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ABSTRACT

In this paper we study a history-boundary value problem for a nonlinear
conservation with fading memory in one space dimension. The motivation for
studying this problem is an earlier work by C. M. Dafermos and the author
concerning the motion of a nonlinear, one-dimensional viscoelastic body.
Using a variant of an energy method applied to the viscoelastic problem it is
shown that under physically reasonable agssumptions the nonlinear conservation
law has a unique, classical solution (global in time), provided the data are
sufficiently smooth and "small" in a suitable norm; moreover, the solution and
its first order derivatives decay to zero as .t > ®*, The proof illustrates
the versatility of the energy method combined withfrequency domain techniques
for Volterra operators. ,
A preliminary analysis based on current work of R. Malek-Madani and the
author is presented concerning the development of singularities in smooth
solutions of the conservation law (in finite time) for sufficiently "large"
smooth data; under special assumptions it is shown that such singularities
necessarily develop. The hope is to apply such a procedure to the
viscoelastic problem.
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SIGNIFICANCE AND EXPLANATION

Problems arising in continuum mechanics can often be modaled by quasilinear
hyperbolic gsystems in which the characteristic speeds are not necessarily constant.
Such systems have the property that waves may be amplified and solutions that were
initially smooth may develop discontinuities ("shocks") in finite time. Of
particular interest are situations in which the destabilizing mechanism arising from
nonlinear effects can coexist and compete with dissipative effects.

In certain cases dissipation is so powerful that waves cannot break and
solutions remain smooth for all time. A more interesting situation arises when the
amplification and decay mechanisms are nearly balanced so that the outcome of their
confrontation cannot be predicted at the outset. A dimensional analysis indicates
that the breaking of waves develops on a time scale inversely proportional to wave
amplitude, whereas dissipation proceeds at a rate roughly independent of amplitude.
Therefore, when the initial data are small it might be expected that the dissipation
effects would prevail and waves would not break. Results of this type have been
obtained by Nishida [17] for a model problem concerning a quasilinear second order
wave equation in one space dimension. Nishida's analysis uses the method of Riemann
invariants and is therefore restricted to one gpace dimension. Using energy methods,
Matsumura [16] has studied the case of more than one space dimension, and was able to
prove the existence of smooth solutions for all time for quasilinear hyperbolic
systems with frictional damping. The necessity of the presence of some form of
frictional damping to avoid the formation of "shocks" in finite time follows from a
fundamental result of Lax [10]. An assumption of this theory is that the
constitutive relation characterizing the nonlinear partial differential operator is
convex, but in the case of non-convex functions, as may arise in problems in
nonlinear elasticity, similar 'blow-up' results have been obtained by MacCamy and
Mizel [12]; general results for nonlinear hyperbolic equations have been obtained by
John (8] and Kleinerman and Majda [9].

A different and subtler dissipative mechanism is induced by memory effects of
elastico-viscous materials. Dafermos and Nohel [5] have recently developed and ana-
lyzed a one-dimensional nonlinear model for the homogeneous extension of an elastico-
viscous rod whose ends are free of traction. This equation, which is a quasilinear
hyperbolic integrodifferential equation of Volterra type, is based on the assumption
that the stress is a particular nonlinear functional of the strain involving two
agsigned oconstitutive relations, and an assigned stress-strain relaxation function.
Shock solutions are known to occur for this model in the special case in which the
stregs-strain relaxation function is identically constant. But, by combining energy
methods with frequency-domain techniques for nonlinear Volterra equations, it has
been shown in (5] that the nonlinear integro-differential equation which describes
the motion has a unique, smooth solution for all time provided the given data
{history of motion and external body force) are sufficiently smooth and "small." The
decay properties of the solution and of its derivatives have also been analyzed. The
hypotheses for this theory include all currently used constitutive and stress-strain
relaxation functions. This work generalizes studies by MacCamy [11] who used the
method of Riemann invariants, and by Dafermos and Nohel [4) and Staffans [20] who
used the energy method; in these the stress-strain functional involved a single
assigned constitutive function. The energy method developed for these problems was
used recently by Slemrod [18] to study the evolution of smooth solutions of a
mathematical model for thermoelasticity where the dissipation arose through the
influence of thermal damping.

A natural and difficult question for the viscoelastic problems is: do shock
solutions develop (i.e. do the waves break in finite time) as the smooth data become
sufficiently large? This question was answered in the affirmative by Slemrod (19]

.
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for the aforementioned thermoelastic problem. For the more subtle viscoelastic model
the problem is far from solved in its full generality.

The purpose of this paper is to study a simpler model problem consisting of a
nonlinear conservation law with memory ((1.1) below), together with a prescribed
history function for t € 0, and a prescribed boundary condition. This problem,
which is of independent interest, is of first order (while the viscoelastic problem
is of second order); however it displays the crucial features of the more complex
problem. Namely, it is quasilinear hyperbolic and in the absence of the memory term
the model problem reduces to Burger's equation which motivated the above mentioned
theory of Lax on the formation of shocks in finite time.,

In this paper we modify the energy method developed by Dafermos and the author
(S}, and obtain the global existence of smooth solution for sufficiently smooth and
“small” data of the model conservation law with memory.

We then formulate an approach to studying the formation of singularities
(shocks) in smooth solutions in finite time; an advantage of this approach is that
whenever it is applicable, physically meaningful entropy conditions are satisfied by
the shock solutions. We present one such result covering a wide class of problems.
The ultimate objective is to extend these methods to systems of conservation laws
with memory, and eventually to the viscoelastic problem,

The responsibility for the wording and views expressed in this descriptive
summary lies with MRC, and not with the author of this report.
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: A NONLINEAR CONSERVATION LAW WITH MEMORY

‘ J. A. Nohel

' 1. Introduction. 1In this paper we study the model nonlinear Volterra functional

differential equation (with infinite memory)

t
(1.1 uy +elw), + [ a'(t - TIH(T,x)) AT = £(E,x) (== ct <=, 0<xC 1),
L

where ¢,y : R* R are given smooth constitutive functions, a ; {0,%) * R is a given

memory kernel, and f : R X {0,1] * R is a given function representing an external force;

wed aaa

-" subscripts denote partial derivatives and ' = 4/dt. The motivation and the assumptions

under which (1.1) is studied are provided by the more complex physical problem of the

- extension of a finite, homogeneous, elastoviscous body moving under the action an assigned
body force. The viscoelastic problem, formulated in Section 2, was recently studied by

T Dafermos and Nohel (5]; references to earlier literature are given in Section 2.

The model problem (1.1), which is of independent interest, is simpler in that it is of

* first order, while the equation of motion (2.8) below, is of second order; otherwise (1.1)

incorporates the interesting features of (2.8). The most important of these is the

following. If ¢ 20, £ 20, (1.1) reduces to Burger's equation (conservation law of gas

dynamics):

- i =

. (1.2) u, ¢+ slu), =0 3

note that (1.2) is quasilinear and hyperbolic. It is classical, see Lax (10], that the

Cauchy problem consisting of Burger’'s equation and the initial condition u(0,x) = uo(x),

x & R, does not, in general, possess a classical smooth solution, no matter how smooth
(and "small®™) one takes the lnitial datum ugy? if ¢ is oconvex lax [10]) has shown that
the solution develops a sinqularity (shock) in finite time due to the crossing of

: characteristics. More precisely, if u(',(x) > 0, uq smooth, and ¢ is oonvex, (1.2) has a

Sponsored by the United States Army under Contract No. DAAG29~80-C-0041.
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smooth solution for all ¢t > 0, while if u(',(xo) < 0 for some Xgs the characteristics

ity

of (1.2) will cross and shocks will develop in finite time; a similar result also holds for .

~ syastems of oconservation laws in one space dimension. If ¢ {is not convex, @.g. in

nonlinear elagticity, similar results have been established by MacCamy and Mizel [12); for

rvecent closely related literature see also general results by John (8], Kleinerman and
Majda (9], Malek-Madani (13]).
. The purpose of this paper is: First, in Section 2 we formulate the problem of motion

of a nonlinear viscoelastic body as analysed recently by Dafermos and Nohel [5] using a

3 combination of energy methods and properties of strongly positive kernels. Second, under
N assumptions motivated by the viscoelastic problem, we show in Sections 3 and 4 that
: equation (1.1), together with an assigned periodic boundary condition and an assigned
‘ smooth history
. u(t,x) = vit,x), -=2<t€0, 0<x¢1,
which satisfies (1.1) for t € 0, possesses a unique classical solution for all ¢t > 0,
provided the history function v and the forcing term f are sufficiently smooth and ‘
. *small” in suitable norms. This result, in which the same strategy as in [5] is used,
) .. exhibits the dissipative character of the integral term in (1.1); its proof serves to
.' illustrate a general energy technique for hyperbolic, nonlinear Volterra problems. ]
. ' Finally, in Section 5 we formulate the problem of development of singularities in finite
: time and we present a recent result, analogous to the result for Burger's equation, in an
; important special case, [15]; the proof will appear elsewhere. The fact that the question i
"é' of development of singularities for the physically interesting viscoelastic problem remains
, ‘: open, provides the principal motivation for studying the simpler model problem (1.1)., It
’ a should be noted that the problem discussed in Section 5 is different from the study of weak
-" solutions for the Riemann problem for (1.1) (Greenberg, Ling Hsiao, and Mactamy [6],
i i Dafermos and Ling Hsiao (3)]).
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2. A Hyperbolic, Nonlinear Volterra Eyuation in Viscoelasticity. Problems arising in

continuum mechanics can often be modeled by quasilinear hyperbolic systems in which the
characteristic speeds are not necessarily constant. Such systems have the property that
waves may be amplified and solutions that were initially smooth may develop discontinuities
("shocks") in finite time. Of particular interest are situations in which the
destabilizing mechanism arising from nonlinear effects can coexist and compete with
dissipative effects.

In certain cases dissipation is so powerful that waves cannot break and solutions
remain smooth for all time. A more interesting situation arises when the amplification and
decay mechanisms are nearly balanced so that the outocome of their confrontation cannot be
predicted at the outset. A dimensional analysis indicates that the breaking of waves
develops on a time scale inversely proportional to wave amplitude, whereas dissipation
proceeds at a rate roughly independent of amplitude. Therefore, when the initial data are
small it might be expected that the dissipation effects would prevail and waves would not
break. Results of this type have been obtained by Nishida [17] for a model problem
concerning a quasilinear second order wave equation in one space dimension. Nishida's
analysis uses the method of Riemann invariants and is therefore restricted to cne space
dimension. Using energy methods, Matsumura [16] has studied the case of more than one
space dimension, and was able to prove the existence of smooth solutions for all time for
quasilinear hyperbolic systems with frictional damping. Burger's equation (1.2) shows the
necegsity of the presence of some form of frictional damping to avoid the formation of
"ghocks". The rather delicate situation of thermal damping in thermoelasticity is
discussed by Slemrod [18].

A different and subtler dissipative mechanism is induced by memory effects of
elastico-viscous materials. Dafermos and Nohel (5] have recently developed and analyzed a
one-dimensional nonlinear mndel for the homogeneous extension of an elastion=viscous rod
whngse ends are free of traction, Their simple, one~dimensional, model corresponds to the

following onngtitutive relation, suggested by the theory developed by Coleman and Gurtin

(1,
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(2. 1) olt,x) = vlelt,x)) + [ a'(t - T)¥(e(T,x))dT ,

-
where ¢ is the stress, e the strain, a the relaxation function with ' = d4/4t, and
v,V assigned constitutive functions. The relaxation function is normalized so that
a(®) = 0, When the reference configuration is a natural state, ¢(0) = P(0) = 0.
Experience indicates that v(e), V(e), as well as the equilibrium stress
(2.2) xte) %€ yte) - al0)vre)
are increasing functions of e, at least near equilibrium (|s| small). Moreover, the

effect of viscosity is dissipative. To express mathematically the above physical

requirements, we impose upon a{t), v(e), ¥(e) and x(e) the following assumptions:

(2.3) a(t) e w2'1(o,-), a(t) is strongly positive definite on (0,®) ;
(2.4) vle) € c(-=,®),  w(0) =0, '(0) >0,

(2.5) Vie) @ C(==,®),  W(0) =0,  ¥'(0) >0 ;

(2.6) X'(0) = ¢'(0) ~ a(0)¥'(0) > O .

Assumption (2.3), which requires that a{t) - a exp(-t) be a positive definite kernel on
{0,%) for some & > 0, expresses the dissipative character of viscosity. Smooth,

integrable, nonincreasing, convex relaxation functions, e.g.,

(2.7) a{t) = k§1 vkexp(-ukt), Vk > 0, uk >0,
which are commonly employed in the applications of the theory of viscoelasticity, satisfy
(2.3).

We now congider a homogeneous, one-dimengional body (string or bar) with reference
configuration ({0,1] of density p = t (for simplicity) and constitutive relation (2.1)
which is moving under the action of an assigned body force g(t,x}), =< t < =, 0 < x < 1,
with the aids of the rod free of traction. We let wu(t,x) denote the displacement of
particle x at time t in which case the strain is e(t,x) = ux(t,x). Thus the equation

of motion puft = Ox + Pg here takes the form of the nonlinear (hyperbolic) Volterra

~4-
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functional differential equation

(2.8) e = vlu), + {: a‘'(t - T)W(ux)xdt +g, =<t <¢<®, 0< xS 1,

The physical problem of the motion of a viscoelastic body suggests that the history of the
motion of the body up to time t = 0 is assumed known, i.e.,

(2.9) u(t,x) = v(t,x), - ¢ £ €0, 0<x< 1,

where v(t,x) 1is a given sufficiently smooth function which satisfies equation (2.8) for

t € 0, together with appropriate boundary conditions. In order to show that the motion of
the viscoelastic bar remains smooth for all t > 0, the mathematical task is to determine
a smooth extension u(t,x) of v(t,x) on (-=,®) x [0,1] which satisfies (2.8) together
with assigned boundary conditions, for =% < t < %,

Dafermos and Nohel [5, Theorem 1.1] establish such a global result for the problem
(2.8), (2.9) together with homogeneous Neumann boundary conditions
(2.10) ux(t,O) = ux(t,1) =0, -® ¢t K ®y
these are shown to be equivalent to the statement: the boundary of the body is free of
traction (0(t,0) = o(t,1) =0, =® < t < ®, 0 given by (1.1)). Their global result is
valid for sufficiently smooth and "small" external hody forces g and history functions
v. Other boundary oconditions and various generalizations are also considered.

The general strateqy used in [5] is as follows. Pirst one establishes the existence
of a unique smooth local solution u defined on a maximal interxval (-',To) x (0,1}, with
the property that when Tp € * a certain norm of the solution becomes infinite as t * Tal
this is done by a fixed point arqument (combined with a standard energy method for linear
problems) on a suitably chosen abstract space of functions. Second, energy methods are
combined with properties of strongly positive kernels to show that due to the viscous
dissipation of the integral term in (2.8), the aforementioned norm rewains uniformly
bounded on the maximal interval, provided the data g and v are sufficiently smooth and
small. By standard theory for nonlinear problems this means that Ty = +° and the smooth

solution exists globally in t. This part of the analysis involves obtaining a priori

~5=
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estimates of certain norms of the derivatives (in one space dimension, up to and including
order 3) directly from the equation (2.8). It is here that it becomes convenient to use

the equivalent form

(2.11) Upy = X(u )+ {: alt - DYlu ) dT+g, =ctc®, 0<x<,
of equation (2.8) (equation (2.11) is obtained from (2.8) by integrating by parts with
respect to T and by using the definition of the equilibrium stress X); assumption (2.6)
plays a crucial role.

For the special case V(e) = ¢(e) various global existence results for (2.8), were

established by MacCamy (11), Dafermos and Nohel [4] and Staffans [20]. The assumption

¥ ¢ allows one to invert the linear Volterra integral operator on the right-hand side
of (2.8) and thus express v(ux)x in terms of U = 9 through an inverse Volterra
integral operator using the resolvent kernel associated with a'. One may then transfer
time derivatives from U, to the resolvent kernel via integration by parts. This
procedure, which was also discussed by Dafermos (2] in a recent expository paper in a
number of special cases, reveals the instantaneous character of dissipation and, at the
same time, renders the memory term linear and milder, thus simplifying the analysis
considerably. On the other hand, the above approach is somewhat artificial: By inverting
the right-hand side of (2.8), one loses sight of the original equation and of the physical
interpretation of the derived a priori estimates. More importantly, the physical

appropriateness of the restriction ¢ = ¢ is by no means clear,

Remark: The present normalization of the kernel a with a(®) = 0 is different from that

in the existing literature (see [4), [11]), [20])., The reader should note a‘', not a,
enters the constitutive relation (2.1) as well as the equation of motion (2.8)., 1In the
earlier literature in which only the special case V¥ = ¢ was studied, the normalization
a(t) = a_ + A(t) 0<tco>,
2,1

a(0) =1, a_> 0, Aew (0,*), A strongly ponsitive was used. The normalization used

here is crucial for generating the a priori estimates directly from equation (2.11)

-6~
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(equivalent to (2.8)). The reader should note that the present normalization and (2.6)
imply that 0 < a(0) < 1, if ¢ = V.
The question of the development of singularities of solutions of (2.8) in finite time
for sufficiently "large", smooth data (which have been observed for viscoelastic bodies
; {17) is under active study. Some partial results with ¥ = ¢ in (2.8) have been obtained
’ by Hattori (7]; for a viscoelastic fluid (see Slemrod {19]). However, in the general case
3
4 of (2.8) the problem is far from settled. For this reason we believe that the approach in
P |
‘ Section 5 for the considerably simpler problem (1.1) is particularly useful and suggestive.
N
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3. A Congservation lLaw with Fading Memory. We study the model nonlinear, history-boundary

value problem

(3.1) ug + elul, fi a'(t = DV(T,x)) df = £(e,x) (<2<t ¢= 0<x <N,
subject to the periodic boundary condition

(3.2) u(t,0) = u(t,1) »

the history of the solution u is assumed to be known up to time t = 0, i.e.

(3.3) u(t,x) = v(t,x) (-=» <t <0, 0<x¢<11) ,

where v is a given smooth (C1((-°,0] x {0,1])) function which satisfies (3.1), (3.2)

for t € 0. In (3.1) ¢,y : R*R, £ :RX[0,1] * R, and a : [0,®) * R are given

em e ——— 1

functions satisfying assumptions analogous to those for the viscoelastic problem outlined
in Section 2. Our task in this section is to determine a smooth extension wu(t,x} of f
vit,x) on (~-®,%) % {0,1] which satisfies (3.1) and (3.2), and to study the asymptotic
properties of u as t * %, In order to do this the history v and the forcing
function f will have to be taken sufficiently smooth and "small” in suitable norms.
The requirement that the history function v should satisfy (3.1) and (3.2) for
t < 0 {s motivated by the viscoelastic problem described in Section 2. The history value
problem in which the function v is sufficliently smooth for t € 0 (but need not satisfy
(3.1)) is also of interest, and can be studied by the same methods (see further remarks
below) .
The basic assumptions for the global existence theory are as follows. Concerning the
constitutive functions v,V¥:
(e) v.ve ciim, w(0) = ¥W0) =0, ¢'(0) >0, Y >0,
concerning the kernel a:
(a) ae w2'1[0,°) and a is strongly positive on ([0,®) ;

concerning the forcing term f:

-8-




£.e..8, € cl===1% (0,11 n 1=, =0, 11 ,

£Lt,%) = £,(5,%) + £(t,x) ,

(£ { freerfaex @ LP0==2%0,01 ,
1
| fltg,xax =0 (~» <t <w) ,
0

and to measure the "gize" of the forcing term we define

1 - 1
F= sup [ {2+ £+ e lemax+ [ [ {2+ £242 ¢ :ftt + 2, Jaxae

(==,%) 0 ~® 0

concerning the history v:

2
(Ve Ve VeV @ CLE== @220, 1] n L[, 20,101,

1
(H) { [ vexax=0 (==ce<o),
0

and v satisfies (3.1), (3.2) for t €0 .

Analogous to the “"equilibrium stress” for the viscoelastic body we define the constitutive

function X : R* R by
X(*) = o(*) - a(0)y(*) ,

and we assume that

(3.4) X*(0) =y (0) - a(0)¥*'(0) > 0 .,
The following equation, obtained from (3.1) by carrying out an integration by parts with

respect to T, will play a crucial role in the analysis:

t
(3.5)  uy +x(w) + [ alt - DV((T,x)) AT = £(t,x) (-t <®, 08 xS,
x pre xT

It is clear that the problem consisting of (3.5), (3.2), (3.3) is equivalent to the

original problem (3.1), (3.2), (3.3).
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Upon setting

0
(3.6) he,x) = - [ a'(e - DUVITX) AT+ £(tx) (0 €t <=, 06 x<T)
-

3. ug(x) = v(0,x) (0 €x<1),

the history-boundary value problem (3.1)-(3.3) reduces to the intial-boundary value problem

t
up +vla), ¢ [ oAt - D¥R(T,x) AT = hik,x) (0 <t <®, 0<x <)
0
(3.8) ult,0) = u(e,1) (0 <t

u(0,x) = uy(x) (0 € x < 1)

1
where f hit,x)dx = 0 (0 € t ¢ ®) ([use wv(t,0) = v(t,1), and assumptions (f)]}.
0 1

Conversely a solution of (3.8), where f uo(x)dx = 0, can be shown to solve (3.1)=(3.3)
0
by constructing a smooth function v(t,x) on (-*,0] x [0,1], satisfying (3.2),
1
[ vit,x)dx = 0 (=* ¢ t € 0), and also requiring v(0,x) = uo(x), as well as

° def
ve(0,%) = ~p(ug(x)), + h(0,%x) =" u,(x)
(3.9) Vee(0ex) = =p"(ug(x)ugixiug(x) = ¢°(ugx))uilx) _
- a'(0)¥luy(x)) + h(0,x) , ;

and defining

t
ve +etvi+ [ at(t - DRVIT,X) AT (<2<t €0, 0<x <)
-0
(3.10) fle,x) =
0
hit,x) + [ a'(t - DPV(T,x)) aT (0 <t <™, 0 < x < 1) ;
- x

the requirements (3.9) insure that f defined by (3.10) has the necessary smoothness
properties across t = 0 required in the existence theory.

The main global result is

Theorem 3.1. Let the assumptions (a), (z), and (3.4) be satisfied. There exista a

constant H > 0 such that for every forcing term f satisfying assumptions (f) with

-10-
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F € uz, and for any history function v on (-=,0] x [0,1] satisfying assumptions (H),

there exists a unique function u on (==,% x [0,1] with

UrlysUy s Uy /Uy U, © C[(-“;“)1L2(0,1H n Lzl(-'.“)1L2(0,1)] satisfying (3.1)-(3.3), as
well ag f1 u(t,x)dx = 0 (=® ¢ ¢t < @), Moreover,
]
(3.11) u(t,x), u.lt,x), wlt,x) +0 as t + =,
uniformly on (0,1},

The proof of Theorem 3.1 will be given in Section 4. It uses the general strategy
developed in (5], although there are technical differences in details. One first
establishes the existence of a local solution u on a maximal interval (-',To) x [0,1],
with the property that when Tg < ® & certain norm of u becomes infinite as t * Ta
(see Proposition 4.1 below). One then uses a combination of energy methods and properties
of strongly positive kernels to show that the integral in (3.1) exerts a dissipative effect
resulting in the aforementioned norm remaining uniformly bounded, independent of Ty
provided the constant M in Theorem 3.1 is sufficiently small. Thus, in particular

Ty = +* and the smooth solution exists globally.

Remark 3.2. It follows by standard regularity techniques that the solution u of (3.1),

1

(3.2), (3.3) is C¢' smooth on R x [0,1].

Remark 3.3. A result similar to Theorem 3.1 (established by the same methods) holds for

the boundary-initial value problem

t
g + elul, + [ att - DYu(T,x)) AT = hit,x) (O <t<® 0&x<1),
0
(3.12) u(t,0) = u(e,1) (0 <t< ),

u(n,x) = uo(x) (0 € x <1, uo(O) = u0(1)) :
here v, ¥, and a satisfy the assumptions of Theorem 3.1, h defined on (0,%®) x [0,1]

satisfies assumptions (f) modified in the obvious way, and the initial datum u, € H2(0,1),
1
with [ ug(x)dx = 0. For the theorem to hold one must require that lunl 50 and a
0 W

suitable norm of h are sufficiently small, as can be seen from a detailed examination of

the corresponding estimates. (See Remark 4.3 below).

1=
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Remark 3.4. The requirement that the history v satisfies (3.1), (3.,2) for t € 0, and
the condition: the constant u (where F ¢ uz) of Theorem 3.1 is "small", imply that the
history function v, as well as the forcing term f in (3.1), are both small in suitable
norms . ‘
Remark 3,5 If ¢ = ¢ in (3.1), Theorem 3.1 can be applied without any change, provided

; 0 < a(0) < 1 (in order that (3.4) is satisfied). However, in this special case the

somevwhat different energy techniques of Dafermos and Nohel [4], or of Staffans (20), or the

method of Riemann invariants of MacCamy (11] can also be used.

Remark 3.6. It will follow from the proof of Theorem 3.1 in Section 4 that because the

problem (3.1)-~(3.3) is in one space dimension and on a finite space interval it is

. .,-LJ. Y Vi

sufficient to obtain global estimates for the derivatives (in this case estimates of ey

L]
A Uprer Ypeper because (3.1) is of first order) in the L (Lz(o,ﬂ) and L2(L2(0.1)) norms,
- and then to make use of the Poincaré inequality to estimate lower order terms. However,
one cannot apply this method to obtain global estimates for the pure Cauchy problem

consisting of the Volterra equation

t
P (3.13) ug +elx), + [ at(t - THP(T,x)) AT = h(t,x) (O <Ct<=, xeR ,
0
N together the initial condition u(0,x) = uo(x), x @ R, because x @ R and
the Poincar@ inequality does not apply. For the local existence result (analogue of

' Proposition 4.1) one can circumvent this difficulty. The same comments apply to the

o analogous pure Cauchy problem associated with the second-order nonlinear Volterra equation
(2.8), If ¢ = ¢ 4in (3.13) or (2.8) the analogous pure Cauchy problems can be treated by
."' either the methods of [4], [11] or of [20], because global estimates of u and of the
derivatives of u in appropriate norms are obtained successively from the equations.
However, if ¢ Z V¥ in (3.13) or the pure Cauchy problem associated with (2.8) these

mathematically interesting problems remain to be tackled.
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4. Proof of Theorem 3.1; a, Iocal Theory. This is carried for the boundary-initial value

problem (which was shown to be equivalent to the history value problem (3.1)-(3.4) in

Section 3 for a suitable choice of the forcing term £ - gee (3.10)):

t
u, +elu), + [ at(t - D¥u(T,x) 4T = h(k,x) (O <<=, 06 x<),
0
(4.1) u{t,0) = u(e,1), 0<€t<c=,

u{0,x) = ug(x), xe (0,11 .

We make the following assumptions:

at,avero,), vvec?m, v@) =y0) =0, ¢0) >0,
there exists a constant K > 0 such that ¢'(§) > x> 0 (§en),
h: [0, X [0,1] * R, h{t,x) = hy(t,x) + hy(t,x), h,h,,h, € c([o,‘)sz(Oﬂ))'

£1 n(t,x)ax = 0 (£ € [0,)), hypysMpey @ L2(10,#)722(0,1)), and uy € H2(0,1),

f ug{x)dx = 0. The reader will note that the full strength of assumptions (a) and
a:aumpt.lon {3.4) are not used in Proposition 4.1 below; on the other hand ¢' is now
required to be bounded away from zero (compare with assumptions (c)).

Proposition 4.1. Under the albove assumptions there exists & 0 < T, € * and a unique

function u e C1([01To) x [0,1] with “tt'“tx'“xx e c([0,T] ’L2(001)) for every
1

0 <T< Ty, such that u satisfies (4.1) on [0,Ty) * [0,1] and [ ult,x)ax = o,
0

Moreover, if Ty < bd

1
(4.2) sup I [uz(t,x) + u‘z:(t,x) + 000 4 u,zm(t,x)]dx -,

-0
t’To

It is clear that with h defined (3.8), uy by (3.7) the problem (3.1)-(3.3)
satisfies the assumptions of Proposition 4.1.
Remark 4.2. A similar result holds for the pure Cauchy problem associated with (4.1), i.e.
no boundary condition is specified and u(0,x) = uy(x), uy € Hz(l)y however, the function
space X{(M,T) bhelow must be specified differently.

The proof of Propositinn 4.1 is very similar to that of Theorem 2.1 in (5], and will

only be sketched. Let M > 0, T > 0 and let X(M,T) denote the set of functions
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w(t,x) on (0,T) x [0,1] with WMy W Wy W oW €@ ct [0,'!‘7!.2(0,1)), wit,0) = wi{t,1),
1 1

w(0,%) = ug(x), [ wit,x)ax =0, [ w(t,x)ax = 0, 0 ¢ £ < T, and
0 0 .

1
(4.3) sup [ (Wl e, ¢ wd (t,x) ¢ W (e, )ax < w2,

to,7 o .
It follows from the Poincaré~-type inequalities (see application of Lemmas A.1 and A.2 in
Appendix) and from (4.3) that if w e X(M,T) then
(4.4) vie, 0 +wdie,0 +wd(e,) S (0 <CeST, 0S¢ x<C )
Let S : x(M,T) * c'((0,T) x [0,1] be the mapping which carries w € X(M,T) into the

solution of the linear problem consisting of

t
(4.5) u, +v'(wu, = - [ a'(t- TIWW(T,x)) 4T + h(t,x) (O <tsém, 0<x< N,
0

and of the boundary and initial conditions in (4.1). It is clear that a fixed point of S
is a solution of (4.1) on (0,T] % [0,1]. Also note ¢'(w) |is w"’ smooth and ¢*(w),
and W'(w)x are in L-([o,leL2(0,1)). Moreover, if g(t,x) denotes the right~hand side
of (4.5), g(t,x) = g1(t,x) + gz(t,x), then g satisfieas the same assumptions as h
does, and by fairly standard theory for linear problems Upp syt € C([O,T11L2(0.1))r
embedding type arguments then yield that u € C‘([O,T] x {0,1)). Thus it suffices to show
that the map S has a unique fixed point u in X(M,T). Once this has been demonstrated
it follows from the assumption f1 h(t,x)dx = 0, t e [0,1], the equation in (4.1), and
0
a !

from the boundary co:ditton that Ty { u(t,x)dx = 0 for t e (0,T); since £ uy(x)dx = 0,
one then also has f u{t,x)dx = 0, t e [0,T].

The remainder gf the proof of Proposition 4.1 is completed in the following steps:
(1) analogous to the proof of Lemma 2,1 in (5] (here the argument is shorter), use the

standard energy method for linear problems to show that when M is sufficiently large

and T > 0 {is sufficiently small, S maps X(M,T) into itself; (ii) define the metric




PE St N

P(u,u) = max {f1 llug - 82 + (u, - 502 (£,x)ax ,
fo,T1 o
where u,i0 € X(M,T); by the lower semicontinuity of norms in a Banach space, X(M,T) is
complete under P; analogous to Lemma 2.2 in [5] show that S 1is a strict contraction
on X(M,T)}) wunder the metric p; (iii) by Banach's fixed point theorem the map S has a
unique fixed point u e C'([O,T] x [0,1]) for M sufficiently large and T sufficiently
small, which solves (4.1); the existence of the maximal interval of validity
[O,To) x [0,1] of the solution u satisfying (4.2) is established in a standard manner
(see [5)). This completes the sketch of the proof of Proposition 4.1,
b. Global Theory. By the constitutive assumptions (c) and (3.4) there exist
§5> 0, x>0 such that
(4.6) e'(E) 2 x, Y(E) >k, x'(§) >« (181 < &)
If necessary modify v outside (=6,8] such that ¢ e c®(m) and v'(§) >k (EeR). To
prove the existence of the global solution u on (-*,®) x {0,1] of the history value
problem (3.1)-(3.3) asserted in Theorem 3,1, let u be the unique solution on the maximal
interval (-',To) x [0,1]) guaranteed by Proposition 4.1, and assume that 0 < Ty < =,

For 0 < T <T; let

1
(a.7) ur) = sup [ [ud(e,x) +ud(t,) +ud(e,x) + cee +ud (2,x0]ax
(==,T} 0

T 1
] % eu2 e s oo v 2 Jaxee ,
-0

where °*°*°* stand for the terms “gt and “f:x' Recall that Tq 1is characterized by (4.2)
and thus the first integral in U(T) tends to infinity as T * Ta; also recall that
uZv for t € 0. The basic strategy of the proof is the same as in [S); we wish to show
that there exist constants Vv > 0 (v €& 4in (4.6)) and X > 0, independent of T, such
that 1f

(4.8) lutt,0 12 + fue,x)? + Jugte,012 <V, ves,

on (-=,7] x [0,1] then
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(4.9) u(T) S KF ,

~ where P 1is the constant defined under assumptions (f). The proof that (4.8) implies .

(4.9) will be outlined below using energy estimates. Once this claim is established the

proof of Theorem 3.1 is completed as follows. First, by the assumptions on the history ,

vit,x), (4.8) holds as a strict inequality for t > 0 sufficiently small. Next, hy
?
the Poincar@ inequality (see Lemma A.?1 in Appendix) and the definition of U(T)

(4.10) tatt, 12 + Ju (8,012 + Jugte,0 12

1
< [ tudten ¢ ud (o0 + wd (g,x0)ax < (T
0

- 2
1 on (==,T] x (0,1}, Choosing the constant uz < %— and F ¢ uz, (4.10) shows that (4.9)

2 2

i implies (4.8) (as a strict inequality). Therefore if F € u” < %—. the estimates (4.8) i

A; and (4.9) both hold for every T € (-’.TO), and consequently by Proposition 4.1 (see
especially (4.2)) T, = +*. Moreover, (4.7) and (4.9) imply that
(4.11) UeUy Uy Uy Uy @ L (0=2,2)5%(0,10) 0 L2 (=== 2200,
] But U, U U Uy sUp ety € Lz((-“.‘)IL2(0,1)) also implies that
e (4.12) wugsu, * 0 in L2(0,1) as t >,

? which in view of u,u ,ees,u, @ L”((-“,‘):L2(0,1)) yields (3.11) and completes the proof.
:.f It remains to establish that (4.8) implies (4.9). For this purpose we will need the

following properties of strongly positive kernels. Introduce the notation

t
{a*g)(t) = [ alt - T)g(T)at

]
and

3
Ola,wis] = [ wit)(a*w)(t)at .

Let assumptions (a) nf Theorem 3.1 be satisfied, There exist constants B, Y > 0 such

2
that for every 4 @€ R and for every w e Ll (-®,3)
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Y

e B

i
(4.13) f [(a'w)(t)]zdt < Bo(a,wss], )
- 1'
i
where
8= % |.|21 + % I.-|21 , !
L (0,%) L (0,%) ;
|
i
and i
§
(4.14) [ a'*w)(©))2at < Yla,wis) , {
-t
where
Y = % |a'|2 + 4 la"l2 .

tlio,= ¢ il

The estimtes (4.13), (4.14) which have also heen used in (5] are esgentially contained in
Staffans (20]. Another important property deals with the resolvent kernel k of the
linear Volterra operator

' (0)y + V' (0)a'*y

defined to be the solution of the linear Volterra equation

t
(%) WOK(t) + ¥ (0) [ a'(t - DK(T)AT = -p*(0)a’(t) 0 €t =,
0

Lemma 4.2, If assumptions (a) are_satisfied, and if v'(0) > O, $'(0) > 0, then

xes'(0,,
The proof of Lemma 4.2 is given In [5].

The first estimate needed for the proof that (4.8) implies (4.9) is obtained from
equation (3.5). (Recall that (3.5), (3.2), (3.3) is equivalent to the original problem
(3.1)=(3.3), and it is assumption (3.4) concerning X which will play an important
role.] Multiply (3.5) by h'v(u)xt and integrate over (-%,s] x [0,1], 8 < Ty After

several integrations by parts in which the boundary condition is invoked we obtain
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1
(4.15) 3/ X' (uls,x))¥* (uls,x)Jul(s,x)ax + Qla,srb(u) )
0
12! 2
= -2/ ] v+ x* v (u)luulaxat
-- 0
1 s 1 2 1
-3 {.({ V" (u)u ufdxdt +({ £(s,x)¥(u(s,x)), dx

8 1
-f £ ¥(u) _dxde .
L1 e,

In ocontrast to the analogous calculation in (5, see (3.21)), no useful information is

extracted here from integration of the term utﬁ(u)xt over (-%,s) x [0,1]).

Remark 4.3. Wwhen obtaining the analogous estimates for the boundary-initial value problem

(3.12) (see Remark 3.3), the analogue of equation (3.5) from which the global estimates are

calculated is

t
ue + X+ [ att = DYT,x))__dt = hit,x) - attrv(u ) .
t x xT 0
0 x
To simplify several of the estimates which follow we make the additional assumption
that ¢,V (and hence also X) @ C3(l); the alternative is to employ difference quotients
and pass to limits as in [5]}. Differentiate (3.5) with respect to t (use
a8

{a%g)(t) = [ a()g(t - £)3f, Jdifferentiate, and then change variables) obtaining

0

(4.16) Uy, * X(U)xt + a"““)xtt = ft (== <t <>, 0<Cx< 1),

Multiply (4.16) by Nu)xtt and integrate over (~%,s] X (0,1). After several

integrations by parts the result of this tedious calculation is

-i18=
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(4.17)

the terms

where

the terms

where

PRy, T = R e At O A

1

1
2 g X'(u(B,X))W'(U(BIX))u:t(s,x)dx + Qla,sr¥iuw) ., ]

1
SR IR R BINE AT A £ £, (8,2 b(u(s,x)) dx

Nj=

s 1 s 1
" L] 2
-1 g te W) qaxat + 5 [ g X"(W V' (W) + X' (W)¥*(u)]u) u dxde ;

I in (4.17) come from
g 1
1=f u V(U dxdt = Ty 4 I+ I3+ 1, ,
- (
£ :
I, = V' (w)u, ulu dxdt
L ttt x !

2
I, = [ [ ¥(wu’ u_dxdr
2 tt x ‘

s 1
I,=2[ [ ¥(wu_u__u axat ,
3 -0 ttoxtt
/ f1 :
I, = Y (uwu_u  dxdt = = = I_ ;
4 L tE xtt 272

Je in (4.17) come from

s 1
J = {. £ W(u)‘ttx(u)xtdxdt Ty b eIy 43,
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k]
n

o,

g 1
3= [ xtw¥(wu_ u_, dxat
8 .0 Xt xtt

1

= % g x'(u(s.x))0'(u(-.x))n:t(s,x)dx
-1 fs 11 DXW Y (u) + x* (W ¥ (W u2, u_dxdt
2 ap xt"t

which respectively give the first term on the left side and last term on the right side of

(4.17),
s 1
Ty = {. / X'(U)W"'(u)uiu:dxdt '
0

s 1
" 2
2 f. g X*(u)¥ (u)u  u u dxdt ,

N&
[ ]

s 1
2
o= [ [ x*(w)¥*(wu,_ u’u, dxdt
3 . e xt ’

1

Iy = g X"(u(s,x))¥* (uls,%))u (s,%)u (8, x)u_ (8,x)ax

s 1 s 1
- f ! x“(u)*‘(u)uitutdxdt - f f uxtux[x'(u)W'(u)ut]tdxdt .

-0 0 - 0
s 1 2
= L]
5 {. g X' (u)p*? (“)“xt“x“tdxdt R

s 1
” 2
Jg = 2 £. { X' {u) ¥ (u)uxtutdxdt ’

s 1
g x'(u)O"(u)uxtu

Co
~
]
‘%

ttuxdxdt .

The next estimate follows from the lidentity

(4.18) a(O)W(u)xt - a"W(u)xt + a'Wu)xtt

which is derived by integrating a'v(u)xt by parts. Multiply (4.18) by U,y and

t
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integrate over (-*,s) x {0,1]; then in each term on the right hand side use the Cauchy

Schwartz inequality and (4.13), (4.14), This leads to the estimate

s 1
(4.19) a(0) {”{ u, b(w)  dxde
s 1 1 1 1
2
UL Gaxae] R {ontamvn (1) 72 v sotasarbt 00 2}
Using Nu)xt = W'(u)uxt + ‘b"(u)uxut and (4.6) on the left side of (4.19) and
ab < ;—e + ; b2, € = 2/ca(0) on the right side of (4.19) gives the useful estimate
(4.20) xa(0) Is 11 2 axdt - —Y— Qfa,s;¥(u) )
’ 2 L x ka(0) % 8TV ey
8 s 1
~-,<a—(°—)'Q[a.sr¢'(n)xtt] < a(0) L({ W'(u)uxtuxutdxdt .
Next write (4,.,16) in the form
Uy * -(x"(u)uxut + x'(u)uxt + a"v(u)xtt) + £,
n 2 n
square both sides, integrate over (-®,s] % (0,1], use ( Z ai) €n z ai (n = 4),
i=1 i=1
use (4.13) to obtain the estimate
s 1 s 1
22
(a.21) v axat - 4 X' (0))%u? axar
£ oo ] ceen®,
s 1 22 2 s 1 2
- 48gfa,8i¥(u) ] < 4 L{ (x"(u)] "w ujdxde + 4 L{ fodxdt .

We now return to (3.1), differentiate with reaspect to t and obtain
Uy = =o' (ulu,, + 9" (uu, + u"W‘(u)uxt + a"W"(u)uxut) + £,

square both sides, integrate with respect to x over [0,1], and evaluate at t = g,

This gives the estimate

and




(-

1
(4.22) [ wdsax -5 [ (ettuts, )1l (s,00ax
0 0

2 ! 22
" sup [ (W' (u(t,x))] ug (£, x)dx
L'(0,®) (==,8] 0

~ 51a

1 1
< f (W"(B(SIX))lzui(s,x)ui(s.x)dx + 5 f fi(s,x)dx
0 0
2 ! 2 2 2
+ sla‘'t sup f {¥"(u(t,x)} ux(t,x)ut(t,x)dx .

L'(0,%) -=<t<s 0

Next, differentiate (3.1) with respect to x obtaining
Upy + wlu) e, + a"\v(u)xx =f. .
and write y¢(u),, = ¢'(wu,, + w"(u)ui = 9 (0)uy,, + (v'(u) - o' (0)Ju,, + ¢"(u)U3: and
similarly for W(u)xx. This gives the equation
(4.23) v'(0u, + ‘Jl'(O)a"uxx = X(t,x) ,
where
XE2) = ~up, + £~ (00 = @' (0 ]uy, = v (wul
2
- (R - [} - Ry .
a'*[yr(u) L4 (0)]uxx a'ry (u)ux
Letting k bhe the resolvent of the operator on the left side of (4.23) we have
(4.24) P (0)u (£,x) = X(t,x) + (k*X)(t,x) .

1
By Lemma 4.2 k @ L (0,%), and this gives the estimates

1 1 1
(4.25) 012 [ wlismax €2 [ x%soax + 2ik0? sup [ xeoax
0 0 L (‘“15) 0
and
s 1 s 1
(4.26) w012 [ [ uZaxae <200+ Wb g [ [ xfaxae .
-0 L -= 0

To complete the proof that (4.9) implies (4.9), we first use (4.8), (4.6), (f), and

the fact that for Ju{t,x)] € v, the derivatives |v'{u(t,x))), l¢"(u(t,x))]),

Q2=




{4

_"A.' >t oo

i

I

Jet v qult,x) )], Pt (ule,x)) |, 1¥"(ale,x))], 19" ' (ule,x)) |, Ix'(u(e,x))l, Ix*(ale,x))],

IX'*'(u(t,x))| are bounded by a constant C > 0
derived above; here we have used the additional simplifying assumption that
also x e c3(l); this can be avoided as in (S).

Thus (4.15) becomes

<2 1 2 3 2 1 2
(4.27) 4—({ ug(8,x)ax + Q(a,¥(u) 18] € 3 vC L({ uZaxat

s 1
oy 2 <
+3 L £ ulaxdt + 1='c[.‘2 + |

1
2c2/%

similarly (4.17) simplifies to
2,
(4.28) 4—-({ uge(8,x)ax + Qla,¥(u) 18]
2. 1 !
<c’v [ ul(s,x)ax + C“[E +c] [ ui(s,xax
0 0

2 s 1 22 s 1
+oviF +c+ov+ov) [ [ udaxae + ¢V [ [ ulaxar
- g -

3¢9 .7 s !
+ c\)['z— + (5’ + 5 V)C] f f ugxdxd:
- 0

s 1
+ cv[2 +§c +(7}+c)v]f / u'z:tdxdt+cr(v+1—+1—),

lad 2 a2y

the estimate (4.20) becomes
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¥, and hence
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L]
Xa(0) 2 I 4
(4.29) - I- £ ug dxdt =0y Q[a.sv*(u)xtl
8
- Ka(O) Qfa,sr¥(u) xtt ] < a(0) — 3 (f [ uxtdxdt + f g u dxdt) ?

estimate (4.21) simplities to
(4.30) [ | u.axat - ac? [ [ w2 axat
- 0 -» 0

= 46Qla,81¥(w) ] < ac?V? f f dxdt + 47

- ()

estimate (4.22) simplifies to

(4.31) w? (s, x)ax - sc? I ul, (s, x)ax

o,

- sc?la't | sup I u? (£, x)ax < 5c7v? f ul(s,x)ax

L ~=t<s 0

1
+ SCZVZIa'I 1 sup f ui(t,x)dx + S5F
L' -=tfs 0
the estimate (4.25) becomes
5 1 ) 1
(4.32) 2 [ w2 (sax €2 [ x3(s,x)dx + 2hch sup | X3(t,x)ax ;
0 0 L (-=,s] O
finally, (4.26) becomes
(4.33) 2 [ f oZaxae € 201 + Bt i [ [ xPaxae ,
-0 L' =0

where in the estimates (4.32) and (4.33) X(t,x) {is the function (depending on u, u_,

X

Oy Ay and f£) given preceding formula (4.24).

«24=
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' We now focus our attention on the simplified estimates (4.27) through (4.33).
By the Poincaré inequality (see Appendix) U(T), given by (4.7), can be majorized by
\I
! 2 2
(4.34) u(r) €  sup [f [2ul(t,x) + ug, (t,x) + Zugx(t,x) +u (t,x)]]dx
xx
(‘.o'r] 0
T 2 2 2
+ f f {ugy + 2ug, + 3ul ldxdt .
t -» 0
Moreover, each term on the right hand side of (4.34) can be majorized by a suitable linear
-
3 J combination of the left hand sides of the estimates (4.27~-4.33). On the other hand, each
3 ~ term on the right hand sides of the estimates (4.27-4.33) can be majorized by terms of the
) torm O(F), or O(VIU(T), or EU(T) + c(€)F(T) for any € > 0; the last of these comes
N
from estimating the right hand sides of (4.32) and (4,33)., This combined with (4.34)
. ylelds the final estimate
(4.35) uiT) < {o(v) + ofe)lu(T) + cterr .
Therefore, fixing V > 0, € > 0 sgufficiently small, (4.35) yields (4.9), assuming that
s - {4.8) holds. This completes the proof of Theorem 3.1. i
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J S. Development of Singularities. We consider the pure Cauchy problem

u, +¢(u), +a'*y(u) =0
. (5.1) * * x
-~ u(0,x) = ug(x) (xe R

throughout this section * will denote the convolution on [0,t) (not (-*,t}l). Por a

discussion of the existence of smooth solutions of (5.1) on [0,®) X R for sufficiently

smooth and “small" data we refer the reader to Remarks 3.3, 3.6. It is known (see

Proposition 4.1 and Remark 4.2) that if a, ¢, ¥ satisfy the assumptions of Proposition

4.1 and uy, € Hz(l), then there exists a unique smooth solution of (5.1) on a maximal

j interval [0,'1‘0) X R, 0 < To C o,

Q’ Our objective is to study the problem of the dsvelopment of singularities (shocks) of
the solution in finite time such that a physically meaningful entropy condition will be

; satisfied (see {14]), assuming that a local smooth solution exists.

Let £ @R and let u(t,x) be a smooth golution of (5.1). We define the

characteristic through § of (5.1) to be the curve x = x(t,f) in the ¢t,x plane

specified by the initial value problem

& = ot tute,x) t > 0
x - (5.2) .
x(OIE) = £ (EeRr) .
e 1t should be noted that the total derivative of u(t,x) along the characteristic x(t,§) !
" is
o ax
: Sl x(e,6)) = u (e,x(e,8)) + u (E,x(t,8)
-5
; = ut(t,x(t,ﬁ)) + w'(u(t,x(t,E)))ux(t,x(t,ﬁ))
b def
= ut(t,x(t,E)) +~p(u(t,x(t,5)))x .
i et u(t,§) = u(t,x(t,§)). If u is a solution of (5.1) its derivative along the
. i characteristic x(t,f) satisfies the integrodifferential equation
% | .
I
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& t
=" ({ at(t - T)*(u(f,x(t,ﬁ)))xﬂ t> >0
(5.3)
u(0,x(0,E)) = uo(x(O'C)) - uo(E) (Eem .

The readsr should note that (5.3) is no longer of oconvolution type, because of the term
Wlu(T.x(t,E)))x - W'(u(f,x(t,ﬁ)))ux(T,x(t,E)) under the integral.
Let x(t,f) be the characteristic of (5.1) through £ and dsfine
vit,§) = %E x(t,£)7 note that v(0,£) = 1. The function v measures the growth of the
characteristics with respect to £. Llet ¢"(*) * 0, According to lemma 2.1 of [14] a
singularity will develop in the solution u of (S.1) in finite time, if it can be shown
that there exists a number %, 0 < ¥ ¢ ® guch that v(T,f) < 0. For, in this case there
exists a 0 < T <% and 51 hd Ez € R such that x(T.E,) - x(T.Ez) (1.0. the
characteristics through _51 and €2 cross at T), and u(i-,x(i,€1)) ¢ u(Q-,x(i,Ez)).
This is the definition of the development of a "shock” at ¥ in the solution u of
(5.1). It is explained in [14] that this “"shock” solution satisfies the physically
meaningful entropy condition.
We shall therefore set up a differential equation for v(t,f). Let
w(t,) = %% (t,x(t,§)), and note that w(0,§) = ua(ﬁ). Then using (5.2)

9
s—‘: - :_t xs(t,E) = 'g'z’ %x: = TE v (“(tlx(tlg)))

= ¢"(ult,x(t,§)))wle,E) .

Thus v satigfies the initial value problem
(5.4) S o tutt,x(e, 60w, VI0,6) = 1 .

The equation satisfied by w 1is found by differentiating (5.3) with respect to &,

obtaining the initial value problem

t
(5.5) e v, [ ar(e - T IV u (T, xt e, £)) )3 (T, x(E,6))
0

+ W'(u(T,X(t,E)))““(T,X(tns))]dfn w(0) = \l(',(E) .
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Remark., (5.7) also holds if a(t) = a_ + A(t), a(0) = 1, a_ > 0, and A satisfies

Our objective is to use the system of four nonlinear equations (5.2)-(5.5) for the

quantities x(t,§), u(t,§), v(t,§), wit,f) satisfying the indicated initial conditions to )

establish the development of a shock in the sense deacribed above. This problem which is
under active study remains to be solved in this generality.

We restrict ourselves to the special case ¥ =y in (5.1). By Remarks 3.5, 3.6 the
Cauchy problem (5.1) has a unique smooth solution u on [0,%) X R if a and v satisfy

the assumptions of Theorem 3.1, 0 < a(0) < 1, and if Ju l is sufficiently small.

0
® w2(m)

In the gpecial case ¥ = ¢ we can use the method of MacCamy [11] and Dafermos and Nohel

{4], introduce the resolvent kernel k of a' defined by the equation

(k) k(t) + (a'*k)(t) = ~a'(¢t) (0 €t <™,

and write (5.1) in the equivalent form '
u, + w(u)x + k(0)u + k*'*u = k(t)uo(x) (0<ct<», x@R

(5.6)
u(0,x) = uy(x) (x @R .

Note that since a satisfies assumptions (a), %(0) = -a’(0) > 0, The method of Lemma 4.2

applied to equation (k) shows that since 0 < a(0) < 1, one has

(S5.7) k,k' e L‘(O,') .

assumptions (a).

To establish the development of singularities in a smooth solution u of (5.1) with
¥ 2 ¢ (equivalently of (5.6)) we study the system of nonlinear equations corresponding to
{5.2)=(5.5). In this case it is easily seen that the quantities x(t,f),

u{t,&) = ult,x(t,8)), v(t,t) = %E x(t,8), wit,E) = %E ul(t,x(t,)) satisfy the initial

value problem

~2f e




ale

= o' (ult,x(t,5)))

ale

t
+x(0)u + [ k'(t - Tult,x(t,£))dT = k(t)uy(x)
0

(5.8) * = " (ult,x(t,£)))

alz

H t
: +x(0w + ([ k(e - Tu (T,x(t,£))81 = ui(e,x(t,£)))v = 0
0

ale

\

x(0,£) = £, u(0,§) = uo(E), v(0,§) = 1, w(0,E) = u(',(E) .

ced aaa

. In recent joint work with Malek-Madani [15] we have established the following result;

its proof which uses (5.7), (5.8) and the general strategy for the formation of shocks

outlined above will appear elsewhere. A similar result was stated by MacCamy in his
lecture; see note in (6].

Theorem S.1. let a (0 < a(0) < 1) satisfy asumptions (a). In addition, let the

resolvent kernel k of a' satisfy

(5.9) k(t) > 0, k'(t) €0 (0 <Ctc=) ,

T Let v @ cX(m), v(0) =0, v'(*) >0, v"(*) > 0. Let uge ci(m. If ui(f) <0 and

* Iu("(E)l, £ e R, is sufficiently large, every (necessarily) smooth solution u(t,x) of

the Cauchy problem (5.6) (<===> (5.1) if ¥ £ y) will develop a shock in finite time. If

¢"(*) > 8> 0, an upper bound for the time at which a shock develops is

uB(E)B

L 2 L lo
x(0y °9 up (518 + k(o) *

The following considerations provide examples of kernels a in (5.1) (<===> (5.6) if

3 ¥ 2 ¢) for which Theorem 5.1 can be applied.

t

Remark 5.2. If a(t) = Be °C (0 < B < 1), a simple calculation shows that

k(t) = aBe.a“-B)t, and evidently the inequalities (5.9) are satisfied in the strict

-

sense .,

,llﬂ. S Rt
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More generally, one has the following result established by elementary consideration

from the resolvent equation (k).
Lemma 5.3. Let a @ c2{0,%), (=1)3a(3(¢) >0, J ~0,1,2 (0 St < ®), and assume that

a'(t)a'(0) - a"(t) < 0 (0 €t ¢cmw ,

Then k(t) > 0, k*'(t) < 0 (0 € ¢ < ®), 1If algo O < a(0) < 1, and a € H2'1[0,'), then
k,k' @ L‘(O,').

m -G .t
Corollary 5.4. Let a(t) = | B.e 3,8

3 >0, a, > 0; if
3=

b} 3

a > ? a

8 (L = 1,2,004,m)
4 4o 1% v v ’

m

then k(t) > 0, k*'(t) < 0 (0 €t ¢ ®); if also | B,
3=

Finally we remark that the general approach used to prove Theorem 5.1 can also be used

< 1 then Xk,k' @ L‘(O,')-

to show that if by contrast, ué(E) > 0, and if the other assumptions of Theorem 5.1 hold,
no singularities develop in the solution u in finite time. Thus Theorem 5.1, together
with this remark, form the analogue for the conservation law with memory (5.1) of Lax's

classical result for the congervation law (1.2).
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= Appendix
=i . For the convenience of the reader we state and prove the following elementary
inequalities which were used in the proof of Theorem 3.1 and which are generally referred
. to as Poincaré inequalities.
! 1
. Lemma A.1. Let g,g' @ L2(0,1), g real, and let § = f g(x)dx. Then
1 0
{ 1 1
: | Pax <P+ [ (gt
4 0 0
1
.;j' in particular, if g = 0, then
T 1 2 1 2
-4 | doax < [ (g'(x)12ax .
. 0 0
B
bl Proof. Take 0 € X5 < x < 1. Then
X
g(x) - g(xg) = [ g (6)at ,
% = x
0
-? and by Cauchy-Schwartz
"
Tl 2 * 2 ! 2
lalx) = gxg))? € (x = x5) [ (g'(&))°a8 < [ (g'(§n%a .
- x 0
0
e .
™
'f: Thus
! 2 ! 2 2
. [ tgtx) ~ glxg))“dx = J Pfixrax - 2g9(x5)g + g%(xg)
» 0 0
! 2
I <[ 1g'(x))%x .
0
P
5‘ . By the continuity of g choose Xg such that g(xo) = §, and the first lnequality is

immediate.
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Lemma A.2. Let g,9',9" @ L2(0,1), g real, g(1) = g(0), §=J g(x)dx = 0. Then
0
1
g2 + [g'(x1% < [ (gmi%ax (@ <x< ).
0 X
Proof. Let 0 € y ¢ x € 1; we have
X
g'(x) = g'(y) = f g"(£)aE .
Y
Squaring both sides and using Cauchy-Schwartz gives
1
(9" ()12 + [g°(»12 - 2g'(0g'ly) € [ [g"(x)12ax .
[}

1
Integrating with respect to y over (0,1] and using f g'(y)dy = g(1) = g(0) = 0 we
0

have
2 ! ! 2
g (x)12 + [ (g'(y)1%8y < [ (g"(x))%ax .
o] 0
Since g = 0 the conclusion follows from the inequality
2 ! 2
tgtx1?2 < [ (g'(yi2ay ,
0

the proof of which is contained in that of Lemma 1.

Application. 1f w @ X(M,T) defined in the proof of Proposition 4.1, then

1
wAe,x) + Wit + Wl €[ w2 (e + w2 (t00dx (0 S x € 1) .
0
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