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ABSTRACT

We prove the global existence and uniqueness of solutions to the

equations of motion for compressible, viscous and heat-conductive Newtonian

fluid in a bounded domain, with small initial data and external force, and

boundary conditions of zero velocity and constant temperature. We also show

that the solution decays exponentially to a unique equilibrium state. The

proof uses an energy method similar to the one used in our previous results on

the pure initial value problem plus some new techniques for estimates near the

boundary.
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SIGNIFICANCE AND EXPLANATION

The motion of compressible, viscous and heat-conductive Newtonian fluid

is described by a system of partial differential equations which is of

hyperbolic-parabolic type and highly nonlinear. Having previously treated the

pure initial value problem for these equations (see, e.g., MRC TSR #1991,

2194), we now consider the initial boundary value problem for motion within a

smooth bounded container whose walls are kept at constant temperature, subject

to a conservative external force, such as gravity. For this problem we prove

the existence of a unique smooth solution for all positive time, and we show

that this solution must decay exponentially to a unique equilibrium state.

Since the system is quasilinear with respect to the unknowns, density,

velocity and temperature, we need to assume that the initial data are close to

the equilibrium state, and that the external force is sufficiently small.
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THE INITIAL BOUNDARY VALUE PROBLEM FOR THE EQUATIONS
OF MOTION OF COMPRESSIBLE VISCOUS AND

HEAT-CONDUCTIVE FLUID

Akitaka Matsumura * and Takaaki Nishida

§1. Introduction. Statement of Theorem.

The motion of a compressible, viscous and heat-conductive Newtonian fluid

is described by five conservation laws:

Pt + (PU16 = 0

i + uJu
i + I -(U i + uJ + '(u )6ij)

t x P x P x x i k X
u j Pi = (Uuj i lx xj

(1.1)

+ f , i = 1,2,3,

ape
+ iej ( + T)
t x PC x PC x

Xj P v j v i i

where x = (xlx 2 ,x3) e R
3, t ) 0, P is the density, u = (u1 ,u2 ,u3 ) is the

velocity, 8 is the absolute temperature, p = p(P,8) is the pressure, f =

(f1,f2,f3) is the external force, P = U(P,8) and J, = U'(P, 8 ) are

viscosity coefficients, K = K(p,6) is the coefficient of heat conductivity,
(u + k )2

cv = Cv (P,8) is the heat capacity at constant volume and 2V xk  x

+ U'(u )2 is the dissipation function. Let Q be a bounded open set in R3

with a smooth boundary Oi. We consider the initial boundary value problem

for (1.1) in 0 with the boundary conditions
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(1.2) u(t,x) - 0, e(t,x) - I, x e afl, t ; 0 ,

where is any fixed positive constantl and with initial data

(1.3) (P,u,e)(0,x) - (P0,u0,0)(x), x e a.

We seek a classical solution for (1.1) - (1.3) globally in time.

Historically, a local solution in time for (1.1) - (1.3) was constructed by

Tani [6]. On the other hand, Kazhikhov and Shelukhin (3] proved the existence

and uniqueness of a global solution in time for the one-space-dimensional

model of (1.1) - (1.3). In this paper, we prove the existence and uniqueness

of a global solution in time for the original problem (1.1) - (1.3) if the

initial data and external force are suitably small. Although the proof is

given by an energy method similar to those of our previous papers (4] and [5]

on the initial value problem, the initial boundary value problem requires now

a priori estimates of the solution near the boundary an. In order to state

the main theorem precisely, let us list our assumptions:

t) The external force fi is generated by a potential function *(x),

i.e.,
f-i

- fi 4 -i .
xI

(ii) P, P', K, p, cv e C (0), where

O = {(p,e) I (p,e) e (0,+-) X (0,+-)}.

(iii) 1A 'Cp P Pp 6 P c > 0 and P' + 1 0 0 for (p,e) e o.

(iv) (P 0 u0 8 0) 0 0(fl), 0 e H( 0) and (P0,e0)(x) > 0 for x e I.

(v) (compatibility condition)

U 0 1 M 0 80 31

ii

+0 (Ue (u + + T' ii

"0o~ 0x 0' 00 xj 0 0 = 0 ,

-2-



where pO P(Poeo), U = o1(poo and so on. Here Hk (n) denotes the

Sobolev's space on $) with the norm 'k' and H () denotes the
k'k

completion of C (0) in Hk (). Define 1-1 by
0 C k

*uE max sup I( ucx) ,

C I0I'k xeO

and also define P by

- Vcfl) 11 0(x)dx

where V(O) represents the volume of n. We say that (P(x), u(x), 8 (x)) e
2

C1(5)- X (C2 (?)) is an equilibrium state of the problem (1.1) - (1.3) when

(P,u, 8 ) satisfies (1.1) and the following additional conditions

(1.4) elan- , I 8 V(f) fPdx = P

Then we have the following main theorem.

Theorem 1.1. Under the assumptions Mi) - (v), there exist positive

constants e, a and C such that if - 0-814 + Ito 5 4 e, the

problem (1.1) - (1.3) has a unique global solution in time (P,u,O) and a

unique equilibrium state (P,u,O) - (P,0,6) satisfying

0 4 13
p e c (0,+0; H (n)) n C (0,+=; H3 Ifl) ,

(u,O) e c 0,+0; H )) n C1 (0,+0; H 2 (0))

and

I(P,u,O)(t) - (P,0,e)l ( Ce

92. Existence and Uniqueness of the Equilibrium State.

Let us rewrite the equations and conditions for the equilibrium state

(p,u,6 ]:

(2.1) (Pu) -0 ,
x:3

: -3-
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(2.2) u + + , - (11(u + u . ) + i ' ?1 6' j ) =x. X J -- X.

(2.4) ua 0j 4 j , f dx sf -dx

where p = p(p,), = ,(p,),..., and so on. Then we have

Lemma 2.1. Given the assumptions (i) - (v), there exist positive constants e

and C such that if 101 4 e, the problem (2.1) - (2.4) has a unique
C1

solution (P(x),O,e) in a small neighborhood of (P,O,e) in

C I( ) X (C2( ))2  satisfying

Ip- , 1 c,,IC1 1 '
C C

where P(x) is determined by
p(x) p Cse)

Const. -(x) = f ds

(2.5) P

f P(x) -P dx o

Furthermore we have p e H5(S() and

(2.6) mp - PI 5 cn$MI for log 5 4e

Proof of Lemma 2.1. Suppose IP-PI, lul, le-el < - min(P,6). Then we
2

may estimate the equalities

P p P(s,9 )
f (2.1] 'f ds dx = 0

P

(2.7) f i2.21 idx - 0

f P(O-)2.31dx 0 0

-4-



where [2.11, (2.2]i and [2.31 denote the left hand side of (2.1), (2 .2)i and

(2.3) respectively. After integrating (2.7) by parts and using Poincare's

inequalities

(2.8) lul 4 CIDul , 18-61 4 CID8I ,

one can show that

(2.9) IDul2 , ID8l2 4 C(|DPIc0 + 18-Ti1 )(Dul2 + IDel2)

Here and in what follows, we denote by Dkf for k ) 0 and z (zi,...,zm)
z

the vector function

a a a
Df = {akf/azol az 2 ... 3z m  for all I11 = k}z 1 2 m

and in particular write Dkf when z = x. Therefore, if 'DPI and
C
0

18-81 are suitably small, it follows from (2.4) and (2.9) that
CO

(2.10) u 7 0 , e =- e

Substituting (2.10) into (2.2), we have

P P(s,e)
(2.11) (1 ds +) = 0

s xi
p

which implies (2.5) immediately.

One may use the implicit function theorem once to see that the constant

in (2.5) depends on 0 as a smooth functional on H5 (), and again to prove

~~( 2.6 ). I

§3. Local and Global Existence.

First let us rewrite the problem (1.1) - (1.3) by the change of variables

(P,u,O) + (p+P, u, 8+e) as follows:

II . . . - • llm I _ lllll- 5 -I



Pt + uP + (P+P)U + P U 0

u + i u i + Ui U k j +
Xj x P Xj x Xk xji

(3.1)+ ' O-)p-') x
p (P9I)

J xi

t x i (P+P)c x P)

(3.2) (u, e) Ian 0

(3.3) (POUS,8)(x,0) - (P ,li ,8 )(x)

-I Furthermore we rewrite the problem (3.1) - (3.3) as follows:

(3.4) 0 L0 (,)- j j

(3.4)iL (P,u) + P - U + f'U

U 4

(3.4)4 L (u,UO) Ut KO +i U -
t x x 3%.

1 1

(3*5)4 (UO)a e of +PUe)0 (pouv 1

whee efie v(P') 0t + xpx + x adU.pU l

(3.5), p p (.OI~-0 u0() an so on,%and

0 j - -whr efn f (P,,U)@ B 400-) x P + PU an u U/ 1 U-U/

V t -6-



f(P,u,8 ) U jU i + (~ - +

+~ ~ v----

Px x x x x

+P.Uk dii) + -P ! )P +
kj k +

(- x ~ (P, 6)

+4puO +u ( P - I) O
P+ j, x (P+) P -6

f +4- ('.8) P93e + x e + Y
i (P+PP)c (PP i jj
V VV

Next, by Sobolevs lemm there exists a positive constant E0such that

Ifi 0 <- min(P,O) for IfI 2 E

Then the solution of (3.1) - (3.3) is sought in the set of functions

X(O,+mi E) for some E 4 E0, where for 0 tl t2 4

V '2 ) {(P'u'efl

P e CO(tlt 2 1 H4 ) L L 2 (tilt 2  H4 )

Pt ec C(t 1 t 2 1 H)lL(t 1 't 2 I H)

Pte c0 (t 11t2 I H I nl L 2(tilt 2 1 H 2

(uMO e C 0Ct1 1 2  4 n H I) nl L 2(t H )

(U'18) S C 0(t11  H 2 n 1 n L 2 (t H

-7-



(u,Gltt e C0 (t ti L
2 1 r L2 (t,t 2

; H)

I.N(tl1 t2 )  E}

Here N(t1lt2) is defined by

N2(tift2 sup (Ip(t)# 2 + Ot(t) j23 + * tt)12 +
2 Ctoct 4tt 1

1 2

+ I(u'e)(t)1 2 + I(ut'e )(t)1 2 + l(u ,e )(t)3 2) +

4a t 2 tt, tt

+ ft2 (Ip(T)1 2 + IPt(T) 2 + T)I 2 + I(u,e)(T)l 2 +t14 t 3 Itt( 2 5

+ U(utet)(T)12 + l(ut t )(T)l 2 )dT
3

We can get a global solution by a combination of a local existence result and

some a priori estimates for the solution in X.

Proposition 3.1. (local existence) Suppose the problem (3.1) - (3.3) has

a unique solution (P,u,8) e X(0,h; E0 ) for some h > 0 and then consider

the problem (3.1) - (3.3) for t > h. Then there exist positive constants

T, e and C (e0 I+C E 0 ) which are independent of h such that if

N(h,h), 311 5 4 e0 , the problem has a unique solution

(P,u,e) e X(h,h+T; C N(h,h))
0

Proposition 3.2. (a priori estimate) Suppose the problems (3.1) - (3.3)

has a solution (P,u,e) e X(0,h; E ) for some h > 0. Then there exist
0

positive constants eI and C1 (e 4 e , e C 4 E ) which are independent
1 0 1 1 0

of h such that if N(0,h), 3435 1 @, it holds that N(0,h) < CIN(0,0).

Given Propositions 3.0 and 3.2, the global existence uniqueness of

solutions may be proved as follows. Choose the initial date (Pou 0 6 ) And
0t

the potential function 4 so small that

4 -R



e el

N(0,0) < min( 0 , eo.l e

and 1015 < e Then Proposition 3.1 with h = 0 gives a local solution

(p,u,e) e x(0,T; c0 N(0,0)) .

Since C0N(0,0) 4 eI 1 e0, Proposition 3.2 with h = T implies

N(0,T) 4 CIN(0,0)

and Proposition 3.1 with h = T implies

(P,u,O) e X(T,2T; C 0N(T,T))

L X(O,2T; / +7r N(0,T))

Hence, since /'IcNI0,T) < C 1 /+CN(0,0) 4 e,, Proposition 3.2 with

h = 2T implies

N(0,2T) 4 CIN(0,0) ,

and Proposition 3.1 with h = 2T gives

(p,u,8) e X(2T,3X; C 0(2t,2t)) ,

e x(0,3T; C N(0,2T))

10

Repetition of this process yields:

Proposition 3.3 (global existence)

There exist positive constants e and C such that if N(0,0),

3*3 5 e, the problem (3.1) - (3.3) has a unique solution5

(P,u,O) e X(0,+0; CN(0,0))

§4. Proof of Local Existence and Uniqueness.

We note only how to prove local existence and uniqueness for h = 0, and

omit the details. Suppose (mv,4) e X(0,T; E0). Then we first need to solve

the following equations:

] -9-
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(4.1)0 L (Pu) = fO (nv,C)
V

(4.1) L1 (POUFO) . fi (TVIC) I

(4.4)4 L4lu,8) - f4 (fl,v,C) ,

(4.2) (U,)8 2 0, (PUle)(0) (P 01 u01O 0 ) I

where we note that (f I) 4 satisfy the conditions

0 3 4
f e C 0(0,Ti H) n L 2 (0,Tj H 2

0 2  2 2

' ftt e (0,T; L
f e C (0,Ti; R) n L 2(0,T; H 3

1-

f ae. 0 (,;L2 r)L2 3T

t

fi e c0(,T; H-  1

tt

where H represents the dual space of H0

To solve (4.1), (4.2), we may regard the equations (4.1) as

(4.210 P + VJP u j + f 0

t x

-10-
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A A A
(4.2)u - P u - (+I )u f1

t xxj xx 2 x I x

A4
(4.2)4 et ex x " P 3 x it

and use standard arguments about first-order hyperbolic equations for (4.2)0

and second-order parabolic systems for ((4.2)) Y . Once we get the solution

of the linear problem (4.1)(4.2), we may construct an approximation sequence

{(Puel(n)}+- . for the nonlinear problem (3.4)(3.5) as follows
n-0

(0)
(P,u,O) 10  i (P 0 ,Uo,% O)•

and for n ) 1,

L (P(n) u(n)) a fO(P(n-i) u In-1) 8 (n-1)

U

L (P(n) I u 9n) M f (P -) (n-) (n-i)

L4( (n )  4 (n -1) U (n 1)  (n-1)

(u n )  l8(n)) - , (n) W 1101 = (00 ,u 0 , 0 )•

I'

Finally, we may apply the contraction mapping principle to the nonlinear

problem (3.4), (3.5) in the space X under the smallness conditions on the

initial data and external force, to obtain existence and uniqueness of the

solution.



15. Proof of the A Priori Estimates.

Throughout this section, we suppose that 4CU B and that the problem5 0

(3.1) - (3.3) has a solution (p,,O*) e X(O,h; Z and we note that all
0

constants are independent of h. First, recall Poincare's inequalities for

(u,e):

(5.1) Kul 32 I le CIDO

and the following leumma for P.

Lemmsa 5.1. it holds that

(P CIDPU2

This is proved using the fact that the equation (3.1)0 implies

f 0(t)dx -f P% dx 0

for all t )' 0 (cf. (71).

Next, since the viscosity and heat conduction terms of (3.4) define

strongly elliptic operators on CuO)f we have for (u,G) e H k r) H1I
0

(1 4 k (5) (cf. 11, 1):

2 ~ + (.%+A')Uj 1k2

(5.2)i-i ij

01k 4C 0x x Ik-2

Equations (3.4) and estimates (5.1) and (5.2) easily yield the following

'1 lemma.

Lemma 5.2. For I IC k IC 5, it holds that

2ul 2( 2u + 2 3 1 *i2ru -(ClutIk2 +lik_-I+ P k-I i I k-2

k t k-2 k-I k-2

Third, the following estimates on the time derivatives of the solution over

41l of 2 can he obtained rither easily.

-12-



Lemma 5.3. For any positive number e and 0 ( k 4 2, it holds that

tt

'D k(P,ue)(t) n 2 + ftID k (9)2 + Dk (LP2d T

< CIDk(PU8)(0))2  + IDt 1 2 d + t + e MDkf012 +
0 t

+ .ID Df )dT + CN3(Ot)
~~i=1 l

dP

where d is defined by
-dt

dP 3p j ap

This lemma is proved by estimating the following equation derived from (3.4):

t P1 kO 0 k k i k i P2 k 4 kf " - DL DP+ D L 0Du +-Dt D 8dd ,
0 P t t p t

t p I kOf0 k P+0k i k i P'2 k 4 kedd-f Df D+f *D U +-D f *D~d
0 t t t p 3  t t

and noting from (3.4)0 that

. ui I_- dp + I fo
x dt 10

.jXj

Fourth, let us establish the interior estimates. Let X0  be any fixed

function in C0 (). Then we have

Lemma 5.4. For 0 < t < 3, it holds that

Ix 0 Dt+P(t) 1 2 + ft IX DtUIPE2dT e

( CIp0 ~~1 + Iu0o~ +IIu 12d' ii,

0

-13-



0 f0 2  3 X 3 f 2  3l+ f +1 +Ii T +N (0,t))

Lemma 5.5. For any positive number e and I ( k I 4, it holds that

k2 + t IXDk+1 u2 + IXD k(j)I 2 dT
X0 DPUOtI 0 0X 0u dt

t

4 CI0u 0 1 I2 + f 6 IX0 DkP1 2 + C(1 + e1) (
0

i~~ ~ 0,,, 2 4,, 1 , 2* 3,, '(,)
Iu,012 + If0 I~ + if fIg )dT + CH (O't)

k -1

To prove these, we may estimate for Lemma 5.4 the equation

xi --~- 0 DL *DP dxdT

, ( L "X x + A 0)D L * D P (XT
0 i 2VH1' i

~and for Lemma 5.5, the equation

t Pl 2

tp

SI 2k0 2f 0kui P2 X0 Dk4

0 Dk + X0D * x• k

j JX DL 9+X L Du + D L .DkdxdTr0 1 P 3
2

f f P X2  +2 kL Dku + P2Xo Dkf4f0 1  0 0  P3
f f X 2Df 0  DPk + X0 D f * DkI+ 2  D k4 DkO dxdT
0 0 P3

Fifth, let us establish the estimates near the boundary. We choose a finite

number of bounded open sets O N in R3  such that
i i-i

NU O0 z a

i-i j

-14-



and in each open set 0, we choose local coordinates (#,vor) as follows:

(i) the surface 0 A 30 is the image of smooth functions

y y (IY ) satisfying
i =

(5.3) yo .YO > 0,

where 8 is some positive constant independent of I N , ( ,

(ii) any xi in O are represented by

(5.4) x/ = xi (*,,r) - rn , () + y (*,M ) ,

where ni (*,0) represents the internal unit normal vector at the point of the

surface coordinated (COP).

Here and in what follows, we omit the suffix j for simplicity. Let us

define the unit vectors e61  and a by

1 2

iI I 0

Then note that there exist smooth functions of (##p), (Q#0,Y)(#,%,) and

(c,0' Y') (1~ satisfying

e1 0 -Y -0

- Y 0 --

2 2

n a 0 0 n

II

1 0 ' -0' a
2 2

0 1' * ' 0
3



An elementary calculation will show that the Jacobian J of the

transformation (5.4) is

J- Ix, x l

(5.6)
- yol + (alyVI + ')r + (B' - r

By (5.6), we can see the transformation (5.4) is regular choosing r small if

needed. Therefore the functions (*,O,r) xW) make sense and are calculated
x i

as

1: x ( xX~ 1 i i

(Ae1 + Be 2 )

(5.7) 4 =2 (x =
X (Ce + De')

x r X i 3O, 1 2

r -xrx . (x x x.),- n,,

where A - Iylf + 0'r, B - -r', C - -Or, D - 1 + ar and J - AD - BC > 0.

Hence (5.7) implies

"' =1(Ae + Be) + (Cee + De 2 ) + n
xk 1 2-

Thus, in each Oj, we can rewrite the equations i4111 3 in the local

coordinates (*,O,r) as follows:

1 ,1 ii t ii i i i inJ

P + -1 ((Aein + Pei 1)P + (Ce 1 + DeI )u +u

((Ae + BeI)u' + (Ce i + De2Iui + Jn'u

i (,2 + 2i + 2(C 2 2i1
ut ( + B )u + 2(AC + BD)u + (C + D )u )

-16-

. . .. ..-. -.... . ,
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I_ ~ ~ ~ ~ ~ ~ IF V! -RI PII]A liia

2 1
+ Ju j + first order terms of u +

rr

A A

* i i Ii+U1dp
+ (Ae1 + Be (- -+ piP +

3 1 2 - dt 14

A A
1 i i I+I dp

+ (Ce 1 + De )( -+ pP)O +
S 1 2 -d

+ n (LL + pP)

Ai'

f P28xt +

where we note that J2 - (AC + RD)2 - (A2 + B21C2 + D2). Now let X be any

fixed function in C (O By methods similar to those of Lemma 5.5, we can

get

Lemma 5.6. For any positive number 8 and 1 4 k 4 4, it holds that

IX Dk  (0,u)(t)l 2 + f IX D,Dul 2+ IX Dk, j
0

4 CIP0  12~ + f te Ix Dk P12 + C1 + e-

2 0

lu,01 + If0 I2 + if I )d + CN(,t)•k k k- Id

Moreover, by (5.8), we get:

AA
2iU+P' dp U -159 - () pPi~nt4

ttr r t 2

(A 2 + B 2 + + BD)n u +(C 2 + D2 )n i

- J(Ae + Be2 )ur- J(Ce, + Delurp +

-17-
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+ first order terms of (u,8 ) + nifi + lv+iP 
0

- r Pl
4 Estimating the equation

f, S f X2 I Dk  D(equation (59gl2dxdT

for 0 I k+XL C3, we have

Lemma 5.7. For 0 < k+1 4 3, it holds that

k 1 2 It k +
IX D D P(t)I + IX D D ON +#0% r *i r

303

+ , + D D 3I d +C( .t k+ 1 2k 2

r k+ i-i

Sixth, we note the following lemma about the linear stationary Stokes Equation

(see [7, for example).

Lemma 5.8. Consider the problem

x)~ g •

ii
1 (5.10) - Ii Uj + ~xU -+ .

,an " 0

where g0 H k+ and g 1 H k (k ) O)o

Then the problem (5.10) has a solution (P~u) such that p 6 Hk+l  and

u e Hk +2 r) H which is unique modulo a constant of integration for PI this
0

solution satisfies

-18-
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IU2 + 'DPI2 44 C(3g012  + 1 11~2)
k+2 kc k+1 1 9

1)3
Apply Lemma 5.8 to the equations ((3.4) =O, we have

Lemaa 5.9. For 2 C k 1( 5, it holds that

I'u2 + ,DPI_ 2 C C(&M12 + lut 12 +

7 3
+ 1912 + I ,,i 2 + If 0 I 1 )

k - k-2

Furthermore by differentiating the equations ((3.4)i13 . k times with
1-0

respect to # and 'P in each Oj, multiplying them by X and again

applying Lemma 5.8, we obtain

Lemma 5.10. For 1 4 Jt+k IC 3, it holds that

IX 2+4 k .2 D1+4Dk P l2ID D u + *XD DP

CCX1+ 4 k do) 2 ,~ 2  2
. C(IX D D ,(7-) + lu, el + IPl +

+ip t +k+1 k

2 f0 2  3+
t Uk ,+JL+i k+1

Using all of the above preparations, we are ready to establish the

4 desired a priori estimates. Although we omit the details, by combining Lema

* 5.3 with k - 0 and 1, Lema 5.2 with k - 1, 2 and 3, Lemma 5.4 with

-0 and 1, Lemma 5.5 with k -I and 2, Lema 5.6 with k - I and 2,

Lemma 5.7 with k I - 0 and k+1 1, Lemma 5.9 with k - 2 and 3 and

Lema 5.10 with 4 - 0 and k - 1, and by choosing e suitably small, we

have

(5.11) Ip,u,812 + 1u , 12 + P 12 +

I2 t t t i



+ f i " 12+ 02 dPI2 + *utta 2 + I(dP) 12 dT
0 3 2 dt 2 t tI dt t

4

SC(IO,u 0 10 2 + sup (if0 I2 + If Il21 +2i=

+ f If0 1: + I fi212 + If0 12 + I Ifi2 dT)
0 2 i1 t t-1

+ CW3 (Ot)

In the same way, after considering the situation differentiated with respect

to t, we also have

(5.12) I(P,uO) 12 + utt e *2 + IP 1 2 +
t 2 tt, tt ttlI

+ f 1 2 dt IjK2 + .(aP) 12 + *u te 12 + I(2e) 12 dT
0 t t2 dt t2 tt tt I dt tt

0'4 0 4 1 2 0I2

-C(IpO u 0 e 0 14 + I Ifi(0)1 2 
+  sup 1 I Ift I + If4tI) +

i-0 04"Tt i-1

t 4 I 2 t012 4
+ fO IfOI 2 + ifl t I2 + If t + I i tt12 1dT) +

3
+ CN (O,t)

By beginning with the estimates (5.11) and (5.12) and combining the Lemmas

5.2 - 5.10 again, we can reach

(5.13) sup (IP'u,8 2 lut e 12 + lutt Ie 12 + iPt1 2 +
04T'ct 4 t't 2 tt tt t 3

+ I I ) + f * 2 + IpI2 + lute 1 2 + (d)12 +

tt 1 0 5 t4 t 3 dt 4

+ utteat 12 + I(L) 12 + I( lttl2dT <

1t tI d 2 )1 2 dt

-20-
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r. (1fp 0 2 0 12 +Ifo 12+ fi32

t 4o ti=

+ If4I)+fi I ft

-"0 t2

Ifi12 + If1 2+ if 12 )dT + N 3(Ot))
3 t I tt -1

Therefore, noting that

dP - j•at P ' t +  xi

we have consequently

Lemma 5.11. It holds that

(5.14) N02 (t) 4 COP 2 + SUP + I

0 4 . l 2 
+2 

0 12 1
+ (ifi132 + If t I)) + ft (if 1I4 + If t 1 +

0  2 + 1 (fil2 + f + fi d + 3 (0,t))
Iftt 3 Ift 1 tt-

iza i

Now let us establish the estimates for (f 1.

Lemma 5.12. It holds that the right hand side of

(5.14) 4 C(IP 0 ,u 0024 + (N(0,t) + 1 (1)NO2(,t)).004 5

Here we note that Lemmas 5.11 and 5.12 easily imply the desired a priori

estimates, In fact, we may choose eI so small that

N 2(0,t) CIP0,u 0 ,0 142 for N(0,t), Ito1 4 e

Proof of Lemma 5.12. Rocause there are too many terms to estimate, we

only give proofs for a few examples. The remaining terms can be proved in the

same way.

Consider fO, for -valnple, as follows:

-21-



sup I(P-pou~ P u I2
Tx x 3

4 SUP (IPI 3 UI 4 + IP-P1231u124 + IDPI 3INO
", 'T

( C z0 (N(Ot) + 1*1)N 2(Olt) I

0 0t

f Ipl2 lu 12 + I-Il2 11 2 + lD01 2 1u1 2 dr0

4 5 4 5 4 4

02

( C E0 (N(O,t) + 1015 )N2 (Ot) , . ..

and so on. Proceeding in this manner proves Lemma 5.12. Finally, in order to

prove Theorem 1.1, it suffices to show the exponential decay of the solution.

To do that, we may estimate the equations

L 0(eat (P,u)) = e at f0 + GeatO P
u

o (t ~tt a

L (e (P,uO)) = e Ge atu ,

L4(et(u,0)) = e tf4 + Ce te

in the same way as (5.11) and taking a suitably small.

-22-
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