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ABSTRACT
:;kuultiple stochastic integral expansions are applied to the problem of
filtering a signal observed in additive noise. It is shown that the optimal
mean-square estimate may be represented as a ratio of two multiple integral
series. A formula for expanding the product of two multiple integrals is
developed and applied to deriving equations for the kernels of best, finite

expansion approximations to the optimal filter. These equations are studied

in detail in the quadratic case.(f“
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SIGNIFICANCE AND EXPLANATION

A common problem in the analysis of stochastic systems is the estimation
of a stochastic process given only noise-corrupted or incomplete observations.
Examples occur in communications theory when one wants to estimate a signal
sent over a noisy channel or in time series problems. If x(t) is a
stochastic process denoting the signal, the observations are typically
modelled by

y(t) = [° h(x(s))ds + @(t) ,
where W(t) is an independent increments "noise" process, usually Brownian
motion. The problem of filtering is to build an estimate, i.e., filter, of
x(t) using the observations y(s), 8 < t. Theoretical characterizations of
best mean-square estimates are known, but can be translated into effective
solutions only in special instances. In this paper, the general filtering
problem is treated by attempting to expand filters in series of multiple
stochastic integrals of the form

t 1 r
[0 !0 ...f0 a(t,s1,...,sr)dy(sr).-.dy(s1) .

Two primary issues raised by this idea are considered; representation of the
optimal mean-square estimate hy multiple inteqral expansionsg, and construction
of suboptimal estimates using a finite number of multiple integrals. It is
shown that expansion of the optimal filter is indeed possible, and a method is
presented for finding best, finite expansion estimates. A rudimentary algebra

of multiple integral expansions is first developed as a tool to prove these

results.

The responsibility for the wording and views expressed in this descriptive
summary lies with MRC, and not with the author of this report.
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MULTIPLE INTEGRAL EXPANSIONS FOR NONLINEAR FILTERING

Daniel Ocone
1«1 Introduction
In the additive noise model of filtering, information about a stochastic process

x(t), t » 0, called the signal, is received through observations of the form
yie) = o hix(s)ras + w(t) £ >0

w(t) 1is a noise term that corrupts the signal, and it is ugually assumed to be a Brownian
motion. The filtering problem is to estimate from the observations y(s), 0 < s < t, a
given moment f£f(x(t)) of the signal at time ¢, and, if estimators minimizing mean=-
square-error are desired, this means calculating the conditional mean F{f(x(t)) |F Z},

FZ : = af{y(s) ] 0 <8 < ¢t}. m{f(x(t)) | FZ} is henceforth referred to as the optimal
filter. Two fundamental characterizations of the optimal filter are available: a) a Bayes
formula for E{f(x(t)) | FZ} as the ratio of two conditional, functional integrals
(Xallianpur, Striebel {9), cf. §1.2 of this paper); b), in the case that x(t) is Markov,
a representation of the optimal filter as a stochastic integral against the innovations
process, v(t) = y(t) = f; E{h(x(s)) | FZ}ds, the stochastic integrand being adapted to
the obgservation process (Fujisaki, Xallianpur, and Kunita (2]). However, though

theoretically deep, these results lead to explicit and analytically computable solutions

only in special instances.

*
This work formed part of the author's Ph.D. thesis in Applied Mathematics at M.I.T. under
the supervision of Professor Sanjoy X. Mitter.

Sponsored by the United States Army under Contract No. DAAG29-80-C-0041. This material is
based upon work supnorted by the Natinnal Science Foundation under Grant No. MCS-7927062,
by a National Science Foundation Graduate Fellowship, and by the Air Force Office of
Scientific Research under Grant No. APOSR~77-3231%n,
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This paper studies the application of multiple stochastic integral expansions to the

'{ filtering problem. Any filter, optimal or suboptimal is actually an anticipating

{ functional of the observation process, thus suggesting that filters be represented and .
~ analyzed within a framework for functional expansions. Multiple stochastic integrals prove

‘ useful for this purpose. 1In fact, their definjition originates in Wiener's homogeneous y

. chaos theory, which constructs orthogonal decompositions of spaces of finite-variance

, functionals of Gaussian processes (cf. Kallianpur [8] and Hida (S]). In the Brownian
R i motion case, each subspace of the decomposition corresponds to the space of m:_liiple
: stochastic integrals of a given order, and, thus, Wiener's theory shows that any Lz-
.4 functional of the Brownian motion may be expanded in a series of multiple integrals.
j Multiple integrals have been used already to solve a number of specific estimation .
; probléms. Marcus, Mitter, and Ocone {13] apply the homogenecus chaos theory to compute
conditional statistics of polynomial functionals of a Gauss-Markov process observed in
white noise, and Hida and Xallianpur [6] use multiple integrals to predict non-linear .
f functions of Brownian signals given perfect observations. In cumulant approximations of
f@ the conditional density in fiitering, Eterno (1] also derives expressions using multiple

integrals. Here, we seek to apply multiple integrals of the form

e 21 Sn-1
fo fo IO a(t s, sees,8 )dy(s )eeedy(s,) .,

—~&

LAY

where a(...) is deterministic, to the general filtering problem, We focus on two basic

v
o
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e« issues; the expansion of the optimal filter by expressions involving multiple integrals,
e '
52 and the construction of best suboptimal filters having a finite multiple integral expansion

3
¥ Vi

of specified order. It is important to observe that the stochastic integrals we employ are
formed from the observation process and not the innovations process. At first, integration

against innovations might appear to be an attractive idea because the innovations process

PR

is Brownian, integrals of different orders are thus orthogonal, and homogeneous chaos

—-

theory can be applied. However, in practice the innovations process is not availadle since

its construction requires the estimate E{h(x(t)) | FZ), to compute which is generally a

-2-
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-‘ Aifficult filtering problem itself. Integrals using y(+) directly are thus more natural,
i
{ but, due to their more general, usually non-Gaussian character are more difficult to
b

apply. For example, in suboptimal estimation one might like to project random variables on

a sum of spaces of multiple integrals. This is easily done for Brownian integrals, using
the orthogonality of different order integrals and explicit formulae to calculate the

inteqrands, but not so easily for more general integrals, where the orthogonality structure

and kernel formulae are lost. 1In this paper we describe a method for analyzing y(e) -

"

based integrals, that, in particular, allows resolution of this projection problem,
The paper is organized as follows. §1.2 introduces the precise filtering model we

consider and recalls the Xallianpur-Striebel formula for the optimal estimate. A central

-

feature of this formula is the fact that the y(¢) process is absolutely continuous with

- “-l-.....n-“. _—

respect to Brownian motion. Transformations of measure so that y(e+) becomes Brownian

will be an underlying component of our analysie of y(s)-based integrals. §2 is a self-

contained treatment of multiple integrals of Brownian and observation processes, We define
multiple stochastic integrals, prove technical lemmas for later use, and develop aome
useful properties of the integrals. Of particular importance is the multiplication formula
(theorem 2.1), which shows how to express the product of multiple integrals in a multiple
integral expansion, thus providing a rudimentary algebra for handling expansions. We
present the applications to filtering in section 3.\ In §3.1, we show that the optimal
filter can be represented as the ratio of two multiple integral expansions, essentially by
expanding the Xallianpur~Striebel formula. §3.2 addresses the issue of finding the best

(mean squaire) estimate of the form
s -]
t t 1 r-1
a e) + fo a,(t,0)dy(a) +eest fo fo fo a (t 8 ..08 )dy(s )eecdy(s ) .
By combining the expansions of $3.1 and the multiplication formula, we derive a system of

linear integral equations for the kernels {’1}1-0‘ In effect, the method of analysis is

’ to transform measures to a space on which y(+) is a Brownian process and then to apply

-3~
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the multiplication formula to discover the effect of the Radon-Nikodym derivative so

introduced. The remaining sections apply these results, first to rederiving the Kalman

|
; filter, second to finding best quadratic filters. .
! It is a pleasure to thank Professor S. K. Mitter, for suggesting this problem and for

ingpiring and guiding the research. ’

1.2 Filltering preliminaries

The precise filtering model to be considered is as follows. Let the underlying

probability space be denoted (Q,F,P). Por 0 < T <, let {x(t) | t e [0,T)) be

a measurable, real-valued process on (Q,F,P), h(s,x) a Borel function on (0,T] x R,

'% and w(t) a standard Brownian wmotion on (Q, ,P), such that
-, !
i i) wi{e¢) is independent of x()
. (1.1
- 1 e [7 nie,x(s)as <= .
4 Set

y(t) = [0 h(s,x(a))ds + w(t) te [0, .

Such a process y{(+) will be called an observation semi martingale. ’

Let f(t; x(s), s < t) be a non~anticipating functional of x(e) such that

~%

Ef(t; x(8), s < t) <o WV<¢te (0,7, and define F{ : = g{y(s) |0 <8 <t} and

AP

7 r:'y : = o{x(s), y(s) |0 < s< t}.

N
v AR

Theorem 1.1 (Kallianpur, Striebel (9]). Let

ar
- = exp (= [g na,xta)daw(s) - 3 [3 (s, xis))as) .

Then (i) ©, {is a probability measure, and P and P, are mutually absnlutely

continuous.




' () gy -1 XYy = expl[f nis,xtsnayte) - 3 fE n¥ts,x(s))asl.

{
[4] dPo
(iii) on (Q,Po). y(+) is a Brownian motion independent of x(¢).
(iv) x(+) has the same law on (ﬂ,Po) as on (Q,P).

(v) E{f(t;x(s), s < t) | FZ}

dap Yy
E, {f(ix(s),8<t) ——dpolFt}
(1.2)

@ |y
% G PV

FPor a nice treatment of this theorem, see Wong [21]. It is the principal theoretical

tool for our work in filtering, for it explicitly characterizes the optimal filter as a

functional integral and it establishes that y(+) is mutually absolutely continuous with

Brownian motion.

Finally, we remark that we restrict ourselves here to scalar processes only in the

interests of notational simplicity. The techniques to be discussed extend easily to the

vector case.

2, Multiple Integrals

2.1 Definitions

The concept of a multiple Wiener integral derives ultimately from Wiener's work on

'homogeneous chaos' decompositions of functionals of Brownian motion; however, the modern

definition and theory are due to Ito [7]. Here we will define multiple integrals by

iteration of stochastic integration. While this differs from Ito's construction, it leads,

as Tto (7] notes, to the same result modulo a multiplicative constant. The iterative

properties

¢ definition is convenient for our calculations.

; let (b(t).F:) be a standard Wiener process with its associated family of

% c~algebras F: = g{(b(s) : 8 < t}. Recall that, for a jointly measurable, F:-adapted
g process ¢{t,w) such that E f: oz(s)ds < =, the Ito integral f; $(s)db(s) has the

5=
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o e gt

E [ #te)dbls) =0 t T (2.1)

B(ff stsrav(e) )’ =& [f Pmras e T . (2.2)

£2(10,m%) = (£ e L2(10,m1) | £ 1is symmetric} .
This will be the set of integrands for the rth order integral. If f e Lz(IO,T)t),

f(osee.) € Lz([O,T]r_1), will denote the section of £ at o.

Definition 2.1 Let f € L2([0,T1%) ¢ < T. I{(f) 1is defined recursively by (t2(10,11%)

: = R)

Iz(f) = f for r =90

(2.3)

r t _r-1
I () = [0 I (f(s,...))db(s) r>0 .

I:(f) is the rth order multiple integral of € with respect to b(:) up to time

t. Alternately stated,
1] 8
r t 1 r-1
i) = [o [ o]y £l ,--+,5 )db(s )...db(s,) .

To insure that the right-hand side of (2.3) is well defined it suffices to show that
I:-1(f(s,...)) has a jointly measurable version with bounded L2(9 x {0,T], P x A) norm.
This may be done by proving recursively, along with the definition, that
r r 1
EIt(f)It(g) oy (£,9)
(2.4)
s s

t 1 r-1

o fo **Jo (8,005 )g(s, 00,8 )d8 ...d8,
for all f,qg € L2([0,T]r). This is_a consequence of (2.2). Then, if t" is a sequence of

symmetrizations of separable functions, such that fn + £ in Lz-norm, I:(fn(s,...)) is

jointly measurable for all n and

) b
o at

y ~:_.‘v¢-\—‘h4.. R Y Gi*n

A%
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lim E f;' (1:'1(5“(s,...)) - 1:"(f(s....);12d- -0 .
n+e

Thus we can find a jointly measurable version of I:-1(£(a,...)).

It is important to note that multiple integrals have zero mean and that integrals of

different orders are orthogonal; that is, for f € iz(IO.T]r), g e iz(ro,rlq). q¥r, t,
s £7T

r
EIt(f) 0
(2.5)

r q -
E[It(f)ls(g)] [+

These follow from repeated application of (2.1) and (2.2).
Remark. The requirement of symmetry for the integrands is not necessary, since integration
is carried out only over the set where 31 > s2 Peee? sr. However this convention is
convenient in formulating the multiplication formula in section 2.2.

The following technical lemma, a Fubini result on interchanging db and ds

integrations, is needed later.

Lemma 2.1 Let f e 12({0,7%). For t < T

s
t _r-1 t r-2
IO Is (f(8,c.c0)d8 = fo.--fo !:1 f(u,s1,...sr_1)dudb(st_1)-..dh(g1) . (2.6)

Proof Define qt(s1,...sr_1) = f: f(u,s1,...sr_1)du. The r.h.s. of (2.6) ias I:-1(qt).
1

To prove the lemma, simply verify that

r-1

t -1 2
Ef 0 Is (f(8,...))48 ~ It (qt)) =0

by using the basic properties (2.5) of the multiple stochastic integral.

]
For filtering applications, we must also define multiple integrals
t  Prey
IOOOOIO 5(91,...,sr)dy(st)'“(dY(B‘) (2.7)

-7-
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1
l
'i with respect to observation semi-martingales
t
<, y(t) = [o hix )ds + w(t) (2.8)

(the assumptions of section 1 are assumed to be in force). Such integrals are known and
have been studied in the context of semi-martingale theory. However, the special structure
. of (2.8) allows a simple definition which we present here. This takes advantage of the

absolute continuity of the y(+) process with respect to Brownian motion; as stated above,

i if (9, F, P) is the underlying probability space, there exists a probability measure Py
., ; such that Py €< P, P << Py, and y(e) is Brownian on (Q,F, Po). Therefore, for

L)

; fe iz(lﬂ,Tlr), we define (2.6) as the random variable, which on (9, F, Po) equals the

¥ Brownian motion integral defined above. We call this integral I:(f) without reference to
measure or process, which should always be clear from context.
The iterative property of I:(f) remains true for dy integrals; that is,
r t _r-1
It(f) = Jo It (f(8,...))dy(s) , (2.9)
where the integral in (2.9) is defined with respect to the semi-martingale y(+) in the

usual gsense (see Liptser and Shiryayev (11]). However, neither the expression (2.4) nor

. the orthogonality of different orders, (2.5), now holds. Instead, we can prove the
;_% following lemma, which is useful in section 3.2. (In this discussion, we abbreviate
"N

b A h(s,x(s)) by h(s)y

- d

Lemma 2.2 Suppose sz: h2(s)ds)T < ». Then for k <r ana £ e t2([0,m%)

k 2 2
(1) E[It(f)l < Hklflnzs Mk ¢ » ig independent of f

K t k=1
(11) E I (€) = [oeeef T f(s ,0ei8,) E[hls ) eech(s ))ds oeeds, .




for r > 2 > Xk

Proof. We will actually prove by induction the more general result:

o‘(' vee 101 E[olTl

k 2 2
B[x(ol)".X(dk+1)Iak(f)] < az,k(°k+1"."°2)'tl (2.10)

where a 3 L’([O,T]l-k), and
1,k

k
E[h(°z)'°°h(°k+1)xok(f)) =
(2.11)

% 21 Sk-1
fo Jo soofy = flsgseeeis) Elh(s,)ech(s Ih(q ,  }eh(o,))ds --ds, .
Lemma 2.2 is the case £ = k for every k < r., First we demonstrate (2.10) and (2.11) for

r » 4 >k =1, using the iterative formula of (2.9) and the independence of x(+) and
w(e). Thus
% 2
E{h(o,)+<h(a,) jo f(s)dy(s)]® =
(2.12)

% 9 2
E[h(ol)--h(cz){fo E(s)h(s)das + [, E(a)dw(s)N” <
2 2 2 2 2
(22 [ thiopenis)1®as + 2 Bth(a)®een(o) 1 161" = 2y (o) er0)uet”

To derive the inequality in (2.12), the Cauchy~Schwarz inequality is used several times.

a,, et (0,m* ") for 2 <r vecause E([] n¥(s)dsl” ¢ = Likewise
’

[+
1
E(h(o,)*+h(a,) [0 fle)dy ) =
(2.13)

g g, o
1 1 1
E[h(oz)--h(uz)(fo f(s)n(s)ds + [, f(s)dw(s))] = [~ f(8)E(h(o,)<hloy)]aAs .
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Now suppose (2.10) and (2.11) are true for a fixed k and all £, r > £ » k. Again,

-~

.

1
using I:+ (£) = f: I:(f(s,--))dy(s), Cauchy-Schwarz, and induction

! k+1 2
Elh(ol)- h‘°k+2)1 (£)1° <

+1 s

E o
2 | k1 fo°k+1

k 2
0 E[h(oz)--h(ok+2)h(s1)1B (f(uz,O-))] 632691

2

+zj°k E(h(g,) e+hla , )T (£(s, «+))]%a
0 % Gerz!lg' B8y ®

2
<12 fya, (siq o en0)ds + 28 (G 000 IEN

2
R RYSICWPTALIL /AR LU

€ L‘([O,T]z‘k-1). Thus (2.10) is true for % + 1. That (2.10) holds

By induction, a!’k*1

f% for k also implies

4
. T _k
E [y I,(f(s,20))ds < = .

Thus, from (2.1),

£ [0 IS(e(s, s )awls) = 0, for teT .

p———.r
i - AT R

With the aid of this equality we can prove that (2.11) also is true for k + 1. This

completes the induction step. Induction stops at k = r since we have required

r > £ >k in order to apply E(I: hz(s)ds)r < o,

i e L AN -
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N 2.3 The multiplication formula.
As above let (b(t),F:) denote a standard Brownian motion. If ¢(b(s), s < t) is a

functional of b(e) up to time t, we want to consider expansions of the form

L]
v= I i
r=0

(1f ¢y e Lz(Q,F:,P) such a representation exists, uniquely, and the series converges to

i y in mean-square; see 1Ito (7] or Hida {5].) Rules prescribing how this representation
: changes as various operations are performed on ¢ must be available if multiple integral
{
1

expansions are to be of use in applications. In this section, we address the simplest
l'~ problem in this direction. 1If f € iz([o,T]r) and g € iz(IO.T]q). what, if any, are the

i,m
R kernels, {2 }1_0, such that

L]
it = § el wem 2
t e oot

To express the answer, we first introduce the following notation.

& Definition 2.2
. (1) P, = projection of 2(10,1%) onto LZ(10,71%):
sl e —1— 3
P (Phlo,00,) = 3 ) LICIPPPPR LTI
%eS
o r
Vf% where S, = permutation group on r letters.
3
?] (ii) For integers r,q,k, 0 € kx < min(r,q), and
A £ e i2ct0,m%), g ¢ L2(10,mY
2 (f 'k(t)Q)‘a1""°r+q-2k)
! *»
5 . = 1—- It .uft f(s8,,%°,8 ,0,,°*,0 ) agls XY g ee, g )ds, ceeds
; ' Zir Jo "tlo TUBqet eSOyt Opy 1975 roxa1’ " Oreg-2x ' % 1
k‘ iii 4 ( =P [f @ (t)g)
', . . (1ii) @k t) g = rrq-2k AL

=11=
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{iv) f e g=°f oo(t)q - F;+q[f(°1'..'qr)g(°r+1'..'°r+q)l

ok(t) is the operation by which new kernels are created from old; indeed,
-2k
£ o (t)g : t2(10,m") xtPto.mY »1ir0,m T
as the following lemma demonstrates

Lemma 2.3 For every t < T

r+q-2k

£0o(tig e (10,1 )

In fact,

2
it ﬁk(t)ql < ct,q,k 1I£1° k91

where c¢ is independent of f and g.
r,q,k

Proof It suffices to prove the lemma for @, instead of 0, since pr+q-2k is a bounded

operator. lLet dg = dg, *+dg ' ds = ds1--dsk. We then have, using the Cauchy-Schwarz

1 r+q-2k
inequality
~ 1 - 2
iIf e (t)g) = J do x { [ dsf(s_,**,8 ,0,,°°)g(8 05,8 ,%°0 )]
x rra-2k (k)2 to,m* ! K ! A
fo,T)
2 2
< 7 Ve .

(k1)

To understand the meaning of ok(t), it is useful to think of the functions f and
g as tensors, which they in fact are by the isomorphism
2 r o~ _2 2
L°({0,T]17) ~L°([0,7)) Receed® L([0,T)) (r-fold) .
Then ¢ .k(t)g may be viewed as a tensor contraction since it ‘sums’, that is,
integrates, f and g along the first Xk indices. Thus f ok(t)q is simply a
symnetrired, k-fold, tensor contraction. It is in this definition that the symmetry of
f and g 1is used; otherwise @(t) would have a more complicated definition. For

notational convenience, we shall often write 0

X instead of ok(t)' in which case the

(t) is to be assumed. When the time parameter is important or different than ¢t, it will

always be given.

-12-
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J We can now state the result

Theorem 2.1 Let f e‘i.z([o,'l‘]r), g€ f.z(to.'.l‘)q). Then

min{r,q)
r q -
It(f) It(g)

U (e 0 (ng) (2.14)
‘ Lo e X

Remarks 1. (2.14) shall be referred to as the multiplication formula. Hida has

independently derived this result as an application of his theory of generalized Brownian

PN 3P RN

functionals (personal communication of T. Hida; for generalized Brownian functional theory,

!

" see Hida [4]). Our proof is elementary, using only Ito's differentiation rule. PFor

}
) similar theory, see alsc Meyer (15]. Versions of this formula are also known in

R mathematical quantum field theory (Reed, Simon [19)). See Mitter and Ocone [17] for
- further comments.

.4 2. The multiplication formula generalizes a Hermite polynomial indentity. The nth order
o

1 Hermite polynomial of a single variable is

n n
(=1) 2 -} 2
= hm(x)-Tex/z - x /2 .
ax®

. ¢ N

. Iet

L -—

! G = %o 1 £ etiiro,05))
- r t
Lt and let (¢"}“':_1 be an orthonormal basis of 1L2([0,t)). Then, (Ito (7], Kallianpur {8])
o
¥

K] n P, +oee¢ p =1

i - — 1 n
2] -

G, SP{’:‘ hpi“g 011(')db(')) ’ j; are pairwise unoqual} '

where E_p' denotes the closure in LZ(P) of the linear span. One then sees that (2.14)

generalizes the identity, ([12]),

min(r,q) Va
- r .q r+q-2k
h (x)h_(x) k-Io (GG CLT) Bgeand® (2.15)
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N
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¥V r,q » 0. There is a discrepancy between (2.15) and (2.14) in the factors multiplying the

expansion terms, but this is due to the different normalizations involved in the
definitions of h , I° and O. The relationship batween (2.14) and (2.15) may be seen

clearly in Hida's work, but we shall not pursue the matter further here.

We will show how to prove theorem 2.1 using Ito's rule and induction. Por this

purpose, we need certain facts and identities concerning ©, and these are collected in

the next lemma. The notation £(S ,.+,8y,ss+) 1indicates the section of £ in which the

first k variables are fixed at 84s204,8), respectively.

Lemma 2.4

se *e e 2 ”q-zk
(1) f(01- ) Ok(c‘)g(o‘. ) (020 '°r+q-2kﬂ) e L°({0,T) )

(1) £ O (t)g = £ O (a)g + [ £(8,+410 _ (s)gls,++)as (2.16)

(1ii) PFor %k > 1, (¢ Ot(t)q)(o1,"'dr+q_2k)

. . 3 . 9k ve .
[r+q-2k f(o1, ) Ox(t)g + Q2K £ ox(t)q(o,, 13} (02. .ot+q_2k) (2.47)

(iv) (f 0(t)q)(01,'°.0t*q) - (2.18)

—r—- L] —1. L) LR J
[r-q f(o1, ) O(t)g + g 4 0(t)q(o1. )] (02. '°r+q-2k)

Proof i) follows from calculations similar to those in lemma 2.,3. The details will not be

preaented.

ii) By direct calculation and Adefinition, using the symmetry of £ and g extensively.

£ o, (t)g

1 t t
Pt#q'Zk[iT IO X Io d.'o-d'k f(.',0.,.k,-o)g(.’,...k,oo)]

[‘k- 1

0 f(l1.~°.lk.'-)q(l1.",lk--)dlk--d.1)

8
1
* Preq-2x (f; fo *°*

A e o . .o X3 se e
- Pr+q-2k(:T o [o . [0 £(8, 008 . 00)g(8,, 008, ,00)d8 ods,]

et A ks

SIS,V PR
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+ 1 1 Mt
AT Ml AT A (TR R L R DL R
= £ 0og+ [ ds tla,00) 0 (s)gls, %)

(11i) and (iv). The proofs of (iii) and (iv) are similar, (iv) being just a special case

of (iii). We ahall only present (iv), as it is simpler. Note first that, by definition,

X
mif(o s*¢) 0 (t)g)lo,, '°r+q)
- 1 __ 7 £(a,,0 sea_, ) ala ) )
r+q (réq-1)! 1" %2(2)’ " “x(r) wr+1)’ " Tuleeq) (2.19)
'esr+q-1

where % ¢ § is interpreted as a permutation of {2,s+e,r+q}. Now using the symmetry

r+q-1
of £, (2.19) may be written as:

1
(ot 1 jz D £ogpy et r0nigyr O1rOh(gagy "t Tp(p)) X

=1 'csr+q-1
(2.20)

q(oﬂ””.--.oﬂm))

Using the expression analogous to (2.20) for —sr;& £ 0 (t)al % ee),
—!-—— e —S-' LR 2 LR
{"q £lo,,22) O(t)g + o £ O(t) glo,, )} Co,, L

r
1
= (r+q)! t X 2 2(03(2)".’01'."0‘!‘(1‘)) x 9(0'(r+')1“00“(m))

=1 nesﬂ_q_1

+ E ] 002y Opirayy) X O payrttiOyetsio o))

=1 les”q_1

1
- (t*q)! “csi f(c'(”.")q(aﬂﬂ_”, '00"(”q))
r+q
=-f O(t)q(01,~-.om) .
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This is the desired result.

Proof of theorem 2.1. We use Ito’s differentiation formula and the preceding lemmas to

implement an induction argument that proceeds in two steps:
(a) Show (by induction) that (2.14) holds for orders r =n, g= 1, ¥n.
(b) Aasuming (2.14) for (r-1,q), (r,q-1) and (r-1,q~1), show that it holds for (r,q).

(a) and (b) then provide a consistent scheme of induction for proving theorem 2.1 for all

orders.

Step (a) By Ito's differentiation rule

8
t 1
£ amants) [; atmranis) =[5 [} 1808 )q(s,) + £(s,)a(s,)1d0(s,)

+ [§ f(elateras .

This proves the case r = q = 1.
Suppose that the theorem is true for (r,q) = (n~1,1) and let f ¢ iz([o,rl"),

g€ i?([O,T]). Applying Ito's differentiation rule again,

1 t t -1 1
::(f)xt(g) =[5 ats I:(f)db(a) + [5 1: (£(8,+))I_(g)db(s)
(2.21)
+ : I:'i(g(-)t(s.'°))ds .

By induction,
-1 1 -2
1, (s, eI () = Io(n(f(s,+*) O gl) + 10 (s, 00) OB .

Temma 2.5(1) and lemma 2.1 justify interchanging integrations in the last term of (2.21):

-1 n-1 t
fo 10 Natertis, eo)as = 1Y (1'1 glu)flu,e,, o0, _ )au) .

Thus, by substitution in (2.20)
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1
I08) Tltg) = [ (1D(gtereea)) + T2(nlf(s,+0) © gl))able)

t _n~2
+ 0 I’ (£(8, ) 01(s)q)db(s)

-1t
+ 17 (1.1 glwtlu,s,,ve,8 _ )du)

n+1
-1 {9(01)2(05.°°.cn) + nlflo, o) 09(01)1(02.-'.cn)}

+ 1 oy, 00) 0, (00900, o000) + [T gls)e(s, 0,00 0 a8} .

By lemma 2.5 (iii) and (iv) this becomes

l n+1 n-
1t {((n+1)f © g) + It

Yo tog

which completes the induction step of (a).

Step b Without loss of generality assume that g < r. The induction hypothesis is that

theorem 2.4 is true for (r-1,q), (r,q-1), and (r-1,q-1). Apply Ito's differentiation

rule:
.:i T q t g9 r-1 .
: IEI(g) = [ I Hg)I " (£(s,+))db(8)
g t _g-1 r
; + fo I, (@ir (e)abts)
> ) t _r-1 -1
N + [y 1, (fle, 13 gls,een)ds
*
. } Next, use the induction hypothesis to expand the integrands in (2.22), then interchange
P ds and db(s) integrations where necessary, and collect like order terms. The result is,

for q €r

4 r q
It(f)It(Q)

r+ ~1 r+q-1
o AL (TR TLPRTD LI I S TE R TERRI I TENTDT SN

q-1
r+q-2% . r+q-1-2% . .o .
+ I x {« ) UCmyiee) O (s, o) lay,onim o)

k=1 t r-1-k

rég=1=2k

+( r=k

) {f ok(.1)q"1'..)]('2'.."r+q-2k)

A IR AP A




i
|
|
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A A i e

-2k, (t
+ (r:gk Y g fluiee) o (uglu, +e)du}

|
|

= t
+ T H{Em,v0) @ (8)q)(8, 0008, ) + [0 £(u,e0) O (uiglu,sau} .

1

To complete the proof, we need only apply the identities of lemma 2.4 (1i{i) and (iv) to the

PN YR

kernels of this last expreasion. For example, the kernel of I:+q-2k, 1<k < q-1, equals
r+q-2k r-k -k

L] e A—— LR J LR
Crax ! [t+q-2k (£(s,, ) O, (8,)g)(s,, ) + T+a-2% (£ O (s )g(s,, )} (8,,°°)

B P

- s bk et

+ (f:‘ €(u, *+) O (u)glu, ++)du) (s, +*)]

= r‘q-Zk *e t LR L] e
e ) HE o (s)ad(ay,eeis o)) + ([s1 flu, o) O (u)g(u,)du) (s,,+*)

= ﬁq- .0
Lt o t1ais,, n .

% req-2x

r+q-2k

This is the kernel given in (2.14). The kernels of It

» k=0 and k = q are

treated similarly. This completes the proof,

3. Multiple Integral Expansions in Piltering Theory.

This section explores the use of multiple integral expansions for optimal and
suboptimal filtering. The estimation problem considered is the general problem stated in
the introduction, and the notations and assumptions established there shall remain in

force. Por additional notational convenience, we let €(t) : = f(t) x

gs 8 € t}, h(s)

: = h(s, x(s)) and £, : = E{e(t) | FY).

3.1. Expansion of the optimal filter

In theorem 3.1 below we derive an expression for Gt as a ratio of two multiple
integral expansions in which the process of integration is y(t), the ohservation semi-

martingale, and the integrands are deterministic functionals computable from the

PRT: .

I e e Rk

A

See e el n*f-?.t.“! '

o . g
AR <ol ity D, G
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N (unconditioned) distribution of the signal process. TPFirst we state some preliminary
definitions and a lesma.
Let
1
t t 2
L, : = exp([g his)ay(s) - Yo [ n(w)as) .
4 L, is the important process in this calculation. Observe that LT - g%— and
0

! (Lt' F*v Fz) is a martingale on (Q, F, Pole (F*: = o{x(s): s e R‘}). A conditioning

J argument then shows that the Xallianpur-Striebel formula; (1.2), can be expressed as

£, (e, | ¥} ,
tom (3.1)
L UNEIR o8,

The following process, based on Ly, will also appear:

8
- (r) t r
-] L, o= Io Io his ..o n(s day(s )...4y(s,) .

4
. Note that L:r) is not a multiple integral of the type defined in §2 since the integranA
.f . is not deterministic. L:r) aay be properly defined by noticing that

(x=1)

- dy(s) .

(r) t
L, =[5 hsiL

Iterative use of the stochastic Ito integral then specifies Lé')

for any order r. This
is especially easy to carry out on (@, F, Po), on which y(t) is a Brownian motion

independent of the signal (see theorem 1.1).

The following stochastic Fubini theorsm for interchanging conditional expectation and
stochastic integration is needed; it is a direct consequence of theorem 5.14 in Liptser and
Shiryayev (11].

Lewa 3.1 Let 4(s) be a P*, !Z adapted process such that

. : o« Y (N ) \ .
N P T A DL e B v R e s U




. < e !
ot vl _m

D i e A it o G e

2
Eo[f: ¢ (8)ds) < =
Then s{fg s)ayl(e) | FZ} = ]; B, {o(s) | FZ)dy(s).

Finally, it is convenient to introduce the functions

lh(t, '1"""n) s = !{f(t)h(a1)...h(sn)} n>»o0
kn(.i"""n) t = !{h(a1)...h(sn)} n>1
koz-“ .

Theorem 3.1
i) (Partial expansion) If E( ;hz(o)do)r < = and E[£3(t)( :hz(a)dc)’l < =

then

FR Y (r) y
I rla e + g fece) L7 I F U}

ft - "': . (3.2)
{n) (r) Y
nzo I,k + B {f(t) L. I FL)

11) (Full expansion) If E(exp [; h’(s)ds) < =, ana E(f(t) exp [5 n’(s)as) < =

T .(n)
) 1. (2))

g -2 (3.3)
(n)
T o ik )
n=0 t n
and the expansions converge in L’(P).
Proof:
Part i) By applying Ito's differentiation rule to Lt'
aL, = h(n)!..dn(-)
so that
L, =1+ fg h(s)L _dy(s) . (3.4)

-20-
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J Iterating (4.4), we find that for any r

1
L, =1+ f5 ntorayte) + fo [, his In(s,)dy(s,)dy(s,)

'

{r)
: + ceee +

Le

Now substitute this expansion into the Kallianpur-Striebel formula 3.1 for 3(:' The

denominator, for example, becomes

3 8
y t... n.1 LN ] .0 @ y
B (L IF.} =1+ n_):1 B {fge=sfy (s )eech(s ) day(s ) IF}

| J (3.5)

! (r),y
+!o{x.t |Ft} .

g The hypothesis !:[f; hz(-)dl]r < w of (i) allows lemma 3.1 to be applied to the terms of

(3.5), with the result,

T L]
¥ Y = tl.l n-' LE N ] LER (t) Y
- . BgIL ) = 1 4 T Joeeef 7 B {nta ) eech(s )ldyls deecdy(s,) + B{L IFL} .

n=1

Since the distribution of the signal process is invariant under the change of measures

] . from P to P,
N
) Eo{h(s1)---h(nn)) = E(h(s')---h(sn)}
. ; =k (8,008
P
i Therefore

r
Yy o (n) (x) .y
‘ou':":e} nzo 1,0k )+ B, lFt}

A aimilar calculation yields

r
Yy . (n) (£) Y
Eq (£()L IF [} n-};O T, (e () + E{E(OL T IF]Y .

X AR i s -
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Substitution of these expressions into the Kallianpur-Striebel formula then proves (3.2).

Part ii). Formally, the proof of the full expansion follows by setting r = w. To prove

it rigorously, we first show that E exp[]g hz(s)ds] < o implies

N L]

n-1

L, = mes.(Pg) Lim(1 + [ [Feeef h(s,)eeeh(s )dy(s )eecdy(s )] . (3.6)
Nbo n=1

Denote the finite series on the right hand gide of (3.6) by A:. Then

]
N 2 t N,
Eg(Ly-AL) " = BolfpecefTh(s deeeh(s, L ay(s

yeesdy(s 1% .
N+1

N+1

By employing the standard computational rules (2.1), (2.2) for stochastic integrals, this

last expression equals

8
t 2 2 2
IooncIONgo[h (81)0o0h (SN)L8N+1]dsN+‘I...ds

provided that it is finite. However,

£ (s ) eeen?s 012 )
N+1

L] s
= £, (h°ts ) eeen?(a) expl=f " "n%ta)ae) eylexpl2 [ " sy IFX 1} . .7
%

Now on (Q,Po), x(+) and y(e) are independent and y(.) is Brownian, and hence, given

s
{x(s), 8 < 31}, ON*1h(s)dy(s) is a Gausgian random variable with mean 0 and variance
8
f0N+1h2(s)ds. Thus
sN+1 x SN+1 2
€, lexp 2 fo his)dyts)IF | ] = exp 2 [ " h(s)as . (3.8)
1

-22-




Therefore, using (3.8) in (3.7)

SN+t 2

2 2
(3.7) = Eo{h (91)-~-h (8044} expf 0 h“(a)ds}}

@ g a [+
= 2 LR J 2 N+1 1... j-1 2 L N 2 LR ]
B (h"(s )eeen (s, ) g fo g veefy T nTtogdeeeh (o)dg, eevdo,} .

As a result
8

t N+1
fol..f

2 2 2
0 Eolh (91)"‘h (8“#1)1.’ ]d'm‘aoag1

N+1

L 8
- 3 {;---[05"s°[h2(s1>---hz(s )lds, +eeds

JuN+1 LR !
T 1 2 2
= 1 Efyeeefy pis e miin an ntny (3.9)
JuN+1

Since E exp[fghz(s)ds] ¢ », (3.9) tends to 0 as N + =, proving that L, =

m.s (Po) 1im A: for all t < 7, as desired. Lemma 4.1 can now be invcked for every
N+o

order n, so that v N,y
BO{Lt’Ft} = Eo[ms. 1im AtIFt)

N+

= m.8, lim E {ANIFY}
0t 't
N+

N
n
= m.8.(Pg)lim[1 + ) (kD) .
N+oo n=1

A similar proof expands Eo(f(t)LtlFZ} in the series

ot
n
2,0t) + 3 %) .
n=1

Finally, to derive the L‘(P) convergence, note that

ap L 2 2 2
Eo(apol = B L = Elexp fgh (8)ds] < o .

-23=~
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N
Yy o n 2
(BiE (L IF} - (1 + 2 T .(x 1)

ar 2

N
Y, _ n 2
< E (dpo) E, (zon:.tlFt] (1 +121t(k“))) .

N
Thus, from (3.6), Bo[LtIF:] =@l um 14 ) I:(kn)] as claimed. This completes
N+ n=1

the proof of theorem 3.1.
Let P(A.tlF{) = ![1A(x(t))lF{] denote the conditional distribution of x(t) given

the observation up to time t.

Corollary 3.1 If E[exp f:hz(s)ds) < ©
4 n
B1,(x(t)) + ) I (E1,(x(t))h(s ) eeh(s ))

ot A,tlf{) - n=1 .

T n
1+ n21 I, (Eh(s,)+eeh(s )

A related formula is also of interest. If x(t) has a density q(x,t), x(t) has a

conditional density given by

E (L(t) IFY,x(t)=x] q(s,t)

0 t

pix,t|F)) = .
t

>4
Eo[L(t)|Ft]

Using the same techniques as above, we can easily derive
o

B () IFY x(t)=xiatx,t) = (1 + [ I]E(h(s))eeenis ) Ix(t)=x])])
=0 »
(3.10)
x q(x.t)

for the numerator of p(x.tlF{)- {3.10) is often called the unnormalized conditional
density.

Remark: These results all have an obvious generalization to the multidimensinal case.

The Bayes formula (4.1) for ?t is properly viewed as the ratio of two conditioned

functional integrals, in which the dependencies between x(°¢) and y(+) are linked in the

Lt term., The expansions of theorem 4.1 in effect calculate these functional integrals by

expanding L,. The x(+) and y(+) interactions are then separated in the sense that the

-24-




.

calculation of the filter is daconposea into two parts; first, computation, off-line and

R V

prior to filtering, of the kernels ln and kn, and, second, stochastic integration of

these kernels against the observations. Of course, in actual practice one can only compute
' a finite number of terms. In fact, if the kernels are separable or are approximated by
separable versions, a truncated expansion may be realized in a finite dimensinal and

recursive manner, because a stochastic differential system can be constructed to realize

-

any multiple integral with a separable kernel. However, caution must be excercised in

approximating the optimal filter by truncations in (4.3), because truncation of the series
in the denominator can be a source of severe instability. Although l{L(t)|F:} >0 a.s., a
truncation approximation may pass through 0 and ro lead to a singularity of the filter.
Thus an independent estimate of the denominator is in general required.

Recently, attention has focused on the unnormalized conditional density and the
- corresponding ‘'unnormalized' conditional moments, which are just the numerators of the
Rallianpur-Striebel formula. €, Wong {22) has given a class of Markov signals for which
analytic expressions of (3.10) are available. Again truncation of (4.10) will in general

yield functions that attain negative values. For this reason, cummulant expansions

. [ ] n
- 1™(g_(x))
e pix,tIFY) ~ A

. have been studied as an alternate source of approximate filters (see Eterno {1]). We will

an

not pursue these issues further, but instead turn to other theoretical developments based

on therem 3.1.

s
ot

‘:_‘:“) *

3.2 Best rth order filters

Finite sums of multiple integrals provide a natural class of causal functionals for
é the design of suboptimal filters. We introduce the following definition:
f Definition 3.1

T
1) Y(v) 1= {at) = § a(eniace,..o etio.a™, 0 <n<r} .
r n=1 t' n n

~ »

PO
R B g e SR
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ii1) The best rth order estimata of f(s) at time t is an element f(t) @ ¥ _(t) such

that
Bece) - #en? < E(£(e) - ble))? (3.11)
for all b(t) @ Y. (t). The kernels of fit), denoted by aylt), aq(t),eee,a lt). are

called the optimal kernels. A process ?(t) e Yr(t), t <T, satisfying (3.11) for t < T

is called the best rth order estimate of £(.).

Notice that the best lst order filter is simply the linear filter, and thus, in the context
of multiple integral expansions, best quadratic (2nd order), cubic, quartic, etc. filters
are the natural extensions beyond linear filtering.

In this section we characterize the set of optimal kernels as the solution to a system
of linear integral equations. The construction of these equations and the proof of their
validity utilize the expansion formulae of theorem 3.1 and the multiplication formula for
multiple integrals of theorem 2.1. Suppose for the instant that the full expansion (3.3)

holds for the optimal filter and that f(e) = z I (a (t)) 1is an element of Y (t), mot
n=0

necessarily the best. 1If f(t) 1is to be a good approximation of E(t), we want

{ ‘c“ (t))
-~ A =0
o) ~ &t =
Z Ij(k )
3=0
or
fley 1 :’(k Y~ Ie“j“” . (3.12)
3=0 4=0

Now notice that the left hand side of (3.12) can be rewritten as a multiple integral

expansion by applying the multiplication formula. In fact

- ]
fier I’(kj) = I Iz(gj(t))
J=0 n=0
(3.13)
mén=24
g, (t) = ) ( ) a ) o) k.

3 (m,n,i)eCa w-i
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J where (‘.j t = {(mn,i)|mn=24 = J, £ < min(m,n), m < r}. Thus, one way to pick an
f . approximation f would be to choose the kernels a (t) so that q’(t) matches 1j(t)
~ for as many orders j as possible. In fact, this is a prescription for the optimal
| kernels.
: Theorem 3.2. Assume E([Sn’(s)ds)" < = ana ® £23(t)([nimran® ¢ o .
. r
} Then a best rth order estimate exists. It is given by fle) = I I:(ln(t)) iee
. n=0
{ gj(t,s‘.....lj) - l{f(t)h(-‘)...h(l’)}
1 (3.14)
5 } (= lj(t,l1,-.~,.j))
_; for 0 < j <r.
.;i Remark. The equations at (3,14) comprise r + 1 integral equations for the r + 1
’ -t optimal kernels aj(t) 0 < § <r. This can be seen from the definition of q,(t) and @
& and will be illustrated explicitly in the examples to be discussed.
»% i Before proving theorem 3.2, we first establish some preliminary lesmas. The first
; deals with existence of estimates.
_; X lemma 3,2, If E{ : hz(s)ds]t < @, then the best rth order estimate exists and is unique.
? Proof From lemma 2.2 E[I:(s)]2 < Mklalz2 for k < r. Therefore Yr(t) is a mean-
. ? square-closed (Hilbert) space of random Eariables. The lemma follows by the projection
i:i theorem.
'r% Of the next two lemmas, the first introduces the optimal estimate to compare
%ﬁ ) suboptimal estimates, and the second verifies a technical identity.

Lemma 3.3. Let 2z, v € Lz(n[{,P). Then

B(z - £(£))2 < Elv - £(t))2 1€f E(z - £(£))2 < B(v - 812 .

Proof. Simply note

2 A 2 A A
B(z - £(t))" = E(z - £(t))" + 2E(z - £(£))(f(t) ~ £(¢t))

A 2
+E(f(t) - f(t))

T M

-2z - £(e))? + B(f(0) - £(en? .

v
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Lemma 3.4. Let cft) + ] IT(c (t)) €Y (t) and assume that E([) hi(s)dm)® ¢ =,
n=1

e e[ n(a1am)" ¢ = then

(r) ¥y o
z, [c(t):o {L: 'Ft}} 0 (3.15)
() eyyy o
1,‘.0&:((:)!0{:(':)1.t 'Fc}} 0o . (3.16)

Proof From (3.5)

r
Y - - n
L 1F1 -1 ] (k) o,

() pyy o
Eolly IFLY = BolL IFy

]

n=1
and therefore, (r) .¥yy o Y
:o{c(t)xa{r,.t |Ft)} zoe(c)zotntlrel
(3.17)
H n
- Bpelea(n + n-§1 I(x)) .
Since y(+) is Brownian w.r.t. Pgs
X n
B {cte)fn + nL L(k )1} = colt) +
(3.18)
T P
nz1 foo-ojo cn(t,81,..o,ﬂn) E[h('1)o.uh(gn)]dgnoo.dg1 .
However,
Y1} = ae_ :
By {e(t)E (L |F )} = Ejc(t) a, Ec(t)
r !n_1
= cylt) + n.z1 f:“'fo G, (t,8y vee,8 ) Elh(s )eeshis )]1ds ooeds, (3.19)

by lemma 2.2. Applying (3.18) and (3.19) in (3.17) yields

y
WL P =0

(3.16) is established in analogous fashion using a version of lemma 2.2 for expressions

E, {e(t)R

£(t) I:(cn), n < r, under the condition E{fz(t)(fg hz(s)da)r} < «,

.
R .....J




‘4
i Proof of theorem 3.2 Because of lemma 3.3 it suffices to show (3.14) holds if and only if

stfie) ~ £(e)1? < Elett) - £(en?

! for all c(t) ¢ ¥ (t). Since
Bleft)-8(£)12 = Ble(t)-F(£)12 + BIE(t)=2(£)]1° + 2Ble(t)-F(£)] (£(e)-F(t)]

this will occur if and only if

' Elc(t)-E(e)) (Fle)-2(t)] = 0 v cle) e ¥ (e) . (3.20)
.-

? Thus, we will demonstrate (3.20). Begin by noting that

ap

} _.—9. y - S-P- 4 -1 - 4 -

f Bl IFt,'l “o[@o'rt“ (solntlrtl) .

{

1

Then
-
~ 3 3 b 4 Y
- . A Lete)=L(eN LK, {L IF )-Ep {86, IF, )
i Elclt)~£(t)) [£(t)-£(t)) = Ef }
£, (x, IF)

- . - [} 2T 4 -F ¢ Yy - b
, '{“dpolrzl("“" f(t))(t(t)solntll’tl !o{t(t)LtIFt))) (3.21)

\ . - _~ & Y - b4
!o((c(t) f(t))(f(:)nolntIFtl !o[f!(t)btlFtl)} .

Next note from (3.13) that qj(t) depends on kernels k. of at most order 3j + r. Thus

* o

v

~ vy X b) 2t h] (2r) Yy
foE @l ) = [j-go It(aj(t))](jzo It(kj) + ELTIF)

2 ,.“
WY e

oy oy 3 (2r) .y
- 32:0 I (g () + ,.qut(qi(m + fler L IR}

where the ;j(t), r+ 1 <34 < 3r are dstermined by the multiplication formula. Using the
partial expansions of theorem 3.1, we then see that the expression f?t)so(LtIF{} -

!o(f(t)ntlF{} appearing in (3.21) equals

ERS g BE L SR NP
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E Dig, (e) = 2,(t)) + 2§ 3G, e - g e
gm0 3 3 gurer t ) 3
+ 3§ 13 G0 + Frox, 1!2))FY) ©(3.22)
guar+r &) 07 Tt

- (2r) v
K, {gte)n, IFt}

Since y(e¢) is Brownian on (Q,Po), multiple integrals of different orders are orthogonal

on (Q,Po), and so if (3.22) is used in (3.21) we find

(3.21) = [co(t)-ao(t)][qo(t)-lo(t)l +

r

s
+ ] f‘...j V. -a,) (g, -1, )8t ««ds
jmq 070 IR M B 3 1

(2r)

+ !o((c(t)-f(t))f(t)lotl.t

b4

chl}

- 7 (20) ey

!o{(c(t) f(e))zott(«:mt |Ft1} ' (3.23)

The last two terms of (3.23) are zero by lemma 3.3. Thus, it is clear that (3.23), and
hence (3.20), is zero iff
= 9 0 < <€r .
9 3 3
This completes the proof.

The technique of theorem 4.2 extends to other problems as well. Suppose, for

instance, that a filter

al(e) = al(e) + j‘ 1:(-;&))

of order q 4is available; a'(t) need not be the best qth order filter. Let r > q,
and, rather than ask for the best rth order filter, let us seek the "best rth order

corection” to a'(t), i.e., the mean-square minimizing a(t) of the form

=30~
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r
alt) = a'(t) + § xi(.,(e))
=g+t

where aj(t), j=qg+ 1,...,r are free to be chosen. Define the kernels qj(t) as
before, but with aj(t) replaced by n;(t) for 0 < 4 < q.

Theorem 3.3. let the hypotheses of theorem 4.2 hold. Then a(t) 1is the best rth order
é correction to a'(t) if and only if

gj(t.l‘,"-. ) = l{f(t)h(l1)"-h(lj)}: q+1<3cr . (3.24)

b)

Proof. As before, it suffices to show that (3.24) holds iff

Elc(t)~a(t)]} [a(t)-F(t)] = 0

r
for all c(t) = a'(t) + § Iz(cj(t)). By the same calculations as in theorem 4.2
j=qrt

Elc(t)-alt)) (al(t)-£(¢))

. - Yy _ y
zo{tc(t) n(t)l[a(c):o{t-tlrt} 'o{“““t”’e}”

7 5o T TG
q . “e{ § tlc~an(] g qeri-t ()1 + § 1lig,-t))
. 0 iager & 3 3 45t p yarsr £ 33
+ ni g (enrarere (W2 FY - 2 (g2 1E )
gudeer &3 o''e Tl T Fo v e

r L)
- 2 13.00[03-1(0 -a )it,s

yeer 378 1,"',lj)lqj‘lj](t,l1."',Ij)dljﬁtidl‘ .

- This equals zero iff 94 = L, for q+ 1< 3j<r.

b]
Remark Clearly, an analogous result holds for the case in which an arbitrary subset of
{.j};-o is given and the remainder are chosen as to optimize the mean-square filter

error. Thus, if ay, je {j1,---,jq} c (0,1,¢%s,r} are given, then the {oj(t)},

34 {j1."°,jq) are optimally chosen iff gy = ¢ for every J ¢ {0,1,°00,1} -

. 3
3 (j‘,o.ojq),
As a first example of theorem 3.2 let us compute the kernel equations for the bast

linear estinate f(t) = a (t) + [(a (t,s)dy(s). From (3.13),

o=




e e e i e

gplt) = ag(t) + ];.1(t.a)!(h(a)da

g,(t,8) = a (t,8) + [Ca (t,0)E(N(8IN(a)}d0 + a (t)ER(8) .

The kernel equations are then

a,(t) + [Ga (t, a)ER(a)do = EE(t)
8 (tIER(8) = ay(t.8) + [ca (t,0)E(h(8)h(a)}do = EE(tIN(8)

or, eliminating ao(t) from the second squation,

ay(t) + [fa (t,0EIn(0)140 = EE(t)

a (t,8) + [:-1(t,u)cov(h(l),h( 0)}do = cov(£(t),h(s)] (3.25)

{3.25) is, of course, the well-known Wiener-Hopf type equation for optimal linear

filtering. Before examining higher order examples, we will discuss the Xalman filter.

3.3 The Kalman filter
Consider the filtering problem in which h(t,x) = H(t)x and x(t) is a Gauss-Markov
process arising as the solution of the system
ax(t) = W t)x(t)dt + G(t)db(t)
where xq = conatant or a Gaussian m.v. independent of the Brownlan motion b(+¢). The

celebrated Kalman-Bucy theorem states that the optimal state estimator Re) =

E{x(t) IF:} satisfies the equation

ak(t) = Po)k(trat + P(L)RT(E)[ay(t) - H(E)X(t)at]

(3.26)

X(0) = %

a




where P(t) 1is the solution of a deterministic Riccati equations. It follows that R(z)
is, in fact, a linear functional of y(e¢); if &(t,s) denotes the state transition matrix |

of F(t) - P(t)HT(t)H(t), the solution to (3.26) is

Re) = e, 00x + f; o(t,s)P(s)H (s)dy(s) . (3.27)

This simple, linear structure is not an immediate consequence of the expansion formulae of
theorem 3.1, because, even in this case, both numerator and denominator series will be
truly infinite sums. It is therefore of interest to see how x(t) can be derived from the

general expansion. We will show that this can be done using theorem 3.2 and moment

equalities for Gaussian random variables.
M The most common proof of the Kalman-Bucy filter invokes the stochastic differential 3 -
equation for the conditional moments (cf. Fujisaki, Kallianpur, Kunita (2]). In this

~ ~
apprcach, the equation for x(t) requires knowledge of xz(t), that for xz(t) knowledge

- .

; of ‘:5(t), and so on, thus leading to an infinite, coupled set of equations. To derive
*-f. the Kalman-Bucy theorem, it must be independently argued that the conditional distribution
.'E of x(t) given FZ is Gaussian. Because of identities between different moments of

§ Gaussian m.v.'s, this allows the moment equations to be truncated at n = 2 and leads to .
3 i (3.26) and (3.27). By way of contrast, the derivation here will not require explicitly

,? k

knowing the conditional density. For other methods of deriving the Kalman~Bucy filter, see
van Schuppen [20].
In the interest of computational simplicity, we will consider only the most simple 2

case:

e

dx(t) = db(t) x(0) =0
(3.28)
dy(t) = x(t)dt + dw(t) y(0) =0 ,

where b(e¢) and w(e+) are independent, standard Brownian motions. The techniques work

also for the general case. <
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Theorem 3.4 Q(t) - f; a(t,s)dy(s) where a(t,s) satisfies the Wiener-Hopf equation

/

,

a(t,s) + I; a(t,o) min(s,0)doc = s t>s .

Before presenting the proof we must recall the following moment identities (Miller [16],
Marcus-Willsky [14)).

‘Lemma 3.5, Let [z,,...,zk) be a jointly Gaussian random vector. Then

k
ElZ,,000,2,. ] = Bz Ez_coez + Z covi{z _,z JB{ N1 .1 .
1 k 1 %2 LI LA R

Proof of theorem 3.4. Since y(+) is continuous and Gaussian, the set of polynomials in

y{+) is dense in Lz(Q,FZ,P), (Xallianpur [8]). Therefore, it suffices to show that

f: a(t,s)dy(s) 4s the best rth order estimate for every r, 1 < r < », Since

E(f: b (s)as)’ ¢ =

E i) f; bi(s1dm)" < =
for all r and t, theorem 4.2 applies. That is, if gj(c,...), 0 €J < » are defined
so that

o
t i i
[- att,s)ay(s) § 1 (x) = J I tq)
0 i=0 t i 1=0 t i
f; a(t,s)dy(s) is the best rth order estimate if and only if
gj(t,s1,--~,sj) = !{b(t)b(l1)"°b(lj)} 0<j<r

From (3.14), we may easily calculate

qo(t) =0

qj(t,-'°) = j{a(t,*) O(t)k ,)('0") (3.29)

§=

+ (a{t, ) 91(t)k 1)('") >0 .

I+
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jlale, *) O(t)kj-,)('r'“"‘j)

-1 T ale,s E{ 1 b(s )}
jt nesj w(1) =2 w(x)
= ] ate,spE{ T b(s,)}
1=1 [ 1
<3
and
laft, ) o‘(t)kj+‘)ls‘,-°',-j) = f: n(t,o)!(b(o)b(l1)...b(aj)}da . (3.30)
The kernel equations (3.29) become
0 = Eb(t) (3.31)
att,n) + fC a(t, EDBa)bis) }o = E{b(t)b(s) ) (3.32)
3 t
§ a(t.s )E{ T b(s )} + !o a(t,c)E{blo) N bis )}de
i1=1 t<3 <)
131
- n(b(t)b(l')u-b(lj)} e 322 (3.33)y

(3.31) is true by definition, and (3.32), by hypothesis. It remains to prove that

(3.33)1. j 2 all hold. Howsver, & direct application of lemma 3.5 shows that

1
E{b(c) T Nbis,)} =~ ;: minlo,0 )E{ N b(ll))
=1 j=1 £<s

i

for every j. Using this, the left hand side of (3.33)1 becomes

35
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3 {ate,e) + f: a(t,c)min(o,s,)dc} E{ I b(s )}

i=1 £<3
Wi
- i un(-i,t)s{ T b(s))}
i=1 2<3
[T

- !(b(t)b(l1)0¢ob('j)}

where the first equality employs the hypothesis on a(t,s), and the second employs lemma

3.5 again. Thus (3.33)1 is true for all 3 > 2.

3.4 Quadratic Filters

As a further example of the technique of section 3.2, we will present the optimal
kernel equations for the quadratic case (r = 2) and sketch a theoretical approach to
their solution. To gquarantee validity of the discussion, assume throughout the hypotheses
of theorem 3.2 for r = 2.

Deriving the optimal kernel equationa is simply a matter of calculation. Let

o) = ag() + [0 a (e,mavie + fo j:‘ 3,(t,8,,8,)dy(s,)dy(s,) and let g (t,++) be

defined from a,, a4, 3, 1in the manner indicated at {3.13). Thus

Golt) = ag(t) + ag(t) ©4 ky + a,(t,*) O, k, (3.34)

q1(t,-) - A1(t.l) + lo(t)k1(-) + (l1(t.') 01 kz""

(3.35)
+ (lz(tn) e, k')(l) + (nz(t.') e, k3)(-)
gz(t,l1,l2) - lz(t,l1,lz) + ao(t)kz(!1,lz) + (l1(t,') (] k1)(s1,32)
+ (11(t,-) G‘ k3"'1'.2) + 2(!2(t,¢) 01 kz)(l1,l2) (3.36)

+ (ay(t,) 0, k‘)(l"lz) .

(More properly, © in (3.34) -~ (3,36) should be ©(t).) According to theorem 3.2 f(t)
is optimal quadratic iff dgr 94, and g,, are respectively, Ef(t), Bf(t)h(s) and
BE(t)h(s,)h(s,). Recalling the definition of O(t) from section 2 and kj =

lh(.,)...h(cj), we derive for the optimal kernel equations:

=36~
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t
Ef(t) = a (t) + [T a (t,e)En(s)as + [0 [ a (t,8,.8,)En(6,)n(s,)d8 28,

.‘ (3.37)
Ef(t)h(s) = a (t,8) + a (t)Eh(s) + f; a,(t,0)Eh(a)h(s)do

1

g
3 1
+ [t ay(t,0,00En(0)da + f5 [ 1 a,(t,0,,0,)En(0 )00, Inl8) a8
(3.38)
Ef(t)h(s )his,) = a,(t,s,,8,) + a,(t)Eh(s )h(s,) + a (t,s )Eh(s,)
; + a,(t,s,)Eh(s,) + f: a,(t,0)Eh(o)h(s,)his,)d0
+ f; [az(t,s1,o)zh(d)h(sz) + nz(t,sz,o)!h(o)h(s1)]da (3.39)

g
1
+ fo o' a,(t.0,,0,)E(n(s Ih(s,)h(g,)h(a,) Mo, d0, .

These equations deserve some elementary remarks before we set about solving them.
First, the optimal kernels are all interrelated in the general case. We cannot solve for
a, and a, independently of knowing a,. Likewise, if ay = cg, 8y = cy are the kernels
of the beat linear estimate, they will not, in general, be the lower order kernels of the
best quadratic estimate. Secondly, the equation (3.37) - (3.39) can be used for other
suboptimal designs in the spirit of theorem 3.3, Thus, if a, and a , are given, and we
seek the best quadratic correction to ao(t) + f: a‘(t,l)dy(s), this will be found by
solving (3.39) for a, in terms of a, and a,. The methods developed for solving the
full set of equations will also apply to the best correction problem.

As a system of integral equations, (3.37) - (3.39) locks complicated an.l contains
unusual features. Nevertheless, we will ghow that solving the system can be reduced to
two, familiar tasks -- solving a linear estimation problem and solving a Fredholm integral
equation. The method behind this reduction is simply to eliminate a; and a, to obtain
an equation for ay. The basic steps are: 1) eliminate ao(t) from (3.38) to derive the
integral equation (3.41) for a,; 2) solve this for a, in terms of a, using the

solution to the linear filtering problem, (see 3.42); 3) use (3.42) to eliminate a, from

R s s e I
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(3.39) and derive (3.43), an integral equation only involving the unknown a,, and; 4)
turn (3.43) into the Fredholm equation (3.45). The central equation is thus (3.45). Once
it is solved for a8, &, and a; are found by using (3.42) and (3.37) respectively.

Let R : L2([0,t]) » L2({0,¢]) be the operator defined by
(R8)(8) = [¢ cov(hts),h(a)] Bla)do . (3.40)

The first step is easy; simply solve (3.37) for ao(t) and substitute the result in

(3.38). We then derive

[1 + Rla,(t,*)(s) = cov(f(t),h(s)) - [; Eh(o)a,(t,s,0)do
(3.41)

o
- [ J,' covinte),hio nlay)1a, (e, 0, ,0,)d0,d0, -

The next step, solving this for a,, thus requires inverting I + R.
lemma 3.6
1) h(s), s € t, has a best linear estimate h(s) = a,(s) + [; al8.q; *v(s8)
(As a convention, set a(s,0) =0 for 0 <s < g < t)

i1) (1 + RV =4 - Q where @ is the integral operator with kernel
q(s1.sz) = u(s1.32) + a(82.51) - f: u(o.aj)a(o.sz)dc

0 < LI 32 <t .

Proof. We are assuming E[f; hz(s)ds]4 < ®», This guarantees that h(s) exists, and, as

in (3.25),

8
ats,.8,) + [ ! als,,0)cov(h(s,),h(a)1da = covinle,),h(a)]
0

<s <t .,

0 <s 1

2

ii{) is standard. See, for instance, Gessey [3).

This lemma can now be applied to solve (3.41) for a,(t,s):

a1(t,s) = covi{f(t),h(s)) - f; q(s,o)cov(f(t),h(o)])do
(3.42)

t t
- I: Iﬁ r ‘tl.'a‘lqz)az(tlo1l°2)d°2do1
-38-
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where

. -d
r(t.a.o,,oz) 3 cov{h(n).h(u,)h(azn

1
+3 (q(l,ch)!h(c‘) + q(l:d1)lh(db)’

1
+3 5 ats,a)covinta), (o, h(a,l140

In deriving r', advantage was taken of the (assumed) symmetry of az(t,-1,|2) in L)

8,. Now, using (3.37) and (3.42), we may eliminate &y and 11 from equation (3.39),
The result is
.2(t5.11'2) = r(tl'1l‘2)

t
Io [r1('110).2(t'.2'°) + !’('210).2(t:."0),d0 (3.‘3)

t
- [; I ry(t,8, ,8,,0,,0,))a,(t,0,,0,)d0,d0,

where

F(t,-1,az) = cov[t(t).h(s‘).h(lz)l

- J5 covints,),his,h( o)l (covif(t) ,h(a)] ;

- g ato,a,)covie(t), nlo,)]1doyd0

r1(s,u) = covi{h(s), h{o)]}

1
!2(t1310l2'01102) = 'i [t:ov(h(s1);h(!2)'h( U‘)h(oz)]

- cov(h(s1),h(sz)]cov(h(01).h(dz)1)

- f: covih(s,),h(s,),h(m]r'(t,n,0,,0,)dn .

It remains to solve (3.43) for a. This is simply a linear integral equation for

a5 However, its middle term, involving a tensor contraction between a, and Tee is not
standard, and the usual linear integration theory does not apply directly. Despite this,

-39~
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it is possible to rewrite (3.43) as a Fredholm integral equation and thereby to reduce the

task of calculating a, toa familiar problem. First notice that (3.43) may be rewritten

in the form

T ——

‘2('1"2) = F(s,,8,) - (Raz(sz,'))(s1) - (RA2(51.°))(l2) .

P

t
- fs f: r,(s,.8,,0,,0,))a,(q,,0,)do,dg,
or

[r + R)az(lzﬂ)l(s‘) = P(l',sz) - (RA2(51.-))(32)
(3.44)
- [: f: "z(’1"2"’1'"2"2“’1"’2)‘"’2""1 .
In these equations, the argument ¢t has been omitted for simplicity. Now apply (I + R)"

to both sides of (3.44). Again, an equation of the form
{(xr + R]az(-',-)](sz) = linear terms in a2
is obtained, but this time there are no partial tensor contractions of the form Ra(a‘, °)

(s,) on the right hand side. With a final application (I + R)1"V e 1 -0 to both sides

the following Predholm equation for a, is derived.
‘z“"v'z’ = '1“"1"2’ + [: f: Y(t,!‘.32.61.oz)az(t.a1.az)dozdc1 (3.45)
wheare

t
Flt,s ,8,) = Flt,s.,8,) - [ lals,, 0 )F(t,8,,0,)4q(s,,0,)F(t,0,.8,))d0,d0,

+ f: f: q(l1-01)q(szloz)l"(t,o.'.az)dazda1

t
Y(t,8,,8,,0,,0)) = Y, (t,8,,8,,0,,0)) - [; als,u)v,(u,8,,0,,0,)du
11(t'.11.2l°1002) - - rz(t'.1132:01:02) - q('2001)q(l1102)

+ f; q(lzlu)rz(t,s1.u,o1,02)du .

=40~
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Rather t is fixed throughout and integral

.J Remarks. The viewpoint here is not recursive.

operators are defined and inverted on Lz(lo.t]) or thto,tlzl, and at a later time ¢t

' the whole operation would have to be repeated. This poses an interesting question for

' further research. What structure on the moments Eh(s), Ef(t)h(s), etc., would allow a

recursive solution to the quadratic kernal equations, in the sense that a(t + 4t, s,,s,)

' could be constructed in a simple way from a(t,l,,-z)? A related question is also

important. When are the solutions a, and a, separable functions? If separability

i
: occured, then, as mentioned above, the astochastic integrals I:(a‘) and I;"z) could be

a, will be separable, but due to the

J realized as the outputs of stochastic differential syatems. Certainly, if F and Yy of
. the Fredholm equation for a, are separable,

{

j complicated manner in which the moments Ef(t), Ef(t)h(s), etc., combine to produce F

L and Yy, this does not lead to easy conditions. This issue is not pursued further.
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