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Summary

We present a new formulation of the Taylor series for a class
of functions which can be expressed as the product of a purely

angular and purely radial part, viz.,
G(r) = Y, (r)f(r)

in which YAU(;) is the spherical harmonic function. The formulation
is based upon the use of the Fourier transform of the function to

be expanded. The general expression for the Taylor series which we
obtain is similar in form to the Laplace expansion for the Coulomb
potential. Thus, Taylor series can be developed for arbitrary
functions along lines which arec similar to the multipolar expansions

in the clectromagnetic theory. Such expansions are casily adapted

to the symmetry of a collection of sources.




1. Introduction

Our purpose in this paper is to present a new and powerful
method of handling the expansion of a class of functions in a Tavlor
series. The elements of this class are simply those functions which
can he expressed as a product of a purcly radial and purely angular

part: viz,,

G(r) = YM[(;)F(r) (1.1)

in which YXU(;) is the svherical harmonic function. We proceed

to derive the gencral term of the Tavlor series to any arbitrary
order. We arc able to show that given the Touricer transform of
any well-bechaved function (or generalized function), it is possible
to obtain the specific form of an arbitrary term in the series.

These results extend and generalize an initial effort which
was presented elsewhere by us (Schmidt, Pons, and McKinley, 1980).
In particular, by more laborious means, we derived specific formulae
for the first and sccond order terms of the Tavlor series. The
method which we used in that carlier work we found not to generalize
easily to the cxpression of a general term for the Tavlor series.
The results of this paper contain exactly the results reported
previously (Schmidt, ct al., 1980]).

We find several reasons for undertaking the development of this
new cxpression of the Taylor series, Foremost ix our neced to
consider the displacement of a particle about a point of cquilibriunm
which simultaneously is also a centre of symmetry for a collection

of sources (Schmidt, et al., 1980). Thus, we need to consider
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a form of the Taylor series expansion of an arbitrary function

which exploits the symmetries of the svstem in the same manner

as 1s customarily done for the clectrostatic potential through

the use of the Laplace expansion (cf., Jackson, 1962). These
symmetries are most effectively handled through the use of expansions
which depend upon the spherical harmonic functions. Hence, it is
natural to consider the use of Fourier transforms.

Often, and for molecular physics in particular, it is necessary
to consider approximations of complicated functions. This is
especially true of potential energy functions which are derived
from molecular integrals. The analysis of the mechanics of molecular
vibrations, for example, commonly depends upon approximations
which replace the exact potential energy functions with harmonic
replicas. It is universally known, of course, that these harmonic
approximations are adequate only when applied to the analyses
of the molecular low-lying vibrational states.

It is frequently of interest to examine higher order terms in
order to assess the accuracy of the harmonic approximation. In
some cases, higher order terms are required in order to establish
limits of stability for mechanical systems. For a relativelv simple,
complete function, it is possible to extract cartesian harmonic and
higher order terms as individual terms in a Tavlor series. Realistic
potential energy functions, however, often contain fairly complicated
angular dependencies. These angular dependencics reflect the
complicated character of the environment which surrounds a particular
particle (atom or molecule) of interest [see, for cxample, Bricls
(1980)]. For thesc functions, the forming of the Tavior series

ceases to he a simple matter.
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The usual representation of the Taylor series presents the
determination of the coefficients as a sequence of differentiations.
These operations are applied to the function the expansion of which
is required. It is possible in principle to make repcated use of
Rose's (1957) formula for the gradient to determine these coefficients
in terms of the basis vectors of the spherical tensors. In reality,
however, any actual attempt to apply that formula, even to the
simplest of functions, quickly becomes unmanageable. It is tedious
even to determine the harmonic terms for the series.

In contrast, we are able to obtain the coefficients of the Tavlor
series after the evaluation of only a single form of radial integral.
The strength of the method, therefore, is a transparent compactness
and flexibility in terms of ease of application. This strength is
illustrated by several examples in a separate paper (McKinlev and
Schmidt, 198 b).

The outline of this paper is the following. In section 2
we consider the single centre expansion of a function into a Tavlor
series, A particular form of our result replaces differcntiations
with integrations. For complicated functions, which possess well-
defined Fourier transforms, these integrals prove casier to consider
and evaluate than is the case of the consideration of the multivariate
differentiation of the function directly.

In section 3, based on the use of the results of section 2, we
present a derivation of Rose's (1957) formula for the gradicent
operation. A consistency between Rose's work and ours is established.
In addition, we usc the differential raising and lowering operators
for the spherical Bessel functions to re-establish a differential

form for the Taylor serics coefficients. This differential form
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is consistent with the angular dependencies of the integral form
and with the syvmmetries of the spherical harmonic functions. It
is clecar from the differential form obtained that in many instances
the integral representation is indeed the simpler way to approach
the determination of coefficients in a Taylor scries.

In section 4 we consider the Taylor series as an cxpansion
about two centres. It is possible to consider the general develop-
ment of any well-behaved function as an expansion about two or
more centres. The Carlson-Rushbrooke (1950) cxpansion of the free-
space Green function is such an example. In section 4 we establish
a parallel treatment of the Tavlor series. We limit our considerations,
however, only to two centres. In this section we also show that as
the two centres coalesce, the resulting form is consistent with the
single centre form of the Taylor series.

Finally, in the last section we mention the limiting forms
for scalar functions. Whereas for the general case, for a general
angular dependence, the integral form of the Tavlor series scems
to be the simpler route to follow, for a scalar function, we find
the resulting differcential form is equally simple,if not simpler, to
use. Our form of the Taylor series in its differential representation
for a scalar function, however, does not hear a close resemblance
to the cartesian differential form. Our form preserves the angular
dependencies as arguments of the Legendre polvnomials. Differentia-

tion is applied only to the radial part of the function.
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2. The Taylor Series for the Expansion about once Centre

We develop the Taylor series for functions which are separable

into purcly radial and purely angular parts, viz.,
- - r . 5
b(f) F(r)\xu(r) (2.1)

where Yxp(r) 1s the spherical harmonic function. Still more general
functions could be ecxpressed as superpositions of such functions.

The function G(z) admits a Fourier transform:
G(r) = (Zn)-DId3k f(k)yxu(k)CXp('iE'f) {2.2)
wherc f(k) is given by

F(k) = 4ni\J dr r2E(r)j, (kr) (2.3)
0
and jA(x) is the spherical Bessel function of the first kind.
The function at the displaced point r + ¢ is given by the

i vectorial Tavlior series (Band, 1959)

1
n'!

Ht~1 8

Cirsc) = (c-"G(r). (2.1)

n=0

Consider now the general term in this series with G(r) given hy

its F.t.




#T(E'Y)HU(f) = G ;3 IJd3k f(k)yxuti)('iS'E)HOXP(‘iE‘f)
27) °n!
. (-ie)” 37k KOO, (R) (e-mD - -
e SUROUOICENS ISR
m .

A A ~

Here, c¢+k is the cosine of the angle betwecen the unit vectors ¢ and K.
The nt% power of this quantity can be expanded in lLegendre poly-

nomials of the same argument (Morse and Feshback, 1953)
AR L I ok 2
(cek)" = %AnQPR(L'k). (2.0)

The coetficients An are given by

g

+1

A = 22+1J

12 5 dx anQ(x)

-1

= (0, £>n or n-% odd

(22+1)n! (n-2+1)!! ) , .
-+ T (n+g+1) 11’ 2<n and n-% cven. (2.7)

We now introduce the Rayleigh cxpansion,

exp(-iker) = J-DM 2L jy (ke (ko) (2.8)
ker) = ,

and the addition theorem for the spherical harmonic functions,

v (Rep) = T K OAY. (r \
Pplker) = 5147 % Y KV y(r), (2.9)

so that we have




. - P - . “l' -~ '* - . '
exp(-iker) = 4ﬂliM| 1§ Ry (R Y () 2L10)

and

1

()" = ax T (2641 (). (2.11)

* - .
¢ m An?‘lm(k)\
’

Lin

With these substitutions, Lquation (2.5) becomes

5.0 )
#T(C'V)nﬂ(r) = == oM e
B B LM ,m

1

A Yin(r Y, (e

a3l ] ' 2 ' n ’ ) ] ) /: * /?
J dk k Jdﬂkk £(k) 3 (ke)Y, | (Y (K)Y

9 an

E

Qm(k). (2.12)

The angular integral is the well-known integral over three spherical

harmonic functions (Rose, 1957)

N N T (zz+1)(2L+1)]1/2<

j A Y OO )Y (k) = EreaT (Leoo a0y (Ledm|ru)

A (2.13)
where (LeMm]Xu) is the Clebsch-Gordan cocfficient, We also
introcace a quantity defined by the remaining radial integral:

1 [T . n+2 . s :

InL(r) = [ dk k f(k]Jl(kr]. (2.1

3 a
(2m) 0

Altogether, we have found the following expression for the general
term in the Taylor series:
n

1, . oyNn ~ 3/2 ¢ - .yL+n v N
ST T6a(r) = (4m) =T ] %& m(-l) ALY Ty, ()




2L+1 1/2
e e (LL00[A0) (LeMm[Aw) T | (r). (2.15)

The most frequently used cases will be those of the lowest

order. For n=1, & can only be 1 and A11=1. We have then

R A 1/2
. - 3/2 . L+l 2L+1 ]
¢rY6(r) = (4m) CL’%’m( 1) YLM(r)Ylm(C)[S 73T
X(LlOOIAO)(LleIAu)Ill(r). (2.16)

A special application of this is to find an equilibrium condition,

which can be expressed as S'YG(r) = (0, for anyv ¢, or as
_ . L o 1/2
0= 7§ (-1) YLM(r)(2L+1) (LlOOIAO)(Lle|Au)IlI(r). (2.17)
L,M ?

For n=2, 2 can be either 0 or 2 with A20=1/3 and A 2/3. We have

227
then

3/2 . ) A
Fermrace) = U1 L™y (Ve @)1,, (1)

1/7
2 . L+2 ~ ~ 2L+1 - “~
3 ) (1) YLM(r)YZm(c)[S T ] (L200[A0) (L2Mm|xu)
XIZL(r) . (2.18)
These lowest order terms are obviously easy to evaldate, but even

the general term [Equation (2.15)] is not intrinsically more ﬁ

difficult. This simplicity traces back to Equation (2.11) which is




irreducible forms (Fano and Racah

3. The Formula for the Gradient

an especially simple example of the expansion of an invariant

~-10-

, 1959).

1s ecquivalent to the usual gradient formula (Rose, 1957).

into

In this section we verify that the first order term, cqn (2.10),

We begin by evaluating the Clebsch-Gordan cocefficient (L100[Y0)

in expression (2.16). This coefficient restricts the parity of L

as well as limits its range. We have

(A-1,100)10) = [77§T]

1/2

’

(A+1100]20) = - [7%;§]

all other values of L vield :zero.

3/2
even = oML
M,m

A+1)
2r+3

Iy a1 ()

We handle the angular and radiatl

We now write

1/2 N
o) , .
[77?TJ (A-l,]MmlAu)\A_lM(r)\l
1/2

(A+],1MmlAu)Yx+1M(r)Ylm(c)I]

m(c)

a1 ()

(3.2)

factors separately, The standard

definitions of the vector spherical harmonic functions are (rose,

1957)

T
M,m

Taooae,u () = L Gl I n)Y, gy (g,

where the quantities fq Are the basis vectors for the spherical

(3.3
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tensors (Rose, 1957}, The scalar product of (2.3) with the
vector ¢ s

(r) = z (A+UMR| xp)Y
M,m

LA

'’

S.'.l,‘)\k+]1| Mlm(r)f.im (

YVET73 ) (A:11Mm|An)Y (r)y (c).

A
M,m A+1M

1m

i On the other hand, for the radial part we consider the
following. In the definition of I]\+l(r) we usce the standard
operators for lowering and raising the index of the spherical

; Bessel functions (Morse and Feshback, 1953, and Infeld and Hull,

1951). Thus,

(2m) T4, 4 (1) dk k?F(K)i,  (kr)

0

+

A+]. d .
rr o (K1) gy Iy (kD)

|
dek k3f(k)[

0

A+1 N d

{ . 3?][ dk k2 £ (k)i (kr). (3.5)

0

Similarly,

(Zn)allx+l(r) = I dk k3f(k)jx+](kr)

0

- [% - i%][ dk K2 £(K)j, (kr). (3.0)

0
At this point, we identify the inverse of eqn (2.5):

A

Fir) = (‘iz I dk K7 (K)j, (k) (3.7)

2m 0

e ————————————————— R ittt
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Upon substitution of all of these expressions into cqn (3.2),
we find exactly the standard formula for the gradient operation

{Rose, 1957):

¢+ 9G(r) c-y[YMJ(;)F(r)l

1/2
- {r‘rxﬁ ] < Th- 111(‘")(“I * ad?]””

1/2
[?%;%] S Xx+h(r)[ f%] Fir). (5.8)

This new form in terms of Fourier transforms could have been
anticipated, becausc the radial operations in eqn (3.8) dre uniquely
those associated with the spherical Bessel functions.

Eqn (3.8) completes the connection with Rose's formula for
the gradient. We now extend the analvsis given above to the
consideration of an arbitrary term in the Tayvlor series. Thus, we
consider the transformation of an arbitrary term from an integral
to a differential form in the radial component only.

For a given function G(f)’ A is specified. FYor a given valuc
of the order n, the values of ¢ also are specificd., The Clebsch-
Gordan coefficients fix the parityv and range of the L-values,

Thus, it is possible to sce that
L = X ¢+ q (3.9)

with the values of q fixed and limited by the conditions mentioned,
The summation over I in the cxpression for an arbitrary term in the

Tayvlor scries is rewritten as




3/2 N L n+A AnQ

Locenarn = )

2

&T I o(-i) B WA YQm
Eoe,m [(2e+1)(20+1) )/ 7

-~

) (-i)Q/Q(XTaTTT(A+qQOOIAO)(A+qﬂMmIAu)YA+qM(r)In’A+q(r)

q=0 M

+ (1) WITEQYFT(A-q200 [ A0) (A-qMm | dw) Yy oy ()T (1)

In fact, the summations run over q=0,2,4,6... or q=1,3,5,...

(3.

depending upon the values of n and A, The factor An? together with

the Clebsch-Gordan coefficient automatically sort out the terms

which survive in the summation. Hence, there is no necd to display

any specific form of the sorting process.

We now use the following lowering and raising operators

Jreg(k) = (DS rx+q[;%?]qr_x{k_xjx(kr)}
and
. o q-r-1 d )9 a1, -q.
Jpoqtkr) = [;3?] kT (k) )
to write
(2m) %1 (D) - (-l)qu+q[?%?]qr-Adek KT 5 (k)
0
and
(20)°1, 4 (7 = r“'*’l(?%;]qr*+ljmdk K" ek, (kr)

0

(3.

(3

10)

A1)

1.2)

.14)
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For a given value of q in 1 (r) we have adjusted the

n,itq
index on the Bessel function to a value of A, Tt remains therefore
only to lower the miagnitude of the exponent of k in the inteprand
n-q+2 2 v .
from k to k™. This we do as follows. First, note that from
the various conditions on the parities of the indices, n-q will
always be even. Thus, we can reduce n-q to a zero value in steps of
2. From the cigenvalue equation which the Bessel function jx

satisfiecs, we write
x2i () = oD - S oo (3.15)
LD I ax’ ) I ) T

The right hand side of this equation defines an operator which lowers
the exponent on k (x=kr) by 2. The usc of this operator {(n-q)/2

times vieclds the desired result:

n-q

© n-q+2 s (1 J Ly 3 i
J dk k"7 f(k)j, (kr) = [x(x+1) - U?(rsz)] Jodk sz(k)Jx(kr)
0

J&i—(‘ Lien

- anixlx(x+1) ; ﬁ%(r2i%) F(r). (3.10)

The final expression for the arbitrary term in the Taylor

series is

A
1 AN — " . N ng ~
p(ceV)G(r) = VA o ] (-1) 177 Yom(©)
,m [(2A+1(22+1)]
5 P9 ZFEIFT (A +q 200 | A0) (A+qoMm| Ay Y (et ]q-‘*
XQZO % i/ rq)+T(A+qe A0) (A +qoMm]| Au) \+qM rr T 1

A oy q
+ /2{)-qi+]()-qlﬂﬂ|k0)(X-qﬁMmlAu)YA_qM(r)rq A I[F%?] r)*]]




n-q
= -
x[A(A+1) - ;fl?(rza(—];)J < M), (3.17)

1. The Expansion of a Function in a Taylor Scries about two Centres

tur some applications it is useful to consider the function of
cqn (2.1) to depend upon two points r; and r,, cither of which

may be displaced independently. We sct

and redefine

Glri,ra) = Y, (r)F(r). (4.

Fhis function still posscsses a Fourier transform as expressed by

(2.2),12.3) and (3.7). Before we evialuate this function at

-

cyn

displaced points, however, we present an alternative Fourier transtform
which emphasizes the two-centre character.

Into the expression for the Fouricer transform

G(ri,rz) = (2n)'sjd’k f(k)YAu(i)cxpt-ig-p)exp(ig-gz) (1.3)

we substitute two Rayleigh expansions of the form (2.10). The

angular integrations over the three spherical harmonic functions

yicld
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27 e 9 - Y
G(ry,rz) = -[ dkk f 4o, £(K)Y,. (k) y iyl
- n 0 47 k Au Ly ,M;,Lo,M; (1)

- ~ i * -~ . * ~ -
xJL] (krl )YLIMI (rl)YLlMl (k)JL2 (er)YLzMz (rZ)YLzMz (}\)

jl2-Llay

1 N
5 (ry)Y (r2)
1372 LMY LM, LM L2M:

5 1/2
(“L‘;il§2L2*l)] (L1L200]20) (LyLaMyMs | Ap)

X

x[odk K2E()G, (kr)ip (kra)e (4.4
In order for eqn (4.4) to be consistent with eqn (3.7) and (4.2)
for arbitrary functions, we require the following double addition

formula for spherical harmonic and Bessel functions:
Vi, (05, ke) = am 2 g b 1,00 (00) (LaLaMaNe )
u A
LiMyLoM;

1/2 ~ .
(2L1+1) (2L,+1) o .
X >V F1 YLlMl(rl)JLl(krl)\LzM?(Tz)JLz(krz)- (4.5)

A similar form for real spherical harmonic functions has bcen

derived by Johnson (1973). It is possible to show casily that the
right hand side of (4.5) reduces to the form of the left hand side
when £2=0 and r=ry. Additionally, when A=u=0, the right hand side
of (4.5) can be shown to reduce to Yoo(;)jo(kr) with the use of the

appropriate Clebsch-Gordan coefficients and the addition theorem

for the spherical harmonic functions. Thus, the two-centre cxpansion
is consistent with the more familiar single-centre forms.

We proceed to cvaluate the two-centre function at the displaced




n Ay

SEPRNE,

-17-
points r;+a and r2+b. We have as the cxtended vectorial Taylor

serices, the expansion

W~ §

G(ri+a,12+b) = § h(a-¥i + be92)"G(r1,r2). (4.0)

n=0

The general term in this series is to be evaluated with G(ri,r2)

expressed by its Fourier transform [eqn (4.3)]. We have

L9y + bev)"6(ry,1,) = (zn)'SJd3k f(k)YA“(i)
X H‘!.T[-iil.lj + it).k]n exp(-ilf'fl)exP(i]_f'EZ)' (4‘7)

In this expression we usc the binomial expansion and the expansion

in irreducible forms (2.11) to replace the quantity in the brackets:

[ask - bekl™ = T() (@09 bk)9
q

n Il,n-q -b q (4“)2
(l’g’l’glzllll’mz((l)k a ( ) (2211“1)(2224.1) q

~ * A ~ * A~
xA (HJYR,ml(k)Y (b)Yﬁzmz(k). (1.8)

A
n-q,%; q,lzyllml 9.,m,

The coupling rule for the spherical harmonic functions is now used
to reduce the number of these functions in the product (Rosc, 1957}):

1/2

Y, (k) = (22,+1) (22,+1)) 17,
Yﬂ,lml(k)lemz(k) sz[ 4"(224_1) (QIQQOOIQO)

* ~
X(l;%zmlmzlﬁm)ng(k). (4.9)
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The substitution of two Rayleigh expansions, and the use again of the

coupling rule together with eqn (4.8) and (4.9) lcads to

-—,—[a V; + b Vz] G(rl,rz)

S)eo

q,f,l ,2,2 , M ,mz,Ll ,L2 ,Ml ,Mz ,L,M

~

_syh+Li-La -ny n-q, .49 , v -
x{-1) (q)a (-b) An-q,leq,RzYzlml(d)lemz(b)YLlMl(rl)

1/2
(211+1) (2L2+1) ] (242200'20) (Qlﬂ,zlll]mzlf,m)

LzMz )[TZ,Q,;‘*'I) (22.+1) (72+—TTZL+1)

x(L1L200|L0) (L;LngleLM)I dk kn+2le(kr1)jL2(krz)
0

fo ds, Y, (k)\LM(k]YQm(k) (4.10)
m

The angular integral is evaluated as before (cf., eqn (2.13}), and

we introduce another quantity defined by the rcmaining radial integral:

1
(2m)?

(ri,12) - [Fa a0y, gy (o) (1.11)
0

JnL 1l2

Thus, we obtain the following expression for the general term in the

Taylor cxpansion of a two-centre function:

3/2
Lfasvs + bevo1M6(ry,r) = AADC

n! q’gfl,Q'?;ml ’m2’Ll’L2)Ml,M2,L’M

~

Ag ¢, Yg m, (@)Y n (DY) (1)

n+L;-Ly n n-q q
x{-1) ( pJan e b) AL g, e, q,%z &ymy

1/2 /
<, [ (2Ly+1) (2L,+1 ] /

m+1 T+ T+ 1 (112200'20) (L]LzOO'LO)

M2

X(P,':OO'/\O)(Q]Ezmlmzlnm) (LleMle 'LM) (QLmM,)\U).)nI‘ILz (r; ,rz) . (4.12
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Alternate cxpressions for the expansion about two centres are
possible. We present the formula for the general term of the Taylor
series for onc such modification. 1In particular, when the vectorial
difference ry - rp; = R, a vector drawn between two points of reference,
is a constant quantity, then the expansion can be considered in terms

of displacements about the two ends of the vector R. The formula

for the general term is

el

/ 2 . o |
Lt o beva oy - U1 ; .
T ’ : Toq,Ri,0,my,my R, 1L ,M

1/2

Ny, D=4, .\ 4 2L+
x(q)d (=b) An-q,QlAq,Qz L+ 2L+ (2A+D)

\(H,HzﬂnlQO)(QLOO]AO)(QIRlemZ|Qm)(QLmM[AU)YC ()Y, o
1M 2

()

m

2V (R L (R) (4.13)

nl

in which lnl(R) is defined by eqn (2.14). The analysis which lcads

to cqn (4.13) parallels the preceeding analyses.

5. Discussion

Many specific cxamples of functions which can be expanded !
usctully in Taylor serics casily spring to mind. Scveral cxamples
which can be derived from the Yukawa potential arc considered in a ;
companion paper (McKinley and Schmidt, 198 a).

We conclude this paper by showing the limiting forms for the

Taylor scries when the tunction to be cxpanded is scalar,
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The scalar function G(r) is expressed as

G(r) = Yoo(r) [VATF(r)]

F(r). (5.1)

The Fourier transf{orm ol this function is Ygo(k)t(k) with [(k)

given by

F(h) (4n)3/3j dr r2E(r)jo(kr). (5.2)

0

In terms of this form of scalar function, the gecneral term for the

Taylor series is

3/2

S

TR R C S R CEO R UL YD) (—i)n+LAnlYQm(c)YLM(r)

£,m,L,M

N/(2L+l)(2£+l)(LQ00|OO)(L2MmIOO)lnL(r)

(°l)nYl-m(;)YRm(é)

3/2, .n . N+
= 4 - ! - A I .)
05 DTy —— nett
= /Tﬁ(cn/n!)%(-i)n+2An2PQ(;-£)lng(r). (5.3)

This quantity is evidently a generalization of the expansion of the

Coulomb potential in a Legendre polnomial scrices:

|E+g|-l = Zii%% Po(rec). (5.4)
r

The general differential form also assumes a simpler appcarance

in the scalar limit. We need only consider the Inl(r) quantity in
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cqn (5.3). PFrom the definition of lng(r) we have

(r) J dk K"EE(R) §, (k)

0

b) 3
(2m) Inz

1]

: ‘ -
4n5/“(-1)(“+2)/2rQ[fS}] Lazany ™ P rE(o) (5.5)

Following Todd, Kay and Silverstone (1970), we can show that

g ¢ q
Al d V-l AL - CCDTer) !t -qfn-g d
r [rU}J r - (d/dr) rF(r) qgo eI ! e
<(a/dr) M U ey (5.0)
Thus,
I ) = 1 (_1)(n+ﬁ)/3 % (-I)Q(Q+q)! coafn-q }1]
ne LT ST 40 (- ! r Jr

w(d/dry " ey . (5.7)

For example, the second order term in the Tavior series assumes

a sitwple form:  vio,,

- ~ . N ~

1 ’ - -2 2hn o 1 dF
ZCJZAHQ,[R(I‘.")'ZQ(I.) - Iir dr T, - f';l s(rec) Fodr

a
L

This form is particularly useful for a number of applications which

involve scalar functions.,
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