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ABSTRACT

The work presented in this report is concerned with two distinct
matters. Each of these is covered in one of the two chapters of this
volume. Chapter 1 treats the subject of anisoplanatism in ordinary
adaptive optics. The subject of Chapter 2 is the development of an
estimate of pulsed laser backscatter signal strength from the upper

atmosphere.

In Chapter 1 detailed analysis is presented for the performance
of an imaging system and a laser transmitter. For the former, the
OTF is developed as a measure of the systems performance, while
for the latter, the antenna gain is analyzed. Initially, reference re-
sults are developed for a truly diffraction limited system. These re-
sults are then extended to the case of an adaptive optics system in the
presence of turbulence, but with no angular separation between the tar-
get direction and the reference beacon direction. At this level the sub-
ject of adaptive optics correction for scintillation induced '"'random
apodization' is introduced and it is shown that fundamentally different
random apodization corrections are appropriate for the two types of
systems. To allow treatment of the case where the target and beacon
directions are distinct and there is a potential anisoplanatism problem,
previous propagation theory is extended to develop a new set of statistical
results. (It is found, inter alia, that the log-amplitude: phase cross
covariance has zero value.) Using these propagation results, OTF and
antenna gain results are developed for adaptive optics systems with
and without random apodization correction. In examining these results
it is found that there is no fundamental difference (other than a minor

random apodization loss factor) in performance whether or not random




apodization correction is provided. It is found that for both types of
systems the anisoplanatism dependence is governed by the same function.
Extensive, normalized results are presented in graphic form for the
case of horizontal propagation over a uniform strength of turbulence path.
Easily used approximate results are developed, based in large part, on
the definition of the isoplanatic angle, ¥, . A definition of &, is pro-

vided for uniform and nonuniform paths,

In certain remote sensing applications, it is of interest to deter-
mine the power backscattered from air molecules when a pulsed laser
beam propagates through the atmosphere, Our primary concern in
Chapter 2 is the evaluation of the interaction between the laser pulse
and the atmosphere at altitudes above the region where turbulence effects
are appreciable. The analysis indicates that a significant fraction of the
laser pulse is backscattered into a 1 m® detector if the pulse is observed
as it propagates from an altitude of 20 km to an altitude of 30 km.

Analysis and numerical results are presented.
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Chapter 1

Anisoplanatism in Adaptive Optics Systems




1.1 Introduction

The use of adaptive optics for correction of the effects of atmospheric
turbulence, when controlled by the technique which has become known by the
name of ''phase reversal' or 'phase conjugation', relies on the availability
of a suitable reference beacon.! The value of the turbulence induced per -
turbations of the wavefront of this reference signal as measured at the
aperture of the adaptive optics system is assumed to provide a valid indication
of the turbulence effects associated with the propagation path of interest. If
the adpative optics is part of a compensated imaging system then it follows
directly, while if the adaptive optics is part of a laser transmitter system it
follows from consideration of reciprosity®, that if the adaptive optics can apply
a correction which corresponds to distorting an undistorted wavefront so that
it is appropriately inverse* to the reference signals wavefront distortion, then
the adaptive optics system will perform in a diffraction limited manner —
providing that the propagation path for the reference signal exactly matches

the propagation path for which diffraction limited system operation is desired.

This last point is of some significance since there are cases of interest
for the application of adaptive optics systems for which the angular separation,
3, between the direction of the propagation path over which the adaptive optics
system is to provide diffraction limited performance, and the direction of the
propagation path along which the reference signal arrives at the adaptive optics
system's aperture, is not zero. In such cases we have to ask whether or not
the angular separation, 3, is large enough to be of noticeable consequence in
the sense of significantly degrading the performance of the adaptive optics
system. If the magnitude of the angle, 3, is small enough that there is no

significant degradation, then we say that the angle 'lies within the isoplanatic

* The reader is cautioned here that exactly what constitutes the ""appropriate
inverse' is not uniquely defined when the power density of the beacon signal
varies across the aperture, due to turbulence effects. For the compensated
imaging system and for the laser transmitter, the correction for such power
density variations are distinctly different, as we shall see.

-2-
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patch'. 1f, however, the angular separation, 9, has a large enough
magnitude that there is a significant amount ot degradation of the per-
formance of the adaptive optics system, then we would say that there is

an anisoplanatism problem.

In this chapter we shall concern ourselves with the task of developing
a set of theoretical results that will quantify these considerations. We shall
treat two classes of adaptive optics systems — an imaging system and a
laser transmitter. For the former we shall be interested in developing
a: relationship between the mean value of the turbulence degraded optical
transfer function of the imaging system annd the angular separation, ;,
between the directions from the center of the system's entrance aperture
to the reference signal's source and to the object to be imaged. For the latter
our interest will lie in the task of relating the turbulence degraded antenna
gain of the laser transmitter to the angular separation, 3, between the di -

rection from the center of the system's exit aperture to the reference signal's

source and the direction to the laser transmitters' aim-point.

A major point of interest in the analysis we shall be presenting relates
to the treatment of the variations across the aperture of the beacon signal's
power density. In the customary consideration of an adaptive optics system
such variations are ignored. The adaptive optics applies a correction which
is the inverse of the real turbulence induced phase shift sensed on the refer~nce
signal's wavefront. When 3 is identically equal to zero, and if there is no

power density variation such operation of the adaptive optics will result in

* The concept of isoplanatism and of an isoplanatic patch was first introduced
in the analysis of the resolving power of lenses, as a basis for stating the
assumption needed to justify working with Fourier transforms and thus
introducing OTF and MTF concepts. The assumption was, in essence, that
the isoplanatic patch size was large enough that it could be considered to be
infinite. The term '"isoplanatism'' as it was used in discussing a lens had
reference to the size, shape, and orientation of the image of a point source,
and thus was only indirectly (and not uniquely) related to the wavefront
aberration. Nonetheless, the terms "isoplanatism'', ""anisoplanatism",
and "isoplanatic patch' seem clearly appropriate to denote the concepts we
have used them to name in this chapter.

3.




diffraction limited performance. However, if there is some nontrivial

power density variation the performance will be less than diffraction

limited. The origin of this degradation is perhaps most easily indicated

by giving the name ''random apodization'' to the power density variation.
Apodization, i.e., the variation of the the transmission across the aperture

of an optical system, will effect the resolution of an imaging system and the
antenna gain of a laser transmitter. In general the effect of apodization is the
reduction of side -lobe levels at the expense of resolution or antenna gain. When
the apodization is randomly ''chosen'(by the turbulence) we may expect the
reduction in resolution or antenna gain to be rather substantial for the amount

of apodization, i.e., for the amount of power density variation.

An ideal adaptive optics system should be able to compensate for not
only the real part of the turbulence induced phase variations but also for the
imaginary part, i.e., for the power density variations. * When it does this
the systems performance should, it would seem, revert to the diffraction
limited value, when there is no anisoplanatism problem, i.e., when El equals
zero. In the following analysis we shall see that this is indeed exactly the
case for the adaptive optics imaging system. For the adaptive optics laser
transmitter we shall find that performance cannot, in general, be made
exactly equal to the diffraction limited value — and that rather surprisingly,
under some circumstances the performance can actually exceed the diffraction
limited value of antenna gain. Moreover, we shall find that the nature of the
random apodization correction is fundamentally different for the laser trans-

mitter from what it is for the imaging system.

In the next section we shall dev‘elop expressions for the diffraction
limited performance of an imaging system and of a laser transmitter. Along

with that, this section will also consider adaptive optics performance when

* We consider it to be outside the scope of this work to discuss techniques
by means of which adaptive optics compensation for random apodization
could be achieved.




3 equals zero, i. e., when there is no anisoplanatism. In doing this we

will necessarily also consider in this section the control rules required

for the random apodization correction part of an adaptive optics system.

In the section after that we shall treat the statistics of propagation through
turublence, developing formulas for the covariance of the real and imaginary
parts of the complex phase variations induced by the turbulence. These
results will treat the case when there is a nonzero value for the angular
separation, 3 . The section after that will apply these statistical results

to the task of developing expressions for adaptive optics imaging systems

and laser transmitters with and without random apodization correction. The

final sections will then be concerned with the development of numerical results

and conveniently usable approximations, and with a discussion of these results.

I
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1.2 Ildeal System Performance

In this section we shall consider the performance of an ideal system
(imaging or laser transmitter) in two senses of the word ideal. In the first
sense wWe shall take ideal to mean that there are no turbulence effects along
the propagation path, so that system performance is truly diffraction
limited. This will be the case treated in subsection 1.2.1 . Our objec-
tive there will be to present some basic formulations and to develop some
reference results against which other results can be compared. Along the

way some of the fundamental notation and assumptions will be introduced.

In its second sense of the term '"ideal system'' we shall treat the
term as meaning that there is no anisoplanatism problem, i.e., that 3
equals zero. This will be treated in subsection 1.2.2 . Our objective
there will be to explore in a limited way the implications of the random
apodization. It is in this subsection that we will develop an expression
for the effect of random apodization, i.e., for beacon power density
variations, when there is no provision in the adaptive optics for correct-
ing for turbulence induced random apodization. This subsection will also
consider the question of developing an appropriate control law for adaptive
optics compensation of the random apodization. It is in this subsection
that it will be shown that the control law for random apodization correction
is fundamentally different for an imaging system than it is for a laser trans-
mitter, and that while the imaging system's performance can be made to be
exactly equal to the diffraction limi?.ed value, this is not the case for the

laser transmitter.

-
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1.2.1 Performance in the Absence of Turbulence Effects

In this subsection we shall consider the performance of an imaging
system and of a laser transmitter in the abs;ence of any turbulence efiects,
each assumed to be ideally fabricated and aligned. For the imaging system
we shall take the optical transfer function (OTF) of the system, as a function
of spatial frequency to be our measure of system performance. For the
laser transmitter we shall take the antenna gain, as our measure of system

performance.

Here, and throughout this chapter we shall assume that the relevant
wavelength is A. This will be the same wavelength for the reference beacon,
the laser transmitter, and the imaging system. Likewise, throughout this
chapter we shall assume that our optical system has a circular unobscured
aperture of diameter D. Accordingly, taking T to denote a two-dimensional
position vector on a plane containing the aperture with the origin corresponding
to the center of the aperture, we can define the aperture by the function

w (?), where

- 1, if |T| <D/2
W () "{o, if |T| >D/2 . 2. 1)

We shall consider a reference beacon located at a range R from the (center

of the) aperture, i. e., from the origin and displaced from the z-axis di-

-
i rection by an angle - &, and a laser aim -point orapoint source to be imaged

located at the same range, R, but displaced from the z-axis direction by an

angle + 3 # . Thus the angular separation between the point source to be
imaged or the laser aim-point and the reference beacon is equal to 3. The

z-axis is nominally perpendicular to the aperture plane. Baised on the

-
assumption that |#]| is very small, then the z-axis defines the nominal

propagation direction.

The path length from a point T in the aperture plane to the beacon

— - - — —
is L (r, -59), while that to the point source or aim-point is L (r, 3¢ ), where

S O

L(r,8) = (RP+|r-8R|2M2 ) (2. 2)

et TN L T LT I I R N e
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Based on the assumption that I;I is much smaller than R, as well as

that |9 | is very small we can rewrite Eq. (2) in the approximate form

1'2

L (z, Es')wm—R -T-8+3 RO° ) (2. 3)

™~

To provide focusing at range R the optical power elements of the optical

system must produce an T - dependent optical path length O (_1") , where
o(r) = -%/R . (2. 4)

With these notational matters taken care of we are now ready to
consider the development of expressions for the diffraction limited OTF

and antenna gain. We shall take up the OTF problem first.

1.2.1.1 QTFE in the Absence of Turbulence Effects

In this section we shall fairly closely follow the imaging system
analysis presented in one of our earlier works®. We start by noting that
if the wavefunction from a point source [at (R, 2) ] after passing through
the optics (and adaptive optics, if any) can be written as the pupil function
U (?), then for an optical system with focal length F the wavefunction,

1 (;), at position x in the focal plane of our imaging system, where X is

a two -dimensional position vector on the focal plane, can be written as
u(x) = ;\—1‘:7[' dr U (r) exp (~ikr - -x/F) , (2.5)
where here and throughout this chapter
k = 2n/x . (2. 6)

The power density in the focal plane associated with this wavefunction can

be written as

il
o=

6 (%) | u () 1°

o (%) u(®) . @. 7)

Nl

Our interest is in the OTF, which can be evaluated as the Fourier
transform of the power density, & (x), since @ (x) represents the image of a

point source. Accordingly we can write for the optical transfer function for

-8-




spatial frequency ? (with f measured in cycles

T(F) = B [dx & (x) exp (-2mif

per radian -field -of ~vi ew)

- %/F) , (2. 8)

where B is a normalization constant chooseﬁ to make the OTF of zero

spatial frequency equal to unity, i. e., so that

TO)= 1 , (normalization

condition) . (2. 9)

When we substitute Eq. (5) into Eq. (7) twice, once with the variable

- —
of integration denoted by r and once by r”, and then substitute that result

into Eq. (8), we can after raking the product of integrals into a double

integral, write the result as

-

T(f)= $BN2F~2 [[ dx dr dr’

¥ -, —
U (r7)U(r)

xexp {i(k/F)x-[r°-( +1D]} . (2. 10)

We note that the combination of the ;-integration and the —;-integration in

Eq. (10) can be considered to be a repeated Fourier integral. As is well

known*, in accordance with the equation

[[dp"dg g(P") exp [+ig (3" -1 = 2m)  g(p). (2.11)

where g(p) is any reasonably well behaved function of p, and p, p°, and

-
g are n-dimensional vectors, the repeated Fourier integral recovers the

q starting function. Accordingly we can rewrite Eq. (10) as

T (F)

1 - X o —
2B dr U (r +13f) U (r)

1BA2 F 2 (F/K)P @) Fde U (z +AD) U ()

, (2.12)

reducing our result to a siraple integral over the aperture.

To evaluate the normalization constant, B , we make use of

Eq's. (9), and (12). This allow us to write

B = {[dF [3U (U (N

(2. 13)




-—

Further simplification of this result is generally possible based on the
fact that in this case the power density in the aperture, % U*(?) U (?),
and in the more general case the average power density in the aperture,
(% U,|= (—1") U(?) Y, is not a function of aperture position, ; . Thus we

can write for the power density in the aperture
*
éy = 23U (F)U(T) : (2. 14)
or in the more general case
1 X - — ’
@, = (35U (r)U(r)) , (2.147)

where the angle brackets, {...) , denote an ensemble average. Making

use of Eq. 's (1) and (14), Eq. (13) can be reduced to the form

B = |6, [dr W(r) )™

(3n D?*e,) . (2.15)

For the diffraction limited case which we are concerned with here
the pupil function U (-1':) is defined by an amplitude, A, which is nota
function of position, T , a path length induced phase shift, L, and a

focusing phase shift,0. Thus we can write for a source at (R, 3)
U(r) = A W (F)exp [ik[L(F,8)+0(r)1], (2.16)

where we recall that L., O, and k are as defined by Eq. 's (2) or (3), (4),

and (6), respectively. We can rewrite this as
U(F) = A W(r)exp [ik(R+3R08% -7.8)] , (2.17)
from which in conjunction with Eq. (14), it follows that
% -
@, = 8A A W (r) , (2.18)
and

B= (+nD? A*A)"l . (2. 19)

When we substitute Eq.'s (17) and (19) into Eq. (12) and carry out

the obvious simplifications we get the result that

~-10-
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]

T(F) = (3nD? ) [df W(r) W(T+1T) exp (ikAf-8)
= (3 D2 )t [dr W(T) W(T+2T) ) (2. 20)

In writing Eq. (20) we have dropped the factor exp (ik )\F' -B_') as this is
just a phase shift factor indicative of the fact that the point-source is not
on the z -axis but displaced from it by an angle _G’ The modulus of this
factor is unity and for the on -axis point-source the factor would be exactly
unity. Thus in dropping this factor we, in essence, make the point-source

define the on-axis direction for OTF purposes.

The integral in Eq. (20) represents the area of overlap of two circles
of diameter D with centers displaced by amount Af. Itis easy to show
from some simple trigonometric analysis that if two circles of diameter D
have their centers separated by a distance p , then the area of overlap of

the circles is $nD°K (p), where

2 [ cos™ (o/D) - (s/D) [1-(p/DYP P/}, if p=D
K(o) =L
0,i p>D . (2. 21)

Thus we can rewrite Eq. (20) as

Tou (F) = K(Af)
; J& cos™* (af/D) - (AE/D) [1-(E/DP M2}, if 2D
! 0, if Af>D . 2. 22)

The subscript "DL' is added here to make explicit the fact that this result

applies for the case of diffraction limited operation. Eq. (22) represents

our basic result for the OTF of an ideal imaging system in the absence of
turbulence. In the next subsection we shall consider the corresponding

problem for a laser transmitter.

. 1.2.1.2 Antenna Gain in the Absence of Turbulence '

The antenna gain of a laser transmitter, G, is most usefully
defined as the ratio of the laser powered density at the aim -point, &,, ,

divided by the total laser power transmitted, P; , and scaled for the range,

-11-
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R, from the laser transmitter to the aim -point. Thus we would write
G =(@,,/P;) R® . (2. 23)

Expressed in this form the antenna gain has the dimension of inverse
steradians. It is in effect a measure of the (inverse of the) beam spread

of the laser transmitter.

If the laser wavefunction leaving the aperture is U (;), then the

wavefunction at an aim -point at (R, _6') can be written as
1 - - - -
u,p =-7\E‘rdrU(r)exp[ikL(r 0)], , (2. 24)

where L. is, as defined by Eq. 's (2) or (3), the path length between
the point at T on the aperture plane and the aim -point. To focus the laser
beam on the aim -point the laser transmitter optics would cause the wave -

function leaving the aperture to have a form expressable as
- - - - -
U(r) = A W(r) exp {ik[O(r)+r-81]1 , (2. 25)

- =
where the r - 4 - term in the exponential -function indicates that the laser
beam is directed at the aim -point, and the O (-1?) -term indicates that the
laser beam is focused at the range, R, of the aim -point. Making use of

Eqg.'s (3), (4), and (25), Eq. (24) can be reduced to the form

Uap = 'xi_R exp [ikR(H%ea)]Aj‘d}' w(r) . (2.26)

Taking note of Eq. (1) we can further reduce this to

upe = 'xl_R exp [ikR(1+30%)] A 1nD® . (2. 27)
The laser power density at the aim -point can be written as

oo

Be = Fouaw urs , (2. 28)

ot

The antenna gain as we have defined it can be related to the more con-
ventional antenna-gain -relative -to -isotropic, by multiplying our value
by 4m.




which can be reduced, by means of Eq. (27) to the form
*®
@w = 52"°R72 A A (3nD?)? . (2. 29)

The laser power density at the aperture is as defined by Eq. (14) and

in view of Eq. 's (1) and {25) can be written as
N * -
@, = 1A A W(T) . (2. 30)
The total laser power transmitted is of course just

P, = |d? &\

* - -
A A [dr W (r)

b3
$TwDh* A A . (2. 31)

When we substitute Eq. 's (29) and (31) into Eq. (23) we obtain for

the antenna gain, the result that
Gpr = zm(D/2\)? . (2. 32)

Here again the subscript '"DL" has been added to make explicit the fact

that this result applies for the case of diffraction limited operation.

With these results in hand, i.e., Eq.'s (22) and (32) we have com -
pleted the desired analysis of system performance in the absence of tur-
bulence. In the next subsection we shall turn our attention to the other
sense in which we used the term '"ideal system', namely an adaptive optics
system in which there is no angular separation between the directions from

the transmitter to the point-source or aim -point and to the reference beacon.

1.2.2 Adaptive Optics Performance With Turbulence But No Angular
Separation

To make our notation sufficiently general, so that it can be used in the
latter parts of this chapter, we shall consider a reference beacon located at
(R, 39) and a target (either a point-source to be imaged or a laser aim -point)
located at (R, 3, ). In this section we will, at an appropriate point introduce
the fact that _9:, = 0 and that 31 = 0, but for much of the deviation we shall

ignore these facts so as to keep the results generally applicable. We shall
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consider an adaptive optics system which can perfectly sense the wave -
function perturbation induced on the beacon signal by propagation through
turbulence, and which can apply exactly the desired correction. With no
angular separation between the directions there is no reason why the system 1
performance should not be ideal — except for the matter of how to handle
power density variations across the system's aperture. And it is indeed

just this matter that is the central concern of this subsection.

Before we start a detailed examination of this matter it is necessary
that at this point we introduce the appropriate notation for the propagation
statistics. For a point source located at position T on the aperture and
traveling to an '‘end -point" position defined by the range R and angular
deviation from the z -axis of E, i. e., by (R,E), if the wavefunction at the
end -point should be uq (;, _6') if there were no turbulence along the propagation
path, and if the instantaneous random value of the wavefunction is u (?, 3),
it is convenient to make manifest the turbulence effects by writing

u (708 =ug (%,8) exp [i¥(T,®)] . (2. 33)
The quantity ¢ (?,3), which we call the "complex -phase perturbation'' serves |
as a measure of the effects of turbulence. It is convenient to write y (?, —6) in
terms of its real and imaginary parts, ¢ (_r,,_B)) and -2 (_;,—6) respectively. Thus
we have )

$(3,9) = ¢ (7.8) - 2(7,9) . (2. 34)

-

The quantity ¢ (?, 0) is called the '‘phase perturbation' or the ''real phase

perturbation'. It is generally what is intended when one speaks of "correcting
the phase' of a turbulence distorted wavefunction. The quantity 2 (—;,3) is
generally called the ''log -amplitude perturbation'. It is a (logarithmic)

measure of power density variations.

By virtue of the reci'procityA‘cheorem2 the complex phase perturbation |
¥ (?,3), is not only a measure of the turbulence induced perturbation of a point
source traveling from position T on the aperture plane to a target position at
(R,E), but serves equally well as a measure of the turbulence induced point source
at the target position (R,_é') propagating back to the position T on the aperture

plane. As a consequence, £ (;, ge)is a measure of the power density variation of the

beacon signal at the aperture.




The key to our analysis in this subsection lies in our ability to

form the ensemble average of the exponential function of some linear !
combination of complex phase terms. The key to being able to do this :
lies in the fact that if x is a gaussian random variable, or linear

combination of several gaussian random variables, then it is easy to

show by carrying out an integration over the probabijlity density, that

Cexplax)) = explaXx) exp[E22((x-%PY]1 (2. 35)

where ¢ is a constant, and

X = (x) , (2. 36)
is the mean value of our random variable(s).

Use of Eq. (35) allows proof, by means of conservation of energy

arguments , that for the log -amplitude pertubation, £,
T =(C(4-2)0) ; (2. 37)

where we have written £ in place of L(_I_", 3) simply as a matter of
convenience. With these results in hand we are now ready to take up the
first of the several cases to be considered in this subsection, namely the
ensemble average OTF of an adaptive optics imaging system when there is
no separation between the point-source (target) direction, 6.1» , and the
reference beacon direction, EB , for the case of adaptive optics that only
corrects for the real phase perturbations, ¢ (—1", E), and not for the power

density or log -amplitude perturbations, £ (;, 6),i. e.,not for random apodization.

1.2.2.1 Ideal Adaptive Optics Imaging But With No Random Apodization
Correction

Our starting point for the OTF analysis to be performed here con-
sists of Eq. 's (12) and (13) in ensemble average form. The ensemble aver-
age OTF (which can be shown to correspond both to the ensemble average of
the instantaneous random OTF, and to the OTF associated with an ensemble

average of the instantaneous random image) can be written as

-15-




- — . %, - -
CT(£)Y = 3(B)Y far (U (r+rf) U(r)y , (2.38)
with the ensernble average normalization constant written as
- K - -
(BY = { [dr (U (r)U(cr)7? , (2. 39)

It is to be noted that {( B ) is not the ensemble average of the instantaneous
random values of the normalization constant B, and thus is not obtained
directly from Eq. (13) by applying the ensemble average brackets, {... )

to both sides of Eq. (13). Rather the value of { B ) is obtained from

Eg. (38) in just the same way that Eq. (13) is obtained from Eq. (12), i.e.,

by reference to Eq. (9), the relevant form at which we write here as
() =1 . (2. 40)

Eq. 's (38) and (30) would be relevant to any imaging system —
its just a matter of the nature of the specifications of the pupil function,
U (_1?) . To make it explicit here that we are dealing with an adaptive optics
imaging system without any random apodization correction we shall use the
subscript IW/O. Thus we would write as the locally relevant forms of

Eq. 's (38) and (39)

CTpolT)Y = 3¢ Brased [dr (U 0 (F+AT) Uruso (F) ), (2.41)

( Byuso ¥ = {rd—;%<U*|u/o (¥)wa/o (?)5 ]-1 . (2. 42)

The pupil function, Ujuy0 (_1") , is in part as given by Eq. (16), but in
addition there is an exponential function of the complex phase, ¢ (—;, 37) ,
associated with propagation through turbulence from the (target) point-source
to be imaged at ET, less the turbulence induced real phase ¢ (?, 38 ), sensed in

viewing the reference beacon at _9,5 . Thus we can write
—~> - —_ - —
Upwso{r) = A W(r)exp {ik[L(r, 8 )+ 0O(r)]

i [u(F o) -a(F, %) 1) . (2. 43)
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Making use of Eq.'s (3), (4), and (34) this can be rewritten as
-p td . - -
Unwsolr) = AW (r)exp {ik[R(1+36;) +0O(r)
. - - —_ - :
+ilv(r, 8;) -o(r, 65)13 . (2. 44)

When we twice substitute this expression into Eq. (42) and appropriately
simplify the results we get

( Biuso) = {3 A A TdrW(T)Cexp[24(7, 8]0 1Y . (2.45)

Stationarity of the statistics of the real and imaginary parts of the complex

phase insures that neither the mean value of the log -amplitude
-> -

£ = {L(r,8)) , (2. 46)

nor the covariance of the log -amplitude
— —> R e . -~ —_ - —

Cufp,?) = (Qo(r+p, 8+ -£L102(r,0)-2]1) , (2. 47)
is a function T or 9. In accordance with Eq. (35) we can thus rewrite
Eqg. (45) as

* - - -

(Bywo) =[{3A Aexp (2%) exp (zc,(0,0)] [dr w(r)1™h (2. 48)
By virtue of Eq. (37) the log -amplitude mean value, £, and variance,
CZ(O, 0), exactly cancel. [This exact cancellation is directly associated
with the fact of energy conservation — which is what gaverise to Eq. (37)

in the first place. ] Thus we can write

"~

% - - -
(Buwo? = {3A A dr w(r)J? , (2. 49¢(
which in view of Eq. (1) can be reduced to the form
*
{Bywod = (7D A A)? . (2. 50)

This result, which is identical to Eq. (19) for the no turbulence case,
applies whether or not there is any angular separation between the target
point -source direction, 3, , and the reference beacon direction, _9.9 . For
the balance of this section we shall, however, restrict our attention to the
more limited (ideal) case which is the subject of this subsection, where

-O’T and 33 are both equal to zero, so that both target point-source and
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reference beacon lie on the z -axis.
With this restriction Eq. (44) reduces to
Upwo (¥) = AW (7)exp [ikR + £(7,0) ] ) (2. 51)
From this it follows that
% - - - % - - —
(Uyyso(r+p) Uwolr)) = A AW (r +p) W(r)
x (exp[4(T +,0) + £4(r,0)] ) (2. 52)

Making use of Eq. (52) to allow evaluation of the ensemble average of an

exponential function, we can easily show that
- - - —
(exp[L(r+p,0)+4(r,0)]) =exp(22)
x exp [C4(0,0) + Cy (5,0) ] . (2. 53)
From Eq. (37) it then follows that
Cexp[4(T +75,0) +4(¥,0)]) = exp[-C,4(0,0) + Cy(5,0) ] (2.54)
When we substitute this expression into Eq. (53) we get the result that
% —_ - - % - - .,
C Ulw/o(r“’D’UH«/o(r) y = A AW(r+p) W (r)
x exp [-C,(0, 0) + C (5, 0)]. (2. 55)
By means of this result we can now reduce Eq. (41) to the form
- £ 3 v —
Tywolf) = A Aexp[-Cy(0,0) + Cy(Af,0) ] (Byyo )
x [drW(T +Af) W(T) ) (2. 56)

This integral over T is the one discussed just before Eq. (22). Making

use of this fact we can write
— * . -—>
Tiwso (£) = 3A Aexpl-C,(0,0) + Cy(rf,00] ¢ Byyo )
X $mD® K () , (2. 57)

which, in view of E,. 's (22) and (50) reduces to
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Tiuso (T) = exp [-C,(0,0) + C, (AT, 0) ] K (2£)

exp [-C4(0,0) + C,(AE,0) 1 T, (T) . (2. 58)

The key thing to note in interpreting this result is that for very low spatial
frequencies Cy (XF, 0) is very nearly equal to Cy (0,0), so that the adaptive
optics imaging system without random apodization correction provides
essentially thediffraction limited OTF, I, (?) — while for the higher
spatial frequencies, which are what are really of interest to us, C, ()\-f-', 0)
is véry nearly equal to zero, so that the OTF is less than diffraction limited
by a factor of exp [—Cz (6,0)] . If the log -.:;mpl'ltude variance is small
enough this factor is very close to unity and there would seem to be no real
need for a random apodization correction capability in the imaging system's
adaptive optics. If, however, the log-amplitude variance, CJL (0,7T), is not
particularly small then the exponential factor can result in a nontrivial re-
duction factor — so that it might be useful to be able to have the adaptive
optics compensate for random apodization. We take up an analysis of this

case next.

1.2.2.2 ldeal Adaptive Cptics Imaging With Random Apodization Correction

Using the subscript IW to denote the fact that the expression relates
to an adaptive optics imaging system with compensation of random apodization,

we would write in place of Eq. 's (41) and (42), the equations
- 3 P sk b - —
(T (£)) = 3By ) dr (U + M )U (1)), 2.59
for the ensemble average OTF, and
— * - -
(Byw ) = {[dr 3CU, 4 () U, (r)) 7 , (2. 60)
for the corresponding normalization constant.

For adaptive optics imaging when there is no angular separation
between the target point-source to be imaged and the reference beacon, it
is obvious that there will be no residual turbulence effects if the adaptive

optics random apodization correction makes the system's transmission
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inversely proportional to the power density of the beacon reference signal
over the aperture*. We shall shortly see from our equations that this is
exactly the case. We start by noting that this random apodization scheme
would come about if the adaptive optics imposed a complex phase correction
in which the imaginary part were the negative of the imaginary part of the
complex phase associated with the beacon. Thus, in place of Eq. (43) we

would have
Uyw (T) = AW (T)exp {ik[L(T, )+ O(T)]
Fil (7 0r) -6 (5. 8a) ] - £(T 0s) ] (2. 61)

and in view of Eg. (34), and using Eq. 's (3) and (4} this can be rewritten

as
> - . 1p2 -
Uyu(r) = AW (r)exp{ik[R(1+306;°) -r-0;]
. e d - — L d - >
+ilo(r8:) - o (r,85)] + La(r, &) - £(r,8)]}. (2.62)
For the ideal case of interest to us here, in which there is no angular
separation between the target point-source to be imaged and the beacon

reference, with both lying on the z -axis so that ET equals 33 , then obviously

the two complex phase function in Eq. (62) will cancel and we get
Upu (T) = AW(T) exp {ik[R(1+20,%) -T 5,1} . (2. 63)

This expression is manifestly independent of any turbulence effects, and
by comparing of it with Eq. (16) we can see that it will lead to the con-

clusion that the OTF will be diffraction limited. If we carried out the same

* It is not entirely clear exactly how the random apodization correction
would be affected. Transmission reduction is no special problem, but
where the beacon power density is-very large the transmission would have
to be made correspondingly large. Leaving out the concept of laser
amplifiers (and nearly monochromatic imaging) it would seem that affecting
random apodization correction would require acceptance of a very low
average transmission, so that increases as well as decreases in trans-
mission would be possible and we would have to accept a limited dynamic
range for the compensation. In the analysis we have considered this limited
range, as well as the reduced average transmission as things we could ignore.
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calculations as in subsection 1.2.1.1 we would get ex.actly the same

results, which we can write as
CEw(£)Y = T (£) . (2. 64)

This very nice result would, of course, not be expected to hold if there
were a nonzero angular separation, 3, between the target direction and
the beacon direction -— but this is a matter that we shall take up later. In
the next two subsections we shall turn our attention to the adaptive optics
laser transmitter problem in the presence of turbulence effects, but for
the ideal conditions case of no angular separation between the directions

to the target aim -point and to the reference beacon.

1,2,2.3 Ideal Laser Transmitter Adaptive Optics But With No Random
Apodization Correction

In exactly the same way that we arrived at Eq. (23) as the ap-
propriate expression for the non-random (or instantaneous) laser trans-

mitter antenna gain, we would write for the ensemble average antenna gain
(G) = ((e)/{(P)) R® , (2. 65)

where ( @ ) denotes the ensemble average power density at the aim -point

and{ P ) denotes the ensemble average laser transmitter power. Itis sig-
nificant to note that the ensemble average antenna gain, ( G ), is in genceral
not the ensemble average of the instantaneous random antenna gain, i. e., kag.
(65) is not obtained by simply applying ensemble averaging to both sides of

Eq. (23). Rather, Eq. (65)is presented on the same basis as was 19q.(23), only
this time as the ratio of average power density and average transmitted power.

The ensemble average laser power density at the aim -point, ¢ @},

can be written as (o = 3¢ u* o) , (2. 66)

which can be directly inferred from Egq. (28). Here u is the laser trans-

mitter produced random wavefunction at the aim -point. This wavefunction

can be written in terms of the laser transmitter's random pupil function since
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it incorporates the effects of the adaptive optics corrections, which are
random in the sense that they follow turbulence effects. In place of

Fq. (24) we now have the expression
u - 'Tli dr U(T) exp {i[kL(T,8;)+#(r, 8 )77 . (2. 67)

Thus far over notation has been quite general, not indicating whether
we were allowing for random apodization correction. To write down an ex -
pression for the pupil function we must be explicit on that matter. Using the
subscript LT W /O to denote an adaptive optics laser transmitter without

any random apodization correction we would write, as an extension of Eq. (25)
Ultwo (r) = AW (r)exp [ik[O(r)+r Kr] - ia(?,ga)], (2. 68)

as the adaptive optics corrected pupil function. With the same subscript

notation Eq.'s (65), (66), and (67) would be rewritten as

( Giruyn Y= (B ity ) ¢ Pirwzo V) R? , (2. 69)
1 v *
CO@ywro ¥ = 200 (yuso Urwo ) ) (2. 70)
and
Wrwos = - g [dr Uirwo () exp (ilkL(F,0) tu (¥, @) 1% (2.71)

Making use of Eq.'s (3), (4), (34), (67, and (68) we can rewrite Fq. (71) as
Wrws = - g oxp (ikR(+E8%)] A fdr W (T)
x exp (i{8 (5, 8:) -a (7, 0,) 1+ (X, 8, )1 . (2. 72)
We note that the ensemble average transmitter laser power can be written as
‘ y - Pdr :( * = - 2 13
 Plrwn 7 dr = U rwo (r) Upgywo(r) > ) (2. )
and that from Fq. (68) it then follows that
— l‘ % -
{ Porwn ) = [dr 2 A A W (r)
-1 2 ¥
= T T D A A . (2. 74)

The results up to this point have been developed without making any use of

the fact that the target aim -point and the reference beacon both lie on the
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z -axis, so that 0, and 35 are both equal to zero and there is no angular
separation between the directions to the target aim -point and to the reference

beacon.

When we make use of the zero values of 3,- and 33, Eqg. (72) reduces

to

Urwe = - x_iR exp (ikR) A [df W (T)exp (2(F,00]. (2.75)

We now substitute Eq. (75) twice into Eq. (70), make a double integral out
of -the product of integrals, and interchange the order of integrations and

ensemble averaging. Thus we obtain the result that
( Puwo) = 2X2 RZ A" [[dF dr” W(T) W (")
xCexp [ 4(7,0) + £(*%,0))) : (2. 76)
It is convenient at this point to introduce the variable
p = r’ -1 , (2. 77)

which on making a change of variable of integration in Eq. (76) allows us

to write
* » -> L d - -
(Prwo )= 22"2R°%A A[‘J dr dp W(r)W(r +p)
x Cexp[4(7,0)+2(T+0,0)]) . (2. 78)
By using Eq. (54) we can rewrite this result as
* nA b d Cd e d - —_
(@irwo > = BV*RPA A "Jdr dp W(r)W(r+o)
x exp [-C,(0,0) + C, (5,0) ] . (2. 79)

As noted in the discussion following Eq. (58), the log-amplitude covariance
function, C, (;, 0), is in general quite short range —much shorter range
than most laser transmitter diameters of interest. Thus over most of the

range of the ; -~ integration the CL(;, 0) term can be set equal to zero. This

leads to the approximate result that




0l

(Guwo ) ~ BN2R™ AT A exp [ 400,001 [MdTds W (F) W(T+7).

(2. 80)

Changing the variable of integration from ; back to ?', and then noting
that the double integral then separates into the product of two identical

integrals, each equal to inD?®, we get
%
(@ rwo Y~EXN?R™® A Aexp [-Cy(0,0)] 3nD?)? . (2. 81)

When we substitute this result together with Eq. (74) into Eq. (69),
and take note of Eq. (32), we get the result that

(Gurwo ) a2m (D/X)? exp [ -Cy(0,0)]
~ Gy exp [-C,(0,0)] , (2. 82)

as the ensemble average adaptive optics laser transmitter antenna gain when
the adaptive optics does not provide a random apodization correction, and
there is no angular separation between the directions to the target aim -point

and to the reference beacon.

It is obvious from consideration of Eq. (82) that the failure to provide
for the random apodization correction reduces the adaptive optics laser trans-
mitter antenna gain by a factor of exp_[ -Cy(0, 0)]. 1If the log-amplitude variance,
C, (0,0), is small enough this can be ignored, but for nontrivial values of the
log -amplitude variance it would be desirable to have an adaptive optics that

could make random apodization corrections —if possible.

Before we leave this subsection to take up the case of a laser trans-
mitter with adaptive optics capable of producing random apodization correction,
we wish to write down the relevant result when we do not make the short range
of the log -amplitude covariance function approximation that we used in going
from Eq. (79) to Eqg. (80). The ;-integration in Eq. (79) can be carried out
(inside the g-integration) to give a factor of 37 DK (p), as noted in the dis -

cussion just preceeding Eq. (21). Accordingly Eq. (79) can be written as
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mit AR TE T LWL T TR TN TR




PgTnTE T

(@urwo ) =EX2R™2 A A (3nD?) [ 5 K (p)
x exp [-C4(0,0) + C4(p,0) ] . (2. 83)

Substituting this together with Eq. (74) into Eq. (69) we get the more exact
result that

( Gurwo ) =X"2[dp K(p)exp [-C,4(0,0) + Cy(p0)] . (2. 84)

Taking note of the fact that
Fdp K(p) = 2mD? , (2. 85)
and using Eq. (32), we can rewrite Eq. (84) i-n the very convenient form

(Gurwo ) =21 (D/A? exp [-Cy0,0)] [ 20K (p)exp (s (5, 0)]
[doK(p)

-C2(0,0)] JdoK (p)explCy(5.0)]

= Gpy exp [ -
j'dp K (p) . (2. 86)

To the extent that the log-amplitude covariance is very short range com-
pared to the laser tran-mitter aperture diameter, D, the quantity in the curly
brackets will be very nearly equal to unity —- thus justifying the approximate

result of Eq. (82).

With this result in hand we are now ready to take up the case of the
adaptive optic- laser transmitter with adaptive optics that can provide random

apodization correction. This is treated in the next subsection.

1.2.2.4 Ideal Laser Transmitter Adaptive Optics With Random Apodization
Correction

_~For the case of an adaptive optics laser transmitter with the ability

"torcorrect for random apodization Eq.'s (65), (66), and (67) remain applicable.

We rewrite these with the subscript LTW as
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(Guw ) = ((@rw >/ (Pu))R? , (2. 87)

(@rw ) = %<u*nw Qrw ) , (2. 88)
and

Gra = -;—Rj'd; Upra (T)exp (i [kL(Z, 8 ) +4 (7, 8 )1}, (2. 89)

corresponding to Eq."'s (69), (70),and (71). We also note that corresponding

to Eq. (73) we can write
- * e d ->
(Puyw > = Jdr €U (1w (1) Uiru(r)) : (2- 90)

The careful reader will have noted that we seem to have skipped over the
task of writing down the expression corresponding to Eq. (68). It would be
this expression that would indicate the nature of the random apodization
correction. As we shall see this matter requires some careful consideration

and the appropriate result is not at first apparent.

Off hand it would seem that the appropriate correction would be just
as in the imaging case, as presented in Eq. (61) — namely the random
apodization correction should cause the the pupil function to vary inversely
in power density to the power density variation of the beacon signal { In Eq. (61)
the factor of exp [ -4 (_;, 39) ] is the inverse of the beacon signal's power
density, which is proportional to exp [ 4 (?, _65) 1}.1f the pupil function, ULTW(—;)
were formed in this way then the power density variation would exactly
cancel the (?, _G)T) induced variation in Eq. (89) and we would seem to be
forming a diffraction limited power density, u ry, at the aim -point. However,
this is not enough to insure diffraction limited laser transmitter antenna gain
performance since these variations in the pupil function's power density can
effect the total laser power transmitéed, and antenna gain represents a ratio
of power density at the target aim -point to the total laser power transmitted.
We therefore must choose the nature of the random apodization correction with
the average antenna gain, {( Gy, }, in mind rather than with the target aim -

point power density, ( ;4 ?, in mind.
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It is not clear exactly how the problem of defining the optimum
random apodization correction should be attempted. It appears to be a
fairly complex problem in the calculus of variations. Accordingly we shall
attempt the simplier problem of finding the value of B in the random

apodization correction pupil function expression
Uirw (F) = AW(T) exp {ik[O(r) +7-8; 1-0 (7, 8,) +B4(T,8)}, (2. 91)

To do this we need to apply Eq. (91) to obtain an expression for the ensemble
average laser power transmitted as a function of B, and to obtain an expression
for the ensemble average laser power density at the target aim -point, also

as a function of 8. From these results an expression for the ensemble
average antenna gain as a function of B will follow immediately and choice

of an optimum value for B will be straight forward.

When we substitute Eq. (91) twice into Eq. (90) and carry out the
appropriate simplifications we get the result that the average laser power
transmitted is

£ - - - -

(Puw > = #A A [dr W(r)Cexp[2B2(r,8)]) . (2. 92)
Making use of Eq. 's {35), (37), and (47) we can write
-
r

,85)1) = exp(2B1L) exp [282¢ (4-4°)]

! {expl284(

exp [ (282-28) ((£-4)2 )]

—g—
n 1

exp [(26F -28)Cy(0,0)7 . (2. 93)

By virtue of the stationarity of the statistics of the log -amplitude this is
obviously not a function of aperture position, T Accordingly, when Eq. (93)
is substituted into Eq. (92) the ?-integration reduces to the evaluation of the

area of a circle of diameter D, so that we get
*
: (Pirwd = $A A(FnD?)exp [(2F -2B)Cy (0,001 , (2.94)

for the ensemble average transmitted laser power.
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To evaluate the laser power density at the target aim -point,
( Py ), we first substitute Eq. (91) into Eq. (89). Appropriately
simplifying we get the expression

e = - 7 exp [ikR(1+44£8,2)] A [dr W (T)

x exp {ilo (T, 6) -0 (T, 05) 1+ 4(T, 0 )+B 4(7, 8 ) 1. (2-95)

At this point we recall that we are considering the idealized case where

there is no angular separation between the directions to the target aim -point
— —

and to the reference beacon, both being on the z-axis, so that 8; = 83 = 0.

This allows us to reduce Eq. (95) to the simplified form

Miry = —;\%exp(ikR)A[‘d? W(T) exp[ (148)£(7,0) 7. (2.96)

When we substitute this result into Eq. (88) and suitably simplify, we get

for the ensemble average laser power density at the target aim-point
(Orw ) = 5A AN2R™ fldr dr” W(r) W(r"
x ( exp [(1+8)L 4(7,0) + £(*°,0) 1) . (2. 97)
Once again making use of Eq. 's (35), (37), and (47), we can now write
Cexp{(148)( 4(F,0)+£(F,0)1}) = expl2(1+8) £ ]
Xexp{(1+5)2[cz(o,0)+cz(?'-?,0)]}
= exp [ (B%-1YC, (0,0)+(1+B)? Co(¥"-7,0)] . (2.98)

When we substitute this result into Eq. (97) and veplace the variable of

integration T’ with ;, [with ; as defined by Eq. (72) ], we get
£ 3 - -2 - > - - -
(@rw ) = EAANPR J‘,['dl‘de(r)w(r.{.p)
x exp [ (B2 -1)C,(0,0) + (1+8)° C4(5,0)] . (2.99)

Introducing the approximation that since the log-amplitude covariance function,
Cl(_g, 0), is a short range function in terms of the aperture diameters of
interest to us, we can consider C.C (;, 0) to have zero value over most of the

range of integration, we can write
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(Gurw ) ~3A AXZR™ expl(B2-1) C4(0,0)] [[dr dp W(7) W(F+7)
~3A ANX?R? expl(B2-1)Cg(0,0)] "TdE dx’ W(T) W(F")

3
~ %A AX? R exp [(B%-1) C4(0,0)] (4n D?)® .
(2.100)

Obviously, either B = +1 or B = -1 will result in an ensemble average
laser power density of the target aim -point which is independent of the
turbulence induced log -amplitude variance. But, the ensemble average

laser power transmitted does depend on B, as we can see from Eq. (94).

The ensemble average antenna gain, which is what we want to optimize by
our choice of B, is obtained by substituting Eq. 's (94) and (100) into Eq. (87).
This yields the result that

(Gurw ) ~ 3m(D/N)? exp [ (-B%+2B-1)Cy(0,0)]

~Goy exp[ -(B-1)°Cy(0,0)] : (2. 101)

It is obvious from this expression that the ensemble average antenna gain,

{ Gy ), will be maximized [and that this maximum will be equal to the

diffraction limited value of antenna gain, G,., as defined by Eq. (32)] when

B equals unity.

If we go back to Eq. (99) and do not make the approximation that the
log -amplitude covariance is a short range function relation to the aperture

diameters of interest then using Eq. (21) to allow the ?-integration to be

performed, we get

(Prw) = BA ANRR™ (37D%) exp [(F -1)C4(0,0)]
x PdoK(p)exp[(1+8)>Cy(5.0)] . (2.102)

Substituting this together with Eq. (94) into Eq. (87) we get as a more exact

expression for the ensemble average antenna gain

(Guw Y = A2 eXP[-(B ‘1)2C£(0’0)]

x [ dpK (o) exp [(1+8)°C,(5,0)] (2.103)
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Making use of Eq.'s (32) and (85) this result can be cast in the convenient form

. Tdg K (p) exp [(1+B)?Cy(p 0))
<G|_TN > = Gp exp[-(B-1) C],(O’o)] l'd? K (p)

(2. 104)

The surprising thing to be noted from this expression for the ensemble
average antenna gain is that while for large enough aperture diameters the
quantity in the curly brackets is very nearly unity so that the optimum

choice of value of B is unity and the maximum possible valve of antenna

gain is the diffraction limited value, for small enough values of the aperture
diameter the situation is quite different. For very small values of aperture
diameter the ensemble average antenna gain becomes very nearly equal to

GoL exp [ 48C,4(0,0)]. In this case very large values of B appear desirable
and the ensemble average antenna gain can be greater than the diffraction
limited value. However, *this is a matter of having the laser transmitter
emit the largest amount of power at those instances when the power density
of the beacon signal indicates that the ""connectivity'' between the laser trans -
mitter aperture and the target aim -point provided by the turbulence is greatest.
Though it seems interesting to note here this somewhat surprising possibility,
we believe that for a number of practical reasons the possibility of exploiting

this feature is relatively uninteresting.

Before leaving the subject area of laser transmitter adaptive optics
with random apodization correction capability it is perhaps worth remarking

on the implications of having p =1 in Eq. (91). This means that we have
Upw(T) = AW(Y) exp ik [O(T)+ 7 -8:]-i0 (T, 8) + £(x.85) 3. (2.105)
Making use of Eq. (34) we can rewr-ite this as
Upw(Z) = AW(F) exp [ik[O(T)+T 8, ] -1% (T.8:)1.  (2.106)

Comparing this with Eq. (62) for the imaging system with random apodization

compensation, we see that while the adaptive optics of the imaging system
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results in subtraction of the complex phase of the beacon, for the laser
transmitter it is the conjugate of the complex phase of the beacon that

is subtracted.

With all of these results in hand for imaging system and laser
transmitter performance under the ideal conditions of no angular separation
between the directions from the aperture to the target and to the beacon,
with both target and beacon lying on the z -axis, we are now ready to turn
our attention to the cases of basic interest, when the angular separation
is non -zero and there is a possibility of anisoplanatism effects. However,
before we can evaluate system performance in such a situation, we must

first develop expressions for the joint statistics for propagation in two

distinct directions. This is taken up in the next section.




1.3 Propagation Theory With Angular Separation of Paths

The analytic foundation for the propagation theory that we shall
develop in this section will be found in an earlier paper of ours titled
'Spectral and Angular Covariance of Scintillation for Propagation in a
Randomly Inhomogeneous Medium''. In the following we shall refer to this
paper as SAC. The portion of SAC concerned with the angular covariance
is directly relevant to our requirements here, though it needs some exten-
sions and modifications to provide the propagation theory basis for the
work undertaken here. (There is, in addition a requirement for one non-
trivial correction.) While the results of SAC are given for the log-amplitude
and for the phase covariance, no results are given for the cross -statistics
between phase and log-amplitude. We shall need this latter result to estab-
lish the isotropy of the cross-statistics — a fact which we shall use later
and which is not apparent from any generalized reasoning. In addition, while
the results of SAC are developed for infinite plane wave propagation, to allow
us to apply our work to the case in which the adaptive optics system and the
target/beacon are within the atmosphere, we shall need corresponding results
for spherical wave propagation theory. Our approach to developing the spheri-
cal wave results will be heuristic arguments extending the infinite plane wave
results. It will be the detailed development of the infinite plane wave results
that we shall concentrate on, and only at the very end of this section will we
introduce the heuristically justified modifications that will make these results

applicable to the spherical wave case.

In what follows we shall not repeat the portion of SAC concerned with
the equations for propagation through a random medium and the development
of the random wavefunction. We shall simply quote these results and then
apply them to the development of the statistics. We shall, however,go over

most of the notation as we wish to make some (simplifying) changes in the

notation. We start, in the next subsection with a presentation of the notation.




1.3.1 Notation and Random Propagation Results from SAC

The basic random function of interest to us is the previously
introduced complex phase, ¢ (?,3), with its real and imaginary parts,
¢ (—;,3), the real phase, and £ (?,3), the log -amplitude variance, which

by copying Eq. (2. 34) we write here as
v (5,8) = ¢ (7,8) -is(7,8) ) (3.1)

Here r denotes a position on the aperture plane at which the complex phase
is measured, and 3 indicates the direction from the center of the aperture
to a monochromatic point source of wavelength A at a z-axis distance equal
to R. The angle E is a measure of the deviation of the direction from the
z -axis, which axis is perpendicular to the aperture plane. (For a point
source on the z-axis the angle 3 is equal to zero.) In addition to the complex
phase, ¥, the other basic random function which we have to consider is

n (?, z), the random deviation of the refractive -index from its nominal mean
value of unity. (It is this random function that we are referring to when we
speak of turbulence.) The refractive-index denoted by n (?, z) is measured
at a distance z from the aperture plane along the z -axis, and at a position

T displaced from the z -axis.

In Eq. (2.47) we introduced the covariance of the log -amplitude, Cj.
We repeat that definition here in a slightly modified form along with definitions
of all the other statistical function we shall be concerned with. These are as

follows; the log -amplitude mean value

L= (2(r,9)) : (3. 2)
the real phase mean value

% = (6(F,8)) , (3. 3)

the log -amplitude convariance

- =

Cy(5.8) = CLa(F+75,83) - LI[L(F,-35) -2 1), (3.4)
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the phase covariance

Co (5, 3) = ([8(7+5,35) -8[6 (%, -39) -61),  (3.5)
the log -amplitude: phase cross -covariances

Cy (3, 8) = ([(T+7, 35) -2I6 (7, -43) -8 1) , (3. 6)
and the refractive-index covariance

Cy(p, ) = (n(r+p,z+E)n(T, 2) ) : (.7

We shall have occasion to work with the Fourier transforms of the above
four covariance functions. For the log-amplitude covariance, phase co-

variance, and log-amplitude:phase cross-covariance these are

Fy(a ) = [dpCy (5,9) exp(-in-p) , (3. 8)

Fy (0,3) = [dp Cp (5,3) exp (-i5" p) , (3.9)
and

Fge (0 3) = [dp Cye (5, 9) exp (-ic-p) , (3. 10)

respectively. For the refractive -index covariance we shall consider both

a two -dimensional Fourier transform, namely

Fu (0, £) = [ dp Cy (3, £) expl-ic- p) : (3. 11)
and a three -dimensional transform

Sl s) = [[dodECy (o, €) expl-i(g-558)] . (3.12)
It is immediately obvious from consideration of Eq. 's (11) and (12) that

Su(7 s) = [dEFy (3, 7) exp (-is€) : (3.13)

As noted in SAC experimental” and theoretical evidence®® based on the
Kolmogoroff's theory of turbulence in the inertial subrange and Tatarski's
arguments of a conserved passive additive nature for the optical aspects of

turbulence lead to the conclusion that

Fu (= 8) = 8.16 Cy? (o +s2 )11/ , (3. 14)




where Cy? is a scalar quantity called the refractive -index structure constant
which .erves as a measure of the local optical strength of turbulence. ( The

dimensionality of CyZ® is length to the minus two -thirds power. )

In addition to these Fourier transforms of statistical functions SAC
introduces, we shall have to make use of Fourier transforms of certain
random functions. These Fourier transforms are as follows: for the

complex phase we have
¥(0,8) = [dr ¥(7,8) exp (-ic-T) : (3. 15)

for the log -amplitude we have

L(~8) = [dr £ (7,8) exp(-i~-T) , (3. 16)

for the real phase we have

$(c,8) = [dr ¢ (£,8) exp(-ic-T) , (3.17)
and for the refractive-index we have
N(o 2) = [df n(F,2) exp (-ic-T) . (3.18)

It follows directly from Eq. 's (1), (15), that
- - - £ - —
L(c,8) = 3i[¥(5,8) -¥ (-2.8) ] ' (3. 19)

& and from Eq.'s (1), (15), and (17), that

[

3(2,8) = 3[¥(28)+¥ (-2.8)] : (3. 20)

The solution of the propagation equation carried out in SAC leads

%*
to the result that

3*

Eq. (21) above is in some significant ways different from Eq. (20) in SAC
from which it is taken. Some of these differences are due to the fact that
Y as given by Eq. (1) here is equal to ¥ as defined in SAC times i. A
second cause of difference is that while in SAC the integration runs from
the source to the plane where Y is measured (with the.variable of inte-
gration being equal to zero at the source and equal to R at the measure-
ment plane), here the integration runs from zero at the (aperture) plane
where Y is measured to z = R at the source.
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-> — R - -
¥(~8) = 2ik [dz N(n, 2z) exp (-ikz)sin[y(~6)z ], (3.21)
0 !
where ‘
— = o= — -
y(0,8) = k-3 | -0-.-8-%2ke° . (3. 22)

Before leaving this subsection it will be convenient to rewrite Eq. (21) as

/

(3. 23)

¥(0,8) = -k [dz N (5, z)(exp (1[y(5,9) K]z }-exp [ ~i[Y(o,8)+k1a]
o]

and from this to write

* - —

(-,8) = & [dz N (-7 2) Qexp{-itv(-}','e’)-k]z Y-exp {i [v(-c,8) +k ]z }).
0
(3. 24)

By virtue of the fact that the refractive -index variation is real (so that

* ’
n = n)it follows from Eq. (18) that i
N (-7 2) = N(7 2) , (3. 25)

so that we can rewrite Eq. (24) as

. $(28) = k[ dz NG, 2) {expl-i[ v (3, 8) k Jo] -exp (i [V, ) +k T2 )
] .
) (3.26)

When Eq. 's (23) and (26) are substituted into Eq. 's (19) and (20) and the
obvious simplifications are made, we get the results that
— - R — - —
L(m@) = -3ik[dz N(~z) exp{ilv(m0) -k]z}

0
-exp{-i['v‘(r.,_e*)ﬂg’\z1-exp{-i[‘v(-c,9) -k]z}

4

texp (i[V(-78)+k]z1 , (3. 27)




—

i R — — >
$(0,0) = -2ik [dzN(~z){exp{i[V(~8)-k]z]
0 .
~exp {~i{Y(w.8)+k)z}+exp {4[V(-,8) -k]z2}
-exp{i[V(—;,EHk]z], . (3. 28)
At this point we note that of the four exponentials in each of the
ahbove two integrands, as we can see from consideration of Eq. (22), and
of the facts that k is much greater than © and that the magnitude of °
is very small, two of the exponentials oscillate very rapidly (at a "rate' of
about 2 k), while the other two oscillate much more slowly. Such rapid

oscillations can not contribute to the value of the integrals and accordingly

we can make the approximations that
— - R - — =
L(c,0)= '%ik rdZN("T:z) \exP {i[v(ﬁie’ ) 'k]z}
0
-exp [-i[Y(-~8)-k]z}, ’ (3. 29)

and

2(5,8) = -3k [ dzN(5,2) {exp (i[Y(7,8) -k ]2)
0
+exp{-i[Y(-:,°é’)-k]z}> ) (3. 30)

Making use of Eq. (22) we can recast these results in the form

N

L (3,8) = -3ik [ dzN (3 2z) (exp ([ (Bke® +3 /1) i~ -8 2]
0

-exp {[1(3k0® +32/K) -1~ 8]z} , (3. 31)

$(3,8) = -2k [ daN (3, 2) (exp { [-1 (3% +30%/K-15-8 2]

0
- - \
+exp{[i(%kea+%q2/k)-icr'Q]z}}' . (3. 32)
This is as far as we can go with the analysis of the random propagation
functions. To proceed beyond this point we have to start working with the
. statistical functions. To do this we need to make use.of a special theorem

developed in SAC. This is presented in the next subsection.
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1.3.2 Fourier Transform Statistics

In this brief subsection we wish to prove a theorem about the
ensemble average of the product of Fourier transforms of random
functions. We will show that an integral over such an average gives
rise to a power spectrum (or cospectrum) for the (two) random functions,

with a Dirac delta function like property associated with the average.

We consider two real, stationary random functions, f (;;Z) and
g (;;é.), where x is anN -dimensional variable and = and E) are some
multicomponent parameter ''vectors'. (The functions f and g need not
be distinct, but for generality we allow them to be so.) We define the

cross-covariance as

Cre (x"-%;0,8) = ([f(x0)-f()Ilg(x:8) -g(B)]>,  (3.33)

where
F fl@) = (£&;a) , (3. 34)
g = (gx;p)) . (3. 35)

In addition we write the Fourier transforms of the two random functions as

M X (£ (%) -£(a) ] exp(-ix +¥) , (3. 36)

F(;:a)

3 G, 8) = [dxlgx:iB)-g(®) ] exp(-iX*y) : (3. 37)

We also note that we can write the cospectrum associated with these two

random functions as
Teo (730,8) = [dx Cpg (%30, B) exp(-ix-y) : (3. 38)

We now introduce the function h(y) to represent ary nonrandom, reasonably

well behaved function and consider the problem of evaluating the expression
-, R =, - —_ - —
Tdy’(F (y*;0) G(y;B)) hiy")
To carry out the evaluation we start by making use of Eq.'s (36)

and (37). This allows us to write
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- o, - —- = -, - >, -,
[ay*¢F (35 GG38)) hiy") = [[fdx dx” dy
x([f(x5a) -F@ 10eE ;B -g @ 1IhF Vexp[-i(x-y - =¥ ).
(3. 38)

At this point we introduce sum and difference coordinates

e -, e d

P = xXx -X ’
- —, —

q = 3(x"+x) ,

and make these the variables of integration instead of X and ;', in Eq. (39).

Doing this and making use of Eq. (33) we can now write
-, ¥ 5, » > - -, - o
[ay’(F (y*5a) G(y;B)> h(y") = [[[dp dq dy
— = — ~>, L= ;'+;:\ d -, -
XCro (35w BV hG ") exp B+ (Ty L ) +iq- (F°-) 1, (3.40)
where the exponential's argument has been rearranged according to the

formula

: ab - cd = (a+c)(b2'd)+@—2'—°—)(b+d) ) (3. 41)

Now we take note of the fact that according to Eq. (2.11) we can write

[fdqdy’ by exp (ip-y /2)T expliq-{y" -¥)]

PO

= @m" h(y) exp (ip - y/2) , (3. 42)

where N, we recall, is the dimensionality of our variables. When we
substitute Eq. (42) into Eq. (40) and simplify as appropriate we obtain
the result that

fay’ (F*

(v5a)G(Y:E)) h (¥ = @2m)Vh(y)
x fdp Cpg (pia,B)exp(ip-y). (3. 43)

Making reference to Eq. (38) and noting that since f and g are real functions

then so is Cyq, we see that the integral on the right-hand-side of Eq. (43)
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*
can be identified with [, . Thus we can write

%

Py (F (35 0)G(T:B) Y (T = (2m) h(Y) Tre (V30 B). (3. 44)

This is the theorem we wished to prove in this subsection.

Three alternate forms of this result are as follows:

[y A F (352 G (3B (T’ ) = (2™)" h(T) Tre (Vin, B) s (3. 45)

Py CF (3:0)G(358) h(F) = (2m)" h(F) Tre (T30, B), (3. 46)
and

-

(2nWh(Y) Tee {y;a, B). (3.47)

Tay (R (7, 3)G (3%8) ) h(F)
Eq. (46) is obtained by noting that replacing F*(;';g) G (}’;'é') by
F>°< (;;;) G (;';—B)) would have altered the right hand side of Eq. (40) only
to the extent of interchanging ; and _};' in the exponential, which as we can
see from consideration of Eq. (2.11) would result in no change at all in Eq. (44).
Eq. (45) is obtained as the complex conjugate of Eq. (44), while Eq. (47) is

obtained in the same way from Eq. (46).

With these results in hand we are now ready to develop statistical
propagation results from our random propagation expressions. We take this

up in the next subsection.

1.3.3 Statistical Propagation Results

We can write the log-amplitude covariance function as the inverse
Fourier transform of F, as defined by Eq. (8). We can see that this is to

be written as

Cz(0,8) = (2m)™® [dg Fy(s,3) exp (i5-5) . (3. 48)
Similarly we can write for the phase covariance

Ce(0,3) = (21)2[d5 Fy(2,8) exp (im"p) , (3. 49
and for log -amplitude: phase cross-covariance

Cue (0,8) = (2n)2 [daFe () exp (iv-7) . (3. 50)
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Obviously what we need to be able to evaluate these three (cross -covariance
functions is expressions for the corresponding Fourier transforms, and
these we can develop by a judicious combination of the results of the two

preceding subsections.

Making use of Eq.'s (45) and (27) we can write

(2n) Fy (3.5) = [da" CL(3%.39)L" (3, -23)) . (3. 51)
Now making use of Eq. (31) we can recast this in the form

Fy (=, 9) = (3k/n)? f(‘Fdz'dz[‘d?‘-(N(:',z’)N*(;.Z))
no

)

X (exp {[-i(3kD92+32/k) -%in"-8127)

i

—

-exp {li(gk 92 +3c"2/k)-2i,"9]2"3)
X (exp f{i-ks® +1°/k) —%13-3]21
-exp [[-i(kks® +4°/k) -3ic -8 ]z }). (3.52)

Proceeding in exactly the same way, we also write

(2nf F, (7,3) = [d2"(8(3", $5) " (7, -33)), (3. 53)
and
(2n) F,@,3) = a3 (L(3°,33) ¢ (7 -33)). (3. 54)

Now making use of Eq. (32) as well as Eq. (31) we can recast these as

- — R R - - -
Fe(3,3) = (3k/m) ([ dz’dz [d5’(N(3", 2 ) N (7, 2))
oo ’

X(exp {[-ithko? +%0"2/k) -3i5" 52"}
+exp{[i(3ko°+E0"2/k) -3ie812°))
x(exp {[1(3ko2+% ~/k) -Lio- 8 1z )

+exp f[-i(2k92+302/k) -3in-3121), (3.55)
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and

Fye (5,3) = Gk/n)? jr'dz'dz jd?' <N(Z',z')N*(7§,z)>
(e e}

x (exp{[-i(2ko®+% 6”2 /k) -3i5" 9 ]z")
- exp [ [1(2k9° +3072/k) 35" T 12" ))
x(exp {[i(Ako®+30/k) -3 ic-9]z)
texp ([-i(Ako®+3in-3]27) . (3. 56)
From consideration of Eq 's (11) and (45) it is easy to see that
[ (N(Z", 2" )N (3,2)YE(3) = 21) Fu(3,2"-2) E(7), (3. 57)

where E (:) is any well behaved function. Making use of this result we
can, with trivial effort carry out the —c;'— integrations in Eq. 's (52), (55),

and (56). Thus we can write

- —> R R e d - -
Py (L) = (kP [ dat da Py (3,07 2) exp (<315 T (27 42))
00

x {exp [-iu(z"-2)] - exp [-iu(z"+2)]

-explin(z®+2) 1+ explin(z"-2)13 , (3.58)
Fy (3,3) = (kP J] da” dz Fy(7,2%-2) exp [-317-F (2 +2) ]
o0

x{exp (-in(z"-2) ] + exp [ -ipu(z"+2) ]

+expliu(z’+2z) ]+ explin(z’-2)]1, (3. 59)

and
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- — R R — ’ - —> »
Fpe (0,9) = (2 k)? .rrdz'dz Fylm,z’-z)expl-3ic- -9 (27+2)]
0o

x {exp[-in(z"-z) ]+ exp [-iu(z"+2)]
-exp lip(z +2)] - exp [iu(z"-2) 13, (3. 60)
where

1

L=k +3°/k . (3. 61)

At this point we shall introduce new variables of integration, namely

rd

=z’ -2 , (3. 62)

and

n

v (2 +2) . (3. 63)

Because of the finite range of the refractive -index correlation function
(which range we assume is much less than the propagation path length R)
we can consider the limits of the u-integration to run from -« to + =, while
the limits of the v integration run from 0 to R. Thus we can rewrite

Eq. 's (58), (59), and (60) as

14

- — 4 R — -
Fy (0, 9) (k) [dv [du Fy(c,u)exp (-ig- 9 v)
(o]

X (exp(-ipu) -exp (-2iuv) -exp (2ipv) + exp (inuw)]l,
(3. 64)

R
Fo (7 3) = (k2 [dv [du Fy (5, u) exp(-ic-3 v)
[o]

X[exp (-iuu)+exp(-2iuv)+exp(2iuv)+ exp(ivu) ], (3.65)

and

R -
(3 k)? urdv eru Fy(c,u) exp (-i_c;-;;v)
b ‘

Fl‘(c"l’)

x{exp(-iuu)+texp(-2ipv) -exp(2iuv) -exp(inu)] .(3.66)
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Rather than carry the Fj¢ - termi any further we shall now show

This follows from the fact that since

that it is identically equal to zero.

£ and 4 are each real valued (random) quantities, then Cjy¢ must also

be real. From this fact, together with Eq. {(10), we can see that

Fge (-2,3) = Fge(a,9) (3. 67)

Similarly since the random refractive-index, n, and its covariance

function, Cy, are real valued, it follows from consideration of Eq. (11)

that
(3. 68)

Fy (-0,%) = Fy(c,£)

We note that according to Eq. (61) the value of . is unchanged when 7 is

-
replaced by - ~. This means that we can write as an alternative form of

Eq. (66) the equation
£ - = 1 2 R % - - -
Fge (-9,9) = (3k)° [dv [du Fy (-~,u) exp(-ig-dv)
o]
x [ exp(ipu)texp(2inv) -exp(-2iuv) -exp(-ipu)]J.

(3. 69)

Making use of Eq. (68) we can recast this expression in the form

Fz:‘ (-2,3) = - (k)P ldv ”[’du Fu(~, u) exp(-i;’. dv)

Ce_,»

X [exp(-ipu)texp(-2ipv) -exp (2iuv) -exp(inu)].
(3. 70)

It is obvious that Eq. 's (66) and (70) are compatible with Eq. (67) only if
(3. 71)

Fgo (=, 9) 0

According to Eq. (50) this means that

Cg (0.3) = 0 (3. 72)

We are now ready to return to the evaluation of ¥, and Fy and then of

C,@ and C‘ .




We can carry out the u-integration in Eq. 's (64) and (65) by
noting that in accordance with Eq. (13) the u-integrations can be con-
sidered to correspond to taking a Fourier transformation along the z -axis.
This will convert the two dimensional Fourier transform F, (:', u)t-
the three -dimensional Fourier transform 7%, (:, s), where s will take
a value of either 0 or + 2. We argue that  is (except for some very
extreme conditions of no interest to us) much smaller than the magnitude
°f. ; » so that in accordance with Eq. (14) we can consider the three-dimen -
sional Fourier transform in all cases to have arguments of (:, 0) 1Itis

convenient to write this as ¥, (o) where

Fu (0) = Fy (5,0) : (3. 73)
and according to Eq. (14)

H(c) = 8.16 C.° 71V? . (3. 74)
When we carry out the u-integrations in Eq.'s (64) and (65) we get

- —> R -, -
Felo,9) =3k [dv Fy () exp(-in+dv) [1-cos (2uv)], (3.75)
[o]
and
- — R — ey
F¢ (0,9) =3k° [dv Fy(o) exp (-ic *d9v) (L +cos(2uv)]. (3.76)

o]

Now substituting these results into Eq. 's (48) and (49) we obtain

the equation

8.

Cy (5, 8) =

8

R e d
16 (k/m)? drdv Cy? fd~ ~71Y3 1] Lcos(2uv) ]
o

xexp [ig(p -3v)] , (3. 77)

- o




— = R -—p
Co(p,?) = 8—‘—81—6-(1</n)2 Fav ¢y® fdo o7'Y2 [1+cos(2uv)]
(o]
x expin-(p-9v)] ) (3. 78)

Making use of the well known formula that

o

ldg g(r)exp (ia~-x) = 21 [ gdggln) Jo(orx), (3.79)
[o]

where g (~) is any function, then we can rewrite Eq. 's (77) and (78) as

- - 8.16 R ® _ - -
Cglp,?) = rpea 15 trdv Cy? ‘rdn - 8/3 Jo(o]p -9v])
o o
X[l -cos(2uv)] s {3. 80)
and
— — 8. R *® -
Cs (p, P) = —4:1}’ k® ._['dv CZ? ld~ 5-8/3 Jo(~|o-9v]|)
o o)

Xx[1 +cos (2uv)] . (3. 81)

These two equations, together with Eq. (72), represent our basic results
for infinite plane wave propagation. In the next subsection we shall present
heuristic arguments for the changes needed to make these results apply for

point source/spherical wave propagation.

1.3.4 Point Source/Spherical Wave Propagation

Without going through an even more extensive derivation than that
of the preceding subsection we can infer the appropriate spherical wave
results from our infinite plane wave results. To do this we start with Eq. 's
(80) and (81) [as well as Eq. (72)] for the infinite plane wave case, and
apply the following heuristic argument. The significant difference between
the infinite plane wave case and the spherical wave case is that for the
infinite plane wave case B’ not only denotes the separation of two points on

the measurement (aperture) plane but also denotes the separation of two rays
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traveling to those two points quite independent of where along the
v-integration (propagation) path we examine the matter. On the other
hand for the spherical wave case the separation between the two rays
is -;; (R -v)/R, which varies with v along the integration (propagation)
path. We argue that the presence of ; inside the v -integrand in our
infinite plane wave results is supposed to correspond to the separation
of the two rays leading to the measurement points as a function of v.

Accordingly we would write for the spherical wave case

8. 16

Cy (5.9) = F = j‘dv C\2 J‘da oY 35 (oI5 %’ 5 )
o]
x [1-cos(2uv)] , (3. 82)
and
c (3.3) = B fd G2 !‘do 02 3o (015 -3 |
(e}
x [1+cos (2uv) ] . (3. 83)

And of course, we still have the result that
Ceo (5.3) = 0 : (3. 84)

It is convenient to introduce the notation

v = 5 (R-v)/R , (3. 85)
and
3y = dv : (3. 86)

so that we can rewrite Eq.'s (82) and (83) as

w

- - 8 16 - -
Cylp, ) = Kk® rd CZ [do o™ 3o (lov -3, D)
[o]
x[1-cos(2,uv)] , (3. 87)
-47-
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and

- 8.16 , % g - - o
Co (b, ) = 7K [dv G2 fdo o™ ¥ To (clpy -0y |)
0 o]

X [1+cos(2pu)] . (3. 88)

SRR

With these spherical wave propagation theory results in hand we

4 are now ready to return to consideration of adaptive optics systems

performance. At this point we are prepared to undertake the problem of

evaluating anisoplanatism effects, i.e., treating the case when the target

-

direction, ©;,and the direction to the beacon, 39, are distinct. We treat

this in the next section.




Ca e s s

System Performance With Anisoplanatsim

In Section 1.2 we developed all of the hbasic formulations we need
to study anisoplanatism effects on adaptive optics imaging and laser
transmitter systems, with and without random apodization correction.
It will prove convenient to gather the relevant formulas together at

this point.

For the adaptive optics imaging system without random apodization
correction the relevant formulas are Eq. 's (2. 41), (2. 42), and (2. 44). We

repeat them here as
- 1 - %k - - -
C Tiwrolf) Y = 5 Brusd [dr (U w0 (r+2E)Upuso () ). (4.1)

(Biyra ¥ = Fd?% <"U*IH/0 (?)UINIO (—;)> }-1 . (4. 2)

and *
Uno (F) = AW (F) exp [ik[R(1+30%) -7 -3
+1[8(F,8) - (r.T)1r 2 (7)) . (4.3)
For the adaptive optics imaging system with random apodization
1 compensation the relevant formulas are Eq. 's (2.59), (2.60), and (2. 62).

We repeat them here as

(T W (F)) = BB dr (U (TN UL (F)), (4 4)
— 3 — — ;
CByw) = [ Jdr 38U (1)U (T ) (4. 5) |
and ‘
i
- i

Uy (F) = AW (T) exp ik [R(1430,%) -7 -9, ]
;—’

+i[0(68:) -0 (78] + LA(T, ) - £(T, %)) (4. 6)



|
For the adaptive optics laser transmitter without random
apodization correction the relevant form'ulas are Eq. 's (2. 68), (2. 69), (2. 70),
and (2. 72), and (2. 73). We repeat them here as
{ Guuse » = R® (@uwo Y/ {Puwo ? ; (4.7)
(Piruso > = %<“*Lrw/o UWrwo ) , (4. 8)
Wrwo = - Iiﬁ exp [ikR(1+ 26,2)] A [ dT W (T)
x exp [i[¢ (F,8;) -6 (T, 85) ]+ 2(7,8;) ), (4.9)
(Pirwo ) = rd;%<U*Lru/o (_;) ULrHIO(?)) ’ (4.10)
and
Urwo (T) = AW(T) exp [ik[O(T) +T 8 ] -10(T, Ba) }. (4.11)
For the adaptive optics laser transmitter with random apodization
correction the relevant formulas are Eq. 's (2. 87), (2. 88), (2.89), (2. 90), ;
and (2.105). We repeat them here as |
(Guw) = RE(Quuw )/ (P ? , (4. 12) 1
(fLrw ) = %<“*Lrw ULyw ) ‘ ) (4. 13) ]j
Uprw =-—)\-i~1iexp[ikR(l+%9T2)] A rd; W(?) |
xexp [i[@ (7 8r) -8(7 8s) 1+ [ 4(7, 8 ) +4(T,8a) 11, (4.14)
(Puyw 2 = j'd? 3 <U*LTN (—1") Ui (T) ) , (4.15)
and
Usn (T) = AW (T) exp {ik[O(T)+7 - B; J-ip(T, Tp) +4(T, Tp) }. (4.16)
The function O (?) used in Eq.'s (11) and (16) is a real valued function, i

defined in Eq. (2.4). It will be noted that Eq. (14) is not an exact copy of
Eq. (2.89). Rather it has been obtained from Eq. (2. 89) by substituting
Eq. 's (2. 105), (2.3), and (2. 4) into (2. 89), and simplifying.

With these formulas in hand we are ready to start a detailed evaluation
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of the expected performance of each of the four systems under conditions of
anisoplanatism. However, before we take up those four tasks separately
it will be convenient to develop some relevant. statistical results. We shall

do that in the next subsection.

1.4.1 Exponential Statistical Functions Associated With Anisoplanatism

In examining the preceding sixteen equations we can see that certain
exponential functions of the random phase and log -amplitude will have to

have their ensemble average values determined. These can be written as

Ewo (p) = Cexp [-iB(T+79,8;) -0(T+p,8) -(T,8,) +8(, 86) ] :
FIUTH. 8+ U B 1D , (4.17)

By (5) = (exp-ilo(F+7, 1) -a(¥+3, T) -8(F, 8 )+0(7. %) ]
FLUE+, B ) -2(T+ 0 Ba) + £(T) ) -£(T, 8a) 110
(4.18)

Evuo (8) = Cexp{-ilo(T+p, ;) -0(T+p, 8s) ¢ (T 87) +8(F, 05) ]

+L(T+, 0 ) +2(F, 8r) 1)) , (4. 19)

Eirg (p) = Cexp{-i[@(T+5, 81) -8(F+5, 8) -0(F, 6) +¢ (7, 8s) ]
LT+, 07)+2(F 47, Ba) + 4(T, 8§ )4 £ (T, 8a) 11D, (4. 20)
and
Evrwa = (exp [2 (7, &) 1) . (4. 21)

The key to the evaluation of these expressions lies, of course, in the
application of Eq. (2.35), and then in the use of Eq. 's (3. 84), (3.87), and
(3. 88).

Making use of Eq. (2. 35), and relying on Eq. (3.°84) to allow us to

drop from our formulation all terms involving the ensemble average of the




i .

product of phase and log amplitude, we can write

Eno(5) = exp {30 (T+5,8)-8(F+5.8) - (T, b0 +0 (¥, 8,) 1)
P22+ [a(F+0,0) -2)+0 (5. 8) -21 120 1. (4.22)
Making use of Eq.'s (2. 37), (3. 4), and (3. 5) and with
S = 8 -8, , (4. 23)
we can develop from Eq. (22) the result that
Erwo () = exp[-2Cy (0,0) +2C4(5,0)+2Cy (0,5) -Cy(p, 3)

- Cy (3, -8) - €4 0,0+ Cg (5,0)] . (4. 24)

Making use of Eq.'s (3. 61), (3. 82), and (3. 83) we can rewrite this as

- -
Elw/o(D) = exp [sm/o(p)] ’ (4. 25)
where
- _ - 8.16 2R 2°° - 8/3
Swro (p) = [C4(0,0)-Cy (5,0) I+ Tk [dv Cw* [doo
0 0

X "?/\2[1 +cos(—akiv)] [-143o (zpy)]

2 S - -
+{1l+cos [(%kz’z+% )v 130230 (s8y) -Jo (| oy -y [)-3o(e]py+5, )]
2 ;
+2 [1_cos(-?(—v) I0-1+J30 (opy ) ] : . (4. 26)

To proceed beyond this point we have to make the approximation that the
turbulence processes are 'in the near field" so that we can approximate the
§ -dependent [1+cos (.. .))-term by 2. When we do this and restore the log-

amplitude covariance dependencies to explicit form, we get

R o
- - 8.16 -
Siwo (5) = [C4(0,0) -Cy(5,0)1+= K [dv C [do o™ ¥°
(o] o]

X[ -1+30 (mov) +J0 (684 )~ 370 (clBy +8y |)- 330 (<00 By )] -

(4. 27)




To evaluate the ~ -integral we make use of the equationlo

fax x%Jy (ax) = 2%a ™" T(E+Ev+30/T (3+1v-3u),
for Re (v-1)< Re(u) <%, anda > 0. (4. 28)

Strickly speaking this formula is not applicable to our problem since it
would involve p = 8/3 and v = 0, for which the conditions of applicability
are violated. However, by arguing that the -1 term can be considered to

be -J, (ax) with a a 0, this formula can be made applicable to the entire
intégral of Eq. (27) by arguments of analytic continuation in u.*- Thus we

obtain the result that

- - R
Swo (p) =[C4(0,0)- Cp(0,0)]-2.905Kk® [dv C?
[o]
x[vala + 29v5/a - %Igv +3v Is/a -3 I—gv —3,, ‘5/3]' (4. 29)

Proceeding in essentially the same way for the evaluation of E, , (_;;)

we write

—

+3,00) -0(F. 8, ) +0 (T, 85)1%)

Ew(p) = exp (-3¢ [6(r+p,0;)-0(T

-

T+7,0 7,8 - 47,8170} (4.30)

+3([2(Y+7,0;) -£{T+p,8s) + £(

This can be recast in the form
-3 — —_ e —_ -
Ew(p) =exp [-2C4(0,0)42Cy (,0)+2C4 (0,8) -Cy(p,8) -Cy (5, -9)
+2Cy(0,0)+2C4(p,0)-2Cy (0,9) -Cy(p,5) -Cy(, -9)1.

(4. 31)

* The analytic continuation argument is basically as follows. Replace the
-8/3 power in Eq. {27) by i, and then use Eq. (28) to evaluate this integral.
The result is an analytic function of y which is clearly valid for u>-1. But
since the quantity in the square brackets in Eq. (27) is proportional to c¢®
for small values of g, the integral does not diverge for any value of u
greater than -3. Accordingly our analytic function of ;, representing the
value of the entire integral is valid, by analytic continuation at least to
w = -8/3.
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We can rewrite this as

Enw(p) = exp [Siy (7)] , (4. 32)
where
- - 8.16 2% g
Siw(B) = 40C4(0,0) - Cx(0,8)1+ =2k [av €2 fdg o2
Q [}

X @\2[1+cos(—r§v)] [-1+J5 (opy)])

+fl+cos[(tko® +-?;-)V]} 27, (G%)'Jo(’fl—;v ‘3v l)‘Jo(Gl;v+_'§v[)]
a®
+2 [1-cos (e v) 1 [-1+J5(cpy))

+{l -cos [ (2k8% +T2) v 11 (235 (09} -To(o) 0y B¢ ) -Jo(oﬁwﬁvl)}‘/‘/

- 8.16 , & P -
= 41C4(0,0)-C4(0,9)) + =TKE fdv CuF fde o722

X[ -1+ 3o (o oy )+ Tolady ) -3 Tole oy -8y 1) -3 J0ol pe+Sy 1] - (4. 33)

We can carry out the ~-integration exactly as we did before. Doing so we
obtain the result that

— -~ R
Siwflp) = 40C,40,0) ~Cy0,9)] -2.905%° [ dv C,2
[o]

- ¥3

— - ,5/3
S| -3ey -0y

o
x Lov™2 +9y%% _%|p,+ 1. (4.34)

To evaluate E.ryp (—;) we note from a comparison of Eq. 's (17) and
{19) that the expression for Egy (;) is identical to that for E,yq¢ (-;).
Accordingly we can simply copy Eaq. 's (25) and (29) giving

Eiywo () = exp [Sirwo (5)] , (4. 35)

and
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- - R
SLTN/O (o) = [Ci (0,0) - C‘ (Qno)] - 2.9C5 k® erv CNa

o]
- - . - -
X[ oy® 2 +8,52 210,49, |¥2-3 oy -8, 193] . (4. 36)

To evaluate E,;qu; (;) we start by writing

Ecruy (3) = exp (-B([o(7+5,8)-0(F+3,8,) 0 (£,8,) +0(7. 301
+4 2+ B ((TR(r+7, 0 ) 21+ ((T+7,8, ) 47+ [4(¥, 8 )- £]
+[z(?,'a’a)-z]}3)>> . (4. 37)
We can rewrite this as A
Eirwy(2) =exp[-2C, (0,0)+2Cq (3,0)+2Cy (0,3)-C4 (5, 3)-Cy (3,- )
-2C4(0,0)+2Cyl7,0)+2 C1(0,3) +Cy (5,8 )+Cy (3, -9)). (4. 38)
Again making use of Eq.'s (3. 82) and (3. 83) we can rewrite this as

Eiryq (0) = exp [Suruy (9) ] , (4. 39)

where

-, 8.16 Y -
Strwi {(0) = e kajdv Cy? _rdcoe"a
° o

(211 cos (ST L1436 (500 )]
+ {14 cos T(2ko® + v 1112 36 (0 9v) Tola oy By D-Tollorst )]
t2 [1 ~cos (QE'V)] [‘1 +Jg (npv)]

+1 -cos [(3k 9%+ £v13 2 Tolo®) Tolelv-Bu )+ Jol-ApvsBi) ]

R @
= 81802 favey® Mo %2 (114 Jolo py) + Jo(a94)]
o

]

2 - - - -
-} cos [(3k 2+ oW1 [T (o loy By )+ To(alovt 34 ]) 11 - (4. 40)
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Here again we make the same approximation as before, i. e., that we
are dealing with a ''near field'" problem, so that the cosine-term can be
approximated by unity. This allow us to write

- 8.16 2 P a -3
Surwr () = |~k de Cy Idcc
o 0

«©

X [ =1 +3o(0 py) + Tole 9y)-3 Jo (0] By -y )3 Tolelpy 4y . (4. 41)

In obtaining Eq. (29) we carried out the same o~-integration that we have to

perform here. Applying that result we can now write

—> R - .
Surwy (3) = -2.905%% fdv Cy2(p®3+9,%2-%|3,+3, F/2-H5,-3.F/%). (4. 42)
o
With this result in hand we now turn our attention to the evaluation
of E_inp, as defined in Eq. (21). But this quantity was (implicitly) evaluated
in going from Eq. (2. 45) to Eq. (2.49). From that work we can see that

ELTVE = 1 . (4- 43)

With these results in hand we are ready to take up the question of :
developing tractable expressions for system performance for each of the ’
four types of systems we have been considering. This is treated in the '

next subsection. t

R,

1.4.2 System Performance Formulas

Before starting the presentation of results in this section it will be

convenient to introduce the following function which we will find is central

T e W

to the anisoplanatism effect for all cases considered. We define the basic

anisoplanatism function as

R -
S(5,8)=2.905 k2 [dv Cy2 (3 +8,%2- 3|0y +8,|¥2-H5y-8 |¥/2), (4. 44)
[o]
. where we recall that

_gv = -;(R'V)/R
;;v = ;"V
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To evaluate the performance of an adaptive optics imaging system
without random apodization compensation we use Eq. 's (1), (2), (3), (17),
(25), and (29). It is easy to see that when Eq. (3) is twice substituted into

Eq. (2) we get

(Bywo ) = {[dE 3 A" A W (F)Ejwo (0) 1

{34%A @7 D) Epo (0) ) : (4. 47)

From consideration of Eq.'s (25) and (29) it is obvious that
Ejwo (0) = 1 ‘ , (4. 48)
so that
(Biwo ) = {54%A @ nD2))? . (4. 49)
When Eq. (3) is twice substituted into Eq. (1) we get
(Trwo (1)) =3(Byyod [ dF A" A W(F4AT) W () Eyo (OF)
=3a% A¢ Bywo ) Erwe (M) [dr W(T+2T) W(T)
=%A*za<13..,,,o>E,,;,0 (\F) @nD?)K (Af) . (4. 50)

Now making use of Eq. 's (2. 22), (49), (44), (25), and (29) we can write

this as
(Tywo ()Y = Tou (F) exp[C,(0,0)-C, 0F,0) -S(AE,$)] . (4 51)

It is insightful to separate this result into three parts. These are: 1) a
diffraction limited term, ¥, (?) , 2) a random apodization term,

exp [Cl, (0, 0) 'CL()‘F’ 0)], which for most cases of interest can be approx-
imated by exp [CL (0,0) ], and 3) the anisoplanatism term,

exp [-S()\?,s)].

For the evaluation of the performance of an adaptive optics imaging
system with compensation of random apodization we use Eq.'s (4), (5), (6),

(18), (32), and (34). When we twice substitute Eq. (6) into Eq. (5) and

simplify we get




([dF A" AW (F)E, @O )

1

(Byw)

(1A% A (EnD?) E, 4 (0) 17 . (4. 52)
From consideration of Eq.'s (32) and (34) it is obvious that

Ew (0) = exp (4 [C,(0,0) - C, (0,5) 1} : (4. 53)
so that

(By )= \\%A* A(:nD?) exp {4[C, (0,0) - C, (0,3)];"1 . (4. 54)

When Eq. (6) is twice substituted into Eq. (4), after suitable rearrange-

ment of terms we get

(T (D)) = 2(B, ) [dF A" & W (T2 D) W (F) B, (2)

1A% A (B, Ew (0T) [dF W(T1D) W (F)

%A*A (Byw> Eu (7‘?) (37D%) K (x?) , (4. 55)

i

where in writing this equation we have suppressed a factor of

exp (ik )\_1?- 3,) as representing nothing more than the phase shift to be
associated with the fact that the object we are imaging is displaced an
angular distance —ér from the z-axis. Now making use of Eq. (2.22), (54),

(44), (32), and (34) we can write this as
(T (1) ) = Tou (D) exp [-5 (AF,5) ] : (4. 56)

In this case there is simply the diffraction limited contribution, Iy, (?),

and the anisoplanatism contribution, exp [-S() ?,3 y 1.

To evaluate the performance of an adaptive optics laser transmitter

without random apodization compensation we shall make use of Eq. 's (7),

(8), (9), (10), (11), (19), (35), and (36). When we substitute Eq. (11) twice
into Eq- (10) and suitably simplify we obtain the result that

I

£ — -
<pLTN/0> }A A‘rdrw (1‘)

E'3
LA A (inD?)
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When we substitute Eq. (9) twice into Eq. (8), make a double integral
of the product of integrals, interchange the order of integration and
ensemble averaging, and otherwise suitably manipulate terms, we find

that the result can be written as

-

* - — — -,
(@urwo) =3 A AXZR™® [[dr’dr W(T’) W(T) Euwp (77-T)

E3 - - - - e —
3A AXCR® [[dp dr W(r+p) W(r) Euwol(s)

* - - - -
=3A AX®?R™ (21.D?) [dp K(p) Euw o (0) - (4. 58)

i From consideration of Eq. 's (35) and (36) we see that this can be rewritten as

b —~ - - —
(Buryo) = BA" AX2 R2 (30D?) [do K () exp [-C4(0, 0) + Cy(3, 0)-S (7, ).

(4. 59)

On substituting Eq. 's (57) and (59) into Eq. (7), and making use of Eq.'s
(2. 85) and (2. 32) we get the result that

(Gurwo ) = 22 ['dp K () exp [Cy(0,0) -Cy(5,0) -S (5,9 ]

la(D/N? rd; K (p) exp [C, (0, 0) ‘Cl(;, 0) -5(2. 3]
| [do K (o)

) [,Fd’o’ K (p) exp [Cy (0, 0) -Cy(5,0) S (5,9)1
= Go. ¢
fdp X (p) . (4. 60)

It is convenient at this point to take account of the fact that for almost all
cases of interest the aperture diameter of the laser transmitter is very

much larger than the range of the log -amplitude covariance function,

c, (9,0). This means that over most of the range of integration, Cy (5, 0)

is very nearly equal to zero. This allows us to rewrite Eq. (60) in the

approximate form




(Gurera 3 = Gou o501, 0,0 L8 K (2 exp T-5(5,9)1]
[ de K(p) ). (a6

We can identify the three parts of this result with 1) diffraction limits,

2) random apodization effects, and 3) anisoplanatism effects.

Finally, to evaluate the performance of an adaptive optics laser
transmitter with compensation for random apodization we shall make use
of Eq.'s (12), (13), (14), (15), (16), (20), (21), (39), (42), and (43). We
start by noting that if we substitute Eq. (16) into Eq. (15) twice, suitably

manipulate the terms, and take note of Eq. (21) we get the result that
1 * —> -
(Pirwd=3A A [dr W (r) Eirus . (4. 62)

Making use of Eq. (43) this reduces to

nj=

{ Py )= A*AJ“d_r’ W (7)

*
=$A A (3nD?) . (4. 63)
When we substitute Eq. (14) twice into Eq. (13), make a double integral
of the product of integrals, and interchange the order of integration and
ensemble averaging, then on suitable simplification and making reference
to Eq. (20) we see that the result can be written as

N % 5 a2 -, — -, — -, -
(@Lrnd=3A AX®R™ [[dr’dr W(r")W(r) Ew(r’-r)

LS - — — —

=XA A X2 R [[dpdr W(r+p) W(T) Eun(p)

%* — -
=tA AX° R™® ($n1D?) [do K(p) Eyu (o) - (4. 64)

From consideration of Eq.'s (39) and (42) we see that this can be rewritten as

(Gurw )=t A ANTRZ (30D ) [dp K(3) exp [-S(3.9)].  (4.65)

On substituting Eq. (63) and (65) into Eq. (12), and (as before) making use
of Eq.'s (2. 85) and (2. 32) we get the results that
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A™2 urdgK (p) exp [-S(7,9) ]

(Gurw )

3 m(D/ay? [ 9K () exp [5(5.9)]
ok (5)

G, 498 K (o) exp [5(5.,3))
Jde K (s) : (4. 66)

The interpretation of this result is obvious ir the sense that the antenna
gain is determined by two parts, a diffraction limited part and an aniso-

planatism part.

1.4.3 Performance Resume

An examination of the results of the preceding subsection m akes it
clear, as we might have expected, that aside from a performance factor

reasonably well approximated by
Dpa = exp [Cy (0,0)] , (4. 67)

there is no significant difference between the performance of adaptive optics
systems designed to correct for random apodization and those not so designed.

This random apodization factor, ®y,, is generally quite close to unityq‘, so

in general we need not be concerned about random apodization.

Ignoring the random apodization we can write for the ensemble

average OTF of an adaptive optics imaging system
(T(F))= Tpeexp [ -5 (A, §)) : (4. 68)

Similarly ignoring random apodization considerations we can write for the

ensemble average antenna gain of an adaptive optics laser transmitter

% Implicit in this is the assumption that our propagation path is such that the

log -amplitude variance, Cy (0, 0), is less than one-half, i.e., that scintillation

saturation has not occurred.
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[V SO

(G = G /% K(p) e [-S (5 5)]
[ds K (p) . (4. 69)

We recall here that we are dealing with an aperture of diameter D

and a wavelength A . We further recall that

K (3) =47 [cos™ (6/D) = (p/D) [ 1 - (p/D)° W} if o 5D
o , if p >D , (4. 70)
that
To (F) = K (Af) : (4. 71)
and
Gop. = 37 (D/A)? . (4. 72)

In addition we note that

per— R . - — — -
S(p,®) = 2.905k [dv C° (p7 + 3% - [y +9,|%2-3[5,-3,F2),

° (4. 73)
where
oy = p (R-v)/R , (4. 74)
and
3, = v . (4. 75)

These last nine equations fairly well sum up the results of all of the
preceding analysis. At this point the remaining task is to understand
the nature of the S (—;,3) - function (which we call the basic anisoplanatism

function) and its implications in Eq.'s (68) and (69). We take this up in

the next section.




[,

1.5 Numerical Results

In this section we shall develop numerical results from the analytic
expressions presented in the previous section. We shall be interested in
developing an understanding of the nature of the dependence of anisoplanatism
effects on the various problem parameters, as evidenced by the numerical
results. We shall first undertake an examination of the quantity S (;,3),
which is directly related to the anisoplanatism effects in adaptive optics
imaging. With those results in hand we will then take up consideration of
anisoplanatism effect on antenna gain, (G ), of an adaptive optics laser trans-

mitter. These two matters are treated in the following subsections.

1.5.1 Adaptive Optics Imaging

According to Eq. (4. 68) the OTF of an adaptive optics imaging system

as influenced by anisoplanatism effects can be written as
(X)) = Tp (£) exp [ (AT, 5)] : (5. 1)

for a spatial frequency of ?, an angular separation between the direction to
the beacon and to the object to be imaged of 3, and an operating wavelength of
A. Here T,, () is the defraction limited OTF [defined by Eq. (4. 71),
and the basic anisoplanatism function, § (x’f’,E), is defined in Eq. (4. 73).

Replacing the length A by the length T we can write

- R
S(r,8)=2.905k® [dv Cy*{rI3[1-(v/R)T/2 + 952 &2
[+]

AR -(w/R))+3v]|¥2 -2 [T L1 -(v/R) ] -B v ¥} . (5. 2)

If we let ¢ denote the cosine of the angle between the orientation of the two

- -
vectors, r and 9, so that

-
c = r

SSICFL IS D
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then we can rewrite Eq. (2) as
- — R .
S(r,9) =2.905Kk® [dv Cy® ; r¥3 [1-(v/R)]¥/2 + 9¥3 v&/2
) .
-3 {r?[1-(v/R)12+2r8[1-(v/R)] v c+82 VB /e

-3 {(r?(1-(v/R)J? 258 [1-(v/R)I v c+8? vZ]¥6 & (5. 4)
It is convenient at this point to consider the form this expression takes

for the two limiting cases of r very large and of # very large.

In the limiting case of r very large compared to any value of #dv
(for values of v within the range of integration and for which Cy? is not

negligibly small) we can write

Lim S (7,9) = $; (%,3) , (5. 5)
r—*o
where
e R 3
Sr (r,9) ~ 2.905k? [dv C® 9#%/° v¥2 ) (5. 6)

¢}

The form of the integrand in Eq. (6) follows from Eq. (4) when we consider
that for r very large the two curly bracket terms in Eq. (4) each reduce to
approximately r%2[1-(v/R)T/2, and so together approximately cancel the
term of this form already present in the integrand. Thus only the #%/2v5/3.
term is left in the integrand — resulting in Eq. (6). If we define the iso-

planatic patch angle, &,, by the equation
R
9 = {2.905k? [dv Cy® /2 )% : (5. 7)
0

then we can rewrite Eq. (6) in very simple form as

b4~

e AT
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S, (T.8) = (8/9,)5/° (5. 8)

For the alternate extreme limiting case of ¢ very large compared

to almost all values of r/v we can write

lim S(T,8) = Se (r,3) , (5. 9)
P
where
- — R .
Sp (T,3) ~2.9051 [dv ¢ r®® [1-tv/R)T¥/® . (5.10)

0

The form of the integrand in Eq.(10) follows from Eq. (4) when we consider
that for & very large the two curly brackets terms in Eq. (4) each reduce,
almost everywhere, to approximately $5/3 52 and so together approximately
cancel the term of this form already present in the integrand. Thus only

the r%3 [1-(v/R)]1¥2-term is left in the integrand — resulting in Eq. (10).
When we recall that the value of the effective coherence diameter, rq, is

given by the expression'?

R
ro = {(2.905/6.88) k? [ dv Cy2 [1-(v/R)I¥2}"¥® (5. 11)
0
then it is easy to see that we can rewrite Eq (10) in the rather simple form
Sg (T.3) ~ 6.88 (r/ro)° 5.12
9 ) . r ro) . ( . )
In conjunction with these two characteristic propagation parameters, 1 and
Jo, we introduce the "effective path length'' parameter, £,, which we define

by the equation

Lo = Iro /1’0
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With these three parameters in hand we are now ready to numerically

examine the behavior of S (—;,3).

The basic anisoplanatism function, S (;,3) is a function of two
parameters and as such is awkward for numerical evaluation and for
graphical examination. However, as can be seen from a study of Eq. (4),

&/6

if we extract a factor of r #5/¢ from inside the integrand, the resulting

integral appears to depend only on r/$ and noton r or ¢ separately, i.e.,

it is a one parameter function. This suggests that we write in place of Eq. (4)

B R ’
S(r,d) = 2.905 k2 (r 8)¥® [dv Cu®y (r/9)PF 11 -(v/R) I3+ (8/ )¢ v¥/3
]

2 {(e/A 1 -(v/R)P+2[1-(v/R)) v c + (/) v2}¥/°
-3 {{x/9) (1 -(v/R)I2-2[1-(v/R)] v c +(8/r) v3}¥® \/:, (5. 14)

It is convenient to make use of the propagation parameters, ro, 9y, and &,

to normalize this expression and accordingly we write
S(T,8) = 2. 905 k2 (o 9o £0 )P [(r/r0)(3/9) 17 jdv C\?
X ’\( (9Lo /r) %8 [1 -(v/R) I/ 3+ (9o / r)F/® v&/3 £, /2
2 {3/ 0 -(v/R)IP 42 1 -(v/r))valet e+ (Belo/r) v3L, 2 PR

RO/ ) L -(v/RYIZ -2 01 -(v/1)] vl L ¢+ (DL [ x0) VPl 218
' (5. 15)
Taking note of Eq. (13) this can be rewritten as

S(F,9) = [r/re)(8/95)17% S [(r/ro)/ (8/95)] (5. 16)




R
Q) = 2. 905 K2 (ro 9 £o)® [dv CZ [ QP8 [1-(v/R)1?+ Q86 F/34575/3
0

SQIL-(v/R)P+2 0 -(v/R)Iv Lot e+ Q' V2 72 10
QM- (W/R)P 21 -v/R) o™t c+ Q7 VR 2P L (5.17)

Further, taking note of Eq. (13) along with Eq. (11), this can be reduced

to the form

R -1"r
AQ) = 6.88 | [dv 2 [1-(v/R)F?]  [dv C2
4] ’ o

x {{/Qsle [1-(v/R)]¥2 + Q5/8 y5/3 g558/3
-3QI -(v/R)P+2[1-(v/R) ] vt c+ Qv 215
-#{QM1-(v/R)P -2[1-(v/R) ] vLs™ o+ Q7 v2 £ ? J° . (5.18)

To see how this function, /(Q), behaves we have developed numerical results
for the two cases of 1) a uniform propagation path, i.e., one in which the
strength of turbulence, and thus the value of C\?, does not vary with position
along the propagation path, and 2) a ground -to -space path for which the strength

of turbulence, and thus C,?, varies with altitude in the manner shown in Fig. 1.

For the ground -to -space path it can be shown that the value of /(Q) is
independent of the zenith angle, Y. [{Of course for given values of r and ¥,
since ry and #, depend on the zenith angle, the appropraite value of Q will
depend on ¥, but/ (Q) considered as a function of Q per se, does not depend
on Y.] To see why o (Q) is independent of Y we first note that according to
Eq.'s (7) and (11) ¥, is proportional to [sec (¥)1 ¥® while r, is proportional
to [ sec (¥)1¥%. Thus it follows from Eq. (13) that £, is proportional to
sec (¥). Examining Eq. (18) we note first that all the (v/R)-terms can be
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dropped since for ground-to-space we can consider R to be essentially
infinite, and second that all other v-dependencies are actually (v/£q)-
dependencies. Thus it follows that in the two integrals in Eq. (18) [except
for the two dv -factors, each proportional to sec (¥) when expressed in
altitude, h, rather than path length, v, dependent form, and thus having

no composite sec (Y)-dependence] the integrand has no sec (Y)-dependent

terms. This means that we can calculate o/ (Q) for the vertical (¥ = 0)
ground -to -space case and consider the results to apply to the case of ground-

to -space propagation at any zenith angle.

In Fig's 2,3, and 3” we show for the uniform path and the ground -to -
space path, the form of » (Q) as a function of Q for the orientation angles
between r and 3 such that c takes the values 0.00, 0.25, 0.50, 0.75,
and 1. 00. In studying these results we note that in the case of small enough

values of Q, o (Q) behaves approximately as 6. 88 Q%6

lim o (Q) ~ 6.88 Q%° , (5. 19)
Q=0

while for large enough values of Q, o (Q) behaves approximately as Q56

lim o (Q) ~ Q¢ . (5. 20)
Q- =
These limiting behavior results are in agreement with the limiting results

for S (?,3) presented in Eq. 's (8) and (12).

Before passing from our consideration of the behavior of S (—1:,3) and
of o/ (Q) to take up consideration of the adaptive optics laser transmitters
antenna gain we wish to first look at approximations for o (Q) fand thus for
S (?,3)] which will be accurate a bit closer to the Q = 1 region than Eq.'s

(19) and (20). To obtain such results we start by noting that by retaining the
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leading terms in a power series expansion we can write

F(Q~Q¥ [1-(v/R)]¥3{1+8§ (1-%c®) Q731 -(v/R)T 2 v° &£,"2},

if Q> 1 , (5. 21)
and

F(Q) ~Q7%8 %2 2,-52 {1+8(1-37) Q2 [1-(v/R)F v 287},

if Q <«<1 (5. 22)
where for convenience we have used F (Q) defined as follows;
F(Q =3 {QM1-(v/R)FP+2[1-(v/R)Iv Lo c+ QT vZ 2,72 °
+3 {Q[1-(v/RP® -2[1 -(v/R)Iv ™ c+Q7 v %™ 1¥/°. (5.23)
Making use of Eq. (21) we can obtain from Eq. (18) the result that
o/ (Q) ~6. 88 { fR dv ¢ 1 -(V/R)jSIQ}_l fdv C\?
0 0

X (@78 /2 72 g (1-3 ®) @78 [1-(v/R)T" M3V 2,70 ),

if Q>>1 . (5. 24)
Similarly, from Eq.'s (22) and (18) we obtain the result that

J (Q)~6.88 {j‘ dv Cy° [1-(v/R)]®¥237! fdv o

0 0
X {QS’G[I -(v/R)]Sla - -é Cz) Q”/s (1 -(v/R)]2 v~va a{ol/a 1,

if Q<< 1 . (5. 25)




It is convenient to rewrite these results as

Q) ~ A Q¥ [1-a(l -32)Q V3], if Q> 1, (526)
and

Q) B P [1-8(1-332)aQY%],if Q <1, (5. 27)

where

R R
6.88 £,7%/% { [dv C\° v¥? } { [ dv ¢ [1-(v/R)]¥? 172
o [

>
1

(5. 28)

R R
a o= F 2,V { fav @ L-(v/R)ITVE VR }{ Jdv €2 vV 1T, (5.29)
[+} o]

B = 6.88 , {5. 30)

B = B LoV% ¢ fdv Cy? (1-(v/R)]2 vV 1 { fdv Cy? [1-(v/R)J¥2 )7L,
[} Q
(5. 31)

Making use of Eq. 's (7), (11), and (13) we can rewrite Eq. (28) as
A =1 ) (5. 32)

as we might have expected from consideration of Eq. (20).

To see just how well Eq. 's {(26) and (27) approximate /(Q) in the
vicinity of Q = 1, in Fig 's 4,5, and 5% we have replotted the curves of
Fig.'s 2,3, and 3%for ¢ = 0.0, and 1. 0. These results are shown as the
solid lines. Superimposed on these we have plotted o/ (Q) as calculated from
Eq. (26) for Q greater than or equal to unity and from Eq. (27) for Q less

than or equal to unity. As can be seen these approximations are quite good
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outside the range from Q = 0.05toc Q = 2.0.

1.5,.2 Adaptive Optics Laser Transmitter

With these results in hand, particularly the exact evaluations of
/(Q) presented in Fig. 's 2,3, and 3° we are now ready to compute adaptive
optics system performance. The imaging system OTF results are so directly
related to the »# (Q) curves that there is no need for us to examine these
results in detail. Accordingly we turn our attention to the laser transmitter
anténna gain results. The basic result, for which we wish to obtain results
is for the normalized antenna gain, (G )/GD,;, which we can write in accordance

with Eq. (4. 69), as
(G MGy = (47D?)? [dr K (r) exp[ -S(7,3) 7, (5. 33)

where

'% { cos™ (r/D) -(r/D)[ 1 - (/DY 2}, if r <D

K(r) =
0, if r >D . ) (5. 34)

for a circular clear aperture of diameter D. In obtaining Eq. (33) from

Eq. (4.69) we have made use of the fact that
fdr K (r) = 4nD? : (5. 35)

In Fig. 6 we show results for the normalized antenna gain as a function
of the normalized aperture diameter, D/r, for a horizontal (C,® constant} path.
Results are shown for normalized angular separations, d/&, of 0.25 to 1. 50 in
steps of 0.25, from 1.5 to 4. 0 in steps of 0. 5, and values of 5 and 6. The be-
havior of these curves as a function of D/ry, may be characterized as a constant

value of unity for D/r, much smaller than unity, then a simple power -law

decline to a second break where the value levels off to a constant value of

exp [ (9/95)/27.




In repeating this work for vertical propagation, daytime and night-
time, for zenith angles from 0° to 70°, we have found no noticeable devia-
tion from the results presented in Fig. 6, (i. e., noticeable when the figures

are overlayed). Accordingly we suggest that Fig. 6 can be considered to be

a universal curve.
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Figure 6. Normalized Laser Transmitter Antenna Gain.

Results are calculated for C,? constant over the propagation
path, bat almost exactly match the results for day and for night
vertical propagation at any zenith angle.
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Appendix to Chapter 1

Computer Program Listing

The programs listed on the following pages was used to prepare

the numerical data presented in this chapter.
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150 CONT UNUL
WRLIE (Hr160) QLG p (S vl (K s K=395)
160 FORMAT 52 o2y Ly HCEX»ZE10, 200
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Chapter 2

Pulse Laser Backscatter
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The analysis begins with the equation that describes the reduction
in the energy associated with the laser pulse as it propagates through the

scattering medium

Za

E(z;) = E(z) exp [-[ dz g(2)] . (1)
Z
Here E(z) is the energy in the pulse at altitude, z, and B(z) is the total
scattering coefficient, which is assumed to be a function of altitude, The

total energy scattered cut of the laser beam, E;, is then given by

Z3

E, = E(z,) {1 - exp(-[ dz 8(z)]} . (2)
zy

We are interested in the case when E(z,) = 1 joule. Therefore, only the
quantity, B(z), need be evaluated to determine the total energy scattered

out of the beam.

We assume that the only scattering mechanism is Rayleigh scat-
tering by air molecules. Thus, an evaluation of Rayleigh scattering will
lead to a determination of B(z) . When it is assumed that the scattering

is incoherent, the angular scattering coefficient, B(¢), is given by’

2
B(g) = 1’-2—‘1\’?‘-2-}\-’5)— sin % ¢ , (3)
where ¢ is the scattering angle and equals 90° in the forward direction,
and 270° is the backward direction. ‘ In addition, n is the refractive index,
N is the number of molecules per unit volume, and A is the wavelength.
The total scattering coefficient, 8, is obtained by integrating B(¢) over the

solid angle
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B = [dOB(8) . (4)

”
We recognize that [dQ = 2m [ d¢ sin ¢ and Eq. (4) becomes
d

37,3 Cl
B = Zn(n”- 1 [de sin®g . (5)
o

N A%

The integral is a standard form and equalé 4/3, therefore, the total

scattering coefficient is given by the expression

g o B 1) (6)

3N A*

We will be interested in the scattering mechanism over a wide
range of altitudes and for this reason it is necessary to determine how
B varies with increasing altitude. The quantity n® - 1 is proportional to
N, the number of molecules per unit volume. Therefore, f is proportional
: to N. From the perfect gas law N is proportional to pressure and inversely
proportional to temperature. Therefore, if 8 is known at one altitude, its

value at other altitudes is given by

T e v e
Y Se SN

R

2
8(z) = 8m3(n®- 1) P(z) T, )

T 3Na® P, T(z) '

where P, and T, are the original pressure and temperature at which the
total scattering coefficient is known, and P(z) and T(z) are the pressure
and temperature at the desired altitude. The total energy scattered out

of the beam is then

z
- 8ne(n?- 1) T o2, Plz)
E, = E(zl)ll-exp!-l—ilI%T;—)— T)‘;{dz ?%—3-_” (8)
2
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When it is assumed that this energy is uniformly distributed over a
sphere centered at an altitude of (2, + z,)/2 the energy incident on a receiver
with area of 1 m® is obtained by multiplying E; by the solid angle subtended

by the receiver. The energy received, E;, is then

2
E, = E/(BE (9)

We are mainly concerned with wavelengths in the visible regions of
the spectrum where photon counting detectors such as photomultipliers are
available. It is, therefore, more appropriate to determine the number of
photons, N,, collected by the receiver aperture. The energy per photon is

equal to hc/\ where h is Planck's constant and ¢ is the speed of light. Thus,

N s (10
he (F77)

Eq. (10) along with Eq. (8) are the primary results of the analysis,
the total energy scattered out of the laser beam and the total number of
photons collected by the receiver aperture can both be determined. The
results for various wavelengths is the visible region of the spectrum,
assuming a one joule incident pulse, are summarized in Fig.'s 1 and 2.

To obtain these results the following values of the parameters were used

n = 1.000293 (11a)

N =2.547 X 10%® m™3 o (11b)

P, = 1013,25 mb (11c)

T, = 288, 15K (11d)
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z, = 10 km 2z, = 15 km z, = 20 km ]
2z, = 20 km zg = 25 km zg = 30 km
Fractional Power Number Photons Fractional Power Number Photons Fractional Power Number Photons !
Loass 1nto 47 into Ilm® aperture/ |Loss into 41 into Im® aperture/ |Lose into 4n into }m® aperture/ |
A (w) steradians joule of Incident steradiane joule of Incident steradians Joule of Incident |
Beam Beam Beamn ¢
1
|
1 1.9642 x 1073 4.3890x 107 8.9402 x 107* 1,1237 x 107 4.0440 x 107* 3,2531 % 108 [
—
.7 8.1728 x 1073 1.2783 x 10° 3,7219 x 1072 3.2747 x 107 1.6840 x 1072 9.4826 x 107
.6 1.5256 x 107* 2.045%4 x 10° 6.9190 x 1072 5.2179 x 107 3.1198 x 1072 1,5058 x 107
.5 3.1895 x 107 3.5635x 10° 1.4298 x 1072 8.9857 x 107 6.4901 x 1073 2.6104 X 107
.4 7.9667 x 107 7.1206 x 10° 3.5523 x 107° 1.7860 x 10° 1.5919 x 107° 5.1223 x 107
.3 3.7412 x 107 1.8376 x 10° 1.1032 x 1072 4.1599 % 10° 5.1183 x 1072 1.2352 x 10® J
Figure I. Atmospheric Scattering Results for Three Different Altitude Ranges.
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Figure 2. The Number of Photons Incident Upon a Im?® Receiver Area
- for a One Joule Incident Pulse.

These results ignore atmospheric attefuation between the receiver
and altitude z,. Vertical propagation is assumed.
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where the values for the first two quantities are appropriate for air at sca
level temperature and pressure conditions, and were obtained from Ref. 1.
In addition to Py and T,, the values of P(z) and T(z) used to evaluate the

integral in Eq. (8) were obtained from Ref. 2.

Fig. 1 summarizes the results for the actual wavelengths that were
used. Fig. 2 is a plot of Eq. {10) for each of the three altitude ranges
considered, indicating that for a wavelength of 1 ¢ over three million
photons are available if the atmospheric scattering is observed from 20

to 30 kilometers in altitude. This is a significant number and can easily

be detected with existing devices,

[
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