1 ( w(y o an I ay 1

=4 (Yo, y) (Ul{(yo,yj) I WY ov Y( y I=1 1 1 1

F q(yosy) 4 Fq(y0 y*) for q • -1 and equality holds only if (yo,y ) (yoyj

OLZD

iqo Il I qo I I 0,y I -F (y'y)
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Theorem 9.5

Lt y i 0 be sufficiently large such tha VwY(bj) is egative, definte.

Then under the assumptions (Al) (A4), for sufficiently large q we have

f(x*)min max (f(x) + u (x) -b))
Ueffy()

proof

If ve replace eff(K) and eff(K), respectively, by effy~(K) and effr(K),

then the proof of this theorem follows exactly from the proof of Theorem 7.4.

-LZD
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