RADC-TR-80-301
in-House Report
September 1980

CIRCULAR ARRAY OF DIPOLES
ABOVE A PERFECTLY CONDUCTING

CYLINDER

AMDA103942

Gregory Cruz, ILt, USAF

AFPROVED FOR PUBLIC RELEASE; DISTRIBUTION UNLIMITED

DTIC

ELECTEF%
SSEPQ 1981 2 '_';

A

ROME AIR DEVELOPMENT CENTER
" Aiv Force Systems Command
Griffiss Air Force Base, New York 1344I




This report has been reviewed by the RADC Public Affairs Office (PA) and
is relcasable to the National Technical Information Service (NTIS). At NTIS
it will be raleasable to the general public, including foreign nations.

RADC-TR-80-301 has been reviewed and is app:oved for publication.

WALTER ROTMAN, Chief
Anteni;as and RF Components Branch
Electromagnetic Sciences Division

KULAN €. SCHELL, Chief
Electromagnetic Sciences Division

e, Gl Pl

JOHN P. HUSS
Acting Chief, Plans Office

N e

SUBJECT TO EXPORT CONTROL LAWS

This document comtains information for msnufacturing or using wunitions of war.
Zrport of the informatior contained herein, or relsase to foreign natinnzls
within the United States. withuut first obtaining an export license, is a
violacion of the International Izaffic in Arms Regulatiocna. Such visiation {
is subject to a penalty of up to 2 years imprisomment and a fins of $100¢,000 i

undar 22 U.S.C 2778,

Inciude this notice with any reproduce:l portion of this document.

If your address has changed or if you wish to be removed from the RADC
mailing llst, or if the addresses is no longer employed by your organizatiom,
please nocify RADC (EEA ) Hsnscom AFB MA G1731. This wilil sesist us in
maintaining a currsnt mailing list.

Do not raturn this copy. BRetain or destroy.




Unclassified

SECUMITY CLA&S!NCAT!ON OF THIS PAGE (When Date Entered;

REPORT DOCUMENTAT!ON PAGE BEF%%‘EDC'SSEE‘,{%E‘&":O“
“um

. GOVY ACCESSION NO.| 3. RECIPENT'S CATALOG NUMBER

¥ RADC-TR-80-391

! 4 s #ﬁm‘——*--a;"-g—n'-‘z_éim, =

é kxacuua RAY OF DIPOLES ABOVE A ¥ Final?” ereMogee: Fe a?\‘
ERFECTLY CONDUCTING CYLINDEh e - = o T

o i ~—
% at z z c - ——
1 tm: IR = & CONTNACT CR GRANT NUMBER(S)

g & -

- E GreguryfCruz/ 1/Lt, USAF

g . $. FPERFORMING ORGANIZATION MAME ANQ ADDRESS 10. ’ROE‘A!O.I.KE:S‘NYY"’“R"O.J‘CﬁY 7ASK

. Deputy for Electronic Technology (RADC/EEA) 02F

g, Hanscom AFB ﬁ 23857303 / "1" z

F Massachiusetts 01731 - -

11. CONTROLLING OFFICE NAME AND ADDRESS

Deputy for Electronic Technology (RADC/EEA // September 198! o TS

Hanscom AFR *m.mi /

Massachusetts 01731 35 CZ\ ) 37
—q

. MONITONHING AGENCY NAME & ADDRESS(i! different from Conteolling Otlice) 15. STCURITY CLASS. (of ths reps

Unclassified

19a. DECLASSIFICATION DOWNGRADING
SCHEDULE

16. DI*TRIBUTION STATEMENT :af this Report)

Approved for publin release, distribution unlimited.

RPN

17. DISTRISUTION STATEMENTY (of the abatract entered \n Block 20, if difterent itom Report) i

0. SUPPLUMENTARY NOTES

TR,

ik

19. K EY WORDS (Continue on teverss aide il necesnaty and identity by binck number)

~ie

Ry IR

Circular array -
Perfectly conducting cylinder
Mutual coupling

- n. ﬁnnnc“t (Cantinue o ceverse aide If -ccesssty and tdontity by block number)

This report contains un analysis of coupled dipoles near and parallel to an
infinite conducting right~circular cylinder, bnsed on lntegra' equations devel-
ocped by the Fourier t-ansform methods., The computer is used to numerically
solve the M. nonhomogeneous integral equations, using numerical approxime-
tions for the integrals and complex algebra techniques to solve the simultaneou
equations, Such an analysis should account for both the space wave with its
grating lobe and the creeping wave resonances on the curved surface of the -
cylinder, and have an impact on the development of optimum methods for w——p™ "~

DD (i, 1473 coimion oF 1 wov s i3 omsoLETE Unclassified 3ﬂ 7/} 5'0

SECURITY CLARSIFICATION OF THIS PRGE (When Data Antered)

SRS g

F=e

e e e e S e AR o]

\J//f:/




SECURTY CLASRIFICATION OF THIS PAGE(Whes Date Entored)
”
20. Abstract (Continued)

> determining techniques for radiation pattern generation with very low side-

~ lobes, optimum spacing, and a minimum number of array elements,
.

TG b

S oL

BT

o

3

3
H
1
4

PR

Unclassified
SECURITY CLASSIFICATION OF T4'" "AGE(Whan Date Fnie oc




3.

INTRODUCTION

MATAEMATICAL ANALYSIS

2.1 Self and Mutual Admittance
2.2 Numerical Results

CONCLUSION

REFERENCES

B S -
.

Dipc'e Near a lLong Cylinder

Circular Arrays Around Cylinder, Optimization Approach

Perapective View of Array of Cylindrical Dipoles Surround-
ing a Perfectly Conducting Cylinder

Perspective View of Dipole, Conductive Cylinder Geometry

Geometry for the Development of Integral Equations for a
Circular Array Around a Perfectly Conducting Cylinder

Cylindrical Dipole, Showing the Method of Applying the

Boundary Condition Ez =0 at ry - b

Array of Cylindrical Dipoles About a Perfectly Conducting
Cylinder, Simple Case

A -
Accession For 1/’1/

NTIS GRAXL Caf
DTIC TAB O
Unannounced 0
Justificatl _
i
By .
_Distributionf

Availabiligymcod.!___~
T '|avail apd/er
Dis Special

Contents

20
22

33
35

illustrations

10
17

25

B S u—;ﬂ : iy

¥
]
!

H



bt a b L

8.
9.
10,
11,

12,

13.

14.

15,

16.

SR(n) = /' Q(a) ReFS(n, @) for n = 0 to 700
SItn) = /' Q(a) ImFS(n, a) for n = 0 to 700

0 to 700
0 to 700

BR(n) = J'Q(a) ReFB(n, o) for n

Bl(n) = S Q(a)ImFB(n, o) for n

BSUM(n) = \/(SR(“) + BR(n)? + (Sk(n) + BI(n))? = | BESS(n)|
for n = 0 to 700

Self-Admittance for Active Element for Arrays of Size
m =2 to 22

Mutual Admittance Between the Active Element
{Cipole No. 1) and the Adjacent Dipole (No, 2)

Mutual Admittance Between the Active Element
(Dipole No. 1) and the Adjacent Dipole (No. m)

Relative Currents for the Circular Array of Dipoles Above
a Perfectly Conducting Cylinder for Active Element
Dipcle No, 1, m =2, 4, 7, 10, 13, 16

IHlustrations

26
26
7
27

28

28

29

29

30

e dud aae kL o e L

RN TR ARSI



PSRN Ty, ¥, ST ey e

Circular Array of Dipoles
Above a Perfectly Conducting Cylinder

1. INTRODUCTION

Recent aevelopments in low-inertia phase shifters and electronic switches1

i

have aroused interest in large, circular arrays on conducting cvlindrical surfaces
for electronic agile beam positioning or radar resource optimization, invariant
beam characteristics over the entire 360° azimuthal scan sector, and frequency-
independent beam pointing direction. A low-sidelobe, high-gain aperture design
for a circular array of dipoles surrounding a perfectly conducting cylinder requires
a knowledge and control of mutual coupling parameters in the array environment, 2
Ca\rter3 in 1943 outlined a rigorous solution of Maxwells' equations for a dipole
near a long cylinder (see Figure 1), and tabulated formulas for the radiation pat-

o b

R OPIH

terns for three different circular array configurations. Carter used the reciprocity

theorem and the k ‘own solution for scattering from a cylinder to obtain far-zone

(Received for publication 30 September 1980) :

1, Provencher, J.H. (1970) A survey of circular symmetric arrays, Phased
Array Antennas (Oliver and Knittel, Artech House, Inc., Dedham, Mass,)
page 292,

2. Hessel, A. (1970) Mutual coupling effects in circular arrays on cylindrical
surfaces-aperture design implications and analysis, Fhased Array Antennas,
(Oliver and Knittel, Artech House, Inc,, Dedham, Mass.) page 273.

3. Carter, P.S, (1943) Antcnna arrays around cylinders, Proceedings of IRE,
Vol. 31, December,
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Figure 1. Dipole Near a Long Cylinder

patterns, Lucke4' 5 used Green's function method to yield expressions for the
fields in terms of an integration in the complex plane, The problem was also solved
by Harringtuns‘ 7 by converting a three-dimensionul radiation p.oblein having cy-
lindrical boundaries into a two-dimensional problem by applying a Fourier trans-
form with respect to the cylinder axis, Z. Nvil‘s also used the Fourier transform
method, and by means of & limiting process, obtained an approximate form for a
dipole near a finite cvlinder,

In this report, the problem of finding the electromagnetic field and admittance
of a circular array of dipoles near and parallel to an infinite conducting cylinder

4, Lucke, W, (1949) Electric Dipoles in the Presence of Elliptical and Circular
Cylinders, Report No. 1, ProJect 188, Stanford Research Institute,

Stanford, Calif,

5, Lucke, W, (1951) Electric dipoles in the presence of elliptical and circular
cylinders, Journal of Applied Physics, Vol, 22, No, 1, January.

6, Harrington, R.F, and lL.ePage, W, R. (1949) A Study of Directional Antennas for
DIF Purposes, Report 1, Departmem of Electrical Engineering, Syracuse
University, Svracuse, NY, September,

7. Harrington, R. . (1961) Time-Harmonic Electromagnetic Fields, McGraw -Hill,
New York, NY, Chapter 3.

8. Neff, H, P., Hickman, C,E,, and Tillman, J.D, (1964) Circular Arrays Around

Cylinders, Report No, 7, Department of Electrical Engineering, University of
Tennessev, Contract AF19(628)-288, June.
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! has been mathematically formulated into integral equations via the Fourier trans-
form method, which relates the illumination function's voltages to the resultant
current distribution due to the mutual coupling, We use the computer to numerically
solve the m nunhomogeneous integral eguations, using numericgl approximations

for the integrsls and complex matrix techniques to solve the simultanecus eguations,
Such an analysis should account for hoth the space wave with its grating lobe and

the creeping wuve resonances on the curved surface, and have an impact on the
development of optimum methods for determining techniques for radiation pattern
generation with very low sidelobes, optimum spacing and a minimum number of
array elements (see Figure &), We snall investigate the effects of mutual coupling
for a circular acray located s quarter of a wavelength above a perlectly conducting
cylinder having a radius of two wavelengths., This simple case was choaen to

easily investigate the m aimultaneous integral ecuationia and to lay the foundation
for future investigutions into the more practical case of u perfectly conducting
cyiinder with radius of approximately 10 wavelengths,

OBJECTIVE. TO OBTAIN 360-DEGREE SCAN CAPABILITY FOR
LOW SIDELOBE ARRAYS OF ELEMENTS

YN
\_//,j
N

I. MUTUAL COUPLING EFFECTS \P.g‘yTé:‘DNELOBE AZIMUTHAL  LELEVATION PATTERNK CONTROL

2.0PTIMUM ILLUMINATION 2STACKING OF CIRCULAR
FUNCTION 2.CREEPING WAVE PHENOMENA  ARRAYS

APPLICATIONS. UNATTENDED RADAR, GROUND BASED TACTICAL RADAR h‘

Figure 2. Circular Arrays Around Cylinder, Optimization Approach
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2. MATHEMATICAL ANALYSIS

The circuler antenna array to be considered (see Figure 3) consists of identi-
cal, parallel, cylindrical dipoles equally spaced around the circumference of a
¢ircle, which ia concentric to the perlectly conducting cylinder which the array of
dipoles surrounda. Only center-fed dipoles with a half-length A/4 and a radius b
will be used a® elements, The axial center of each dipole is perpendicular to the
plane of the circle, Each of the elements of the array is thus in the same geomet-
rical environment. The radius of the perfectly conducting cylinder is &, and the
radiua of the circular array of dipoles is r, (see Figure 4). The expression ior
the vertor potential A (r, ¢, z) has been developed for a circular array of m
dipoles located about a perfectly conducting cylinder, ®

For a current density -j. located above a perfectly conducting cylinder (aee
Figure 5),

vPE+ k¥ - T . (

For a unit dipole at (ro, ¢°, zo).

&(r - ro)b(d - éo)é(z - zo)

i=® .

. (2)

Therefore, we need only be concerned with the Az component:

o
f2) = 55 f Fla, r. ¢) €% da 3)
-
-~here
w .
Flo,r,é) = ¥ a_ (a1 el (4)
l1==e0

9, Fante, Dr. Ronald L. (private communication).
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Figure 3, Perspective View of Array of Cylindrical Di~
poles Surrounding a Perfectly Conducting Cylinder

CYLINDRICAL BOUNDARY
CONTAINING CURRENT
ELEMENTS
CONDUCTIVE CYLINDER
t
!
DIPOLE RADIATORS I

OF RADIUS = b il

Figure 4. Perspective View of Dipole, Conductive
Cylinder Geometry
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Figure 5. Geometry for the Development of Integral Equations for a Circular
Array Around a Perfectly Conducting Cylinder

From Eqgs. (3) and (4) we get

w ]
-® m=-=c0

In cylindrical coordinates, the laplacian is

2 2
A " A 3" A
2 13 4 1 z 2 .
YA =2 = r >+ <—'—'—. >* . (6)
z T 8r ( ar p? 8¢2 812

Substitute Eqs. (6), (5), and {2) into Eq, (1) to yield
1 e 2 . 1 da 9 9 2
bid Z e f do e T gT (r arm> * <k Te s 11_15‘) T T
m == d K r

5(r - v )¢ ~¢ do(z - =)
- ug e — 2 S (7
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Maltiply both sides of Eq. 7 by em‘t el"'z then inicgrate

1L o~ [ 18 (. %m 2_ 2 _m? ¢ i(men
Vi Z f(h ¥ o7 \r-a—!r')"’(k - ‘:‘2‘) am f"d¢e

F (o -z “ud(r - r) 4 ing .’ -iatz
deze = fcwe 6(¢-¢0) f dzb(z-zo)e
-

(8)

Use the relations

| ]
fet(m‘n)¢d¢ . Oifmﬂfn
-

27ifm=n

0ifm #n

L -]
f ez ;.

=0

2rifm =n
then Eq. (8) reduces to

%—%‘7 (r :_;r_\) + (kz _02 - :ﬁz-) a, = ;;% 5(r - ro) o”ind e-la'z (9)
For r > r,

-a'? p) (10)

rr<r
Fo °

-ing -’z | -
a e 9 o {ann( (T Dan(‘\/kz T r)} (11)

Next we derive continuity conditions at r = r, from Eq. (9). TIntegrate Eq. (9) from

ro-etoro+eandlete-0.

11
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Substitute Eqs. (10) and (11) into Eq. (12) to yield

a ‘/2 Y4 a q/! 4
Bn[B’FHn( k® - a r)]r 'Cn[E?Jn( k® - o r)]r -

(¢} 0

3 - ) ]
s -D, [},.Friﬂ(*’k!-a2 r)Jr * wr— (13)

define

2 .
+T3 Hn(x) = H;‘(x)

x-*/k!-a!r .

Q

Then frum Eq. (13) we get

-,
(B, - DHLO) - € JL(x) = 522 . (14

Equation (14) is the first solution between Bn’ Cn' and Dn’ Since Az must be con-

tinuous at r = o
Bn Hn(x) = (‘an(x) + Dn Hn(x)

12
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or
C_J_(x)
By~ Dp = (15)
Substitute Eq. (15) into Eq. (14) to yield
J_(x) H! (x) -
n - - -9
C, Al J;‘(x) 7%
Define A = Jn(x) H;‘(y) - J;‘(x) Hn(x) (Wronskian), then
-uoﬂn(x) .
Cn® 2rxa (16
Also from Eq. (15),
-u J_{(x)
s o n__
B, -Dy * —Taxa amn

Now we need to satisfy the boundary conditions at the surface r = a of the cylinder,
which is that the electric field tangential on its cylindrical surface must be zero.

— 1 -
E = - UXUXA
we u
9A oA
—.“1 _1 -- 2
V""‘”F(%) $ 37
2 2 2
A a“A 2A I°A
T _s_"2 ;1 z 112 oz _1 z
VXVXA-raraz+¢rm+z rF(‘Br) :2-;);-2—-
thereiore
a2a,
=0 (18)
9z3¢ r=a

13

LTI TR i

i il




and
18 ( b ) 1 .-—18% | 0 (19)
= re—%1 4+ =
r 3r ar 2 292 '

But from the wave' eﬁmuon

2 2
3A 3°A a“A
1 . _.&) 1 (.____z.) zZ, .3, .
= 9r \1 + + + k“A 0
r ( ar r! a‘2, 322 z

" Therefore, Eq. (19) is equivalent to

2.

3°A .
z 2, . o

s+ kA, =0 - L (200

3z
Upon substitution of Eq. (5) in Eqs. (18) and (20), we get

w

z w .,
o f dalia)(im) el@? Y ™ .o (21)
- m=-oo .
3 o ’ w0
: 1 2 iaz img _
] ”fda(k -ade Zame 4.0 22)
i - m==~o
i where
-ind -laz
e ce ofe g iE-dasnn id ) (23)

Equations (21) and (22) are both equivalent to requiring that Am =0atr =a,
therefore

ChIny) +D H (y) =0

where

y=YKk°-o"a

14
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) ) J

P Y AR MY -d
-



-C“ Jn(y)

D - —r—
n H, (¥

Upon substituting Eq. (16) into Eq. (24) and rearranging terms we get

b - uOHn(K) Jn(y)
n 27 X A ﬁnlyi
Using Eq. (25) in Eq. (17) we get

"My g .
By * 57X ARG) | Tnt0H,O) - Hn(x}Jn(y)}

Since * X A = 2i we get

i“o
Bn = m {Jn(x) Hn(y> = Hn(X)Jn(y)}

i H_(x)

¢c - —on

n 3
b - “oHl_fl(X) Jn(y)

n 4i Hn(y)

where
x =V k2 - 02 r
o]

y = v k2 - a2 a
r = radiua at which dipole is located
a = radius of cylinder.

15
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(25)

(26)

(27)

(28)

(29)
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. Now that Bn(a), ACn(a), and Dn(a) are known, the Green's function is for r < r,

> ialz-z ) 2. in(g=¢ ) 5
G, = 217 f da e o Z e o [Cn(a)Jn( k® - a” r) +
D Nn= =gy

’Dn(a) H“('v k® - o r)]

and for r > ro.

D jalz-z ) 2. in(é~¢ )
1 A
62 b 2 f e % de E e o Bn(a)l'!n("/ k -az r)
-0 n=e=go

Therefore for any arbitrary axial current density j (r, ¢, 2)

Gl if r= r,
. Az=ff dv j . (30)
G2 if r= r,
where
dv = volume of current density.

For a thin current filament we have the relationship I ~ lRf j where Rl is the
radius of the current element. Thendv ~ 7 R:‘; dzo and Eq. (30) becomes

m L/2 G, (r,¢,2) if r=sr
A(r,¢,2) = Z f dz [(zo) 1 o
m=1 -L/2

31)

Gg(r,d;, z) il r= r,

the expresasion for the vector potential for a circular array of m dipoles located
about a perfectlv conducting cylinder,

We now need to relate the currents on the circular array elements to the base
voltages to determine the self and mutual admittances of the circular array around
a perfectly conducting cylinder, It can be shownlo that the vector potential at any

point on the surface of antenna K (see Figure 6) is given by
10, Tillman, James D, (1966) The Theory and Design of Circular Antenna Arrays,

Chapter 1, The University of Tennessee, Engineering Experiment Station.
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Applying the Bcundary Condition E7 - 0at ry* b

. A\Y
[Az(zo)] = :Cl [Ck cos § + —;—‘- sin Bz] (32)
rdfb

where b ig the radius of the dipole, ~h<s z< h, h - -}5— R vKis the base voltage of
the K element, and 3 2%/A. Equating Eq. (32) to Eq. (31) we get

&
-

G,(r,¢,2) il r V,

" o\ . -1 i R R P
d?'n Im(zn) Gutrnd.2) if b - [( g cos Bz 1 5~ sin ﬁz]
m-1 -1./2 AR

y
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iakucrs L b

forr > r, we g

m L/2 ©  fz-z haid in(g, +b/r -¢_)
E I dgo In‘(zo) fli' f e o) da E e k o'™m
m=1 -L/2 w0 New
Vv
X Bn(amnv/ 2 .adn - :cj. [ck cos B, + 2—“-1:: B|z|] (33)

where the Kth dipole is at (r, ¢, 2). Thus, for an m-dipole circular array, we have
in simultaneous equationa to solve. Let x = #/28, then Eq. (33) becomes

m L/2 © (¥ /28-2) =, in(¢, +b/r -¢ )
=2 f ar 1,0z [ e / “da Yoo kT oTm
m=1 ~L/2 - n==w
-jV
X B (a)H (Y ¥ -a?n - —2'(';"(‘ 34)

2
. o - (8]
Substitute Eq. (27) into Eq. (34) and let lm(zo) = Am cos = then,

m L/2 Tz [ ] i ('12 ) [ ] :
1 ° al(®/28-2 m(dklrb/r "m)
T3 E Am f dzo cos = f do e o Z e °
m=1 ~L/2 -0 n--w
J . (x)H (y) - H_(x)J_(y) ; -4vV_,
n n _n n ,/ 2 2 _ K
x [ Hn(y) . Hn( k® - o r)] = “oC (35)

Since all dipoles are equidistant from the perfectly conducting cylinder, r - r

then,

Hn(V k® =" r). Hn('v k® -~ o I‘o) = Hn(x)

18
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Thus Eq. (35) becomes

m L/2 [ in(‘ +b/r -‘ ) ® 0(’/23‘!)
3 an [ e 3 S [ « °
m=1 -L/2 n=-w

2
HO(x)J (y) -4V
X [Jn(x)ﬂn(x) - —nﬁ'n—('y';n“] = -‘zc-

or

©  in(¢, +b ) © todw
n‘k /ro"m f da & ,E)‘(G)

ZZ

n=-w
2
HI(x)J (Y -4rV
n n- . K
X [Jn(x) Hn(x) - Hn(y) ] = “oc (36)
where
L/2 Tz ia2
glo) = f dz  cos _rq e °
-L/2
Equation (36) reduces to
m ©  in(¢, +b/r _~é ©
Amze k <:omfd m('2B)
m=1 n=-uw ——— - a

2 k
I Hx) | -2Vl |
u,C ]

X [Jn""“n"" T TR
n




which from symmetry becomes

m ® ® Lo
Z A Z e‘n(.k*b/l‘o“m)f d EOBT cos ey
m R T 1
m=1 n=° 0 —1:7 -0
2
X |J (VH (x) - —"E]-G,;“— - _K"2u,,C @7
2.1 Self and Mutual Admittance
Now, let
Q\ . ® coS8 I‘ég &
Tkm(a) = L e‘"(‘k+b/ro.¢m) f de ") " cos =
n=v 0 -a

82007, (y)
X Jn(x)Hn(x) - -W
then
n VoL
Am Tkm(a) T2 .C
m=i °

Now we shall consid>r the M integral eguations by taking a look at the cguations

yielded for each base voltage Vi (K = 1, ... m) simultanecuely. We get

-
ATy AT * - AmTlm ’ H,C vy
" . =L
MTyy *A2Tap oo A Tom " T V2
. . . (38)
AT +AT o +... A =L v
1'ml 2’m2 " “m mm ,.O'C m
20
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In a matrix notation, Eq. (38) is equal to

- 1 » - -v -
Tit Tz - Tim| [M 1
Tia Toa o+ Tom | |43 v,
. AL ) : R : (39)
LTml Tm2 ' Tam m vm
L L - L ol
where
=L
vk = IIUT VK .
Therefore,
TE -V .

Given values for Vl. V2, cee, Vm and having numerically approximated the inte-
grals Txm m=1, ..., m;K=1, ,,,, m), we compute the values lor the Am's

by factoring the matrix T into the 1. - U decomposition of a row-wise permutation
of T and solving the systems of Eq. (37). Once the values for the A, 's have been
found, we can then determine the mutual and self admittances of the circular array.
Equation (33) gives the relationship between the currents and voltages of the array

elements. For an m-element array,

Yy VP Y Vp b #Y VL S Ve T
Yy Vg + YopVpteee + YV + o0 +Y, V=1,
. L . * s e . (40)

YmV1 +Ym2V2 N +Ymkvk+ +Ymme 3 Im .

where Yu, Y22° .o Ykk' ve Ymm are the sell admittance of the respective ele-
ment, Yab is the mutual admittance between a and b, VK is the applied voltage on
the Kth element, and IK is the current in the Kth element,

For an array with a single active element, which for simplicity's sake we let
be element no. 1, every VK where K = 1 is equal to zero. Thus, Eq. (16) becomes
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. (41)

lm = levl .

We let V; = 1 and AK is the magnitude and phaae of the current on element K.
Therefore,

Ay Yy,

Ay =¥y

' (42)

Thus, the coefficient Al is the sell admittance of the active element no. 1 and the
coefticient AK' where K is unequal to one, is the mutual admittance between the

first and Kth element,

2.2 Numerical Results

The simple case of a = 2A and r,=at A/4 (see Figure 7) was investigated
and the mutual and self admittances were determined through use of computer
programs to numerically solve the m nonhomogeneous simultanecus equations

{(Eq. (37)). Equation (37) becomes

m

. in(g,+b/r -4 ) <V,.L
2: A e k /0 m
m
m-=1 n=0

B0, C (43)

BESS(n) =
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L iy = - e
3
where
k ©
BESSM) - [ daQ(a) RevSin, o) + [ 4eQe) ReFB@, o)
o kt+¢
k ©
*i{ [ Qe mFsm,a) + [ do Qla) ImFEO, a)} (44)
K+e
cos
. Qla) = !? coasr (45)
"'!‘ ‘
‘ ; 2, .2
| 333 - Y23y + 20 (0¥ 6N, (Y, ()
3 ReFS(n,a) = J (R)J (x) .- f r {46)
. n(y) + Yn(y)
ReFB(n,a) = I (0K (x) )

bt ia ol s
R

b 2 e
2J[L(x)Yn(x)Jn(y) -J n(*”;L(y)Yn(y) + Yn(x)Jn(y.\Yn(y)

ImFS(n,a) = J_(¥)Y (%) - 48)
nm 3y + Y3ty

5’(:)1 )
ImFB(n,a) = 4 Kﬂ(y) {49)

For Eq. (43) to be solvable, the expression

p

R

e AaCimdad, |

. o o e e

2\ in{g +b/r _-¢ )
e K0T pEssm (50) ;
n=0 v ;‘
;
must converge to zero for large n, otherwise, the appropriate coelficients fos each E
(m =1, 2, ... m) cannot be determined. Let E

SR(n) = [Qk)ReFS(n,a) do

I

Sln) = [Q)mFS(n,a) do i
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BR(n) * [Q@)ReFB(n,a) do

Bi(n) = [ Q) mFB(n,a) dr

: The coi tributions to BESS(H)u of SR and BI rapidly diminish for large order n,

b BR and Sl decrease very slowly in absolute vi.lue for inrge order n, Figures 8, 9,
14, and 11 show the values of SR, SI, BR and Bl respectively for ordern = 0 to
700. BR and SI approach zero very slowly for large order n, while SR and SI con-
verge rapidly to zero for large n, Figure 12 shows the value BSTIM(n) where

BSUM(n) = ¥ (SR(n) + BR(a)? + (SJ(n) + Bl(n)* « |BESS(n)|

and S ° ‘m = 0° (worst case). BSUM is shown to slowly converge to 2ero for
large order n, Due to time limitation in computer usage, n = 0 to 700 was chosen;
however, for more reliable results, n = 0 to 2000 may be required, especially for
the worst case *k = ‘m = 0°,

Once (.. BESS(n) were determined for n = 0 to 700, these values were used in
Eq. (50) to determine the coefficients for the A m‘s in the set of simultaneous non-
homogeneous equations (Eq. (37)). Each resultant matrix was found to be of the

form

g 9 T ] (v

Tl Tm 'I‘2 !Al V1

T2 'I’1 TG Az V2

L] v e A V

o8 B B (51)

. A-i V4

T T «es T A v 3
L m m-l IJ L m] By |

I

Thus, due to symmetry, Eq. (37) need only be evaluated once foranym =1, 2, ...

m to determine all coefficients for the Am's in the equation, f
Results of the self and mutual admittances for a circular array of cylindrical |

dipoles a quarter of a wavelength above a perfectly conducting cylinder of radius 3

r = 2x were calculated, See Figure 12 for array sizes of m = 2 to 22, Figure 13 ‘

shows the gelf admittance for the active element, Figure 14 shows the mutual ad-

mittance between dipole no, 1 and dipole no, m, Due to symmetry, these two

should be the same. The inconsistency may te the result of not taking large enough

i1l. Amos, V.E., and Daniel, S,L, (1977) AMOSLIB, A Special Library Version,
Sandia Laboratories (SAND 77-1390).
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order n in Eq. (50) to have BESS(n) approximately equal to zero. Figure 15 shows
the mutual admittance between dipole no, 1 and the adjacent dipole no. m. Fig-
ure 16 shows the relative currents for the dipoles for arrays of size m = 2, 4, 7,
10, 13, 16. Once again, for m = 12, asymmetries occur which may be due to not
taking high enough order n for the evaluation of BESS(n) in Eq. (50) for the deter-
mination of the coefficients for the Am's.

4
/’/ i P
- Y
/ U
/-1
|

Figure 7. Array of Cylindrical Dipoles About a Perfectly Conducting
Cylinder, Simple Case, a =2\, p=r =2+ A/4 ;;
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Figure 8. SR(n) = JQ(a)ReFS(N, ) for n = 0 to 700
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Figwce 9. 8In) = fQ(a) ImFS(n, a) for n = 0 to 700
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Figure 10. BR(n) = [ Q(o) ReFB(n, o) for n = 0 to 700
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Figure 11. Bl(n) - [ Q(a) ImFB(n, o) for n = 0 to 700
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Figure 12. BSUM(n) = “/(SR(n) + BR(n))2 + (SI(n) + BI(n))2 =
| BESS(n)! for n = 0 to 700
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Figure 13. Self-Admittance for Active Element for Arrays of
Size m = 2 to 22
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Figure 14, Mutual Admittance Between the Active Element
(Dipole No. 1) and the Adjacent Dipole (No. 2)

A6 r

[}
[ ]
L

MUTUAL ADMITTANCE X 107}
° . .
>
L

o
~
1

o i1 1 1 i j SN S W | i 1
2 4 6 8 10 12 14 6 18 20 22 24
NUMBER OF ELEMENTS IN ARRAY

Figure 15, Mutual Admittance Between the Active Element
(Dipole No. 1) and the Adjacent Dipole (No. m)
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Figure 16. Relative Currents For the Circular Array of
Dipoles Above a Perfectly Conducting Cylinder For Active
Element Dipole No. 1, m =2, 4, 7, 10, 13, 16
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Figure 16, Relative Currents For the Circular Array of
Dipoles Above a Perfectly Conducting Cylinder For Active
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Dipoles Above a Perfectly Conducting Cylinder For Active
Element Dipole No. 1, m = 2, 4, 7, 10, 13, 16 (Cont,)
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3. CONCLUSION

It has been shown that numerical techniques for approximation of the solution
of the m nonhomogeneous simultaneous equations (Eq. (37)) provide useful and ana-
lytical data in the determination of characteristics of a circular array above a
perfectly conducting cylinder, From Eqs. (37) and (50), it is seen that the value
BESS(n) must converge to zero for large order n to determine the coefficienta of
the Am'l in Eq. (39). Due to the symmetry of the coellicients, as seen in Eq, (51),
the values Tll' T12' ves Tm need only be calculated once for a given array of size
m. Also, [rom the expression for BESS(n), Ey. (50), BESS(n) is independent of m,
the number of dipole elements in the circular array being considered. BESS(n) is,
however, dependent on the values of the radius of the cylinder and the lrequency
(Wavelength), Consequently, tables can be made of the BESS(n) values forn = 0
to N, where N is of order n large enough to force BESS(n) to zero. These tables
would enable calculation of the mutual and self admittances for an array of arbitrary
size m about a perfectly conducting cylinder of radius r'. An understanding of the
effects of mutual coupling, taking into consideration both the space wave and the
creeping wave, is necessary in the synthesizing of an aperture distribution to give
the best lit to a specified radiation pattern, and for the determination of optimiza-~
tion techniques for circular array antennas.
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