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ABSTRACT
We prove the global existence and uniqueness of solutions to the
equations of motion for compressible, viscous and heat-conductive Newtonian
fluid in a bounded domain, with small initial data and external force, and
boundary conditions of zero velocity and constant temperature. We also show
that the solution decays exponentially to a unique equilibrium state. The
proof uses an energy method similar to the one used in our previous results on

the pure initial value problem plus some new technigues for estimates near the

boundary.
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SIGNIFICANCE AND EXPLANATION

The motion of compressible, viscous and heat-conductive Newtonian fluiad
is described by a system of partial differential equations which is of
hyperbolic-parabolic type and highly nonlinear. Having previously treated the
pure initial value problem for these eguations (see, e.g., MRC TSR #1991,

2194), we now consider the initial boundary value problem for motion within a
e

smooth bounded container whose walls are kept at constant temperature, subject
to a conservative external force, such as gravity. For this problem we prove
the existence of a unique smooth solution for all positive time, and we show
that this solution must decay exponentially to a unique equilibrium state.
Since the system is quasilinear with respect to the unknowns, density,

velocity and temperature, we need to assume that the initial data are close to

the equilibrium state, and that the external force is sufficiently small.
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THE INITIAL BOUNDARY VALUE PROBLEM FOR THE EQUATIONS
OF MOTION OF COMPRESSIBLE VISCOUS AND
HEAT-CONDUCTIVE FLUID

* &
Akitaka Matsumura’ and Takaaki Nishida
§1. 1Introduction. Statement of Theorem.
The motion of a compressible, viscous and heat-conductive Newtonian fluid

is described by five conservation laws:
( 3
Dt + (Pu )xj =0 ,

ui + ujui + k )6”)
t X X X

1 1 i 3j
=P = —(u(u + u” ) + U'(u
j p i P xj xi xk 3

(1.1) <

where x = (x1,x2,x3) e R3, t 20, p is the density, u = (u1,u2,u3) is the
velocity, B 1is the absolute temperature, p = p(p,0) is the pressure, f =
(f‘,fz,f3) is the external force, ¥ = u(p,8) and u' = u'(p,8) are

viscosity coefficients, K = k(p,0) is the coefficient of heat conductivity,

c, = cv(p,e) is the heat capacity at constant volume and Y = % (u? + u: )2

v
3
+ u'(ui )2 is the dissipation function. Let £ be a bounded open set in R3
3

with a smooth boundary 9. We consider the initial boundary value problem

for (1.1) in R with the boundary conditions

.
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; (1.2) u(t,x) = 0, 6(t,x) =6, xed2, t2>0 , ‘T
'4 where 0 is any fixed positive constant; and with initial data 1
. (1.3) (P,u,0)(0,x) = (Do,uo,eo)(x), xef . ‘
\; We seek a classical solution for (1.1) ~ (1.3) globally in time. .
I Historically, a local solution in time for (1.1) ™~ (1.3) was constructed by
Tani {6]. On the other hand, Kazhikhov and Shelukhin (3] proved the existence
; and uniqueness of a global solution in time for the one-space-dimensional
{ model of (1.1) ~ (1.3). 1In this paper, we prove the existence and uniqueness
.,i of a global solution in time for the original problem (1.1) ~ (1.3) if the .
”i initial data and external force are suitably small. Although the proof is ]
lj given by an energy method similar to those of our previous papers (4] and (5]
on the initial value problem, the initial boundary value problem requires now
a priori estimates of the solution near the boundary 9{l. In order to state .
- the main theorem precisely, let us list our assumptions:
N (1) The external force el is generated by a potential function ¢(x), " H
l': i.e.,
' £h--0 . 4
i
- (11) W, w*, K, p, c, € C (0), where
Q‘ o= {(r,8) | (p,8) € (0,+=) x (0,+=)}. i
3 (ii11) u, %, p, Pye Pgr Sy >0 and ' + % u>0 for (p,0) e 0. 3
R (1v) (9, uy, 8) @ (), ¢ e HO(M) and (p,8)(x) > 0 for xe T ‘
(v) (compatibility condition)
i "ol ™0 ¢ ColygT® '
-(po)x1 + “’o(“o,i + uo': ) + u;)u,),::k Gij)x - DOOX =0 , '
3 1 3 330

- b -
eO(p(,)ouo,xj + “o°o:xj’xj * Yolog =0 -

: -2-
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where Py = p(Do.ao), U = u(oo,eo),.... and s0 on. Here Hk(ﬂ) denotes the

0

Sobolev's space on 1 with the norm l'lk, and H:(ﬂ) denotes the
[}
completion of Co(ﬂ) in Hk(ﬁ). pDefine 1°1 K bY
C
5 &
tul x = max sup I(s;) u(x)|
c |al <k xeR

and also define 0 by

1
p =5 :fz Py (x)dx

where V() represents the volume of ., We say that (;(x), G(x), g(x)) e
2
c1(9) x (Cz(ﬂ)) is an equilibrium state of the problem (1.1) ~ (1.3) when
(;,u,e) satisfies (1.1) and the following additional conditions
1

(1.4) ulan =0 , 9|an =9 , 6757 é pdx =p .

Then we have the following main theorem.

Theorem 1.1, Under the assumptions (i) ~ (v), there exist positive
constants @, @ and C such that if HPO-B, By 90-3l4 + IOIS < e, the
problem (1.1) ~ (1.3) has a unique global solution in time (p,u,9) and a
unique equilibrium state (5,6,5) = (5,0,3) satisfying

p e c’o,+= wdn cleo, 4wy
(u,8) e c%0,+=; u¥@n n clio,+= w2A)) ,
and

I(p,u,e)(t) - (S,O,a)l 0 < Ce-at .

c

§2. Existence and Uniqueness of the Equilibrium State.

Let us rewrite the equations and conditions for the equilibrium state

.
. - RN

AR




' Wj\oi -~ -~ - -~ ~i vj w'* Gij -
! (2.2) Pusu_  + P, * D°x. (ua  + ux.) + U uxk )x. o,
j i i j i h |
(2.3) pc,u Ox + 6peux (rex.)x. o ,
j b] b
(2.4) ulgg=0 , Bl .0=8 , [pax=[pax ,

! where p = p(p,0), U = u(p,0),..., and so on. Then we have

Lemma 2.1. Given the assumptions (i) ~ (v), there exist positive constants e

X and C such that if 191 1 € e, the problem (2.1) ~ (2.4) has a unique
1 solution (P(x),0,8) in a small neighborhood of (9,0,8) in
.4’ ——— — 2
¥ C'(Q) x (Cz(ﬂ)) satisfying
|- |3-3|1<c|o| ,
B C (o
where p(x) is determined by ~ _
P(x) p (s,0)
p
Const. - ®(x) = f s ds , '
~ (2.5) P
s Jox) -Pax =0 .
. Q
- Furthermore we have p € HS(Q) and
3 . Io - ph_ < clol I <e .
-y (2.6) p-ph <c ® 5 for g <€
L. - - -
f: Proof of Lemma 2.1. Suppose |p-p|, |ul, [6-8] < % min(p,0). Then we
‘fﬁ may estimate the equalities
byl
‘ ( P pp(s,g)
[tz x [P——asax=0 , ,
_ r .
Y
" (2.7) < [ uhriz.2ytax =0, ‘
. [ 5(8-B)y(2.31ax = 0,

\
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where [2.1], [2.2]1 and [2.3] denote the left hand side of (2.1), (2.2)1 ana
(2.3) respectively. After integrating (2.7) by parts and using Poincare's
inequalities

(2.8) flul < clpul , 16-60 < clIpot ,

one can show that

(2.9) toul?, 10812 < c(Ippt o + 1681 o)(lDulz + 1pBI2)
c c

Here and in what follows, we denote by D:f for k20 and z = (z1,...,zm)

the vector function

a a o

p%¢ = {3%g/9z ) 9z 2 eeee 32 ™ for all |a| = k}

z 1 2 m

and in particular write Dkf when =z = x. Therefore, if IDpl 0 and

C

o-01 o are suitably small, it follows from (2.4) and (2.9) that
c - e —
(2.10) uwzo , 636 .,

Substituting (2.10) into (2.2), we have

: P p (s 9)
(2.11) (f -9-;:——- as +8) =0 ,

i
p
which implies (2.5) immediately.
One may use the implicit function theorem once to see that the constant

in (2.5) depends on ® as a smooth functional on HS(Q), and again to prove

(2.6).

§3. Local and Global Existence.

First let us rewrite the problem (1.1) ~ (1.3) by the change of variables

(P,u,d) *+ (p+5, u, 9+9) as follows:

B T ————




)

o ¢

(
P, + ujox + (D+D)u1 + e, wWao ,
3 3 3
i 3. i 1 i 3 k i3
uo+tuul =z (Mu, +ul)+uu &) 4+
t xj p+p xj xi )S‘ Xj
(3.1) ﬁ - .
P p P, (P+p,0+0)
+ Lo 20 _(B——en)e ,
p+p i p+p i (momﬁoﬁ) i
(9+F)p
o +ule 4 ——2 Lo ) o+,
3 (p+Ple, T3 (PHR)cy 3
(3.2) (ule)lan =0 ,
(3.3) (P,u,9(x,0) = (Pgeuys8)(x)

Furthermore we rewrite the problem (3.1) ~ (3.3) as follows:

(3.4)0 Lo(p,u) =Ep + ujo + 0 uj = fo ¢
u t x x
3 3
i i N A S 3
(3.4) L (p,u,8) = uo - Hu (u+ "')“x,x
33 i™)
+ p1px + pzex = £ .
i i
4 4 =0 - b IR
(3.4) L (u,0) = et Kex x. * Puy £,
33 i
(3.5) (u'e)lan =0, (plule)(o) - (poluoreo) ’
where define Lo(o,u) 2 p 4+ vjp + ;uj and W = i/-D-. u = ;'/.5,
v t xj xj

--- =‘.- =—- c S-—— —8 2.9 —.-
Py = Py/Ps P, = Pg/Ps Py = 8 p /P cy, K =X/Dcy, = up,9, u

ur(o,8), ;p = pp(;,a) and so on, and

(3‘9';)uj - ; uj ’
X X

fo(ap“re)




tro,0,0 = Jud ¢ (o Yy,
]

%5 pep

, ’ Taut
Y +(£ﬂ;‘_——-'l—?—)uix+—1—‘_(ux(ux+ui)+
p+p o %5 e+ %50 %y i

p
i + (u; u: §43) (L-“L)0
3 *x P p+p i

Pa P op_(p+p,0+8)
LEEPey RS

5 e+ i (p8)p (5,0)

f‘(o.u,e) = -ule + (—= - == ) o +

i x > - =
3 (0+0)cv P Sy

3; (9+-6)p
+( 0_ a)uj +————‘-——(r9 + ¥

- e - x -~
+
[ cy (P+D)cv 3 (p f’)cv

Next, by Sobolev's lemma there exists a positive constant E, such that

1 — —
iel < = 8 MeEN € .
co 2 min(p,®) for f 2 Eo

¥ Then the solution of (3.1) ~ (3.3) is sought in the set of functions
X{0,+*; E) for some E € EO' where for 0 € t:1 < tz € 4,

’:* X(t,,t,1 E) = { (p,u,0|

0 4 2 4
s
pec (t‘,tzx H) L ‘t1'tz’ H) ,

0 3 2 3
N
pt ec (t1't21 H)NL (t1,t2: H) ,

0 1 2 2
N

0 4 1 2 5
(v,0) e C (tgotys H N HY) 0 Lo(E,,t 0 H)

0 2 1 2 3
(u.ﬂ)t @ Cl(t,,tyr H NH) NLTE,,t0 B




0 2 2 1
(u,e)tt ecC (t,,t t LYN L (t1,t 1 Ho) '

2 2

< .
N(t ,t,) E}
Here N(t1,t2) is defined by

N2t ,t.) = sup  (Mo(£)12 + Mo (£)0% + 1o (£)12 4
1772 4 t 3 tt 1
£ <e<e,

2 2 2
'
+ I(u.e)(t)'4 + '(ut.et)(t)lz + Nu eI +

)
tt! tt

t
2 2 2 2 2
+ It1 (TN + Ip ()15 + Jp_ (T) + N(u,0)(T)NL +

2 2
+ '(ut,et)(f)'3 + Nu )(T)|1)dT .

.0
tt” tt

We can get a glohal solution by a combination of a local existence result and

gsome a priori estimates for the solution in X. ) i
Proposition 3.1. (local existence) Suppose the problem (3.1) ~ (3.3) has
a unique solution (p,u,9) €@ X(0,h; Eo) for some h ? 0 and then consider

the problem (3.1) ~ (3.3) for t ? h. Then there exist positive constants

e T onss

T, eo and C0 (eo v 1+C§ < Eo) which are independent of h such that if
N(h,h), IOI5 < eo, the problem has a unique solution
(P,u,0) € X(h,h+T; C,N(h,h)) .
Proposition 3.2. (a priori estimate) Suppose the problems (3.1) ~ (3.3)

has a solution (pP,u,9) @ X(0,h; Eo) for some h > 0. Then there exist

11

of h such that if N(O0,h), IOIS < e,, it holds that N(0,h) < C,N(0,0).

positive constants €, and C, (e1 < e, €, < Eo) which are independent

Given Propositions 3.7 and 3.2, the global existence uniqueness of

solutiong may be proved as follows. Choose the initial date (Do,uo,eo) and

the potential function ¢ so small that




e1 e1
N(0,0) € min(eo, E—’, —T:====2=) v
0 C‘| 1+ C0

and N¢'5 < €.. Then Proposition 3.1 with h = 0 gives a local solution

1
(p,u,9 e X(0,T; CON(O,O)) .

Since CyN(0,0) < e, < e, Proposition 3.2 with h = T implies

N(0,T) € C1N(0,0) ‘

and Proposition 3.1 with h = T implies

(P,u,9) € X(T,2T; CON(T.T)) ’

e x(0,21; 7 1+c§ N(O,T)) .
Hence, since 1+C§ N(0,T) € C

h = 2T implies

1? 1+c§ N(0,0) € e1, Proposition 3.2 with

N(0,2T) € C1N(0,0) ¢

and Proposition 3.1 with h = 2T gives

(p,u,0) e x(27,37; C N(27,2T)) ,

e x(0,3%; / 1+c§ N(0,2T)) .

Repetition of this process yields:

Proposition 3.3 (global existence)

There exist positive constants € and C such that if N(0,0),
|0l5 < @, the problem (3.1) ~ (3.3) has a unique solution

(p,u,B) € x(0,+=; CN(0,0)) .

§4. pProof of Local Existence and Uniqueness.

We note only how to prove local existence and uniqueness for h = 0, and

omit the details. Suppose (n,v,5) e X(0,T; EO). Then we first need to solve

the following equations:




(4.1)0 L3(p,u) = Lm0

x
F o~ (401)1 Li(p,u,e) - fi(nIVIC) ’
(4.4)% 14,8 = £4n,v,0) ;
) 1
L]
; (4.2) (u'e)'an - o' (plupe)(o) - (poluoleo) '
1
: where we note that {51]:.0 satisfy the conditions
f° e c°(o,t; H3) N Lz(o,t: a‘) ’
i f: e co(o,T: Lz) n LZ(O.T: Hz) v
|
o 0 2 2
: ftt eL (0,7 L) ,
£ e co(o.‘ft ) 0L2(0.Ta 1) ’
%
"-: f: e co(O.T: Lz) N L2(0,T: H‘) ¢
f:t e c°(0,f; H-1) , 1¢€41i¢4 ,

1 1

where H 0

represents the dual space of H

7o solve (4.1), (4.2), we may regard the equations (4.1) as

- 0
(4.2)° P, + vjox = -p ui + €,




s

e :;,r,‘:‘;;gnt',ré, .

i i a i AA Y
(4.2) u_ - W = (U+')u =-f -p 8 p.P '
t xjxj xixj 2 x1 1 L
4 0 - & -4 - pud
(4.2) e~ " exjxj £ psuxj ’

and use standard arguments about first-order hyperbolic equations for (4.2)o
and second-order parabolic systems for ((4.2)1}:_1. Once we get the solution
of the linear problem (4.1)(4.2), we may construct an approximation sequence

(n),+=
{tp,u,® }n-o for the nonlinear problem (3.4)(3.5) as follows:

(0)

(pv\he) E (povuoleo) ’

and for n 2 1,

(n) (n)

(o u ) = fo(p(n-1)' u(n--1)

oty

0
L (a-1)
u

(n) (n) e(n)

Li(P ¢ U ¢’ D(n-i). “(n-1)

) = gi( e(n-1)) ,

4 (ﬂ,' e(ﬂ)) - F4(p(l’l"')' “(5‘1)' e(ﬂ"))

L (u ’

(n)  gln)

| @™, (n)  (n) g(n)

)lan"o s (P | ’

)(0) = (Do,uo,eo) .

Finally, we may apply the contraction mapping principle to the nonlinear
problem (3.4), (3.5) in the space X under the smallness conditions on the

initial data and external force, to obtain existence and uniqueness of the

solution.




§5. Proof of the A Priori Estimates.

Throughout this section, we suppose that |°|5 < E, and that the problem
(3.1) ~ (3.3) has a solution (pP,u,b) € X(0,h; Eo) and we note that all
constants are independent of h. First, recall Poincare's inequalities for

(u,0):

(5.1) it < ciput? , 1812 < cipos?
and the following lemma for o.

Lemma S5.1. It holds that

1012 < cipp?? .,
This is proved using the fact that the equation (3.1)0 implies
[ ottrax = | Py Ax = 0

for all t > 0 (cf. [7)).

Next, since the viscosity and heat conduction terms of (3.4) define

1

strongly elliptic operators on (u,8), we have for (u,0) € g* N Hy

|u|: <c % W
i=1 33 1)

x
L]
L]
»®
~
U
N
-

(5.2)

2 A 2
1607 < cix O ) "
k cix xjxj k=2

Equations (3.4) and estimates (5.1) and (5.2) easily yield the following

lemma.
Lemma 5.2. Por 1 €k €5, it holds that

3
|u|: cc(hut® _+1002 s 4 ) lfili ,

t k-2 x-1 k=1 o

2 2 2 4,2
1012 < c(10 1 Iyl 141 .
b Scag ot el L)

Third, the following estimates on the time Aerivatives of the solution over

all nf & can be obtained rather easily.




'; hé GERESTL. W
|
! Lemma 5.3. For any positive number € and 0 € k € 2, it holds that
L
) K 2 o x 2 X dp, ,2
I ' ' 9 AN
D (Pyu,0) (£)1° + Io D (u, 915 + I 1°a
x 2 k_,2 -1, k.02
< clp (p,u,0)(0)1° + [ @ Ip ol + c(1 +e@ H(ID £ 1%+
t o t t
ki 3
; + 1 e 12 AT + o (0,t)
i=1-

where g% is defined by

do 30, 33
at "%tV g

This lemma is proved by estimating the following equation derived from (3.4):

t P P
[ ] 250 « ko 4 pfed o D%t ¢+ 2 D%t . pXo axar
o 3t t t t P .t t

S 3
} tp P
; = [ LoXe® o p¥o 4 p¥et - pRal 4 2 o%e? ¢ pXo axar
-t t t t p. t t
: 0 ¢ 3
-y
3% 0
‘;; and noting from (3.4) that
L
i 3 1 4 1.0
- ui - - = -&% +-f .
& 3 [ )
i
;‘ Fourth, let us establish the interior estimates. Let xo be any fixed
o
L; function in CO(Q). Then we have
! Lemma 5.4. For 0 € £ € 3, it holds that

Dz+1plzdt <

t
tx 0" ore)1? 4+ J 1,

0 0

< erlo 12 2 2, 1 er2
cllpg ¥y,  + Tugly + (o)l + [ M, ey *
0

13-




3
‘ s 1% o T oaehe? ar e w0,
- d + i=1

Lemma 5.5. For any positive number € and 1t € k € 4, it holds that

k ,4dp

k+1 .2
] ) ap
D ul” ¢+ XOD (dt

t
lxoo“m.n,m(e)l2 + [ K y12ar

0 0

t
2 K2 -1

<ct
clog,ug,8, 0 + !o e Ixp o1’ +ci1+ @)

4
Y Iu,el2 + lfol2 + 2 ltil2 )aT + cus(o,t) .
k k =1 k-1

To prove these, we may estimate for Lemma 5.4 the equation

t -
: L 2
¥ I x:(D 1.0)x *be 4+ ‘°A x;‘;p"x.i . 1)"9x axdt
0 i 1 2w i

L
oD fx Dp_ + XOD £ *D Dx dxdt ,

_]tfxzzo (] P 284
0 i

and for Lemma 5.5, the equation

2
t p P, X
[ 2 250 . oK 1, pkd, 2270 k4, kg oo
0

xoD L °*Dope + X:DkL *Du +

e p%p + )(:D"fJl . pFul 2 p*ed o p*o axar .

Fifth, let us establish the estimates near the boundary. We choose a finite
number of bounded open sets {01}2-1 in R3 such that

N
U o, 238 ,
jm1

e

-




| —— = "
- ;‘.A,MMQ;'-u-.;

|

|

}

and in each open set 04 we choose local coordinates (V,0,x) as follows:

1
{i) the surface Oj N 3¢ is the image of smooth functions

' Yi - yl(*.'ﬂ) satisfying
i i i i
Y*'Y*"‘ v Y.‘Yw"of
(5.3)
) >
Y.p Yv 6 >0 ’

where § is some positive constant independent of 1 € § < N,

1
' (11) any x! in 0j are represented by

(5.4) = xd(h,0,0) = enlite) + yioee)

where ni(‘#, ¥) represents the internal unit normal vector at the point of the

surface coordinated (¥,v).
Here and in what follows, we omit the suffix 3j for simplicity.

define the unit vectors ei and e; by

Let us

! 38
o i i i 1,4
. e =Yy ez-y,p/lyl .

Then note that there exist smooth functions of (¥,¢), (a,8,Y)(¥,¢) and

(a,B',Y°)(¥,v) satisfying




An elementary calculation will show that the Jacobian J of the

4
' transformation (5.4) is
< J = Ix* x xwl
(5'6) 2 »
= ly,l + (aly,l + B)r + (aB* - Ba')r‘ .
' By (5.6), we can see the transformation (5.4) is regular choosing r small if
1
! needed. Therefore the functions (*»P,r)x {x) make sense and are calculated
i
i
3 as
4 ( 1 1 i i _
Wxi =3 (x, X x ), =3 (Rey + Be,) , |
. |
i
-1 x =1 (cet i H
(5.7) ﬁ ’x, T3 (x, X x,); =35 (Cey * D)) -
) r = 1 (x, Xx ), =n
x, I L] v i’
. where A = |y,| + 8'r, B = -ra', C= -Br, D=1+ 0r and J = AD - BC > 0.
; Hence (5.7) implies
" a1, 1. 12 1 3 . 13 ]
‘- y f;-s(he1+8e2)ﬁ+-}(0e1+0e;)Wi‘n-5; . F/
5 i !
% :
) Thus, in each Oj, we can rewrite the equations {(4.1)i}:_0 in the local
o
coordinates (¥,y,r) as follows:
X
d 1 ii i1 i i 1 it
e * 3 ((Ae1n + Beju )Dw + (Ce, ¢+ Dez)u Pp + u'n Jor)
a
\ -
P i 1.1 i i, 1 114 o ,
¢ - =
3 [(Ae1 + Bey)uy + (Ce, + Dey)u, + In ur) £
1,0 2, 2.4 1 2. 2.4
+— (A" + + + +
"t 3 (¢ B )uy, + 2(AC + BDYu, + (€T + DOdu,, ¢

! |
]

-16=




.
] 21
J +J u, ] + first order terms of u +
~ 1 g, Dale ap
+ (Ae + Be, Y— = a ! p1p)v
AA
i, b+ut do
1 +
‘ + (Ce +De2)( 3 at p1p)¢ +
1
l i ?H»ﬁ do
; T & PP,
- [
J i A A'
= fi - Pzex + H:ll f: ’
= i i
r"'
s where we note that 32 = (ac + BD)? - (a2 + B2)(c? + D?). Now let X be any

fixed function in c:(o j). By methods similar to those of Lemma 5.5, we can

get
Lemma 5.6. For any positive number € and 1 € k € 4, it holds that

I DW (ti,\x)(t)l2 + f Iy DW&D\:I2 + Iy D‘;M(—)lzdr
0

t
< clpo,uoli + [ e 1y D‘;wpl2 +c1+e )¢

0

3
\ 1v,002 4 1202 & § et ? yar + olo,e)
X bk X-1

Moreover, by (5.8), we get:

R

W b

. A A A
2u+u* dp i1 U
(5.9) - (dt)r * PPy = nu 4 (
[+ J
2.1 14 i 2 14

(A 4 B )n “W+ 2(AC + nb)n “W* (c +D)n W~

i i, 1 i i. 4
- J(Ae1 + Bez)ul‘,r - .)‘(Ce1 + Dez)u ) +

ry

1
A
;.
-1




+ first order terms of (u,0) + n‘lf1 +

A A
L]
264t f:
1+

Estimating the equation

t
f f x2 ID: Dz(eqnation (5.9))|2dxdt v
0 '¢ !

for 0 € k+2 € 3, we have

Lemma 5.7. Por 0 € k+& € 3, it holds that

t
x 2 2 k L+t .2
' ' t '
X Dy ,D P(EN" + Io X Dy, 0y o1 +
Xk _£+41.4p .2 2
ap <
+ Ix °t,¢°z (dt)' art clpolmk1 +
+c jt ix p%* 'p%pul? + tu 12, + Iy,012 +
0 X Dy PPt Ue Txe 2 * ket
0,2 3 4.2 3
LA T 1-2.1 BT, 4T + ONT(0,8) .

Sixth, we note the following lemma about the linear stationary Stokes Equation
(see [7], for example).
Lemma 5.8, Consider the problem
3“1 = g ]
b

(5.10) - ¥ u + p,px =g ¢

ulag =0

+
where go e Hk ! and q1 e Hk (x 2 0).

+
Then the problem (5.10) has a solution (pP,u) such that p @ Hk 1 and

+ 1
ue Hk 2 a] Ho

solution satisfies

which is unique modulo a constant of integration for p; this




o

3

2 2 0,2 1,2
at lppl® € .
Uheag + f0PT Cctigih ¢ 12:1 g1y
Apply Lemma 5.8 to the equations {(3.4)£}:_°, we have

Lemma 5.9, For 2 €k €5, it holds that

2 2 2 2
at? + 1ppt? _ < (2 )
uly ¢ Ioel, S cthete-r + o ¢

3
2 i,2 0,2
+ 181+ 121 (0P LT o S I
Furthermore by differentiating the equations ((3.4)1}3_0 k times with

respect to V¥ and ¢ in each 03. multiplying them by ¥ and again

applying Lemma 5.8, we obtain
Lemma 5.10. Por 1 € %4k € 3, it holds that

242 k '2

1 %00 u Wk 2
1)

+ Ixp Dy ¢

1+24 k do. .2 2 2
<ciixp D#Aﬁ(dt). + lu,elz+k*' + lpl‘*k +

3
2 0,2 1,2
+ lptl“_k + 1 |k+‘” + 12,‘1 e .

Using all of the above preparations, we are ready to establish the
desired a priori estimates. Although we omit the details, by combining Lemma

Se3 with k=0 and 1, Lermma 5.2 with k = 1, 2 and 3, Lemma 5.4 with

L£=0 and 1, Lemma 5.5 with k =1 and 2, Lemma 5.6 with k= 1 and 2,

Lemma 5.7 with kX = £ = 0 and k+& = 1, Lemma 5.9 with kX =2 and 3 and

Lemma 5.10 with L = 0 and kX = 1, and by choosing @ suitably small, we

have

12 012 4 1p 12
(5.11) fo,u,® 2 + .“t' ¢ + pt » +




fz "

" L:; i;””

-

{
L&
&

N g

t
2 2 dp,2 2 dap,. .2
e I(—) 1°at
* fo fu, 805 + oly + I5Edy + u B 00 + 1) 1a
2 0,2 ¢ i,2
< ¢( lpo,uo,eolz + sup (If |1 + Z 1£1°) +
0<t<t i=1
t 4 4 2
+ [ |f°|§ R Tl b 1?4 ] lfilf1dr) I
0 i=1 i=1
In the same way, after considering the situation differentiated with respect i
to t, we also have ;
2 2 2
. ' ] ] ]
(5.12) 1o,u,0) 15 + tu, .8, 17 + 0o, N1+
¢ 2, 40,2 . 40, 42 2 a. 42
+ ] G | =1 (=) 1 ] 0 —
[ ta,0,05 4 10t + (Gele"2 * Moper Oty + MGV T

0

2 4
2 + sup ( Z if

i=0 0<t<t i=1

4
2 i i,2 0,2
< 1 1 ]
c( po'“o'eo P X £ (0) 1“ + lftl1) +

i

2
'
tt _1df) +

t 4 4
+ [ lf:l; + ) Iftli + lf:tl2 + ) g
0 i=1 i=1

+ on3(0,¢) .

it an g s ol

By beginning with the estimates (5.11) and (5.12) and combining the Lemmas

§
5.2 ~ 5.10 again, we can reach t
é
2 2 2 2 ‘
(5.13) sup (#p,u,00% + u ,0 0 + 0y ,0 01 4+ Bp M€ 4 4
0<T<E 4 t' e 2 tt’ tt t 3 :
2 t 2 2 2 dp_ .2 ‘
+ 8 ] + iy, 81 Ipl® + 1 1 I(— 3
Pee'y) fo u, Oy + I8y + Mu O 0+ 1GOIT, +
R
2 ap, ,2 o, 2
' 9 152y 188 <
MR TACTA PR S ot NI L

-20-




ARy T TN

< c(lpo,uo Goli + sup (If l§ + 'ftlﬁ + z (lfi g
0<t<t i=1
1,2 0,2 0,2 0 ,2 s
+ 1E50% & f 2 | YO 7 2 L
t tt j=1

lfili + lft‘? + lfi l2 )dt + N3(0,t)) N

Therefore, noting that

a0 _ 3
3 =Pt Pu o x, '

we have consequently

Lemma 5.11, It holds that

(5.14) N2(0,£) < c(hp 0,0 0% + sup (12702 & 4edi? 4
0<1<t

4 t
PO NI Tl LS T LIS YRS A Tad Lt lfol2
1=1 2 0 4

10 12 4 2 agh? |ft|f + lft l31)d1 + W0,t)) .

tt 1=1 3

{ely.

Now let us establish the estimates for

Lemma 5.12. It holds that the right hand side of

2
. < o
(5.14) < cthe ,u,, 60l4 + (8(0,t) + 11 INT(0,t))
Here we note that Iemmas 5.11 and 5.12 easily imply the desired a priori

estimates, in fact, we may choose e, so small that

2
<ol
N°(0,t) € C oo,uo,eol4 for N(0,t), MI5 < e, .

Proof of Lemma 5.12. Recause there are too many terms to estimate, we
only give proofs for a few examples. The remaining terms can be proved in the

same way.
g9 for example, as follows:

Consgider ’

-21=




sup 1(p-p=p)u) - 5 ule?
x X 3
4 T J J
2, 42 v -2 2 ~.2 2
< ol tal’ + lp=-piT Iyt Ippi< Iyl
N s:p(p3u4 Do3u4+ Dpaua)
< c e N0,t) + BION0,e)
t t
i [ We-p-prad -5 uwIi? gt
. x x, 4
0 3 )
1 t 2 2 ~=02. 9 ~2. 2
< ol Iyl lp-pi“ iyl fppl ]
' ]o pI tuly + lo-ply tull + IDol luly dt
- 2
<c EO(N(O,t) + |0|5)N (0,t) , o ¢« o o &
and so on. Proceeding in this manner proves Lemma 5.12. Finally, in order to
prove Theorem 1.1, it suffices to show the exponential decay of the solution.
To do that, we may estimate the equations
.'. ( 0, at at 0 at
Lu(e (Ppyu)) =e £ + ce p ,
5 i tie™(0,u,0)) = ™t + @™t ,
R ¢
. o
pr \ L‘(eat(u,e)) = et & ae®te '
in the same way as (5.11) and taking a sguitably small,
'.
i
’
H

e 2 A -

¢
L&
K
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