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Summary

We present a new formulation of the Taylor series for a class

of functions which can be expressed as the product of a purely

angular and purely radial part, viz.,

G(r) = YX (r)f(r)

in which YXP(r) is the spherical harmonic function. The formulation

is based upon the use of the Fourier transform of the function to

be expanded. The general expression for the Taylor series which we

obtain is similar in form to the Laplace expansion for the Coulomb

potential. Thus, Taylor series can be developed for arbitrary

functions along lines which are similar to the multipolar expansions

in the electromagnetic theory. Such expansions are easily adapted

to the symmetry of a collection of sources.
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1. Introduction

Our purpose iln this paper is to present a net% and oowerftil

method of handling the expansion of a class of functions in a Taylor

series. The elements of this class are simply those functions which

can he expressed as a product of a purely radial and purely angular

part: V iz.

C(r) = Y (r)F(r) (1.1

in which YXp (r) is the sioherical l a rmonic function. We proceed

to derive the general term of the Taylor series to anv' arbitrary

order. We are able to show that given the Fourier transform of

any well-behaved function (or generalized function), it is possible

to obtain the specific form of an arbitrary term in the series.

These results extend and generalize an initiIl effort which

was presented elsewhere by us (Schmidt, Pons, and McKinley, 1Q980).

In particular, by more laborious means, we derived specific formulae

for the first and second order terms of the Taylor series. The

method which we used in that earl icr work we found not to gcenera Ii ze

easily to the expression of a general term for the Taylor series.

The results of this paper contain exactly the results reported

previously (Schmidt, et al., 1980).

We find several reasons for undertaking the development of this

new expression of the Taylor series. Foremost i4 our need to

consider the displacement of a particle about a point of equili, IriIIw

which simultaneously is also a centre of symmetry for a collection

of sources (Schmidt, et a., 1980). Thus, we need to onsider



a form of the Taylor series expansion of an arbitrary function

which exploits the symmetries of the system in the same manner

as is customarily (lone for the electrostatic potential through

the use of the Laplace expansion (cf., Jackson, 1962). These

symmetries are most effectively handled through the use of expansions

which depend upon the spherical harmonic functions. Hence, it is

natural to consider the use of Fourier transforms.

Often, and for molecular physics in particular, it is necessary

to consider approximations of complicated functions. This is

especially true of potential energy functions which are derived

from molecular integrals. The analysis of the mechanics of molecular

vibrations, for example, commonly depends upon approximations

which replace the exact potential energy functions with harmonic

replicas. It is universally known, of course, that these harmonic

approximations are adequate only when applied to the analyses

of the molecular low-lying vibrational states.

It is frequently of interest to examine higher order terms in

order to assess the accuracy of the harmonic approximation. In

some cases, higher order terms are required in order to establish

limits of stability for mechanical systems. For a relatively simple,

complete function, it is possible to extract cartesian harmonic and]

higher order terms as individual terms in a Taylor series. Realistic

potential energy functions, however, often contain fairly complicated

angular dependencies. These angular dependencies reflect the

complicated character of the environment which surrounds a part icular

particle (atom or molecule) of interest [see, for example, Briels

(1980)1. For these functions, the forming of the Taylor series

ceases to he a simple matter.
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The usual representation of the Taylor series presents the

determination of the coefficients as a sequence of differentiations.

These operations are applied to the function the expansion of which

is required. It is possible in principle to make repeated use of

Rose's (19S7) formula for the gradient to determine these coefficients

in terms of the basis vectors of the spherical tensors. In reality,

however, any actual attempt to apply that formula, even to the

simplest of functions, quickly becomes unmanageable. It is tedious

even to determine the harmonic terms for the series.

In contrast, we are able to obtain the coefficients of the Taylor

series after the evaluation of only a single form of radial integral.

The strength of the method, therefore, i~s a transparent compactness

and flexibility in terms of ease of application. This strength is

illustrated by several examples in a separate paper (McKinleyv and

Schmidt, 198 _b).

The outline of this paper is the following. In section 2

we consider the single centre expansion of a function into a Taylor

series. A particular form of our result replaces differentiations

with integrations. For complicated functions, which possess well-

defined Fourier transforms, these integrals prove easier to consider

and evaluate than is the case of the consideration of the multivariate

differentiation of the function directly.

In section 3, based on the use of the results of section 2, we

present a derivation of Rose's (1957) formula for the gradient

operation. A consistency between Rose's work and ours is established.

In addition, we use the differential raising and lowering operators

for the spheri cal Bessel functions to re-establish a di fferent ialI

form for the Taylor series coefficients. This differential form
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is consistent with the angular dependencies of the integral form

and witi the symmetries of tile spherical harmonic functions. It

is clear from the differential form obtained that in many instances

the integral representation is indeed the simpler way to approach

the determination of coefficients in a Taylor series.

In section 4 we consider the Taylor series as an expansion

about two centres. It is possible to consider the general develop-

ment of any well-behaved function as an expansion about two or

more centres. The Carlson-Rushbrooke (1950) expansion of the free-

space Green function is such an example. In section 4 we establish

a parallel treatment of the Taylor series. We limit our considerations,

however, only to two centres. In this section we also show that as

the two centres coalesce, the resulting form is consistent with the

single centre form of the Taylor series.

Finally, in the last section we mention the limiting forms

for scalar functions. Whereas for the general case, for a general

angular dependence, the integral form of the Taylor series seems

to be the simpler route to follow, for a scalar function, we find

the resulting differential form is equally simple, if not simpler, to

use. Our form of the Taylor series in its differential representation

for a scalar function, however, does not hear a close resemblance

to tile cartesian differential form. Ou - form preserves the an,,gula.r

dependencies as arguments of the Legendre polynomials. ) i f fe rent ia

tion is applied only to the radial part of the function.
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2. The Taylor Series for the Expansion about one Centre

We develop the Taylor series for functions which are separable

into purely radial and purely angular parts, viz.,

G(r) = F(r)Y (r) (2.1)

where Y\(r) is the spherical harmonic function. Still more general

functions could be expressed as superpositions of such functions.

The function G(r) admits a Fourier transform:

(;(r) = (2i) - 3 fd3k f(k)Y,)(k)exp(-ik-r) (2.2)

where f(k) is given by

f(k) = 4rTi F dr r 2 F(r)jX(kr) 2.3)
0

and ix(x) is the spherical Bessel function of the first kind.

The function at the displaced point r + c is given by the

vectorial Taylor series (Band, 1959)

C~r+c) = ( _c'V)n(;(r) .(2.4)

n=O ~

Consider now the general term in this series with (;(r) given by

its F. t.
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I fcv~l _ 1 (3

-(cV) ;(r) -jd k f(k)Y (k)(-ic.k) exp(-ik.r)(2Ti) 'n! fJ-

-ic )f "
. . . d3 ' k f(k)Y (k) (c.k) exp(-ik r) (2.5)(2w)'n!f ApJ"

Here, c-k is the cosine of the angle between the unit vectors c ,nd k.

The nt, power of this quantity can be expanded in legendre poly-

nomials of the same argument (Morse and Feshback, 1953)

(c.k)n = XA nZ . (c-k) (2.,)
k

The coefficients Anz are given by

Anr 2z+ 1 dx xnp (x)

= 0, Z>n or n-Q odd

(2Z+)n!(n-Z+l)!! Z<n and n-Z even. (2.7)

We now introduce the Rayleigh expansion,

exp(-ik-r). = (-i) ( 21,+l )jl (kr)t1) L ( k . r ) ,  (2_ . 8 )

and the addition theorem for the spherical harmonic functions,

Ps ( ko r )  T, Yl* (k)Yi (r), 2 . 9

so that we have
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exp -ik') - ,1 ) (r (kr'YI1(k1Yl,,(rI 2.1fl
L,M

and

(c4k) = 4 (2;+l) - A Y m(k)Y (c). (2.111 11/

With these substitutions, Equation (2.5) becomes

n 2c n  1An RY I- M

L , 1, ,2 , i.

\Vdk k 2 Jd~kf (k)jL(kr)YX ( )Y*lN(k)Y f(k. (2.12)

The angular integral is the well-known integral over three spherical

harmonic functions (Rose, 1957)

* * " ((2zW) (21+l)1/
d kY~ Alk.YIM(k)Yz (k) = (2() (1,Q,00 o) (1, mmI I

4T(2.15

where (1,i1ml A) is the Clebsch-Gordan coefficient. We also

introdace a quantity defined by the remaining radial integral:

InL(r) 1 dk kn+ 2 f(k)j 1 (kr). (2. 1,(27T) ' o

Altogether, we have found the following expression for the general

term in the Taylor series:

I n / n L +n(c-V)G(r) = (4T (/i)2 A Y (r)Y (c)

T nTI ,M ,m IM
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[ 2L+)( + 1/ 41 ] 2
× 2L1 112 (LkO0 IXO)(LkMmXP))In (r). (2.15)

The most frequently used cases will be those of the lowest

order. For n=l, k can only be 1 and Al1=1. We have then

cWVG(r) = (4r) 3/2C (-i)L+lYl (r)Ylm (c) - -3(2+ 111 M - I'M lm

x(LlOOIAO) (L1Mm /P) Il (r). (2.16)

A special application of this is to find an equilibrium condition,

which can be expressed as c-VG(r) = 0, for any c, or as

0=y(-i) L 1/2S)LM (r)(2L+l) 2 (LlOOIX0)(L1MmIXw) Ill(r). (2.17)

For n=2, Z can be either 0 or 2 with A 2 0=1/3 and A2 2=2/3. We have

then

_(c.V)2 (4r)3/ _ 2 [1 +2
-(2G( 13 () (r)Y (c) I2 (r)

(_i)L+2YLM r Y ^ c 2L+l ./2
+ 3 L,M)M (- r)Y2m(c)S (L200XO)(L2Mmj >}

X12L(r)] . (2.18)

These lowest order terms are obviously easy to evaluate, but even

the general term [Equation (2.15)] is not intrinsically more

difficult. This simplicity traces back to Equation (2.11) which is



:in ospec ia lyI s imp ik example of the expans ion of all invianl-lt inlto

irreducible forms (Fano and Racah, 1959).

3. The Formula for the Gradient

In this section we verify that tile first order term, eqn (2.10),

is equivalent to the usual gradient formula (Rose, 1957).

We begin by evaluat ing the Clebsch-Gordan coefficient (LI 001 0)

in expression (2.10). This coefficient restricts the parity of 1.

ais well as limits its; range. Wle have

112

(p-1,l0OIX0) (D

pA+4,I0J.\O) X+ 11

all other values of L yield Zero. We now write

c.VG(r) = -i27 im +I . i ~i

2\+3 1/2A
X1 A..(r) + "X1l'~jA' J r )Y (c) > (r)T

(3.2)

We handle the angular and radial factors separately. The standard

definitions of the vector spherical harmonic functions are (rose,

1957)

TAX11 (r) = (x±l'lMmIjii)Y x (r) (.3

where the quantities F, are thle basis vrectors for the spherical
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tensors (Rose, 1957). The scalar product of (3.3) with the

Vector c is

(r) = L ( M.UlnhmI)Y ,hl(r.;m (3.4
I~n

= ,/'47TTT ( ±1lMmi Ai)YM+lNl(r)Y lm(c)
M,m 

Oi the other hand, for the radial part we consider the

following. In the definition of Il W (r) we use the standard

operators for lowering and raising the index of the spherical

Ressel functions (Morse and Feshback, 1953, and Infeld and Hfull,

1951) . Thus,

(2 T) 3 Tlx 1 (r) = dk k 3 f(k)j 1 (kr)
0

f 'dk 3 f(k)[2 "j(kr) + d  j (kr)J
0

= r+1 + d 1 1 k'f(k)j ( r (3.

0

S mi I a r I x

(2Tr)3 11 +1 r I dk k'f(R)Jxl(kr)

0

= - d dk k f(kj (r) (
0

At this point, we identify the inverse of eqn (2.5):

F(r) f dk k 2 f(k)j (kr) 3.
2, 2 J

-0 .. . .. .. .. 1i ilI ..



-12-

Upon substitution of all of these expressions into eqn (3.2),

we find exactly the standard formula for the gradient operation

(Rose, 1957):

A

c.V((r) = cV[Y,(r)F(r)j

- czT+l ~ ~ ~lur) + F (r)

X+l '112? d
j -XA-T I r+lifr) FO

This ne w form in terms of Fourier transforms could have been

anticipated, because the radial operations in eqn (3.8) are uniquely

those associated with the spherical Bessel functions.

Eqn (3.8) completes the connection with Rose's formula for

the gradient. We now extend the analysis given above to the

consideration of an arbitrary term in the Taylor series. Thus, we

consider the transformation of an arbitrary term from an integral

to a differential form in the radial component only.

For a given function G(r), ,A is specified. For a given value

of the order n, the values of Z also are specified. The Clebsch-

Gordan coefficients fix the parity and range of the L-values.

Thus, it is possible to see that

I, = A t (I (3.9)

with the values of q fixed and I imi ted by the conditions ment iocd.

The summation over 1, in the expression for an arbitrary term in the

Taylor series is rewritten as
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n 3/2 cA
(c V) G(r) = 3/2 c Y (-i ) [+A2

2. ( 2 q,+

i v -q2TX+qT+lI(A +q ROO A0) (A+q R.Mm 1 A) YA+(IM (r)I1n,1+q

q=O Mt

+ q _______
+ ~q -- i) -9,2 0X + (Xq 1 A 0) (A -q01mI A i) Y A (rM In, -q(r.

(3.10)

In fact, the summations run over q=0,2,4,6... or (1=1,3,5,...

depending upon tile Values of n and A. The factor A"2 together with

the Clebsch-Gordan coefficient automatically sort out the terms

which survive in the summation. Hence, there is no need to display

any" specific form of the sorting process.

We now use the following lowering and raising operators

j (kr) = ( 1 )q rA+q (dr q r -rA{k - X j x (kr)} (3.11)

and

j (kr) = rq-X- [ d r +l k-qj,(kr)} (3.12)

to write

(21) 3 I n A+q(r) = - rTd kn f(k)j(kr) (1 3n
0

and

(1-A- d ]9 A+1 -I+
(2r)'In X_<l(r) = r - 7- - r f dk k n ' f ( k ) j ,, ( k r )  (3 1.

0
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For a given value of q in I +q(r) we have adjusted the

index on the Bessel function to a value of X. It remains therefIoV(,

only to lower the magnitude of the exponent of k in the inleprand
rok n - (1+ 2

from k to k'. This we do as follows. First, note that from

the various conditions on the parities of the indices, n-q will

always be even. hus, we can reduce n-q to a zero value in steps of

2. From the eigenvalue equation which the Bessel function

satisfies, we write

x~j, (x) = {A(A+T) - a-) jJ() (3.15)

The right hand side of this equation defines an operator which lowers

the exponent on k (x=kr) by 2. The use of this operator (n-q)/2

times yields the desired result:

n - Q

dk kn-q+2f(k)j (kr) = (X I) - (r2 -- 1dk k 2 f(k i\(kr)0 j0

- 2n 2 i. ),(A, ) -- (r -)J 1  r F(r) . (3.2 2)

The final expression for the arbitrary term in the Taylor

series is

I n A ,,c nG(r) = 4n (_i)n.n Y (c)
n. ~ Q~ 9,m [(2 11(2.+1)1/2 9m

= " F + 2(Xq)+l(X+qOOXO)(X+q.MmIXij)Y (r~r+L I'-
q0 N1 X+qM ~ r

+ .2 ( I-q)+1 (1 -q Ol0 XO) (X-q(PIMmI XI,)Y X qbf(r)r - i -]
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n-q
×x(id+) - 3 2(r1 nLn)J r 17F(r). (3.17)

1. The Expansion of a Function in a Taylor Series about two Centres

lur some applications it is useful to consider the function of

eqn (2.1) to depend upon two points r1 and r 2 , either of which

may he displaced independently. We set

r - r2.1)

and redefine

(KrI , r2) y A ( r)F(r). (.2

lrhis function still possesses a Fourier transform as expressed by

cqn (2.2), (2.3) and (3.7). Before we evaluate this function at

displaced points, however, we present an alternative Fourier transform

which emphasizes the two-centre character.

Into the expression for the Fourier transform

(;(r1 ,r2) = (211)-3fd3k f(k)Y (k)exp(-ik'rl)exp(ik'r2 ) (4.3)

we substitute two Rayleigh expansions of the form (2.10). The

angular integrations over the three spherical harmonic functions

yield
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G(rl,r 2 ) dkk 2  dQkf (k)YA(k) 2 (-i)'( 1,20F f 4 7 Lj,Mj,L2,M2(i

xjLi ( k r , ) Y 11011 (r ,)Y L i Ml ( k ) j L 2 ( k r 2 ) Y L 2 M 2 ( r 2 ) Y L, 2 M  
(k)

1 i2 -L (r *
372 L i YLI MI (r)YL2M2 (r2)

[(2L1 +1) (2L2+1 I /2

x 2)+ 1 (L1L2 00X 0) (LjL 2MiM2 I iji)

xfdk k2 f(k)JjL (krl)JL(kr2)(

0

In order for eqn (4.4) to be consistent with eqn (3.7) and (4.2)

for arbitrary functions, we require the following double addition

formula for spherical harmonic and Bessel functions:

YAP(r)jX(kr) = (4n) 1 / 2  I i(+L2-L11LlOOX1O)(L L 2MN1I 2 1X )
L 1MIL 2M 2

x+2.1) 2L2+)1 /2 Y ,M(rl)jL r L2( (r2j(kr2). (4.5)

A similar form for real spherical harmonic functions has been

derived by Johnson (1973). It is possible to show easily that the

right hand side of (4.5) reduces to the form of the left hand side

when r2=0 and r=r 1 . Additionally, when A= O, the right hand side

of (4.S) can be shown to reduce to Yoo(r)jo(kr) with the use of the

appropriate Clebsch-Gordan coefficients and the addition theorem

for the spherical harmonic functions. Thus, the two-centre expansion

is consistent with the more familiar single-centre forms.

We proceed to evaluate the two-centre function at the displaced
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points r1 +a and r2+b. We have as the extended vectorial Taylor

ser ieS, tile expansion

G(rI+a,r 2+b) = y 5(a-V1 + b.V 2) G(rl,r 2). (4.6)
. .. . n=O n ~

The general term in this series is to be evaluated with G(r1 ,r2 )

expressed by its Fourier transform [eqn (4.3)]. We have

1n (2Tr3d3k
HT(aV1 + b.V 2 ) G(rl,r 2 ) (2 ) d k f(k)Y (k)

x [-ia-k + ib-k] exp(-ik-rf)exp(ik-r 2 ). (4.7)

In this expression we use the binomial expansion and the expansion

in irreducible forms (2.11) to replace the quantity in the brackets:

[a-k - bkJ n = Xn (a-k)n-q(-b-k)q
q

= (n )k nan-q (-b) q  (4T) 2

qZl 9k21111 ,M2 qT

xA Yz I I Yz (11 9 2 1112  Y 2111 . .s)

The coupling rule for the spherical harmonic functions is now used

to reduce the number of these functions in the product (Rose, 19S7):

Ym, (k)Y*2 m(k) = (2 V l[-- 1/2 (Z"Z20019O)

x(Z , 2mIm 2 j ,m)Y km(k). (i9
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The substitution of two Rayleigh expansions, and the use again of the

coupling rule together with eqn (4.8) and (4.9) leads to

I [-Vi+ b.V 2 In G(ri,r 2) = 8

x(-i)~~ n--L 4 )

X(-i) q )a (bAnq,ZIAq,k2 Y kmi (a)yk2M2 6)y LlMir1

xY 'r~ (21, 1+1)(2L 2+1) 1___ /2
XL2M2 ( )[(Zj+l) (2,2+1) (2QA-TYT2L+i)J (XIZ 2OOIyO)(ZlZ2 11I1MIm)

x(LIL 200ILO) (LIL 2M1M2ILM) fo dk k n+2 jI(krl)_j12(kr 2)

f 4S

The angular integral is evaluated as before (cf., eqn (2.13)), and

we introduce another quantity defined by the remaining radial integral:

in 1 L (i,r 2) - dk k n+2 f(k)j(kri j(kr2 ). 4.1
12(2TI) 3 0 L1  L 2

Thus, we obtain the following expression for the general term iii theC

Taylor expansion of a two-centre function:

I [-VI+ b.72] n G(r1 ,r2) = 4(47r)3/2

n! n q jo X 1 9 k2 ,MI ,-M2 L2 I,L 2 N11 ,M2 ,L1, N

X(-~n~,,L2 ) n- (b ) A A Y (aY 6y (i

XY A r (2L + l f2L 2+ 1 ) 1 2

112 NI2 r2 2 + ) v2+ 1) r2A+1JY (9,IZR200 2O) (L1L2001ILO)

x(.,0A)kkMl~g)1ILMM1M(~~~)Jn.L (ri,r 2 ). (4.12)
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At ter ate exprss ions for the expan Sion about two cent re s aIfI

possible. We present the formula for the general term of the Taylor

series for one such modification. In particular, when the vectorial

difference r1 - r2 - R, a vector drawn between two points of reference,

is a constant quantity, then the expansion can be conside red in terms

of displacements about the two ends of the vector R. The formula

for the general term is

I I [a V + 1*V2 (IZ) n,
(I, .I ,Q2 1111 ,i1i2  , Z ,l,,

n( 11 an-q q,\ A 21,+1 12

XYlNI R) [ il (R) (.1 13)

in which IL(R) is defined by eqn (2.14). The analysis which leads

to eqn (4.13) parallels the preceeding analyses,

5. Discussion

Many specific examples of functions which can he expanded

usefully in Taylor series easily spring to mind. Several examples

which can be derived from the Yukawa potential are considered in a

companion paper (McKinley and Schmidt, 198 a).

We conclude this paper by showing the limiting forms for the

Taylor series when the function to be expanded is scalar.
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The scalar function G(r) is expressed as

G(r) = Yo0 (r)[/4-F(r)]

= F(r). (S.1)

The Fourier transform of this function is Y 0 0(k)f(k) with f(k)

given by

f(k) = (4)/jFdr r 2 :(r)j 0 (kr) (5.2)
0

In terms of this form of scalar function, the general term Ior the

Taylor series is

( V n(, 3/2 n 1+1,

n!( (cV) = (4r) (c/ y (-i) i A Y (C)Y rn - - k,,m L, MIl n IM

×/(2I,+ ) 2-+-- (L 00j 00) (LZMmj00) IiL (r)

= (4T)3/2(cn/n!) (-i)n+9A (-I) Y -I(r) Y i (c)

,m 2k+l

= 4 -7( c n / ! )XY (- i ) n + (r .c ) In (r ) . S5 3

This quantity is evidently a generalization of the expansion of the

Coulomb potential in a Legendre polnomial series:

-r+c1
" 1 = X -  1,(r -c) (5.4)

r

The general differential form also assumes a simpler appearance

in the scalar limit. We need only consider the In (r) quantity in
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cqn (5.3). I. rom the definition of I£( r) we have

27T = 'dk kn+ 2 f(k)j (kr)
0

1[ 512 i nf+P)2 r I d i dIr ] - ZrF(r). (5.5

1:o11ow i ng Todd, Kay and Si 1 ve rs tone (19 70), we can show that

r I (d/d-) I'- rF (r) +( ) -( - +r rq =0 .F (I " !T__1TTT T d

x d/ r) - - F r)( .0)

- (d/dr Int-q- I F ( r ) .5. 7)

For example, the second order term in the Lavlor series assumes

1 2 n 1 [(r L ) 12t r J 1 f 2 d1 + d 2 l 1 dl-

n , ' d r2J r.c (d r-r

-d2v (51

Th is form i s part icularly uselul fotI 0I tA u bh ofI '. 1 t tons r1 ich Jr

i 11%, 1VU' Sea I ;I- lutn ' t i o1s.
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