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FOREWORD

This report provides an account of some basic results from the
first staée in the project "Economic Pricing Principles for Ener-
gy in Different Forms" sponsored bv the National Swedish Board
for Technical Development (STU). The objective of this project
is to formulate basic principles for the optimal pricing of
energy in different forms based on an integration between ther-
modynamics and microeconomic theory. I am deeply grateful for
the firm economic support which the Board, represented by Leif
Andersson and Gunnar Kinbom, has offered me. The initiative to
form this project emanated from early discussions with Leif
Andersson and without the encouragement he has given, the pro-
ject would never have been realized.

The main ideas presented in this report were developed during

my appointment 1978-79 at the Naval Postaraduate School, Monterey,
California. I wish to express my sincere gratitude to the Super-
intendent, Rear.Admiral Taylor F Dedman, and the Provost,
Professor Jack R Borsting, for providing me with the opportunity
to carry out this research and opening the facilities of the
School to me, and to the Chairmen Professors Carl R Jones and
Michael G Sovereign of the Departments of Administrative Sciences
and Operations Research, to which I was affiliated, and to their
secretarial staff. Special thanks are also due to Mr Roger M
Martin of the Dudley Knox Library for his invaluable assistance
in tracking down books and articles on the topics concerned.

A great number of people, too many to all be mentioned, have
offered comments and suggestions for which I am extremely grate-
ful, on the ideas presented. At the Naval Postgraduate School I
would especially like to mention Professor Frank D Faulkner,
Department of Mathematics, and Professors Paul J Marto and Paul
F Pucci, Department of Mechanical Engineering, and particularly,
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Professor Melvin B Kline, Department of Administartive Sciences,
without whose many kindnesses to my family and to myself during

our stay in Monterey my task would have been far more difficult.
Professor George B Dantzig and members of the staff of the Energy
Modelling Forum, Stanford University, offered many suggestions

and gave me access to the Energy Information Center at Stanford, '
and Professor J Morley English, University of California, Los

Angeles, offered me many ideas and provided several very useful {
references. |

Many interesting discussions were held with, among others, Sashi
Mozumder, University of California, Berkeley, Dr Kamal Golabi,
Woodward-Clyde Consultants, San Francisco, Dr Meredith S Christ,
University of Southern California, Paul H Randolph, Vice President,
Energy Economics Division, Chase Manhattan Bank, New York, Professor
Edward Erickson, North Carolina State University, Raleigh, and

Dr C Harchetti, International ‘Institute of Applied Systems

Analysis, Laxenburg, Austria.

I am especially indebted to Professor.Karl—Erik Eriksson, Depart-
ment of Theoretical Physics, Chalmers University of Tecﬁhology,
Gothenburg, for his careful reading of and comments on parts of
the manuscript, and for all the interest he has shown ir the re-
sults, and to Professor Herman A O Wold, Uppsala, for checking
through a preliminary Swedish version of parts of this report.

At my home affiliation, Linkdping Institute of Technology, se-
veral of my colleagues have given me suggestions, among whom

I would like to mention Drs Folke Norstad and Benat Winzell,
Department of Mathematics, Dr Bengt Sandell, Department of
Physics and Measurement Technology, and Professor Bjdrn Karlsson,

Department of Mechanical Engineering.

Several secretaries have been engaged in preparing the manu-
script at different stages: Maud Eriksson, Annika Falk, Monica
Johansson, Marie Johansson, Siv Gyllensten and Gitt Olsson, !




who took care of the major part. G&sta Hesslow carried out the
computing involved. Many thanks for all your hard work.

To all mentioned, and to my colleagues in the Department of
\ Production Economics, I am deeply grateful. 1

A short preliminary version of this report in Swedish was written
in November 1979 (Research Report 54, Department of Production
Economics, Linkdping Institute of Technology) and the contents
were presented in seminars at the Naval Postgraduate School,

Chalmers University of Technology and Linkdping Institute of
Technology, and at the TIMS/ORSA XV International Meeting,
Honolulu. All comments I have received on these occasions have

i been of great help.
Kdllvik in August 1980

Robert W Grubbstrdm
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CHAPTER 1. ENERGY AS A SCARCE RESOURCE

l.l. Economics and energy sources

Zconemizcs is the scientific body dealing with the allocation of
scarce resources. Usually for such allocations a price system is
employed by which alternative uses of rescurces are evaluated.

In the rheory o consumption households are to chcose a best con-
sumption plan., Such a plan might include an output of services as
well as a plan for the volumes of various commodities to be pur-
chased, when given all relevant prices. The zazory o7 produciion,
on the other hand, covers problems of producers as to their choice
of plan over what products to manufacture, what services to pro-
vide or what factors to emplcoy so as to maximize profits, when
given the prices of all relevant inputs and outputs. The fzecry
cf markets integrates these two theories treating cuestions of at
what prices commodity supplies will equal their demand, the equi-
librium number of prcducers that will provide this supply, and
related problems. .

Energy economics would therefore ke the area covering the pricing
of, the supplf of, the demand for and the allocation cf energy as
being a scarce resource used in consumption, or fcr running pro-
duction processes,or to be employed in services, or fcr other pur-
poses, all having the ultimate objective of providing a means for
meeting and satisfying the needs and wants of consuming households
and individuals constituting society. Energy as a quantity ex-
changed in the economic system is usually measured in British
thermal units, kilowatt hours, or similar units and its price is

measured in $'s per Btu or some similar measure.

However, in accordance with the laws of physics, energy as such is
indestructable, at least if we take the relativistic identity of
energy and matter into account. Thus, energy as such exists in
abundance and cannot be a scarce resource. Energy as a scarce

resource must therefore be considered in other terms than energy




content alone, and this must be a necessary requisite for defining
the cowz2rz o7 enerzy as it would appear in energy economics. Tnts
obsegrvation jorms thne first kasice “dea underlying tnis rencrs.

For energy to be a useful and therefore a valuable guantitv to

which a price may be attached, energy will have to be characterized
in further dimensions than energy content alone. Apart from gquantity
there is a need for a uniform qualitative measure of energy. This
has been pointed out in a number of circumstances. As an example

let us chcose a passage written by Odum {1973, p 224]:

"Energy is measured by calories, Btu's, kilowatt hcurs, and other
intraconvertible units, but energy has a scale of guality which
is not indicated by these measures. The ability to do werk for
man depends cn the energy guality and guantity, and %his is
measurable by the amcunt of energy of a lower guality grade

required to cdevelcp the higher grade.”

The obvious field to revert cto for such c¢considerations is thermc-
dynamics, the branch of physics dealing with the transformation of
energy between its different forms.

The two bkasic principles of thermodynamics are the firc¢ and seccn
laws. The first is the fav oF the conservation of gnerzy (the ewer
princirie) and, according tc what has been said, this princigple
cannot by itself account for the scarcity of useful energy. The
seccnd law, which constrains the direction in which any energy
transformaticn may take place, on the other hand, provides an expla-
natiocn for the limited capacity of energy in different forms and
thereby offers a base for describing and measuring energy as a
scarce resource., Whereas the first law deals with nothing but

energy content, the second law provides the supplementary concept

of entropy characterizing the deterioration

to lower qualities. The seceond law of thermodynamics (the entropy

principle) is therefore not only a central condition for analyzing
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energy as a scarce resource. It appears indeed to be perfectly
essential for attaching any meaning to the combination of the
terms energy and scarcity.

Strongly related to tne second law is the concept of exergy to

be analyzed in further detail in chapters 3 - 6. Exergy is energy :
in its highest qualitative form. Close approximations are elec- 4
trical energy, potential or kinetic energy. The term exergy was

coined by Rant in 1956 but a number of related ccncepts had been

developed previously, such as Gibos® free energy [Gibbs, 1906]
and gvatiabtiity [Keenan, 1932, 1951]. Exergy is the maximum amount
of mechanical work extractable from a system of energy sources.

As a second fundamental idea we shall introduce a symmetry prin-
ciple for characterizing systems of energy sources. The maximum
amount of work extractable from a set of sources must depend on
various characteristics of the sources such as mass (molar con-
tents), volume, temperature, pressure, chemical potentials etc.
Sources, in this general context, will be used to cover sources

as well as sinks.

Sources and sinks may be identified by identical sets of pro- {
perty variables. They are therefore similar in nature as to their
role as part of an energy extraction system. The order in which
such subsystems are enumerated must be perfectly irrelevant as to
the potential amount of useful energy that might be available.
Therefore it should be possible to account for useful energy,

being a function of the characteristics of these subsystems, in
the formofasymmetric function of these properties. This symmetry
principle will be examined in further detail in section 1.3 below.

It might seem an irrelevant gquestion as to investigating conse-
quences of a symmetry principle. A couple of arguments may prove
to justify our interest in this matter. As a first peoint let us

note that "the environment" in thermodynamics acts as an infinite

sink for e gheat flowing from a heat engine providing work. The




environment is an asymmetric subsystem in such descriptions since
(i) the environment is assumed to have an infinite capacity for
absorbing heat, and (ii) that there usually would be no cost
associated with disposing the heat as such when disregarding the
fact that cooling towers of power plants etc would give rise to
capital and operation costs. A second point of argument concerns
the frequently used efficiency measures,coefficients of perfor-
mance and other similar entities. These measures relate some

output flow of energy from a device considered to some input flow of
energy. Such ratios are asymmetric with respect to the sources and
sinks ir .vived and their form usually rests on some implicit econo-
mic argument, viz that the output desired should be related to the
input that has to be paid for, From a theoretical point of view, the
choice of input is arbitrary and other symmetric measures have been
suggested in literature and have also been used in practice (cf
Berg [1974, p 4lland sections 3.2, 3.5). A third argument is that
an infinite environment of real systems is at best no more than a
good approximation and a final point that applying our symmetry
principle might provide additional insi§hts into the processes

studied themselves,.

In our analysis to follow, we depart from models in which all sub-
systems are finite and symmetrical in their properties and, when
appropriate, we let one of these subsystems grow bevond all bounds
creating an asymmetry. This special subsystem can then be inter-
preted as "the environment".

1.2. Aim, scope and limitations of study

The study reported here forms a first basic theoretical account
within a project entitled "Economic pricing principles for energy
in different forms”, a project sponsored by the National Swedish
Board for Technical Development. The underlying objective of this

project is to develop principles for determining the economic value
of energy as it appears in a variety of disguises in order to find
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methods to be applied to practical problems when comparing alter-
native energy sources, alternative transformation equipment, the
value of domestic insulation activities and similar guestions.

As mentioned in section 1.1 there are two basic ideas underlying
the developments to follow, the first being the observation that
energy as such is indestructable and the second that useful energy
should be viewed as a quantity symmetrically dependent on charac-
teristics of the sources and sinks forming the system from which
it is extracted. The symmetry principle will be illustrated in
section 1.3.

The idea that energy (as such) cannot be a scarce resource due to
the energy principle has previously been given attention in lite-
rature, but in such contexts little or nc work appears to combine
such a principle with the theoretical body of economics, i e to
the main established theory dealing with the allocation of scarce
resources, A few examples of ideas in literature c¢oming close to
ours will be giwven in section 1.5 below.

The following citations might illustrate how some authors have
recently felt about the "principle of energy affluence" and the
need for resolving this apparent paradox. Xoefoed [1977, p 55]

remarks at a NATO conference on thermal energy storage:

"Enerqgy, for cne thing is a well defined concept, but the word is
used abundantly to mean rather free energy, available energy or
latent work; recently the word exerzy has been proposed for this
interoretation,

Since energy is always conserved, we-need not bother much about

it here; the energy crisis is actually an exergy crisis ... ."

Thus Koefoed attaches scarcity to energy in a specific pure form, i
exergy. A similar argument put forth by Weinberg [1978, p 157!

1.5




follows his critique of a narrow-minded application of the first-
law efficiency concept (the ratio of work output to heat input,

cf section 3.2 below):

"If energy Ls a scarce resource then clearly ther= is advantage in
using it as efficiently as possible, and radicals and conservatives
agree that high first-law efficiency is desirable.

But this in a way is misleading. As the late Professor Joseph Keenan
has pointed out, there can be no scarcity of energy because, accor-
ding to the first law, energy is conserved. Rather, what we lack is
energy in a useful form. The usual thermodynamic measure of the use-~

fulness of energy is the availabilicy, ...

Since energy at high availability is relatively scarce, whereas
energy at low availability is abundant, it makes thermodynamic sense
to use energy of low availability for tasks that can be done with low
availability, energy of high availability only for tasks that really
require high availability."

A similar point was previously made by Berg [1974, p 34] —oncerning

"energy conservation":

"In present efforts to conserve fuels a great deal has been written,
spoken, and in some instances even calculated concerning the possi-
bilities to conserve "energy". As students of thermodynamics know,
the first law of thermodynamics guarantees that energy can be
neither created nor destroved; thus it would hardly seem necessary
to have a national policy addressed to its conservation.”

In economic systems, prices play the role of comparing the value
of different products or services this value determined by their
usefulness in relation to their scarcity. It would therefore appear
to be an obvious step to investigate the effects that different prices
would have on the supply of and demand for availlability (exergy etc).
such considerations also form a substantial part of our treatment.

1.6
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Economic problems are usually stated as the maximization (or mini-
mization) of some objective function such as profits, costs, utility

etc subject to constraints of various kinds, i e budget constraints,

production ogpportunities, etc. For our purposes there would be two
lines of approach; one being to depart from the exergy concept
viewing this as the scarce resource to be entered into one or several
constraints, the other, more basically oriented, using the seccnd law
as the constraint. The first applies the second law implicitly,
already having used it in order to arrive at the exergy concept, the
second approach applies the second law explicitly, virtually with-
out needing to refer to any preliminary knowledge about the exergy
concept at all.

The second line of approach is the one chosen, mainly for the reason
that an economic theory of energy scarcity should be more acceptable
if it rests on basic physical principles rather than on concepts

] developed from the same basic principles. It would indeed be astocn-
ishing if such an approach led to results in conflict with the
alternative direct application of the éxergy concept. It will be
shown that there is no need for anxiety. The consequences derived
from a straight forward reference to the second law are readily

reinterpreted in terms of exergy. In fact, this would imply that
exergy cculd be defined starting out from an eccncmic theory to
which the second law is applied instead of basing it on physical
relationships alone.

Despite the fact that our economic models will establish that exergy

indeed is the physical entity to which an economic value .should be
attached, i e that an exergy price should be the economic norm, we
shall devote a great deal of space to the exergy concept itself.

The reason for this is that there appears to be a need for developing
exerdgy as it appears in literature to more general systems of refe-
rence, in particular to multi-source systems. This is also one

argument underlying our interest in the symmetry principle.
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In brief, the aim of this study has been to investigate what
constitutes the econamic scarcity of energy in different forms

and, consequently, what economic evaluation should then be attached
to different qualities of energy. In pursuing this objective a

number of issues have been raised, especially the need for a coherent
measure of energy quality and the need of viewing "the environment"
of a system in more abstract terms.

The product of this study has become a sort of mixture of some basic
thermodynamics and some basic economics. Due to the limited number
of similar approaches in literature, the one undertaken has been

] exploratory to a certain extent, and there might be imbalances in the
' level of significance attached to different items as well as in the
logical stringency applied in different sections. Apart from limi=-
tations of this nature, there has been a need to limit the richness
i in the models set forth for different reasons. When defining charac-
teristics of the sources from which energy is to be extracted, or

of the lowest quality of energy required in order for it to be used
for a certain purpose, etc, often températures will be wused as the
single significant property. Despite of this , it appears as if many
limiting assumptions of this kind can be relaxed fairly easily in
the future.

1.3. The symmetry principle

In every treatment on exergy or related concepts that we have found 1

in literature, explicit reference has been made to an "environment"
having certain constant properties such as a given temperature, a
given pressure etc (constant intensive properties). In som cases
this environment is referred to as a "medium". Also this environ-

5 ment surrounds one single object (an exception being [Evans, 1969,

p 101}), the work potential of which is to be determined. The
environment is considered infinite in its extensive properties
(volume, material contents etc) which justifies that any interaction

1.8




between the object and its environment cannot affect the intensive

properties of the environment other than negligably. In one case
(Evans, 1969, pp ln, 104-110] the constant properties of the environ-
ment have been replaced by the corresponding equilibrium properties
that would hold when the object and the environment have been brought
into equilibrium with one another. If the formulae set forth are
supposed to hold also when the equilibrium intensive properties of the
environment are different from their initial values, e g when the

environment is finite, such a conclusion would be in error [cf proof
in section 5.5]. With constant properties of the environment, these
necessarily coincide with the equilibrium properties. Hence, in

every case we know of from literature, the environmnent has been given

constant intensive properties.

These two assumptions, (i) an infinite environment and (ii) a single
object studied, limit the applicability of the exergy concept for
our purposes. In the chapters following we shall therefore develop
expressions for cases in which more than one source of energy exists
and in which the environment need not be infinite nor haYe constant ?
intensive properties. Formulae applicable to cases in which the
environment has constant properties may then be obtained by forcing
the extensive properties of one of the participating objects tend
towards infinity.

In order to obtain expressicns applicable to cases in which the

SRR

environment is finite or when no special environment is distinguishable,
all objects of the system studied need to be treated on a par with
one another and no special significance may be attached to any single .

e o

object. This is the idea underlying the symmetry principle. In more
abstract terms, if characteristics of the energy to be extracted :
from a given system are considered to be a function of the set of 4
properties pertaining to each object of the system, the enumeration ‘
of these objects can have no influence on the characteristics of the
extracted energy. In other words, the function describing such a
relationships must be a symmetric function in its arguments.




Consider a system of YV objects, the properties of the 7t7 object
collected in a vector X . If y is a characteristic of the energy
to be extracted, we have a functional relationship of the form:

y = f(xl,x2,...,xﬂ) (1.1)

The symmetry principle now prescribes that f is invariant with
respect to any permutation of the vectors xj, J=1,2,...,4¥. Such

a permutation may be written XP, where X is the matrix into which
the vectors are arranged as columns and ? a quadratic J-dimensional
permutation matrix having precisely cne unit-valued element in each
row and column and zeros elsewhere. The symmetry principle states
that:

4 y = f(xP), for all P (1.2)

A simple example illustrating this principle is the following.
Consider a perfectly inelastic collision between two bodies in
70 My and the
vg prior to the collision (with respect to some

colinear motion, these bodies having the masses m

velocities vg,
frame of reference). Since the momentum is conserved,the mutual

velocity after the collision will be:

mv, + myv
2

LAY

N 1
2 m

= (1.3)

NNQ

The difference in total kinetic energy before and after the colli-
sion is:

aE = (1.4)

This is the amount of energy transformed intd heat and deformation
energy etc. It is clear that since (mg, vg) characterizes body 1
and (mg, vg) body 2, an exchange of these two vectors should have
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no influence on 4%, i e it should be irrelevant how the bodies are
enumerated. This is also verified by (1.4); 4f is indeed a symmetric
function of the two vectors. AZ alsc is the amount of exergy
consumed in the collision, whereas no energy is locst.

If we now let, say m tend towards infinity interpreting kody 2 as

2'
an environment (such as a stone wall firmly built into the ground

into which a car drives), then the amount of energy transfcrmed

becomes:

mo(vy - ug)g m1v2
lim AZ = 5 = 3 (1.5}
m2->oo

i e we obtain the ordinary expression for the initial kinetic energy
of a single body expressed as a function of its own mass and its
initial velocity relative to the infinite environment.

This is an asymmetric treatment violating the symmetry principle,
but nevertheless for many purposes an accurate and useful approxima-
tion.

As a seccnd example, let us consider domestic gas piped into house-
holds for heating purposes. A common belief is that it is the gas
that by itself transports the energy to be extracted. However, the
energy released when burning the gas is a function of the chemical
properties of the gas and of the surrounding air, the amount of
which is assumed unlimited. Energy does not come in pipes, but gas
does. The asymmetric view would also be caused by disregarding the
infinite envirconment, i e the surrounding air, as part of the system
from which heat is to be obtained. No doubt there is an implicit
economic explanation; gas is the scarce resource we pay fcr, whereas
air is free. On a hypothetical planet, the atmosphere of which were
hydrocarbons and where oxygen were to be found in the ground, oxygen
would be interpreted as the fuel "carrying" the energy. Viewing

energy as a kind of fluid would be an idea dating back to the ancient
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days of Empedocles and Heraclitus (500-400 BC) assuming fire (rurcs,

to be one of the basic elements constituting the Universe, or later,
to Stahl (1660-1734) who introduced the fire substance flc¢
into the science of chemistry.

sL3temn
<

A few arguments underlying our symmetry principle have already been
mentioned in sections 1.1 and 1.2. Let us add one further point. Some
authors [c¢f e g Thoma, 1977, p 24, 1978, p 3] have expressed a slight
reluctance to using the exergy concept since exergy would have to be
measured taking a given referential environment into account. Accor-
ding to their conception, exergy is not defined until an environment
is sufficiently specified as to its constant intensive properties.

As a consequence, for practical application purposes it has also

been maintained that there is a need that "agreements be made on
workable global and local standards to be applied in this context"
[Eriksson, et al, 1976]. However, as will be shown in several instan-
ces, with reference to the symmetry principle exergy may be defined

"and calculated without having to use a referential environment. From

a practical point of view, this does not mean that the need for useful

standards should be downrated.

1.4, Outline of study

Of the remaining chapters, three will be devoted to determining the
exergy potential of a system of objects under different circumstances
and two to economic models concerned with energy of different gquali-
ties. Before entering into these main parts of the study, two intro-
ductory chapters are given, mainly as a brief overview over basic
thermodynamic relationships and their application to simple energy
transformation equipment and to the exergy concept as it appears in
literature.These two chapters would hardly contain any new develop-
ments and are included mainly as a service to the reader for defining
concepts later to be used and to stress certain items of central
importance in the following, such as different aspects of entropy,
efficiency ratios and other measures of performance.
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In chapter 4 the exergy potential of thermal systems is treated.

The term "thermal" is used for characterizing the system under study
as mainly having temperatures of the objects beionging tc the system
as the essential properties. Each objiect is thereby given one state

variable only. In the chapter following, some ideas are generalized

to a system of ideal gases, such energy sources now given two basic

properties. In a final section a more general multi-property system

is also treated but in less detail.

The sixth chapter outlines some ideas concerning the exergy of radia-
tion. This chapter is more preliminary in nature and has been written

with the application to solar energy in mind.

Chapters seven and eight introduce economic aspects of the systems
previously analyzed. This treatment, however, is almost entirely
limited to thermal systems - temperature being the only variable
characterizing the gquality of energy. One exception (cf secticn 7.6)
treating a system of ideal gases (two-property objects) is included.
The first of these two chapters is concerned with econcmic mcdels of
energy extraction (energy "production" according to everi;day par-
lance) and the second with economic models of energy utilization
(energy "consumption”). Although no preliminary reference to the
concept of exergy needs to be made in most cases, it is shown that
the results cobtained are easily reinterpreted in exergetic terms.

For example, the optimal choice between alternative sources of energy
to be provided for a given purpose when given the unit costs assccia-
ted with these forms of energy, will be determined by ranking the
alternatives according to their cost per unit cf exergy input inflated
for second law efficiences in the transformations following when
necessary.

In all economic models treated in which temperature characterizes

the energy used, a temperature—discoﬁnted energy price will be

shown to play a fundamental role for determining the correct economic
value of energy in different qualities. In section 7.6 in which

energy quality also is determined by the pressure of the medium used,
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a pressure-discounted price will be shown to have a similar function.

Chapter 9 provides a summary and some conclusions that might be drawn
from the earlier chapters and also points at a few possible lines for
future developments.

1.5. Similar ideas in literature

As far as we know, the appoach followed in this study has not been
undertaken in previous research. There are, however, a few ideas
presented in literature that come close. A brief account of thcse

having closest resemblance is given below.

In a final section of his article "A Steam Chart for Second-Law
Analysis", Keenan [1932] presents a short discussion on availability
{exergy) and "marketability", including the remark that "there are
many indications in the current literature on economics of engineering
of dissatisfaction with energy as a basis for cost-accounting methods".
-Comparing the heat delivered from a central boiling plan£ in New York
to a network supplying office buildings and apartment houses ané the
heat from power plants delivered into the river as "waste"”, he suggests
an accounting procedure debiting the customers with the exergy of the
fluid delivered and crediting them the exergy of the fluid returned.
The unit cost of exergy would be determined "from boiler-plant
operating costs and fixed charges". Thus Keenan suggests that the
economic value of heat should be determined by using an exergy price
as a norm. A similar problem will be treated in section 7.3 regarding
the value of heat delivered from a power plant and it will be shown
that the basic idea of Keenan is correct, provided that consideration
is taken to the loss of potential electricity production when cooling
the plant at a higher temperature in the pipeline network as compared
to cooling it in the river. Also Berry and Fels [1973, p 60] suggest
that the real costs of energy should reflect wasted thermodynamical
potential, and sinca the present market does not reflect these, one
could explore its inclusion in the regulatory process.
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Fratzscher and Gruhn [1965, pp 340-341] present similar ideas, but in
a more explicit manner. According to their v'ew, the exergy concept
should not only correctly reflect the technical circumstances but
also the energy-economic conditicns prevailing. The total costs fcr
producing electricity would consist of a fixed cost term plus a

term being exergy consumed evaluated at a given "exergy price". The
total unit cost of electricity output would then be made up cf a
fixed cost per unit exergy output (depending on the level of opera-
tions) and a unit variable cost obtained as the exergy price divided
by the exergy efficiency of the plant. In sections 7.5 and 8.2 this

type of measure is indeed shown to be relevant for cost compariscns.

Another model we have found in literature slightly resembling ours

is presented in an article by Berry, Salamcon and Heal [1978] entitled
"On A Relaticn Between Economic and Thermodynamic Optima". The problem
they set forth is to compare the solution to a cost minimizaticn
production problem (also possible to interpret as a utility maximiza-
tion consumption problem) with the thermodynamic problem of deter-
mining how rauch work the factors empldyed according to such an cptimal
solution would produce in relation to their ideal maximum work output.
If the thermodynamic efficiency should have a certain minimum level,
the authors inquire into what additional concditions need to be added
in corder to ensure that the cost minimization probiem would fulfill
this requirement? It is shown that with one energy-related prcduction
facter and one factor unrelated to energy, the ratio between their
prices need to exceed the similar ratio corresponding to an optinmum

at the exact point where the energy-related input were to have its
maximally allowable value ahbove its minimum possible value. Also

the similar problem with one energy-related and two unrelated factors
is examined.

Among the approaches found in literature, the one coming closest to
ours is given in (Borel, 1976, pp 88-93). Essentially, from an
economic point of view,the treatment is identical to that of Fratz-
scher and Gruhn [op cit] . Borel considers the thermodynamic condi-
tions of a combined thermo-electric power station and the trade-off
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opportunities between electricity produced and heat delivered. By
defining an exergy price by dividing the total annual expenses of
the plant by its total annual potential to provide exergy and then
relating this price to the exergetic contents of heat, he arrives at
an expression for the dependence of the value of heat on temperature,
what we in section 7.2 call the temperazurediscounted price. A major
difference in approach to ours, is that Borel directly attaches an
economic significance to exergy as a physical norm, whereas cur
results are derived from economic optimization models and the exergy
price is then a measure obtained by interpreting conditions of

optimality.

There appears to have been no previous attempt to formulate economic
optimization models applying the second law of thermodvnamics as a
constraint, neor any related dual problem. Our models in chapters 7-8
follow such an approach.
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2.1. Introduction

In this chapter will be given a brief expository description of
certain fundamental thermodynamic concepts and their relatiocn-
ships. This overview will be limited to give a sufficient basis
for our treatment in later chapters and many items cf basic
thermodynamics will therefore be left out, when they are consi-
dered to be of peripheral use to us in the following. The
exposition is elementary for those who are well-briefed in the
subject, and is mainly intended for the reader who wishes to
quickly review the field. Some terminologica aspects may be
significant such as the systems definiticn given in secticn
2.2, which differs from its usual thermecdynamic definition.
Also some notations ane different from those employed in standard
textbooks.

2.2, Definition of system

A general definition of the concept of a system to be adcpted
below is the following [Grubbstrém, Lundquist, 1975, p 21:

"A system is a collection of elements related to each other in

som manner”.

We shall typically be dealing with collections of sources given
Certain properties from which energy is to be extracted. Usually

these sources will constitute the elements of a system.

In many cases there is a need to take into acccunt the interac-
tion between the system and objects not belonging to the system.
Such objects will then be lcoked upon as belonging to the

surroundings or the envircnment of the system. If no interaction

at all takes place with the environment, we are dealing with an

igolated system, if the system and its environment may exchange

|
g
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energy but no matter it is c¢losed, and otherwise it is open, In
certain cases the environment may be viewed and treated as any
other elément of the system. If that is so, it can be included
into the system making it isolated. In cases of this kind an
open or closed system of ¥ elements together with its surrcund-
ings therefore will constitute an isolated system of (¥+1)
elements.

At this point we should point out a difference in the use of the

term "system" we apply, as compared with its usual connctation
in classical thermodynamics. In thermodynamics the "system"
refers to an object or a device etc under investigation being

distinct from its surrondings with which it might interact. The
£ object most often would be a piece of equipment, such as an
engine, employed as a means for transforming energy of one kxind
into a preferred type of energy output.

In such a context, the socurce providing heat to the engine or
steam to the turbine etc would not belong to the system, instead
being considered a part of the surroundings. For our purposes,
however we shall let the term "system" cover not only objects
such as devices of the kinds mentioned but also include other
distinguishable objects of a more or less abstract nature,
particularly heat sources and other energy sources. In cases
when we specifically wish to refer to a particular energy trans-
forming object the term "device" or some similar expression will
be used. To summarize, a "system" will usually refer to more
than one object and include sources (and also sinks) and the
"environment" will be interpreted (when appropriate) as a
portion of the universe not including the system under investi-
gation.

Usually the environment will be infinite in som property (such

as having an infinite heat capacity) and uninfluencable in some

property (such as keeping a constant temperature which cannot be
affected). In a few of the models we are to treat, we shall
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initially let all elements be finite in their dimensions angd
study consequences as to the behaviour of such a system, after
which one element is made to grow beyond all bounds, and we then

interpret that element as an "environment".

2.3. Element properties and states

~ The state of an element is a complete discription of its condi-
L tion at a given point in time. The state is fully determined
when values have been assigned to a sufficient number of state
variables such as temperature, volume, pressure, density etc.
Since the state offers a complete description of the element at anv
point, any historical developments it might have undergone that
may be of significance for its future interaction with other
elements or for its own future development must be includeéd when
describing its state. This means that the state covers the
memorizing of any important historical events. If a state is
given, then the path by which that state was reached can have no
additional effect on the future of the element. For example, the
state of a particle of a given mass m in free motion is given by

its three space coordinates and three velocity coordinates.

The variables used for describing a state are »rorzeriies of the
element. Certain properties such as temperature or pressure are
amenable for being measured by suitable instruments, whereas
others such as internal energy or entropy are theoretical prover-
ties only accessible for measurement by indirect means. A
property may be a Zerived proreriy in the sense that it is defin-

ed by referesnce to other already known properties, such as

enthalpy being the sum of internal energy and the product of
pressure and volume. In our treatment we mainly confine ourselves
! to deterministic properties, i e properties that are assumed to
undergo no stochastic variations.

It is customany to distinguish between Intensive and

2
properties. Intensive propecties refer to some point of the
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object, such as temperature, pressure or density etc, whereas
extensive projectie - depend on the extension of the object as a
whole,e ¢ its mass, ite volume, its total internal energy etc.
Usually the objects are considered to be %omogeneous in their
intensive properties, meaning -hat their temperéture and other
similar properties are the same throughout the entire body at
any particular point in time.

The state space is an abstract space in which each of its

points refers to a state. A process involves a change of state
and therefore refers to a path in state space. A cyeclic process
starts in one state and returns to the same state. A process
during which the temperature of an object is kept constant is an
tgothermal process, if the-pressure is kept constant it is

isodaric and if the volume is kept constant it is Zsocacric.

Properties of an element are often related to one another either
by definition, or shown to be related by experiment and expe-
rience. If a certain property at ali times is functionally
related to other properties, the function involved is a gtate
function and the corresponding equation a state equation. If z
is a property related to ¥ other properties L sTgsenesZy by a
function f:

z = f(xl,xg,...,xM) (2.1)

then f must obey certain requirements. A change in z will be re-

<

lated to changes dxz,dxg,...,dxM according to:

dz = 3o dx, = I y.dz. (2.2)
Lo, dx., z .- 777
1=1 1 =1

where y; < %ﬁ—. Since : is a property, its change in value cannot
z




be influcenced by the pathvby which the state involving z is

reached. This means that yidzi is an exget differential, such
=1

a differential having coefficient. 9 that obey:

-52———3'—7 ‘L_,j =1,2,...,M (2‘3)

v
z

A given linear differential form y.dmi can therefore be

-
-

t=1
checked as to whether or not it refers to a property change by
¥‘ studying if its coefficients do or do not obey (2.3).
A coefficient 9 in an exact differential is conjugate with
respect to the corresponding property z. and vice versa. Frcm
a given state function (2.1), new property variables may be

defined by a legendre trarnsformatior having the general form:

.Y = f - T yvx : (2.4)
xer Kk
where I is a subset of the set of all indices {1,2,...,M}. The

number of such subsets excluding the empty set is (24—}), which
also is the number of possible new properties that can be
defined by such transformations. Each such new property is a

function of its M cgnonical variables Y., k€I, and Tys kET.
1 Differentiation of (2.4) yields:

dY = ¢ y,dz. - t =z,dy, (2.5)
kér X% per KK
U 37 - W o_
} froem which is seen that 3}; = yk,<Z*, and il -%,,<€I. The
2

[ original properties and their conjugates can therefore be re-
} covered by simple differentiation of the new property.




2.4, The first law of thermodynamics

An element of a thermodynamic system may interact with other
elements or with its environment by exchanging Aeat, work or
matter. Heat and work are different forms of energy, and matter,
in a relativistic meaning, also manifests itself as equivalent
E to energy. According to the firast lav of tnermodynamics (tne
' energy principle, tne conservation law) energy may neither be
& destroyed nor created in any physical prccess. Using the nota-
{ tions d¢ for an amount of heat absorbed by the object and IW
for an amount of work performed by the object (dg<2, dW>2? for
heat delivered from and work performed on the object) and dis-
! regarding the exchange of matter, the difference (d@Q-dW) is an
net energy supply to the object. Such a difference must account
for a change in the state of the object and thus in a change in
one or several of its properties. Depending on the detail by

weea
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which the object is described, the net energy absorbed or

# delivered will cause changes in properties describing the Forme
of energy that the object may possess. Such forms for instance

' may be kinetic energy (from an ordered motion of the particles
constituting the element) potential energy, chemical energy,

; magnetic energy Or internal energy, the latter property encom-

i passing the disordered microscopic kinetic energies of the

particles (and subparticles). For an element not undergoing any

change in other energy forms than internal energy, we must

therefore have:

— -

dy = d@ - dw (2.6)

where dV is the change in internal energy resulting from the heat
abscrptiondqQ and work performance d¥. Since U is a property, dU

will be an exact differential, whereas 4@ and d¥ usually are not.
The internal energy is thus a theoretical concept not accessible

to direct measurement, its existence only postulated by hypo-
thesis.




Eq (2.6) therefore describes the first law in the case when only
the internal energy undergoes a change. In the special case of an
isolated element we would have 4U=2., Processes involving no
exchange of heat, ie d4=2 throughout the process, are named

adizbztie processes.

2.5. Eqguilibrium states and reversible processes

An equtlilrium state of an object is a state that will not change

except from external influence. Such an influence may for

instance be to force the volume of the cbject to be compressed. A

reversille process (quasi-static rroecess) is a process that takes

s

place along a path interconnecting equilibrium states during
which work is performed on or performed by the cbject and heat
absorbed by or delivered by the object. The process is reversible
if the same set of states can be transversed in the converse
order by reversing the sign of the work and/or heat differentials
and taking them in the opposite order.

If work is performed by an object on its surrcundings

by expanding its volume by 47/ reversibly, it is necessary that
the pressure of the object is counterbalanced by an almost
equally large external pressure. Using = to represent the
pressure of the object, the standardnotation r being reserved
for prices to be introduced later, if a2 were greater than the
external pressure A, the object would perform an expansion
work aOdV and would simultaneously create dissipative kinetic
energies in its surroundings so that the net work on the sur-
roundings would be less than adV. The reversible expanscion
prccess thus performs the maximum possible work on the environ-
ment and, conversely, the reversible ccntraction process requires
the minimum amount of work exerted from outside. An exact coun-
terbalance of pressures would neither permit any expansion nor
any contraction, and real processes taking place in finite time
are therefore <{rreversible. Hence for a reversible process we
may write:




U = dd -aaV/ (2.7)

Any spontaneous change that an object undergoes must be irre-
versible, since its initial state then could not be an equili-
brium state. Therefore, all reversible processes must take place
with the aid of some outside influence.

2.6. The second law of thermodynamics

The seccnd law of .tagrmodynamics (the entrcpy principle) pres-
cribes in what directions changes in state may take place during
the interaction between elements of a thermodynamic system.
Zntrepy S may be defined as a state variable related to heat

absorbed by an object during a« reversible process:
dQ = Tds ‘ (2.8)

where 7 is the absolute temperature at which the heat d2 is

received.

The inequality oF Claustius states that for any proceés along a
closed path we must have:

”

9

where the equality sign must hold for a reversible process since

HPL
O

<0 (2.9)

dS in (2.8) is a differential of a property and therefore exact.
Hence, if a cycle takes place in an object such that a sponta-
neous and therefore irreversible chanae between two states (I,Z}.
takes place initially, after which the original state (I) is
restored by a reversible heat exchange, we must have:

2 1
{ %Q = { %g + 'I %4 = SZ - 32 < Q0 (2.10)
1 2
sponta- rever-
neous stble
path pata




since 4% is zero in the spontanecus process represented by the

first integral in the middle member. Therefore entropy increases
2 .1

(§°-37>¢) in any spontaneous process.

In an isolated system of objects, only spontaneous changes may
occur. Therefore the total entropy of the system must increase
if any change is to take place. Conseqguently an isolated system
in a state of equilibrium possesses its maximum entropy. The
second law may thus be written:

as > ¢ (2.11)
where 5 refers to the total entropy of an isolated system, i e

any system considered together with its surroundings.

Let us again consider the closed path made up of an irreversible
path (I,2) and a reversible path (2,I). Since U is a property

a closed path integral over dU vanishes and using (2.7) and
(2.8) we obtain:

(?dS - adV) = J2—U2 - J(Tds -adV) = 9 (2.12)
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Since the two states are arbitrary, we therefore have:

7dsS = diU + adV (2.13)
and holds fcr a reversible or an irreversible process. More
general versions of this equation are given in (2.81), (3.59)

and (5.55). Also since adV > dw, we have:

7d5 > d3 (2.14)




with equality for a reversible process. The difference between
the left-hand and right-hand members defines a differential

which is the entropy producction d3:

mdS =

t3
a,
W
]
fa,
&

(2.15)

i e the entropy increase above the change Jjustified by the heat
transfer in a reversible process. Integrating this equation
along a closed path gives us:

Jlb..
D

25 = - 448, (2.16)
J

[

which leads back to the Clausius inequality (2.9). When there is
no heat exchange, i e the process is adiabatic, we obviously have
dS = dS. Any change in entropy is then irreversibly generated.

The second principle makes a‘firm distinction between work and
heat, despite the fact that both are different forms of energy.
The two classical formulations of the second principle are as
follows: -

The Clausius statement

It 13 impossible to construct a device tnat operates cycli-
cally naving the only effect to transfer heat Ffrom a coo

a warmer body.

The Kelvin-PFlanck statement

It ts impossictle to consiruct a device that operates cycli-
cally having *the only effect to perform work and exchange heat

from a single hezat source.

Both of these two formulations follow from the inequality of

Clausius. Concerning the Clausius statement, assume the colder

body to have a temperature T, and the warmer to have Tl and let

a differential amount of heat transferred to the warmer body be

2.10
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d¢. and to the colder Lody be d.,, negative values of these
amounts being heat received by the device. For a cycle the net
internal energy as well as the net entropy is zero which imnlies

that } a3, + &dQT = 7 and that the only net entropy change

occurs in the environment of the device:

. 7
b0 = s
. - vV
“

1 0

"3!5«4

[
(5
]
3 ili-u
Sk
3,
3]
+
3| +a

) f:‘@- > 9 (2.17)
o2

oAb ks ]
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which obviously contradicts %d > ¢ and T,>7, Concerning the

1 J
Kelvin statement we have icl = 7, whereas a net amount of work i
7= {dQ > 0 is to be provided. The net entropy change of

I

dev1ce and environment is there:

AS

"J"-l

}dqﬂ > (2.18)

9

which contradicts ¥>J. Hence the devices described in the two
statements cannot exist. Thé second principle will be used
extensively in chapters to follecw in order to distinguish between
energy forms of different quality, wcrk being of highest quality
attainable. In the course of entropy being produced, erergy is
degraded from higher to lower gqualities and the generation of
entropy is the physical explanation for energy, in itself

indestructable, being a scarce resourse. If the second law

(or any equaivalent law) were nct wvalid, energy would bhe a

free resource. The lack of a second law would also have
far-reaching consequences for the very basics of physics concer-
ning amcng other things the flow of time (what is past, present
or the future), or the possibility tO record events, i e to

memorize, and to the guestion of life itself.

2.1
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2.7. Typical entropy generating processes

- — - —— - - - —— — - —

One of the simplest forms of entropy generation takes place in
fieas condu2tion. Consider two bodies to be connected by a con-
ductor (cf figure 2.1) one having the lower constant temperature
TI and one the higher constant temperature T2. Consider an ele-
ment of theconductor between coordinates x and x+Ax. When iz is
small, the boundary temperatures of the element differ only
slightly and the element will almost be in thermal equilibrium
with its surroundings. The entropy production rate in the
element due to the inflow Z and outflow of heat -2 will be made

up of two terms and accoraing to (2.15) is:

s = __@ 9
a5 = Asinflow * Asoutflow T(z)  T(x+bz,
AT
= =0
 Tlz+bz)T(z) ' (2.19)

where the two terms in the middle member vanish since there is
no net change in state of the element in an equilibrium case.
The total rate of entropy generated will thus be:
T
2

A~ d -
s = -4 J = = (7,7 -T
m <

i

!

) (2.20)

[\\)

T,
If the conductivity is % and the cross section area of the con-
ductoar 4, we also have 3 = Ak(TQ-TJ), which gives us:

o

2

1, m 2
Ax;‘g TZ) ) Akg _ (2.21)
‘172 “172

S =

This shows the entropy generation rate to increase quadratically

with the magnitude of a finite temperature difference and with
the magnitude of a heat flow.
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Figure 2.1. Entrooy generation due to heat ccrductiocn

It is instructive to associate an entropy “low with the heat
flow in the conductor, both having the same direction, as is
also shown in figure 2.1. Although the heat flow is preserved
along the conductor, this is not true for the entropy flow,
since entropy is generated in the pfocess. The entrooy leaving
the higher temperature body is Q/Tg and the entropy reaching the
lower temperature bedy 2.°7., the difference being entrcpy

generated Q(l/f--l/Tg) as also given by (2.20).

“

As a second instructive example of entropy generating processes
we consider a2 system of two compartments having a mobile wall
{no friction) as is shown in figure 2.2. The ccmpariments are
filled with two different ideal gases. An <dzal ;i3 is defined
by two characteristics, viz that its internal energv U is a
function of its temperature alone, and that its pressure, volume

and temperature obey the universal jas law:

aV/ = AnC (2.22)

[
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where 2 1s pressure, . volume, » number of moles occupying this

ot

volume, T absclute temperature and % the witversal jas scngs
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The first property may be written as the condition:

AL _
37 ° J (2.24)

The ~©2ac zcapacicy 2% 2onssant vslume is defined by:

which can only depend on T, since UV is a function of 7 alone. We ;
shall assume the heat capacities of the two gases considered o

be constants ¢, and ¢, respectively.

1 2
For an ideal gas with constant heat carvacity, its entrcoy,
being a state.function, may be derived by considering a rsver-
sible process involving a heat increase by 43 and a simultaneous
work differential performed by the gas on its surroundings by
adv. The net change in internal energy is therefore:

dl = dg ~ adV = 745 - ad/ = edf (2.26)

Using (2.22) and solving the resulting differential egquation

gives us:
- o 7 :.9 D 7 M4 '0 -
S = S, t e logT/T" + EBn logV/7 (2.27)
0.0

where 77, 7~ are initial values of the two state variakles. The

entropy S is defined up to an arbitrary additive constant 5,.

However, according to the $aird 7aw of thermody=namics (Nerngz'g

law), entropy has an absolute zero at I=7. For all practical |
purposes, only differences in entropy are of interest and the 1

constant S, can therefore be omitted.

g
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Let us now consider the system depicted in figure 2.2. If the

two gases initially are different, then obviously the volume
having highest pressure will expand and the other volume ccnt-
ract. Since it is a spontaneous process, it is irreversible and
the total entropy of the system will increase. Initialilly we
assume the wall to be a perfect insulator, making the process

adiabatic.
-
3
? al’TI’V7 a2’T2’V2
R -2 ~
n:,v'z ’12,\.2

Figure 2.2. A two-compartment system containing different ideal
gases

The moticn of the wall will end when the two pressures are egua-
lized. As a second step we let the wall be a heat conductor
enabling also the temperatures to equalize. This raises entrocvy
by an additional amount. Thirdly, wé let the two gases mix by
taking away the wall. This alsoc will add to entropy. As a final
step we investigate what effect the ratio between the number of
moles of the two gases will have on the entropy level. The total
volume is assumed to be fixed at the level 7.

The system is perfectly isclated from its environment which

means that the total internal energyv nust remain constant:
=0 (2.28)
where superscripts zero denote initial values. This equation

shows that the two temperatures are monotonically decreasing
functions of each other:

(2.29)
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The condition of equal pressure will relate final volume to

temperature:
Rn T, n, 7,
t a, = —— = ——= = a, (2.30)
{ 1 /1 /2 2

f .
;- n1.1/
7 T
3 4 1 n1¢1+nu-2
v {2.31)
o noT
2 nlfl+n2TZ

The change in entropy of compartment 1 will therefore be:

a

T n,7.V
S, = ¢, log 1 4 an log 1‘1 (2.32)
! ! TO ! (n,T,+n T )VJ
1 1717272771
which is a strictly increasing function of TZ and a decreasing
function of TZ. Hence we have: -
Z;l = 2?1 + zil .;2 > 0 (2.33) j
1 1 -2 1 '

and a similar condition for 5,. Since any change in T, is
< L

accompanied by an opposite change in 7,, entropy will increase

for one of the compartments and decrease for the other. The
possible end states of the process have to satisfy:

T nlrlﬁ
S =5, + 32 = ey log 7 * Hnl log 7 *

Tl (n1T1+n2T2)VZ

T n 7 &

9
+ e, log 2 4 Bn_ log 2 2 > 0 (2.34)
2 Y g (n. T +n,T )70 ~
2 171 22772

together with (2.28). S also equals S since the system is iso-

lated. A total differentiation of 5 with respect to T, yields:
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s, T 7,0 7! LT oL (2.35)

The volume having highest initial pressure will intially per-
form work on the other volume and a subsequent damped oscilla-
tory process might be expected. Thus the volume with highest
initial temperature will reduce its internal energy and there-
fore its temperature, raising the temperature of the second
compartment. Solving the inequalityv (2.34) compined with (2.28)
will give the permissible end states. The interwval obtained will
g

neither have f? nor T as end points.

2
When .7’2 > Tl' i e:
el -1 )+ o (9 ) s 9 (2.36)
171 1 2 2 -1 . *

there will be an opportunity to increase S further according to
(2.35) by raising Tz and iowing T, (by conduction) and vice
versa. S will thus take on its maximum for this second_process

when:

(2.37)

Inserting these values into (2.34) gives the total increment in
entropy from the two processes combined. Assuming that these
have taken place, we now study the effects of taking the wall
away allowing the two gases to mix. The additional increment in

entropy then becomes:

n,tn,_ 7 n._+n 19

25 = 2n, log——2. L 4 an, 10g 2. % (2.38)
n : 2 7, .
1 v 2 v

where VJ is the new volume of gas 1 etc. Obviously AS increases
both in VZ and 7V, and the maximum entropy will be obtained when

bocth gases occupy the total common volume V:




7
n=n

I 1

i

AS
max

) {2.39)

. ” .
Jin, Zog;— + (n-nl) tog

where » 1is the total number of moles,

Differentiation of this expression shows that ASmax will take
on its very maximum for =n,=n/Z and will approach zero either
when nz»O or n,-n. Hence éntropy will have its greatest value
when the gases have the same molar content, ie when the number

of molecules of each kind are equal. This gives us the value:
AS = Rn log 2 (2.40)

This also gives an indication that entropy is related to
combinatorial and probabilistic measures, which is the statisti-

cal interpretation of entropy to be described in section 2.8.

The description above has had the purpose to show how entropy
may be generated from a number of different causes, first from
an equalization of pressures, then of temperatures, then a
mixing and finally by choosing the molar contents equal. A
different pressure equalization process involving a substantial
entropy generation takes place in throttling.

2.7.3._ _Practical real-life examples of entropy generation.
Despite the fact that energy as such is never destroyed, it
still is considered as a scarce resource. This is entirely due
to consequences of irreversibilities taking place in all natural
processes. As already pointed cut, any spontaneous change
necessarily produces entropy as does any induced change taking
place in finite time, since such changes can only be made when
having caused imbalances. It is therefore not energy in itself
that is required, but rather energy in a specific form so that
its interaction with the object considered will restore the
state of the object to a desired level or cause some other
desired change in its state.
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Typical examples of practical entropy generation may be heat
conduction into or out of domestic spaces, pollution in its
various form, aging inciuding metabolistic processes, friction,

wear and tear etc.

The human body requires a surrounding temperature in the neigh-
bourhocd of 233 X. Outdoor temperatures, however, often differx
guite nuch from this desired level. In cold regions a desired
indoor temperature will exceed the ambient temperature causing
a non-zero temperature gradient, which, since the shell of a
domestic area is no perfect insulator, gives rise to a flow cf
heat tending to equalize the indoor and outdoor temgeratures,
i e to increase entropy through heat transfer. In order to pre-
vent the indoor temperature from dropping, an outside delivery
of energy compensating for the entropy flux to the exterior must
be undertaken. In order for the indoor temperature to be resto-
red, the delivered energy muét have a higher temperature than
the desired level for an entropy influx to occur. If the energy
delivered is carried in the form of hot steam of temperature 7.,
the indocor temperature is Tl’ the outdoor temperature :O and i
the heat outflux ¢, then, according to (2.20), total entrooy
will increase by 2 -1
etc and by Q(771-1]
and the indoor‘air when the space is heated, ie a total of
I oa—1

Q(Tg‘—fg ).

—Tzl) from the leakage through the walls

Since entropy generation diminishes the future availabilities to
create desired changes in state (e g to keep houses warm), from a
pure resource point cf wiew it would ke desirable to keep the
rate of generation as low as possible, which implies that we
ought to feed houses with energy having a temperature only
slightly above the desired level. In such a case, however, the
heating process would take place slowly, perhaps so slowly that
the desired level never could be reached. However, in the case

of resistance heating of domestic areas, it is still very far

before we are close to any such limit. One might view this




problem as an allocation process over time. If results are to be

reached rapidly, then greater sacrifices in the form of resource
consumption are inherently present.

When the ambient temperature is high, there is a desire to
create an entropy outflux. A simple analogy with the space hea-
ting process would be the delivery of an ice block to be used
for cooling indoor space. Since a heat outflux implies a
decrease in total entropy, a process restoring a lower tempera-
ture must involve som external increase in entropy. An example
is keeping watertanks on house roofs in hot climates. The
evaporation of steam, similar to a mixing process, keeps the
roof temperature low while creating entropy in a typically
irreversible process. A more complicated example is offered by
an airconditioning system. The heat outflux and associated
entropy decrease is compensated for by an entropy generation
using energy of high temperature which dissipates into the
surroundings during the process. In an airconditioned automobile
such energy would be released by oxidizing fuel.

The aging of equipment, such as rusting and other corrosion,
involves a spontaneous process and therefore an entropy produc-
tion. Restoring the functional capability of the equipment would
therefore imply a reduction in entropy necessarily compensated
for by some entropy generation elsewhere. Reinvestments, there-
fore, must take place at the expense of an irrevocable resource
consumption. When some piece of equipment is repaired, if it is
done carefully it will take a longer time creating less entropy,
if it is done carelessly it might take a shorter time but at the
expense of a greater entropy production.

Pollution involving an undesirable mix of waste products and
nature, also creates entropy as does any contamination. Cleaning-
up therefore decreases the entropy of the object decontaminated
simultaneously producing entropy at the other end, eg by waring

out the cleaning equipment used, by transforming electricity




applied to a vacuum cleaner into waste heat etc. In order to
prevent entropy production we are accustomed not to mix dry and
damp or clean and dirty washing. The second law reguires that
moist would not be transferred frcm a dfyer to aldamper.material,
nor dirt from a less clean to a cleaner material. Since reinvest-
ments decrease the entropy of an object, it is not far off to
generalize this statement to cover all real capital accumulation.
lation. This leads to the observation that all organizing
activities of humans and other living beings would tend to
decrease the entropy of the universe. By the second law, however,
such activities must necessarily be accompanied by some entroov
increasing process elsewhere. This has been denied by some
scientists refuting the second law as being invalid to life
activities. Their opinion, however, appears to be one of a mino-
rity. An interesting discussion on this topic is preovided by the
dialogue between Sir James Jeans [1934b], one the one hand, and
F G Donnan and E A Guggenheim [1934], on the other. Other refe-
rences are Jeans [1934al and Raymond [1930], and Mored [1972].

Transportation horisontally involves no change in potential

energy. For the process to be carried cut in finite time, a

vehicle at rest must be accelerated, transforming an energv in-
put (eg from oxidizing fuels) intoc kinetic energy. Frictional
forces to be overcome by the vehicle involve work performed cn
the environment which dissipates into the form of frictional
heat, particularly when the vehicle is made to stop by avplving
brakes. The service delivered by transvortation on a horizontal
surface therefore involves a "pure"” entropy production,ie no
essential change in state from a thermodynamic point of view

apart from this. Other everyday examples are easily found. ’

As a final example in this subsection let us choose the exchange

of heat between the Sun, the Earth and the Universe as described
in [Thoma, 1977]. Solar radiation emitted at 6700 K reaches
the Earth in the amount of 175009 T¥ which corresponds to an

incoming entropy flow of 25 I¥/X. Radiation leaving the Earth

2.21
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is of the same order of magnitude but takes place roughly at
250 X, corresponding to an entropy outflow of 333 TW/X. Hence

the Earth has a net outflow of entropy in the order of 377 T¥/Z.
This fact, although a perfectly essential condition, provides a
partial answer for explanining the opportunity for well-structured

red living organisms to be in existence on Earth.

2.8. Entropy from a microscopic point of view

In section 2.6 entropy was defined as a state function of an
object relating a reversibly absorbed heat increment d¢ to the
absolute temperature T of the body, 4dS = QT-J. Temperature is
an average intensive property of the object and entropy may
therefore be said to have been defined from a macroscopic point
of departure, i e without relating it to the microscopic partic-
les and subparticles constituting the object. In this section
we shall briefly provide a supplementary presentation of the
concept of entropy from a microscop@c point of view.

We assume the existence of ¥ indistinguishable non-intéracting
particles, each of which may be able to occupy one of several
possible energy levels €13€05cs€ )y If the number of particles
occupying energy level oy ie state 7, is Ni’ the total energy
of the object will be:

U= 1 ¥.¢, : (2.41)

Our treatment will follow the Bose-Zinstein statisties as given
in i e [Holman, 1969]. For the alternative approach, the
Fermi-Dirac statistics (the Maxwell-3olzmann statistiszs being a

limiting case of both), the reader is referred to the literature.

The Bose-Einstein statistics assume that the energy level €
can be attained by a particle in 9. different ways, ie ®,
quantum states. The number L) is called the degereracy and




represents a statistical weight f the energy level e.. These

states may be interpreted as the different energy nodes the
particles may have, such as rotationrnal or translational kiretic
energies. For energy level £ there are Nﬁ particles to ke
assigred to the @, quantum states. If we arrange a seczence of
the states and the particles such that particles lying in bet-
ween two states belong to the former state, there will be
altogether (wi—I+H;)! different sequences of this kind beginninco
with a state (whicﬁ is necessary since each particle must kelong
to a state). An object in which each individual particle is
known as to what quantum state it belongé is said to occupy a
miercsrate. The order in which the states are arranged in the
sequences is immaterial for specifying the microstate. Since
there are (wi—:)! different ways in which the states may be
ordered, the total number of microstates will Le
(N£+w£-2)!/{wi-l)! as regards the 7ch energy level. If the
particles have no identity of their own there will be ¥.!
indistinguishable ways in which the particles can be ar;anged

in the sequences and the total number of distinocuishable

arrangements of the particles in the guantum states will be
K'V‘_- +wi - 1 (11'74' +w; - : /, 0'
reduced to : = =

— . The total number of
A ! - !
‘31_1 ‘I'L.' A(Di 1).

distinguishable states of all ¥V particles is therefore:

M T 40,1 )

¢ =1 - (2.42)
=1 Q.- l
[ J

The number of states 2 (sometimes called the :zrzrmsdynzmical

v

probaliltty ) is obviously dependent on the distribution of the ¥
particles among the different energy states. It may be inter-
preted as the number of possible states of the object as a
whole, when given its total internal energy and its distribution
of particles among the energy levels. When this distribution is
specified the object is said to occupy a certain maceroszate.
Assuming each distinguishable state to be egually likely, it is
of interest to find the distribution having the largest number
of states, ie the most likely distribution or most likely
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nacrostate, which also will be the equilibrium state.

We therefore maximize 2 in (2.42) over all distributions subject

to the two constraints:

v

T N, =¥ (2.43)
E Jigi =y (2.424)

The distribution thus obtained will have the largest number of
states and, in this sense it will be the most probable distri-

1

bution. Znrrcpy may now be defined as a constant multiple %
of the logarithm of the maximum number of states for any
distribution, i e:

S = k loga (2.45)

max

. -23

where % is 3olzmann’s constan:t (1.380+10 Ws'K-z). The reason
for choosing the logarithm of 9 rather than o itself is tc
obtain additivity regarding the contribution to S5 from the ¥
energy levels. In order to find the distribution maximizing 9

and therefore maximizing log ¢, we form the Lagrancgean:

M i

L = loga + ui(d = ¢ ¥.) + MU -1 N,e.) =
J'_-_-l v U.,’:l J (7]
y Ni+wi-1 Ni A mi-l
= ¢ (¢t logg-1tlog -1t log jg)+
t=1 J=1 J=1 J=1
o M
+ u{&§ = L N.) + X(J - T N.e.) (2.46)
J':l J j=1 Jd d

where u and A are Lagrangeah multipliers. 7 will be maximized

for the largest Ni.satisfying:
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(2.47)

Ag . > Y
E—

If 7. is large, we would expect this inecuality to be close
an equality, from which we obtain the solution:
Y.
? 7
~ = = (2.48)
Q.- p+le .
z Ty
e -1

The multipliers u, ) are implicity determined by

giving:

R4 (D‘.

.2_ TE = (2.49)
=1 e ",_1

M Q.c

1717 .

Ry - = (2.50)
=1, ‘g

From the state equation (2.13), for an isolated cbject in a

constant vclume prccess we find:

38 _ a1

=7 = I (2.51)
If we assume a differential change ty 3¥ in the parameter J
by 87 in the parameter 7, from (2.43)-(2.44) the resulting

v

changes in V.,

by

written IJ., must satisfy:

-

The resulting change in Zogﬂﬁam is therfore:
I

“
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3
T oA = — An A - - 1 g” N =
5log Q. 'E W (Zuglji+m$ 1) O“l,)b]:
=1 1
i“[
E (u+ks;)5ﬂf = udyN o+ 23U (2.54)
=1 ” -

where (2.47) has keen used. Hence we obtain:

3ZOgQwax _. 95
u o= av“ =k * 3N (2.55)
. ]
3legn
_ max _ -1 38
A = 3T = K W (2.56)

The latter equation shows on comparison with (2.51) that:

-

» = (x7) 72 3 (2.57)

A similar interpretation of the first multiplier y is not

equally accessible.

In the case that all v and ¢, are very large, we may apply

Stirlings”s formula:

{log = - 1) (2.58)

)

leg =! =~

8

to (2.45), which gives us:

M (9,,' V R
5 = k(2 Hi Zog(1+7i) ' log(i+—)) (2.59)
1=1 A Z

When also @ >>N., log(l+i./9.,) ~ ¥ /0. and we may write:

K ?,
S =k L N, log(ltsy=) + kil =
= (4 I3 i

of €.
=k ;21 Mo (ueps) # XY = K(urD)N + % (2.60)
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which shows 7 as a function of Y, "and .. By defining a

>, -

parstion unction I by:
N} —57./;(."
2= Ioe . (2.61)

we find for the case m{>>7;>>::

(4

- ,:70~.
U = xyre l%?ii (2.62)
ra
2
W= XY log 3 (2.63)

which enables us to write § as a function of Z and 7 alcne:

. -
s = RV(14l055 ¢ 7 2L2EL (2.64)

For a monatomic Bose-Einstein gas, it can ke shown that 7 is
3/2

proportional to T and to 7V, which used in (2.62) yields:

(2.65)

(W]
)
IRV
As
<24
L]

Also from (2.13) we have the following expression for the

pressure:

Q
3]
1
IQ)
<
+
@
v
(€)1

(2.68)

o8]
3
[4%)
~

For a monatcmic gas I is proportional to ¥ and since U is

independent of V, we cbtain:
a = k¥TV ° (2.67)

By comparing this formula with the universal gas law (2.22) we
find the identity:

ak™ i =yl 2y (2.68)




where 7 is the universal cas constant, = the number of moles and
7. Avogadro®s number, ie the number of atoms (or molecules)
4

occupyirg one mole of any substance:
N, = 2.,088.1¢ (2.€9)

Using the two properties of I for a monatomic gas ané applying
these to (2.64) finallv vields:

try
1]
Uy
+
A
N
[T XN
[
O
(3
=3
+
S
Q
©
3
N
h
Uy
+
N

LT lozT + 2 lozY) (2.70)

<a
<y

which when compared with (2.27) shows that the heat capacity at

constant volume is given by:

e 2
o= 3= §Nk = £nz (2.71)

2.9, Entropy and information

In the foregoing section entropy was cdefined as a constant
multiple of the logarithm of the maximum number of states that
a system with a given number of particles could have given the
total energy of the object. By maximizing the number of indis-
tinguishable states we obtained the most likely distribution of
energies that the particles would have. A higher entropy
corresponds therefore to a more probable state. If a measurement
could be performed revealing what state the object were in, a
hiéher entropv state would provide us with less informaticn and
vice versa. Hence there is a strong linkage between thermo-
d&namics and information theory as pointed out first by

Szilard [1929] and later by Brillouin [1950, 1962] and also

noted by-Shannon and wWeaver {1962], who founded the basis of

information tneory.
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Information theory is basically concerned with the average number
of symbols that are necessary to use in order to transmit
messaces from a transmitter to a receiver, when the messaces are
sent with different probabilities. Each message is coded by

using a sequence of symbols from a code alphabet cf r symkols.

It mav be shcwn [cf e G Abramson, 1963] that the average nunmker

of ccde symbeols per message rnust be at least:

- b
S =- I vy, “logvy, (2.72)
» - (5
1 z
+
where v. is the probability of the <th kinéd of message being sent.
The quantity 5 is defined as the ¢ntrczy; of the infeormaticn source
and may be given either the interpretation of the average amount

of information per message sent by the scurce, or the averace
amount of uncertainty the receiver has kefore receiving a
message. The logarithmic base chosen (r) only accounts Zcr a
measure of unit. A different kase will ¢give a different unit, ec

the base ¢ measures S5 in >7:s and the natural base ¢ in =xte, Cne

. . e, , . =
bit being tog2 = .633 nats. The greater the value of 2 the more
likely is each message on *he averade, its maximum value taken on (]
when all v, are equal. i

The definition in (2.72) may be generalized to cover conti-

nuously distributed events corresponding to some stcchastic

variacle with density F(x/.In such a case S is often defined by:

1

e
S = - [ Fflz) logflx) 4dzx (2.73)
-_—0

It may be shown that among the 3iistributions covering a £finite

interval z€[z,5] the rectancular distrikution maximizes I, amonc

thcse having a given mean and covering the positive axis [J,=(
the negative exponential distribution maximizes 5, whereas amcng
distributions covering the entire axis and having a given

variance, the normal distribution maximizes 3. Entropy accocrding
to (2.73) is thus stronaly related to three freguently used

continuous distributions.
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Apart from comparing the two entropy concepts in terms of like-
liness of states occuring (messages sent), we may study the
identical form of (2.72) and the expression for the entropy

increase when mixing gases (2.39) now generalized to:

7.

-

AS’ = =R ; n. log 24 (2.74)

where 7 1is the universal gas constant and o the number of moles
of the <Zth gas among the gases to be mixed. Since n4vo = V. is the

number of particles of the <th gas, according to (2.68) we find
that:

c - - 1, + T
A“max = V) Zovg leog Y (2.75)
Z
where vy T Hi/N is the fraction of particles belonging to the <th

gas. The similarity with (2.72) is obvious and Bolzmann”s constant
enters in the same way as in (2.45). Apart from k, which may ke
given the value unity by a suitable choice of temperature scale,
see table 2.1 below, the entropy increase according to (2.75) may
be interpreted directly as the average uncertainty carried by

each particle as to its classification among the substances i

present.

It may be pointed out that the expression in (2.73) is subject

to the weakness of not being invariant with resgect to trans-
formations of the scale z chosen. The product f(x)dx lacks
dimensionality, whereas f(z) has the dimension of procbability
per measured unit of . Therefore icg f{x/ depends on the unit
of =z chosen and so does also §. Jaynes [1962, pp 201-202] pro- !
poses the more general expression - Z flx) Zog(f(x)m(x)—z)dx ;
where m(xz) 1s a measure function describing how, in the limit, i
the continuous scale x was reached from an original discrete }
set of points departed from. Since f(x)m(x)-z is invariant

with respect to transformations of x, so will also 5 be. How-
ever, applying this expression will necessitate the choice ©of a
basic measure possibly involving an additional problem.
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Celsius Xelvin Scale wita Scale with
scale scale <= EEN
T-273. 144 N Trer.n et InTY Zesao g
] Absolute
zero -273 2 by b
Freezing
5 -
point of 2 2re rLoie12 7 23
water
2
.
Body
temperature ki 51: PTe T :
Boiling
-
point of 0?2 ire S, SIC
water
4
Melting
point of 1525 13013 RS 18227
iron
Surface _
temperature | ££50 £229 35,1972 goone

of the sun

Table 2.1. Temperature scales givine unit values to “ and to =

respectivelv

Scme studies have been made recarding the total information
content in man-made structures from an entropy point of view.
Thoma [1977] provides an example estimating the information con-
tent in a steam locomotive (5-1:4 btts) and in a diesel loccmotive
(33.12° ’its) and Berry and Fels [1973] a similar estimation
concerning an autcmobile. For further discussions as to the

identity between the thermodynamic and the information-theoretic

entropy concepts, the reader is referred to [Brillouin, 1962}, and

concerning the information content related to biological structures
to [Crick, 1967].
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2.10. Applicaticns of the entropy concept in other fields.

It has alreadv been pointed out in section 2.7.3 that aging,

wear and tear etc, are phenomena revealing the increase of
entropy. They also reveal the passage of time. A number of
philosophers, among them notably Reichenbach [19561 and

Griinraum [1963] have indeed defined the time evolution of
processes as the directicn in which entropy increases. Due to the
irreversibility of entropy generation, it also acts as a source
for recording past events, and the lack of such a phenomenon would

provide us with no means for memorizing or recording, cf also
(Layzer, 1955]. Entropy applied to the time evolution of eccnomic

u activities is treated by Murphy [1965] and by Georgescu-Roegen
(1971].

Entrcpy has also been used in many recent cases to provide a
measure of dispersion as a substitute for the standard deviation
or variance etc. Current applications ccncern e g the size distri-
bution of firms [Ndslund, 1971)], structures of traffic networks
[Erlander, 1980} and aggregation measures in pianning problems
{Erlander, 1977, Eberstdl, 1979]. An interesting overview over
economic applications (including por+tfolio theory, inter alia)

is presented in [Horowitz, Horowitz, 1976]. Arumi [1973] applies
statistical thermodynamic concepts to demographic theory and
reaches conclusions well in accordance with empirical measurement
A G Wilson [1970,1974] applies entropy maximizing methods to
regional and urban models of spatial interaction, such as the
interaction between a residenticl population and their

assignment to jobs.

2.11. Some further basic thermodvnamical concepts and relation-
ships

In section 2.3 we defined Legendre transformations pertaining to a
given state function. These transformations define new state
variables from the differential coefficients of the state function
differentiated. When the internal energy o of an object in an
equilibrium state is considered as a state function of its volume

2.32 *
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7, its entropy 3 and its composition described by the nunper of
moles of different substances 2,,7.,...,7, constituting the
object, where ¥ is the number of sucstances, we have a state

equatiorn of the Iform:

U = UV, 83m,,n,500e,7.,) (2.76)
For differential chances in the -ariakles by dV,dS,dn,dn.,...,dr,,

internal energy will change by:

W

J
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For an object of ccnstant composition all Zx. are zero-valued and
a comparison with (2.13) gives us:

af! = _ —.p\
Vi a (2.78)
al _ o <
35 C (2.72)

ie that pressure (negated) is a conjugate variable of volume and
temperature a conjugate variable of entrcpy. The remaining con-
jugate variables defined by (2.77) are called zrem<2al poventials

of the respective substances and written:

13

U . ‘

be T o RPN (2.80)

Hence the following differential relationship is valid fer

changes in state:

Ky

dtl = -adV + 715 +

.
P
4

(2.81)

[T ]
=4
L
S

By using the conjugate variables -z and I three new state variab-
les may be defined by the following Legendre transformaticns
(cf (2.4)):

¥ =U + a2V (2.82)
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(2.83)

G = U+a2¥ - 75 (2.84)

rr a1 p 1 . Dy, aa -~ Y *
delmnoiz Fune (or 7rze energy) A, and the Gibds funcrion (or

free entralry) 6

These new variables are the e¢ntnzlry (or cotal neat) H, the

Tton
Let us now study two bodies in equilibrium, each made up of the
same components, the same volume and occupying identical states
in all respects. If these bodies are assembled, then clearly all
extensive properties, i e internal energy, entropy, volume and
molar contents of the two bodies combined will have values at
twice the similar values of each individual body. More generally,
if each of these variabkles are increased or decreased by a scale

factor z, we would have:

xU(1)

Ulx) =

S(x) = xS(1) ' (2.85)
Vix) = =V(1)

ni(x) = xni(l) 151,2,...,M -

Assuming a change in scale to take place by dx, we thus obtain:

|{1

; U : I
qv = yindz = (25 sr1r + X oyer) 2w i1))dx (2.86)
3.5 o/ i:7 Sﬂi T

Since the choice of unit scale is arbitrary and (2.86) must hold
for any change &>, we have the following relationship:

awe !

U=T15 -zl + T u.nm, C(2.87)

which must hold for any state. By (2.84) this equation can also
be written:

S

G = T uy.n. (2.88)

[N
[
(3]




This means that all extensive properties ¥,5,V,6 etc are linearly

homogeneous functions of the molar contents MyaMgs e e s Ny
Differentiating (2.87) and using (2.73) gives us the Giiio-suiem

gquation:

o

§5d7 - Vda + T n.du. =79 (2.89)
=1 7 7

which also must hold for any change in state. Under certain

circumstances the three functions 7, A and 7 may serve as

equilibrium criteria for the system under consideration.

In section 6.2 some additional bkasic concepts and relationships

will be introcduced for applications concerning radiation.
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CHAPTER 3. ENERGY TRANSFORMATION, EXERGY AND RELATED CONCEPTS

3.1. Introduction

The interest in this report is focused on the usefulness of erergy
rather than on energy itself. Of particular interest is therefore
the potential opportunity for energy from one source or from a
system of sources to be transformed into mezzanieoal wor<, which
represents the highest utility form of energy since, in principle,

in its turn it can be transformed into energy cf any particular kind.
This chapter will focus its attention on the potential of a system
to provide mechanical work. This potential will be called the

exergy poitential of the system in question, exergy being a term
proposed by Rant 1956, but having a number of related fore-

.

runners as well as followers / rzz encrgy, ava<lacle energy, availa-

[\
3
19
o
-~

bility, esserzy, tdeal work, mecximum work, inermoldynamic pot
e c

<

Y
te).By the axergy pcuer potential we mean the similar rate per unit.

Before giving a brief overview over interpretations of 1his concept
which naturally has gained much attention since the‘early days of
the steam engine, we shall examine three typical energy trans-
fermation devices from a theoretical point of view, viz the rea:

ergine, the 72a? pumr and a zieton-cylinder Zevicz., In a final

£ - -

Lo,

section we include some examples of estimated exergy efficiencies

as described in literature by different authors.

3.2. Three pbasic energy transformation devices

Every textbook on thermodynamics refers to the reat engire as an
instructive and typical piece of equipment for describing the
transformation of heat into mechanical work. The engine, connected
to a hot heat source oif temperature 7 (usually an infinite supply)

and to a cold heat sink of temperature?, (assumed infinite and

0
interpreted as an "environment") operates in cycles. At the end
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of each cycle the state of the engine itself is the same as at

the beginning of each cycle. Therefore there is no net change in
internal energy, nor in entropy, nor in any other property of the
engine. The only changes in state that occur are therefore in the
source and in the sink outside of the engine itself. The twqQ con-
straints limiting the amount of work the engine may deliver are

the first and second laws, i e the energy principle and the entropy

principle. Figure 3.1 illustrates the energy flows involved.

T

Heat ¢ V
Heat Work ¥
“engine C?_ -

Ty

Figure 3.1. A schematic heat engine

According to the energy principle, if during some time interval,

@ is delivered from the source and ¥ from the engine, then the
difference @-¥ must be delivered to the sink. That this difference
is positive is ascertained by the second law. According to

(2. 20 ) the entropy flow from the source is QT_zand the entropy
flow to the sink (Q-W)Tgl. The total entropy generation is
therefore:

T

e - 9-W _ @ (3.1)
S = 2 >0

0

T




according to the seccond law. Hence -7 must be positive and the

entropy principle limits the work output to:

2]

vz at-r,rThy - rs < gri-r,rTh (3.2)

The right-hand member gives the ideally maximum work output when
5 = 0, 1 e for a reversible process, and this level gives us a
preliminary definition of the exergy potertial Z of the source

{(when the sink properties are specified):
-7, 7 7)) (3.3)

Eq (3.2) is often interpreted as a "transformation" of a fraction

Dal

-1
less than or equal to (-7 .7 ") of the heat delivery & into the

0
work output ¥, despite the fact that there is noct necessarily

any such identity between ¥ and Q(:-TGT—‘).

The heat efficiency or first law efficiency n relates the actual
work output to the delivered heat:

~
m o
LD

L = % = (j—T‘T ) -~ —— < (1I-T.7 %) = n* S (3.4)

Implicitly behind the usace of this ratio is an econcmic icdea, viz
that useful work obtained should be related to heat deliveregd,
which is what is paid for. From a theoretical point of view, how-
ever, there is no reascn that the ratio of ¥ to @ is more signi-
ficant than the ratio of ¥ to the fleocw (2-%! {or to any other flow).
Since the hot source when using n 1is viewed differently from the
cold sink, this efficiency measure violates our symmetry principle
(cf section 1.3). The right-hand member in (3.4) is the Zarzor
effictency n* which gives the upper theoretical limit of the heat
efficiency (only attainable for an ideal reversible engine). Since
TO always is finite, even the ideal case will never yield an
efficiency of unity, which the commen usage of this term would

suggest.

Fie o -




The fact that, at the best, there is a heat delivery of QTO/T

to the environment is also often misinterpreted as being

a waste, whereas it in fact is an inevitable flow to compensate

for the entropy reduction in the source if any work is to be
produced at all. The "real" waste is rather the term ?O {lost work)
in (3.2), which accounts for the amount of work not obtained due

to irreversibilities, 1 e to the net entropy production §, assuming
the heat inflow to remain at & also if § were zero-valued. A

p theoretically more sound efficiency measure is therefore the

exergy effitctancy or second law efficiency defined by:

A

=1 - _‘19 —— < 1 (3.5)

SR

Also this ratio violates the symmetry principle indirectly. This
is due to exergy & having been preliminarily defined in (3.3) by
using the heat inflow to start with, i e attaching a special

‘ significance to the hot source. If we instead had departed from

the heat outflow writing this flow Q' = @-#, the work output ¥'

and the exergy Z' would be given by:'

= W o= Q'(Tro'l—z) - TS (3.6)

Q'(TTO_J—Z) (3.7)

ot

=1

h

and the exergy efficieﬁcy by:

=1 - — — (3.8)
ar(r, I_p-1

If we are considering the same engine and process, we must have
¥ = ¥'. The obviously £' and 7 will differ in general and will

coincide if and only if:

-1) (3.9)

i e either for an ideally reversible engine, in which case we would
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have o and $=I'sl or w=i. If the two exergy efficiencies are
to coincide, we would also require either S=Sor vw=7 (3=5',.

This probiem of ambiquity, however, can be resolved by considering
the flow carzcirzies (upper limits) of the source and sink to ke
properties f£rom which exergy is to be defined, rather than from
the actual flows. This is analyzed in greater detail in section
4.5. If ¢ and ¢' are reinterpreted as the maximal available in-
and outflows respectively, then the capacity limiting first, will
determine whether exergy should be given by (3.3) or by (3.7).
Exergy will then be a symmetric function of the source and sink
properties, and therefore be consistent with our symmetry principle.
Then ¢ or 3’ , whichever appropriate, will also be in agreement
with this principle.

The discussion above also shows that what is meant by "lost work"
depends on which flow capacity is the effective limit. When the

hot capacityAlimits, then this amcunt is Tog, and in the oprosite
case it is IS. In the latter case it may be suitable to interpret
the heat source as the "environment" and lost work then will always

ke T .. .
environment

Uy >

Also the relationship between heat efficiency n and second law

efficiency I will depend on which flow that is most strongly

limited. By combing (3.4), (3.5) and (3.8) we obtain:
- . , .
nn* -~ {(inflow 1imitad,
& = { - (3.10)
L I ek i ( gt DT A IR
n*lZ’ﬂ—/- QUT eCWw Limiteda,

For given values of n* and n<r*, the limited outflow case will
always give the lower of the twe £-values. This is in agreement
with TOS < IS, i e it will give greater waste assuming evervthing

else to be equal. When n=nx* in either case we always have i = .

As a seccond schematic energy transformation device we consider
the %eat pump having the objective to provide a heat flow from

a cold to a hot bedy. Figure 3.2 illustrates the flows involved.




Cold source

T

Figure 3.2. The heat pump

A heat pump may be regarded as an "inverted" heat engine. Practical
examples in everyday use are refridgerators and airconditioning

i equipment. The two laws governing the theoretical limitations of

the heat pump, are the energy principle and the entropy principle.
, If the heat flow delivered to the hot sink is ¢ and the heat inflow
from a cold source is &' we nust have:

- 7

= %< - 3’7

N (3.11)

(G
1
b
3
-
[\
<

¢
which shows that ¢ > &', meaning that there must be an additional
incoming energy flow. Let us assume this flow is mechanical work

¥ applied to the pump as illustrated in figure 3.2. The seccond law
then requires:

s =art - (g-w) n )7 >0 (3.12)
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is the entrcpy deneration. The amount of heac delivered
s

i
to the hot sink 1s therefore limited by:

v-I.5 . ;
4= S — (3.13)

- -J- -..‘.
and the flow of heat from the cold source by: (3.24)
g1 = AZTE ‘ ¥

mT -—_- - - ——_«

.‘-—vﬁ - 4..;, -

The conventional way 2f descriming the efficien

c a
depends on its two basic forms of usage. When it has the purpose
r

to keep an obhiect cool (such as the intericr of a refri
a cocling razic [2o:7702dens oF zorlormaones. o is defined by }
|
|
~ -
! I o R +
;! 1=05y z _
W =z 2=z - < . BRI (3.15)
W e Ti_ 2 T am Ta .
T, z T 2

where . 1is the theoretical nmaximum of .. When it is used for
i

heatin urgoses, a sziting razis - is defined bv:
o P 2
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where ~-* similarly is the thecretical maximum of ~. It is ¢
that neither of these two measures of performance comply with
the symmetry principle. However, theay both relate the effect
described (heat withdrawal or heat supply} tc the work input
{which is what is paid for) and they therefore rest on an implicit
economic principle just l1ike = for the heat engine. "t i SC

clear that 4* and °* being functions of the two temperatures are
easily interpreted as ~* = (n* “~]; and "* = n* °, where n* is

the Carnot efficiency for an engine if it were connected to the same

source and sink (and used for the opoosite purrcose).




~

On examining (3.15) and (3.16) we find thar the terms 72 in &Lhe

cooling case and TQ

tional work input necessarv to compensate for the entropy rroduc-

3 in the heating case correspond to the addi-
tion S.

Also for the heat pump we may cefine an exerzy ¢ 7I27ency § by
taking the ratio of the exergy ouput to the exergy input. If the
hot sink limits the capacity most strongly, T; will be interpreted
b as the environmental (referential) temperature. Ir. such a case thne

-1
) = ¥, the exerqy output

-~ ~
[ o

total exergy input will be ¥+¢'(21-T.T

(1-1,T “) and the exergy efficiency:

£z ——2L = ooxl < (3.17)

In the opposite case when I is the referential temperature, the
interpretation is slightly more involved. The exergy input is ¥
with no additional term since g’'(1-277 -1) is negative and is now

0
interpreted as an exergy output (to the cold source), and we have
A -1
the output zero to the hot sink, since 2(1-77 °) = 2. The exergy
efficiency is therefore the ratio between absolute values of

exergy ouput and input:

*— I (3.18)

E X ———— T W ij

The withdrawal of heat from the cold source in the latter case
thus corresponds to a building up of exergy (i e a potential

that could produce work if a heat engine were to be applied). iIn

the practical case of the refridgerator, the heat pumped out

t is a compensation for the heat leaking into the cold area, which
in itself corresponds to 2 loss of exergy, i e a diminishing
hypothetical opportunity to extract work from the system. The
exergy output of the heat pump restores this theoretical capacity
of the system and the exergy input must cover tge ouput plus the ﬁ
exergy losses from the operation of the pump 75, i e
W o= Q'(TTO_Z—Z) + Tg, which already has been stated in (3.14),
but in a different manner.

3.8
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Heat engin2s and heat pumps will be used extensively in the
remaining chapters for instructive purposes since these devices
offer simple descriptions of the maximum work ocutput or minimum

work input as limited by the second law.

As a third device to be used for demonstrative purpcses we choose
a riston-cylindecr apparatus as illustrated in figure 3.3. The

3 cylinder contains an ideal gas which can expand or contract,
performing work on the environment or receiving work from the

1 environment.

First case Seccnd case

-
A . .
u,v, T 2 UO’/O’TO ;- 5 .
—_— I ’ —_—p I
S,a,n A S.,a.,n
ST’ EPIEERY : )
z
b
Heat Y;VI
engine -
Figure 3.3. A piston-cvlinder device
An

We assume the cylinder and piston to be perfect insulators and
that the environment is infinite, meaning that a displacement of
the piston will not affect properties of the envircnment to anv
noticable extent. Relevant properties of the contained gas are
internal energy 7, volume 7, molar content =2, temperature 7,
entropy 5 and pressure a, denotations of the similar properties
of the environment having subscripts zero. The heat capacity at

constant volume of the gas is assumed constant and written c.

We first study the case when work is extracted by means of the
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piston only, i1 e from a single work mode. In general, this would
lead to a final state in which the temperature of the contained
gas would be different from that of its environment. As a seconrd
step we also include the possibility of extracting work from a
heat engine applied to the cylinder taking care of the opportunity
to equalize this temperature difference while delivering work.

Applying Gibbs” fundamental equation (2.13 ) for the contained
gas on the one hand, and for the environment, on the other, gives

us:
T a5, = dU. + adY, = 7 .d5,. + Z4Q. .
0 70 u 279 2770 Qu (3.19)
Té3 = JU + adV/ = TI5 o+ I3 (3.20) K

where dQO is heat absorbed by environment, 43 heat absorbed by
gas, ané where dSC is total change in entropy of environment of
which dS, > J is the amount produced, and similar for 45 and

dS > 0 for the gas contaired. The entropy not produced is ex-
changed, which yields:

ds, + dS = ds, + dS > ¢ (3.21)

We also have the following kalances:

v+ avt s gt =0 (3.22)

dv . +

U

Q,

dVO + dV = 0 (3.23)

r
where dv~ is the work differential from the heat engine, which
II

is zero in our first case, and I¥ the work differential obtained

by means cf the cylinder expansion. On combining the last five

equations we obtain:

avt + aptd

= =dUv —aOdV + TOdS - Tc(dSJ+éS) (3.24)




and also:

*p (3.25)

It is clear from these relationships that the total work
differential will be maximized, asﬂusual, when the process taxkes
place reversibly, i e when 4dS. = 25 = J. The remaining differential
is therefore interpreted as tﬂe differential of the exergy poten-
tial of the contained gas. This differential is studied in creater
detail in section 3.4 below.

In our first case with an insulated gas, the process is adiabatic

with 43 = 0, 1 e:

ds = ds (3.26)
which means that the only change in entropy of the gas is the
amount caused by irreversibilities. This gives us the work

differential:

és (3.27) i

>
1
+3

W= = (z2-¢
awt (z2-a,

. .
)da7 ~ T4

Using superscripts ° to denote initial values, asterisks to denote
final values and using the entropy state eguation (2.26 ) and

universal gas law (2.22 ), we may write:

:/* T* ;7*
L= (Liiog ) dv - edr-| zar 2L - 15, (3.28)
TV J ‘ 7 v
ad bt 7

where SO is the total entropy production in the environment during
the entire process. Also we know for the final state:

- . TI* - V¥
S = c log =3+ an log == ' (3.29)
T 4

3.1
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where 5 is the total entropy generated in the gas and:
a, = a* = RanT*/V* (3.30})

0

Evaluating (3.28) thus yields:

Iz 0 0, -
; = (T -T*) =~ Vit - I s, = .
Jmax { T*) aO(/ Vo) IO 5 R (3.31)
a a Rp . 3
. 0,0,70 e _ ,.,c J\e+An _e+in, -
=ay (aO * En (‘+En)<a0> ¢ / TOS"

- ~

which decreases in 5 as well as in 50 and the final temperature
will be:

A

Rn S

G A\ == e
mx = 79 _% ctRn c+in (3.32)
a :

A -

which increases in S and in general would be different from that

of the environment TJ. Therefore also the final volume V* is an

~

increasing function of 5. If no other work mode than pressure
work were available, we would thus have the exergy potential:

&n

~ -y
L .

P A =
— .t v o Lyetnan -
U os g e S —(1+;—r)<'7)° / (3.33)

N
2 a

. . . e .0
Using the universal gas law either a2 ', or Y , can be exchanged
2 ... . . LIT LT
for T° giving us alternative expressions for # and =77,

nax

We now look into the non-adiabatic secend case in which work

also can be extracted by means of a heat engine. In this case
the equations (3.19) - (3.25) still hold, whereas (3.26) now
is replaced by:




and the similar equation for the environment is:

T,dSO = T,dsﬂ + dQC (3.35)
Also we have:
I EN A ~ PN
GV° = -dg=d<g. = T(ds-35) + To(dsn-dS) = {T-T.)(25-45) (3.36)
- ¥ [

since (i3-43) is the mutual amount of entrory exchanged.

~

a LI . sa o s
I * and using 435 instead of 45 in the entropy

Writing &# = v +dW

state equation, we evaluate (3.25):

yx T* . V*

7 = - ') - S -m .d_T. - fram 91 - T :‘ :

¥ o= J(a ao)aV JO(T *0) T jRn.- _0) 7 Ao(v0+:) (3.37)
VO _ TO VO

; J_.,90
Applying the universal gas law and using molar volumes v =V

we obtain:

'TO TO\ QG' vc A A
Nz el, 3 =1 - log %, +8BnT, ——=1-log=—I-T (5+5,)(3.38)
mazx oy T, 7, 9.7 0N e

where we have chcsen initial temperatures and volumes as arguments
in this formulation. Using the universal gas law would provide

us with other alternatives expressions. Clearly # decreases
~ ~ .

max

both in 5 and 3, and the exergy potential of the gas is therefore:

0
/A0 0 fid 0
g =el, %=1 - log %— + Rnfo'g —1—7Jgi~N =
\ .50 .40 \-'0 )‘1/
= er (071 + anr G070 ) (3.39)
where g{x) = 2z - 1 - logx is the exergy functton. This expression

is ¢iven in the references such as in [Eriksson, et al, 1976,
p I.1]1, cf also figure 4.2.

3.13




It should be noted that we have not applied the symmetry principle
above, since an infinite environment has been assumed throughout.

Also for the piston-cylinder device we may define an exergy

efficiency:
W Ir,(5+5,)

g ooomaz o, 107779 (3.40)
E E

which due to the infinite environment alsc will be an asymmetrical

measure of performance.

3.3 Exergy as a phvsical norm

From the preceding sections it is clear that a number of
characteristics need to be specified for a given energy source

in order to determine what energy transformation opportunities
that exist. For simple sources, temperature may be the dominant
state variable determining togetiher with the ambient temperature
how much work that can be extracted in an ideal case in comparison
with the amount of heat that is taken frcm the source. This was
shown in (3.2). Temperature is therefore an impcrtant variable

to characterize the quality of an energy source.

Consider a heat engine operating between ths temperatures Ty
(source) and T, (environment) combired with a heat pump opera-

ting between the temperatures I, (output) and 7, as illustrated

.
I

in figure 3.4.




Figure 3.4 Combination of a heat engine and a heat pump

If 5, is the entropy production of the heat engine and 5, that

of the heat pump, we obtain the following relationship between

heat delivered into the system QZ’ and heat extracted gJ,:

vy >

(3.41)

(1-7 = (1- ) - 7 (5 '
Q9\1 -OTZ ) QZ\Z 0% 7 ) ‘0(914‘ 2/

This relationship may be interpreted as an exergy balance, the

exergy input being QZ(Z—TJTJ_Z), the exergy output Qz(l—fc;q-i)
and T0(31+32) destroyed exergy {lost wecrk) in the transformation
process. For an ideal pair of engine

the maximum heat ouput in relation to the heat input:

and pump SZ=52:0' we obtain




4
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It is evident that the temperature dependent factors (J-TQF~ J

and (Z—TOTQ-J) translate the input heat amount of a certain
qguality (temperature) into the output amount of a different
quality. Thus exergy serves as a physZcal norm for comparing

energy of different qualities.

Although exergy as such is not a necessary concept underlying
all economic models to be developed in chapters 7 and 8, the
results derived there are conveniently interpreted in terms of
exergy. Therefore we shall devote a great deal of attention to
this concept in the following chapters, since it will be shown
that the exergy price will serve as an zconomic rorm for

determining the value of energy in different qualities.

3.4 The concept of exergy

The definition of gzerzy as given by Rant [1956] determines

‘this quantity as the overall maximum work ouput (fechniccn

L\

Arbettsfidnigkeiz) that can be obtained from a body with a givan
initial state, i e the body”s theoretical ability to produce
work. Baehr [1965] stated the following explicit definition:

"Die Exergie ist der in jede andere Energieform umwandelpare

”"

Teil der Energie;..

As mentioned, the general expressions in literature describing
the exergy potential of a body (a "system") appear to be limited
to cases in whichare presupposed the existence of an infinite

environment having given intensive properties such as temperature,
pressure and chemical potentials, or alternatively, the treatments




presuppose the existence of given reference values of such
properties, even if such an environment wculd not be considered
explicitly. The assumption postulating a given reference state

has been used as an argument for pointing out limitations in the
use of the exergy concept or for stating the need for agreeing

upon universal standards as to what reference levels that should

be adopted commonly [(Eriksson, et al, 1976!. Assuming the existence
of an infinite environment also violates the symmetry principle

given in section 1.3,

Also the mathematical expressions for exergy in literature
appear to be limited to cases in which there is only owe Z:dy
(one energy source) in existence, this body embedded within
the infinite environment, (with the exception of [Evans, 13693,
p 101]).

In the chapters following we shall show that it indeed is possible
to derive expressions for the exergy potential of a system cf
scurces, neither of which need to be of infinite extension. This
means, that applying the symmetry principle, it is quite feasible

to define exergy without alluding to a reference set of intensive

states, in fact such reference states will emanate from th
analysis as a product of the given characteristics of the bcdies
of the system treated. For at system of thermal sources (treated
in chapter 4), for instance, it may ke shown that the reference
temperature can be interpreted as a geometrical mean of certain
given initial temperatures. As shown in section 5.5 this item
cannot be taken care cof in a circumventive way simply by ex-
changing the referential set of characteristics by a similar
equilibrium set. In any case, we may immediately object to such
an approach, due to the fact that the equilibrium properties are
determined by initial values and therefore cannot be chosen
arbitrarily for systems having only finite energy sources.

In this section we present a main outline of the exergyv concept




as pertaining to (i) a single given body (source) which is

coupled to (iil) a given infinite environment following [Eriksson,

et al, 1978]. The body has the internal energy ., pressure z

Al ]
volume /, temperature I, entropy 5, chemical potentials u,,..,.

and molar contents =

ST PTRRES

, and the corresponding properties
of the environment ar: denoted by the same symbols having the

subscript .

The Gibbs fundamental equation of the body on the one hand, and
of the environment, on the other, may be written:

M4
748 = AU + ad¥ - L M dni (3.43)
t=1 °
M
deSO s av, + aocz/U _;izuiO %nid (3.44)

From the interaction between the body and its environment, a
work diffential J¥ may be extracted.'Since no interaction takes
place with any third object (apart from taking care of aw), we
have dVoz ~d¥ and the following balances: '

ds + doo = 45 + aSo (3.15)
duy + dUO + dV = 0 (3.46)
dni + dnio = 0., 2 =2 1,2,..., 4 (3.47)

-~

where dS, dSa > 0 are the amounts of entropy produced by irre-
versibilities in the process. On combining these five equations,
we may write:

dWw = -dU - a,dV + I, dS + L Ny dn. - I,(dS+d5,) (3.48)

3.18
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This equation shows the extractible amount of work (in diffe-
rential form) as a function of changes in the extensive properties
of the object 4U,2V,d5,drn., the constant intensive properties cf

the environment T Tys Wy,
{

to irreversibilities

and the total entropy change due

%

Uy,

-1 I

\
Ata
'4

~
ke
-

r. Clearly ¥ is maximized when

ii
iS+i3J:U, by which we can interpret the remaining differential
as the decrease in exergy J% of the body:

M
Gz = dU + aOZ/ - TOdS -z ui,dn; (3.49)
'.‘.:Z v (3
4
Integrating (3.48) yields:
- JJ J* £ IR Tn\ + ™ / 7% SO\ ‘:: * 9
K~ \-40‘ Vo ¢y«o /7"'_:1,-1?’0 (/’ - flz) - i
- I {5,+35) (3.50)

where superscripts 7 refer to initial states and asterisks
~ ”~

to final states, 5, and 5 keing the total entropy prcoduction of J

0
the process. Since work can be eaxtracted up to the point that

the intensive properties of the body take on the values of the

environment, at the final state maximizing ¥ we have: 1
M
v = -2,V + 7,85 + L u..n* {3.%1)
v v _ ool

where (2.87) has been used. Inserted into (3.50) this yields:

M A~
Umax = U + aJV - TOS —;EZ uchs - TO(SD+S) (3.52)
and:
M
- A Vo~ - I . .
S L A T (3.53)
3.19




where entities lacking superscripts now refer to their initial
values. This is a fairly general expression for the exergy
content of a body, when given its initial extensive properties
v, v, §, n., and the constant intensive properties 2 Ty e
of the environment. Also by using (2.87) for the initialvstaéé,
we obtain the alternative expression:

(3.54)

-

The way in which I is determined by proverty variables in (3.53)

or (3.54) shows that I may be interpreted es a property of the

body, when assuming given referential values z,, T, and u For

0 t2°
a few special cases the differential in (3.49) may be interpreted
as a differential change in certain previously derived properties

[Evans, 1969, p 8 , Eriksson, et al, 1978, p 8]:

Enthalopv

dZ = dU + adV = di (2sa,,d520,dn_ =0) (3.55) '
Gibbs free enthalrv

dE = QU + adV - T35 = 4¢ (a=aO,T=T:,dni=0} {(3.56)

Helrholz free energy ]
dz = gy - 7d5 = 44 (dV:J,TO=T,5n£=9) (3.57) 7

Also when heat of the amount -7¢ is extracted reversibly from
the body, we have 45 = d3/7 and &J = £¢, which for a constant

volume, constant compositionprocess yields:

éZ = dq (1-T,7°%)  (dv=0, dn_ =0) (3.58)

i e the Carnot formulae in differenéial form (3.3).
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The maximum amount cf worx that can be extracted from a given
bodyv has gained interest fcr a long time. Arart frcm the writings
of Gikbbs and von Helmholz we mav note Darrieus [193¢)] who used
the function -7 .7 called "availabkle energy" as applied to steam
turbines. This function is the integral form of (2.57) when we
are cdealing with a cocnstant veolume, constant temperature, constant
composition scurce. Xeenan [1932] introduced the term "availa-
bility" for the function C+;;7—?JS giving the maximum amcunt

f work that could be extracted from a steady stream of fluid.
He later applied the same function to combusticn and flow
processes [1931]. The term "available energy" had previously
been used bty Lcrd Relvin and by Gikbks [(1873), 1906, p 52Zn!

and othners (cf [Haywcod, 1974, » 263]). The amcunt of lo
due to irreversibilities (entropy creation) was first <e
by Stodola [1898]. Evans [1969] generalized the exergy £
{(3.53) by including the chemical potential term (the "d&i
ternm")} and called his function "esseray". This term was
presert in the early work of Gibbs [ (1875-78), 1906, p 77, eg
and was also later intrcduced independently of Evans by Berg
[1974]. Since then there has been some discussion as to the limi-
tations of the terms availability, exergy and essergy. Hayweod

lop cit] presents an excellent cverview of the concepts of availa-
bility and irreversibility and adopis che view that the word

"exergy" should be limited in usage to +the function (U+z.,/-7.0/).

Berg [(op cit] uses the term "thermodynamic availabilitw", wnich

-~

Ahearn [1J75] suggests shculd ke replaced by "exergy" and according

to Tribus [1975] by "essergy . Berry [1972) uses the expressicn
"thermedyramic potential" Zor the Zunciion I'-I5 and interprets
this as the scarce resource, where U is "energy" (i e including

other energy than internal energy only).

For our purposes, tne cdefiriticn given by Baehr is compietely
general and the term "exergy" therefore is preferred. It might
also ke ncted that desgite the high generality of ¥ as given
by (3.53) it still can be generalized further, e g by departing !

from a more general version of Gibbs”® fundamental equati n i
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including terms for the flow of electricity and the occurence

of a chemical reaction [Yourgrau, et al, 1966, p l4]:

podn . = pdg + wds (3.59)
z
where ¢ is the electric potential, 7 the electric charge, -
the affinity of the chemical reaction and : the extent of
this reaction. Eg (3.59) will be applied in section 3.4.

This will provide us with additional terms in the exergy Zfunc-
tion. A different line of generalization is commenced in the
next chapter, i1 e to study the exergy potential of a system

of several finite sources with no initial reference to a civen
environment. In chapter 5 this approach is followed up ir
further generalizations.

3.5. Examples illustrating the exergy concept applied to

energy transformation processes in practice

In recent years there appears to have been a growing interest
to analyze exergy flows pertaining to various processes in
practical use rather than only energy/heat flows. Also the
Swedish nationwide consumption of exergy from different
sources and for different purposes has been given attention
[Eriksson, et al, 1975, 1976]. In this section we give refe-
rences to a few examples of such process analyses described

in literature.

Simple chemical processes such as the burning of coal, or
rather, the oxiiization of carbon, the chemical reactions of

which are:

J o+ %02 - C2 {3.60)
o+ 92 - 632 {3.61)




vielding carbon monixide or dioxide, or the burning of

lime:

call, - Jal + 20, (3.62)

are found in Grassman [1961), Baehr [1962) and Rant [1969].

The analyses of such processes have shown that the exergy

potential of the fuels in questicn mav differ as little as a

! few percent from their upper heating levels, i e the difference

:, betwesen the sum of the input molar enthalpies of the reac+tants
and the similar sum of the outputmolar enthalpies of the
products. In a fuel cell, an isothernal, isobaric oxidization

of hydrcgen would permit all chemical energy to be transfcrmed

into work in the theoretizal reversikle limit.

Various processes involving steam have been given attenticn
in, for instance, [R&gener, 1941], in which the exergetic
losses at different stages cf a systém of coupled turbkines are
analyzed. Rant [1961] examines the »reheating of air and in

a later article [1969] gives detailed descriptions of the

exergy flows involved in the Solvay process for the production

of sodium in a Klinker-oven process and in a beat sugar factorv.
Louw [1975] gives an overview ¢  processes involved in a Ranxine
steam power plant, in an oren-gas turbine plan%, in a Linde

ased on examples

liquid-air plant ard in a refiridgerationglant b

previously given in literature. Berg [1974] presents a "second-
law analysis" of the ammonia-abscrpticn cycle for a refridceration
machine. Gasparcvi¢ [1961) provides an overview and a bkiblic-
graphy covering the period 1889-1961 (mainly papers in the

German language) concerning a variety of applications.

The exergy efficiency (second law efficiency) of a number of
prccesses in practical use have been estimated. The list given
in table 3.1 is an aggregation from [Louw, 1975, Rant,l1969,
Xeenan, 1932, Berg, 1974].
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Process

Open hearth furnace
Modern boiler

Otto engine

Diesel engine

Gas turbine

Rankine steam power plant

Open gas turbine plant

Steam turbine (resuperheated,

feedwater heated)

Power plant (turbine-heater-
condenser)

Adiabatic burning of coal

(with regenerative preheating

of air)

Kiln operatiocns, linme burner
Vacuum furnaces
Refridgeration plant
Liguid air plant

Air separaticn

Sodium process

Watergas prcduction
Cement production

Sugar plant

Paper mill
Thermoelectric jenerator

Thermionic generatcr

Magnetohydrcdynamic Seneratcr

Fuel cells
Radiation cell

Domestic srace heating
(electrical)

Domestic space heating
(gas, oil)

Water electically heated
to boiling roint

Table 3.1. Various estimates of exergy efficiencies taken

.68
.25
.25
.28

.10

.03

.07

.12

.83

.63

from literature
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CHAPTER 4. EXERGY POTENTIAL OF THERMAL SYSTEMS

4.1. Introduction

In this chapter we derive expressions for the exzsrgy rosewcizl
of a system of heat sources in a few different cases. These
sources will be characterized onlv by their temperatures and
their potential to produce or receive heat. Other source
properties such as pressure etc are not considered. A system

of sources, the state of which is fully determined by speci-

(e

fying all temperatures, we call a cnermal system. Some scurces
may act as sources proper and others as sinks, depending cn

the circumstance. We adoot the sign ccnventicn that a heat flow
Qi is positive 1f it is directed tcwards source i andé negative

when it flows in the reverse direction,.

In a first model is treated the case of a system of (V+I, £init
sources, each characterized by a heat capacity and an initial
temperature. Each neat capacity depends at most cn the prevalent
temperature of the source itself. By letting the heat éépacity
of one of the sources increase beyond all bounds, we cobtain our
second case, i e the case of 7 finite sources and one infinite
source, and as a third case we analvse a system of [vV+I,;, infi-
nite sources, eacn of which has some limitacicn as to its
capacity to leave or receive heat flows. The eccncmic counter-

part of this treatment is given in secticns 7.2. and 7.4.

4.2, Exercy potential of a system of finite sources

We consider the existence oi a system of [J+I) heat sources

having temperatures TV’TI""’TV at some point in time ¢, anad

given initial temperatures T%, i=0,1,...,4, at ==;. Between each
pair of sources a heat engine is inserted. Altoyether there are
§¥{¥-1})/2 such engines. Engine (1,7} is coupled to sources : and
J. The sources are characterized by their given heat capacities

(at constant volume) 30{34),3 TZJ,...,cV jﬁ)' By convention,

we adopt the ccnditicen that <

e e et




When engine {(Z,J/ 1s in use, during a short time interval it
pfoduces the work dyij and generates at least a minimal ensrozy o
dsij this quantity being a given characteristic of the engine.
Heat is taken from one of the sources and delivered to the other.
The quantity inj is amount of heat given to scurce i, if posi-
tive, and taken from source ¢, if negative, and d;ji heat given
to source jJ if positive, and taken from source j, if negative.

Figure 4.1 illustrates the flows pertaining to engine 7Z,/,.

Scurce /

figure 4.1. Energy flows related to heat engine (<,7)

Applying the first law, the work producaed by engine (Z,/) is
given by:

v, . = -dg, . - dq J<i (4.1)

7 . . ..
J U’ o

and the total work d¥ from all engines may therefore be written:




' J 7 N : V) A
GV = I T dW.. == T I (di #d3.0 =L Ldd.. (4,
=3 g=2 7Y i=J F=0 oY v i=) g=o 7Y *

where we have adopted the conventions that the undefined guanti-

E ties 4¥ .. and d2.., for all %, are zero.

Z )

For each source, its heat in- or outflow affects its temperature

according to {cf (2.26);:

0= 2,2,00.0,0 (4.3)

and for each engine, its ability to produce work is limited by

m—mww~m_ww»
fa,
&
]
Q
©.
—
-3
.
p—
3y
3
\)
1]
[T e I
Q,
&5

its entropy production, which is at least the minimal guantity

dS. .z
g

dg.. dg., . J
Lo At 5 a5 J<i (4.4)

T T; = ] .

The problem we are tc study is to find the maximum total work
extractable frcm the system, given the entropy limitations (4.4), i |

i e to maximize:

: Final Ffinal o

‘ stave state \ . . 7
. r J o s

¥ o= i av = - z L dg.. = - % e.(7.)4dr (4.5)
J PR 2 Al
o= g = -

g - AT - aea AT bl

imielta. TNT LAY TJ

state svate 1z

sukject to (4.2), (4.3} and (4.4), the T* being final temperatures.

The total minimal entropy producticn of the total system 48

during a short interval [f,t+4t) is obtained by adding 4S.. over
o

all engines: 3
~ N ~ : :
R O S S SRR
ds = 5 aSi. =3z I LS, (t)dt = £4¢ (4.6)
“ 14=0 j=0 J 1=l Fz@ YV




where we have introduced the convention that isza = ds;i for t<j
J
and a5¥£ = 7 for all Z. This implies that the summation in (4.6)

takes place twice over all engines at the same time simplifying

the formulae. In (4.6) 3 :(t) refers to the given 1nstanteneous
minimal rate of entropy productlon of engine (7,j) and 3 5 to the
associated minimal total rate of entropy producticn of the

, - a0ig
system as a whole, 1 e Sij 7t etc.

It is shown in the theorem in section 4.2 that the problem to
maximize ¥ in (4.5) subject to (4.3) and (4.4) is equivalent to
maximizing ¥ in (4.5) subject to the following total entropy

constraint:
(T )dm ~
Z w— > é&§ (4.7)
=0 z
or with time < as the only independent variable:
e (T.)T. 2
g L2t > (4.8)

i=0 Tz

where Ti is the instantaneous rate of change in temperature T.

(4

at time ¢.

We therefore attempt to find all T, as functicns of time such
that:

(4.9}

o,

Q
Q
.
—
3
o
p—
3 e
f,
<t

is maximized, subject to (4.8). Let us solve this problem by a
variational method. Introducing a Lagrangean multiplier functicn
a(t)>0, we form the Lagrangean:

v 7 . < ¥oe (7T, X

L =-1 J e.(T.)T.dt + J alt)( & —~——— - S)dt (4.10)
. [ A ) . T,
1=0 9 2 1=3 7

ik e T e a i el



A necessary first-order requirement for a constrained maximum

is that the first variation of the associated Hamiltonian is
zerc:

for all <

a () r
37 L Lo (T \
KIS ST AR it R S (4.13)
9¢i av al'l: Ti

since all other terms cancel out due to the linearity in >

All capacities e, {T.) are positive implying from (4.13) that:
PR p Py

E (4 4

¢ = a2cnsc: {(4.14)

Since this multiplier is constant, it can be taken outside of

the integral in (4.10), enabling us to write the Lagrangean in

the form:
% %
5 -
* AV .V f C'ﬂ- \/:I q-/‘ A~
= - 3 b 7 © V h - 2 =
] L z J ci(‘i)a‘i + a(._ | p all S :
=2 7. =2 7, 4 - =
~v -
4. Paun
3 7 A
: o " ol : (4.15)
= - I (L,(‘ni/—bz(li)'a(‘:v{ri)—%‘/?z") - as

where (. is a primitive functicn of 2, interpreted as internal
(%4

energy, S. a primitive function of aile interpreted as the

~

N e sy - wdd

entropy of source ¢, and where 5, is total given entropy produc-
tion. In the right-hand member of (4.15) all 7% refer to final
temperatures alone, which means that L dependsvonly on initial 1
and final temperatures, due to the fact that the integrands in
the middle member contain exact differentials.
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The necessary maximization conditions require:

g%— ERY (Z-a/fi) =9 20,1, 7

.LL‘ L4

sz b 2 ~

== L (S(0,)=5(T)) =3 20 (4.16)
i=0 YT 7T

a > 7

where equality holds in the latter inequality when «>J acccrding
to Kuhn-Tucker requirements,

*x
From (4.16) we find the final temperature Ty to be equal for all

2 and equal to the multiplier a:

*
a = Ti > 0 for all < (4.17)
Hence:
1 N J - ~
.E si(a) = I Di(Ti) + S (4.18)
=0 =0

Writing S{a/) for the left-hand member of (4.18), we obtain the
following dependence of the final temperature on all initial
temperatures:

[

|
LY

J ~

( Z S.(T7.) + 8) (4.19)
R 1

1=0

IS

which is unique, since all Ui are monotonically increasing, keing

primitive functions cf positive functions.

Hence the maximal work extractable from the system under consi-
deration will be:

N a
= - Jm =

A
7
1

II.ME

O(Ui(Ti)—Ui(a)) (4.20)




et L AT g AT TLN AT N, g« o

The second-order sufficient conditicn for a constrained maximum
A 35 2 all d7. which are not all zero and
’ of ¥ is that 4”2 < 2, fcr al :
. Toa.{T. o, ;
. *:":)d :

i . 2 - - gt 2t -
which satisfy the ccnstraint = = = 7. Computing o J

: =) z
! we find:
|
» ' i
‘ Yy de. o. . ¥y oe2.d7.
: 2= A A SR (4.21)
3. = = L (=m=m ot =—/al, P I3d L
=3 71 -1 “ 10 "1

LLasd

é which is negative at least if the marginal change of each heat

s
* | ae . i
R capacity —.- does not fall short of -2.7.".
- - a:." - - 4

-

Since a>9J the entropy constraint in (4.16) is effective which is )

typical of this class of prcblems. Let us examine the effects cf

marginal changes in the given parameters 7 and 7., <=0,1,...,7.

(4

A marginal change in 5 by 35 creates a change in the final tem-

perature by (4.18) amcunting to Sa:

v ¥oe.(a) W,
L 8S.{a) = I iy =z - —&F - :z (4.22)
i=0 * SEDEE *
Therefore the multiplier may be interpreted as:
awwam
@ = - —=—= > 7 (4.23)
3s

which implies tha% the maximum work output and entropy production
} are related inversely and that this dependence is more sensitive,

the higher the £inal temperature is.

Also, by assuming a marginal change

Sy
J ; Y
temperature Ti alone, we find from (4.18

that:

voe.ia) C;(T;) 0

I —— §a = —1-7—— &1 (4.24)
=0 ¥ T v

7
and therefore by (4.20) that:
N I} " 3 o b

; = - i alla = e (TL)8T T = ol (T -} 50 (4.

6Mmax .Encl a)da i 2)6 : : 7/)(1 = : {(4.25)




3

.>7, the maximal work

"
-

output will increase if Tf is above the final temperature «

Hence, if there is a rise in 7., i e 5T

and decrease if it is below, guite as expected.
From (4.23) it is evident that the work output will be its very
highest for a zero entrcpy production f=z9. Therefore the exzrgy

potential of the system will be:

~ i
T =W (5=0) =1 (Uﬂ.(T.)-U-(’S

T 8..'73,)) (4.26)
maz —-
This is the most explicit expression we can find for the exergy
content in the case when heat capacities depend on temperatures

alone and no other source characteristics are considered.

When all heat capacities are constant, we find simple expressions

for the primitive functions Ui(Ti) and Si(Ti):

¥

( Jz(T ) = czTi + const
{ (4.27)
{ Sz(ri) = e log T% + cons:
Inserting this Si into (4.18) and solving yields:
N c./2
o= mord T e (4.28)
=7
where:
N
e = L e. (4.29)
g=0 7

and by (4.20) and (4.26):
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, - - '
"y - - 2 . - ” R - ; -
max PR oL : (4.20)
L= P
v v 2.2
o= O S oo - ! 3
- .u - o ",',. '|' —:{ s (4.31/
P =

1

k Up tc now we have treated all J+.' heat socurces on an egual

3 * : ; . ! . - ’
basis applying the symmetrv principle, and it 1s guite clsar that
our resulting expressicors for i, & and I in (4.19), (4.20),

(4.26) in the nmore general case, and (4.23)-(4.21: 1

n
capacity case, are symnetric functions of the pairs of
e

scurce
properties (2./7.,, T.). Let us row investigate conseguences <X

t
s s 124
forcing one of the sources to become infinits, say the scuirce
with index . Hence, we shall study the behawvicur oI (3.

(4.20) and (4.26) when z./7,)~=.

N
% ’

4,

y—
[o8}

) both tend towards infinity when = —=>.

—

The two members of

]

Let us assume that ¢ ) increases uniformlv by a factcr r and

202
let r-» ., Viewing «(r) as an implicit function of =, {4.13) I<

any finite r, may be written:

Vi , ; . R
. - , - ~ - —~ -~
»S.alv), + 3. alr)i = p3,(700 + T E0T00 0+ 00 (4.32)
3 o ~ - o 4 ' . = - .
- - o 4

y ga
7 7 v - ’ ’ ’::ﬂ ~ ’ L ~ ~:‘ — - 1 -\3\
re.(alr)) + 2 3;‘a‘r))—,”) + 3. alr) ) - SN0 =0 (4.3
J . v P4 L ! 93
=1

Since the first factor appearing in (4.32) is positive, we nmust
R :

have %%>0 when a(»r)<>77 and vice versa. This there is a monoton’c
“ v

7 . .
tendency feor a tc approach TO as r increases. Hence a/»! is bcun-

ded for all ». Rearrancing the terms in (4.33) and integrating,

we okbtain:

PR TIYR - _ o Rt




(%]
[
-

7 ir (4.34)

Q
-

"3

~—

b ——

¢

b

.

Since the integrand behaves as r - for a larce r (apart frcm the

bounded numerator), the numerator must tend towards zero as r

increases in order for both members to remain bcocunded.

Hence we have:

v e - 1
PR BN T
-+ -+

u

(4.35)

which means that the infinite "environment" temperature coincides

with the final temperature, guite as expected.

In order to find the limit value of wwax as c.,+», we first find

that all terms in (4.20) behave regularly as a~I,, except the

~

term for =", which behaves according to:

ir)
. 5 .
- linm J xe f2,)3i7 . = - Lim rc}(TO)fafr)~Tﬂ) (4.36)
M0 R h e d P> o
-

Solving for r in (4.32) and inserting this r into (4.36) yields:




o -~
Hence we 2o%tain the two limiting expressions:
; - - ; . R
s B T T R UV & DR S
S PR ; - .
3w T o 28 R D0 Tl
!ly
- o il ) VN
, lim 2 = T U L)=U TR S50 (4.39}
3 . Tt o g 7+ 70 T T2
2 v=2
-
¢ In this case with one infinite source, we may therefcre write:
J'A
W e e {4.40)
mas J

The maximum workx output is thus, as always, limik
potential I, Of this potential the amount s is
entrcpy production iQ the gxtraction prccess, The linearizy
between lost work T?S and 7 rests heavily on the infinity assuno-
tion concerning the environment, but is evidently indevendent

of the pe¢ssible dependence of heat cavacities on temperatures.

In the case of constant heat capacities we apply (4.27) to (1.23)-
-(4.39) and obtain:
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775 (4.41)

(4.42)

and one infinite source become:

(4.43)
‘ b
2 Tg T; - 0,. ('7’0-7'9-1) 4.44
E:TOCZ(:E" 1 - leg ’_,7)— TJ’lg <170 (4. )
k T, TO

4 where g(+) is the exzergy function, cfr(3.39). Eq (4.44) is an
expression derived elsewhere [Ford, et al, 1975, p 46]. Due to
the "every-day" association of Z with the single finite source,
£ in (4.44) is referred to as "the exergy of the object", i e

a property of the source with respect to its constant environ-

ment, although this association in fact is incorrect as argued

earlier, since it violates the symmetry principle (cf secticn 1.3).

Figure 4.2 illustrates 7 as a function of T?Zé =i accorcing to
(4.44). )
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4.3. Proof of the equivalence between the solution to the non-

aggregated and the aggregated extraction rroblems

In the preceding section we started by formulating the problem

to maximize:
v
¥ = - Z I e.{T.)dl. (4.45)

subject to the constraints:

e (7.)dT. = T dg.. (4.46)
4 2 j:O *d

d9.. dg.. N

X 4 _JdT 5 g5, . (4.47)

Ti Tj — ] ,

but instead solved the simpler problem to maximize ¥ in (4.45)

subject to the single constraint:

I —— > ds (4.48)

|
]
=0 % ;

~

where dsij are given differentials for <>; and ig the sum of all |
such differentials. The problem solved may thus be lcoked upon as

an aggregate problem in the sense that one heat engine produces

all work and is fed by (or leaves) heat from (to) all sources

simultaneously.
This section will be devoted to proving the equivalence cf the
aggregate and the original problem. In order to simplify our

formulae slightly, we introduce the abbreviation:

2., = ci(T{)dI. 220,21, .,J (4.49)




Since the objective function coincides in both problems we shall
compare the choice opportunities available according to the two
sets of constraints.

In the original problem, at each point in time we are to choose
an array z:(z:,zz,...,zy) such that there exists an array dgij,
2,050,1,...,5 that satisfies (4.46) and (4.47), anc¢ in the
aggregate problem a similar array z that satisfies (4.48).

Let us therefore define the following two sets:

2. = {z|7or each 2,7 there exists 43, That satisfies
- v

(4.46)=(4.27)} (4.50)
z = {23 sazisfies (4.43)} (4.51)

If Z, and 2 are the same sets, then the two problems are

IT
quivalent. It is easily seen that if z€Z_, then also z€7 ...

I
Hence:

2, c 2

I I (4.52)

L]

To show this we only need to add all inequalities in (4.47)
together. The converse is more involved to prove, i1 e that for
any ze€l.,, then there exists an array dQ;j that satisfies (4.4%)
-(4.47).

For the given =z belonging to Z._, we first compute:

Iz

v 2 2 ~

ds = ¥ - > Jds (4.53)
=0 i T

We alsc introduce the non-negative weights:

Yij = dSij/ao (4.54)




Adding all Yij together for all <<J, or, alternatively, for all

v !
>J, this sum is unity. The sum of all y.. is therefore 2.
-~ ~ zd

As before we have defined :ZSy..:de.z Combining (4.53) and (4.54)
~ v

we find that Yijdsidsij’ for all ¢,/. If there exists an array
of dQ;j that satisfies:

jiadgij sz, for all < {4.55)
da, . deq ..
2l ¢ L5 =y, .dS For all Z,7 (4.56)
Ti “ 7 td

this array obviously satisfies (4.46)-(4.47). Let us divide the
components of a potential candidate d9.. among all arrays into

o

g
the two subsets, one for index values ¢>j and one for <<j.
: ' 05" so that
their sum satisfies j>od904:zo' Let us now choose 4., for <>¢
Y

(3

Starting with 7=¢, we arbitrarily choose values of Jd4g

by the equation (4.56) for j=0. This is obviously possible since

these dQ;o do not coincide with any of the ones already chosen.

As a next step choose arbitrarily dQI" J>1, such that their sum
o

satisfies:

£ d3,, = z, - dq (4.57)
551 17 1 19
where dg¢ in the right-hand member already has been chosen and

)

z, is given. With these 42 chosen, their symmetric counterparts

17

de, are determined by (4.56) . Next choose 4 for j>2 arbitra-

&
12!7

rily and satisfying:

L 4% =z, - dg

i 27 = %2 (4.58)

20 = 9,y

and their counterparts dez by (4.56), and the process may be
repeated until the last but one subarray dQN_Z 7 o=V, is chosen,
satisfying:

dQy_; = 2y ;- L day o (4.59)
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I d el

b

m
~

along with its counterpart given frem (4.3

4l
: 5 r oy PRl S (4.60)

~ = . o
oy gy T =y Yiv-a Ty

It remains to be shown that the last of the equalities in (4.33)
for i=Y automatically is satisfied. The procedure outlined has
up to now produced a complete array of 49.. that satisfies:

v

N
T dg.. = 3, For all - (4.61)

= v..3is Jor all 2,7 (4.62)

The values of the z_. are not entirely arbitrary, however, since
they ust satisfy (4.53). Adding together the equations (4.62) for
all <,; and using (4.61) when permissible, we cbtain:

d“yj 2

z.
_*
T. .
v J

[
-~
<.,

-~
U

l

i

0 y

[T e B

[
[T e I

~
s
e,
[T S
[y
3
[N
+
o
ft ™~

J
sy = ISy (164

Hence, we have shown that for z€Z__, it is pessible to £ind an
array iQij satisfying (4.55)-(4.56) and therefore also (4.46)
~{4.47). This implies that also z€Z_. Thus by (4.52) 2, and 7 ..

must coincide:
2, = 2., (4.65)

and the aggregate and original problems in the preceding section

are equivalent.

4.17




a moving surface given by:

they and their time derivatives satisfy (4.8) with equality.
4 This implies in the case of constant heat capacities that the

temperatures arranged into a vector at each time must stay on

The procedure outlined above describing the choice of the 47..

19
v

when given an =z satisfying (4.48) shows that the solution to
the non-aggregated original problem is not unique. Since the
dgij may be chosen arbitrarily within certain limitations, this
means that such a choice will affect the work output dyij from
an individual heat engine. Therefore the solution will not spe-
cify the contributicn from different engines to the total work
output. Neither will the solution exactly specify the time path
‘ of the temperatures involved apart from the requirement that

(4.66)

i
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4.4. Exergyv from merging subsystems

Before proceeding to the treatment of several infinite sources,

we investigate one further set of relationships concerning finite-
source systems. Let us assume the existence of several systems

of heat scurces, or equivalently, several subsystems of ocne
overall system, and that these subsystems share no ccmmon source.
For each subsystem we may compute its exergy potential since

they are isolated. We investigate the relation between these
potentials and the potential of the overall system.

Let the set of indices 7={7,1,...,¥} pertaining to all scurces be
partitioned into M mutually exclusive subsets IT,I2,...,IH, each

corresponding to a subsystem, and let . denote the exergy and

PY
ay the final temperature of subsystem % and Sk the given minimal
entropy production of the subsystem in isclation:

)
E, = - z J e.(T.)dT. (4.67)
k JEr J9 171 7

"1

where A is determined by:

S.(7.) + 8, (4.63)

k)
m 1
b~

Now let all systems merge, starting out from their individuail

final temperatures. The additional exergy potential will be:

Yy a
P ( i ,
A = i . J Ci(Ti)a.L . (4.69)
3

where o satisfies:




:a?a-i

M ."! A
T I S.{au) = L r s (uk) + AS =
k=1 LELk <=1 zEzk
Aw j A ~
= L (L 2.Tl)+ Sk) + AS (4.70)
k=1 <€1, ° ~

However, if all sources from the beginning were brought together,
they would have an exergy potential of:

o 4
f=- I I J . /7, )dT, =
x=1 €I v
)
7
[e 9 -
M < e
==z L [ le.t7.)dr. + e.(T.)dT.) (4.71)
k:_ 1.€- 1 A A A 1 <
i+ 7 “ % ,_'9 a.
.Li X

where & is the final temperature in this case, satisfying:

Y
¢ 0 ~ ~

z z Si(Ti) + Sk) + AS (4.72)
k=1 €T

&

A ~
assuming that the entropv production will be I S;< + AS also
k=1
in this case. Since the 5.-functions are monotonic the solution

to (4.70) and to (4.69) coincide, making I=a. Therefore (4.71)
can be interpreted as:

+ AZ (4.73)

which is the intuitively correct result, stating that the exergy
of the entire system equals the sum of the exergies of the sub-
systems plus the increment resulting from their potential of
being fusioned.

4.20
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4.5. Exeray ootential of a system of infinite sources

It is evident from the preceding sections that if there are more
than one infinite sources with differing temperatures, then the
extractable total amount of work must be infinite. In order to
study systems of sources with infinite heat capacities we there-
a2

fore assume given Flcu ea ity limitatisrs on the in- and out-

'

e

flowing heat streams and analyze the relaticnshins between such
flow capacities and exergy (cf section 3.2). Since we also con-
fine ourselves to steady-state conditions, we derive expressicns
for the maximum pcwer output, being the rate of work output,

rather than work output itself.

Let us consider a system of JV infinite scources, each source
characterized by its temperature T:,Tg,...,Ty, which are constant
due to the infinite heat capacities. Let us also applv an aggre-
gate view to the extraction process characterized by a common
given minimal total constant entropy production rate of 3.

Source 7 is assumed to be able to leave or receive a heat flcw

<. above and below the two capacity limits -3.<0 and 7 .>Z, which

are given parameters. The power output is denoted ¥ and the
exergy rower zotentizl 7. The time derivative dot notations have
thus been omitted for the sake of convenience. Also, without any
loss in generality, all sources are assumed to have different

temperatures.
Our problem is to maximize:
Wo=- Lg. (4.74)

subject to the constraints:

™~
O
3

@
v
0

{(4.75)

A
D)
[

1
=2

-
to

see e (4.76)

o,
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We assume that the upper flow capacityv limits are suificient
!

'3
| v

to ensure the existence of a solution, i1 e that I .

Introducing non-negative Lagrangean multipliers «, 2., v. for

the inequalities in (4.75)-(4.76), we form the Lagrangean:

C
1}
|
[T e IR
L
+
193
~
[T o I3
e
3
k2
t
(n
~
+
1] ™ s
w
Q;I
1
3
~
+

+ T ov.(2,+3.) (4.77)

Since the objective function ¥ as well as all constraints are
linear in the decision variakles 7., the Kuhn-Tucker conditicns

are both necessary and sufficient. These are for this maximiza-

tion problem:

gg = -1+ argl-ai by =0 i=1,2,...,Y (4.78)
A

- el -s520 (4.79)

i=1 © ¢

e TIE T £21,2,...,7 (4.80)

g: =32, +4, 20 $21,2,...,7 (4.81)
PRI

%, B,y Y. > 0 i51,8,...,1 (4.82)

with equalities in (4.79)-(4.81) when «, Ei or .

and equality in (4.82) for a, Bi or v. when the corresponding

is positive
inequality in (4.79)-(4.81) is strict.

From (4.80)-(4.81) we find that either 2. or Y, is zero for

3

each 7. We rewrite (4.78) according to:




Since ., v,. > 2 and 2. .=, a temperature T, below 2 implies

-

2., >0, y. = 2 and J, = . > 7 and a temperature 7. above : imzn-
An important result is that o must satisfy:

Va'yy T

i

[S AR

RS ERS (4.84)

0
£
1

P
. -
"
“

To prove this assume a contradictory subcase that all T, were

(4

=)
&Y

- 2 > 2 and «u = 7 according to

below . This would imply [

capacitiy assumpticn, which contradicts all temperatures being 1
positive. Hence all temperatures canhot lie below x. Assume

instead the other contradictory subcase that all temperatures

Joz. 4
are above «. This implies the contradiction - Z —/-2 > 7,
Hence, neither can all 7. lie above 2, proving (4.84). The nul-

“

tiplier « therefore represents a mean temperatur

previous sections. As a further consequance we n

which implies:

~
r.m =3 (4.53)

(TR S I
3

This means that as small an entropy rate as possible is preoduced,
g y

as 1in our former cases.

Furthermore let us assume that 2 # 7. for all 7. This would imply

an equality of the kind:

S (4.86)

' -7 " -
- @R.2." + 1 9.7,
-1 1 T o1




where ' and I" denote summations cver a subset of not and the
compiementary subset of cold sources respectively. This wculd be
in contradicticn to the indepengent choices of given capacity
limits ii’ :i and entropy rate 5 (i e an unprcbable choice of

parameters). Therefore, in a general case a2 = 7., for some T

- ~ s
-
- (4

In order to find a procedure for determining a, i e the mean-
valued source temperature, we note that we must have an equality

of:

]

11
3

"y

+
)
&1
+
[}
&
3

3]
()

(4.87)

when I' sums terms with . above 2 and I'" terms with T. belcw

3
-~

a, and where Ty denotes the positive or negative flow of the
source having the temperaturea. Also from (4.86) we f£ind that
if Q, takes on its maximum 33 or its.minimum g  the following
inegualities hold:

: (4.88)

~ . ~ ~
-7 =2 ~ 7 _
- el w0 G T S~ g T+ 2T

where Z igcludes all hot sources, counting o as a hot tempera-
ture, and IZ'' all cold sources, counting a1 as a cold temperature.
Since the left-hand and right-hand members both increase as a

runs through different temperaturs alternatives from cold to

hot, a temperature a will eventually be reached satisfying

(4.88) at which point the solution according to (4.87) is obtained.
This solution is unique since two different alternatives canrot

satisfy (4.88) simultaneously.
Inserting the soluticn into (4.74) yields:

Wogee = £'8;, = @, = L"Q, = I (1-ar t)Q. -

3
0
131
(S]

~

-z (2-a2;)3, - as (4.89)

[




which is the maximum power extractable.

Clearly from (4.87) we see that the choice of a and therefore
the entire solution §epends on the rate of entropy production 3.
A great increase in 5 alone would require more "cold terms" in
Z:'and less "hot terms" in I’'and a higher u«. Therefore the term
aS in (4.89) cannot by itself represent the difference between
exergy potential énd maximal work output. However, if we solve

our proklem with § = 0, we obtain the exergy potential as:

)9, = L' (I-a,77°)3 . (4.90)

where o, denotes the sclution in a for & = 0. This expression
v
should be compared with (3.3) and (3.7). The first term concerns

optimal negative flows Qi = -Z. and the second sum optimal posi-

3

tive flows Qi = éi‘ All terms apparently yield positive contribu-
7

T, % a) to W . except "Tost work" aS. If there are

only two sources, and o takes on the temperature of the cold

tions (for

source (4.39) reduces to (3.2), and in the cprosite case when
a is the high temperature (4.89) reduces to (3.6).

From a marginal change in 5, we find that:

3
max -
—_— = -z < ] (4.91)
33
Since « changes upwards in steps as S increases, ¥___ as a
~ e

function of § alone behaves ag is illustrated in figure 4.3,

—rs -




A Maximum
power output

Mmax Slope= -a

¥

Minimum
entropy
productiocon

‘(1)

Figure 4.3, Principal form of maximal power outputwmﬁxas a

[#4

function of total entropy production rate S

Also, for marginal changes in gi for sources with temperatures

above a and for marginal changes in Qi for sources with tempera-

tures below a, we find:

3 _,
—M2X - 3 oz 7. - 1 >0 (4.92)
35. 7 1
A
v .,
Y N S (4.93)
aQ»ﬁ z 1
whereas:
3V W
maz . __maxr - (in general) (4.94)

aga 37
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These equations show that capacity increases (downwards) for hot
sources as well as capacity increases (upwards) for cold sources
will result in a higher maximum power output.

Let us assume that the capacity Ei of one source increases be-
yond all bounds. This would be equivalent to omitting cne of

the right-hand inequalities in (4.76) resulting in the disappea-
rance of the corresponding 2. in (4.78). Since vy, > [, we obtain
from (4.78) that a < T.. If éhis source is hot, Ehe increase in
5; would have no effecé. However, if the source is cold we must
cénclude that « = T, 1 e that the mean temperature will be that
of the source with Enfinite capacity. Similarly will an increase
in gi beyond all bounds for a hot source automatically require

o = Ti' Hence our maximization problem lacks a solution if the
restricting capacities of two different scurces simultaneosly
increase beyond all kounds, which means that in such case an
infinite amount of power is availablg. In cases of one infinite
capacity source, this source may conveniently be interrzreted as

"the environment",

Let us examine the simple case of one hot and one cold source,

the former having temperature T2 and the latter temperature I..

From the foregoing it is clear that 7, 2 &< 7,. From our pre-
vious results it is easily found that wuenAle;l - EST;7 <z

we must have & = T,, when 51151 - QETEZ > S we-mgst have a = 7.
and when the coincidential case Szfzz - gﬁrgl = 5 obtains, we
must have 7, 222 T,. In the first case 51 > 00y, =Y, = B8, = ¢

and the solution is:

Q, = 7,

(4.95)

i




In the second case 2, = 3, = v, = 2, vy, > 2, and the solution is:

=Y

[3, = T (5+.7,7)
4 < - < ~
{ g T T2, (4.96)
ts = 2,01-0,1,7)

and in the third case 8, =~ v, = 2, B, > 7, vy, > ¢ and the solu-

< - - <

tion is:

2. = 3

32 = —22 (4.97)
Lp__/-v.-p_z 7)- —w{-__mm--z\

o= dp Ty S

In the first case the power output is limited by the ability of
the sink to absorb heat, in the second case by the capacity of
the hot source to deliver heat and in the third by both of these

constraints. When the cold sink determines the limit the “environ-

ment" temperature is that of the hot socurce a2 = 7_, and when the

AN

hot source determines the limit, the "environment" temperature is
that of the sink a = 7,. If both happen to limit simultaneously,
the "environment" temperature is undetermined apart from lying

in the interval [I,, T,l.

4.28




From this simple example it should be quite clear that there

F is no ambiguity when defining what temperature to choose as the
referential temperature when computing the exergy (apart from ;
the improbable third case when the choice is immaterial).

When the environment is the sink, as is usually the case in
practical applications, i e a-T7,, we obtain the well-known

Carnot~engine formulae:

{4.98)

[N
LS%Y
Uy >

)8, -

£ = (1-7,7,7)3, (4.99)

Here Wmax represents the actual power output of an irreversible

engine and Z the ideal maximal power output of a reversible

Carnot engine.
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CHAPTER 5. EXERGY POTENTIAL OF A SYSTEM OF IDEAL GASES AND
OF MORE GENZRAL SYSTEMS

5.1. Introduction

In the foregoing chapter we presented a rather extensive analysis
of a system of heat sources and the relationships between proper-
ties of the system and the potential amcunt of work that, from

a theoretical point of view, can be extracted from that system.

The sources were characterized by temperatures and heat capacities,
depending on the respective temperature, i e by a single state

variable for each source.

In this chapter we first introduce a system in which the sources
are given two independent properties, temperature as well as
volume (or pressure}. The sources are interpreted as ideal gases
contained in interconnected tanks, the tctal volume of which is

a given constant. Mechanical work may be extracted by twc means.
On the one hand, %z2a: ewngines may be connected between each pair
or sources, by which work is extracted, and on the other handg,
there are ptsiou-ocyiinder devices pneumatically connected between
each pair of sources, also for extracting work.

The problem we are treating is to find an expression for the
maximum total amount of werk that may be extracted from the
system, when given all initial temperatures, all heat capacities
and all initial volumes of the sources. Since we are dealing

with ideal gases, we may egually well have used initial pressures
instead of either of the two chosen given properties. The system
to be analyzed thus is still a very simple system, deliberately
chosen so for demonstrative reasons. A corresponding econcmic

system is treated in section 7.6.

In the final sections of this chapter generalizations are made
also towards general abstract systems. As a final item is given
a proof that the exergy fcrmula (3.53) for a constant environ-

ment case is invalid for systems having a finite environment.

5.1




5.2. Basic relationships

We consider a system of (. +I) heat and volume (pressure) sources
(elements). For the zth element, ¢ =., I, .., N, its state being

characterized by pressure, volume and temperature alone, its

internal energy Ui would be a functicn of temperature I, ana

volume V., U, (I, ’Vi)’ but for an tdezl jas specifically, JU. is
independent of V. and a change in internal energy 4dV. is therefore
determined by a change in temperature alcne (cf (2.26)):

(=%

Vs

V. = T, =
al; 5747

A

[
—~
L |
~—
ITH
&)

I
.
Iy

(5.1)

Where X is heat capacity at constant volume. Furthermore, for

an ideal gas, the universal gas law (2.22)is valid:

a.V. = n.RT, (5.2)

14

where n is the number of moles of gas occupying the volume .,

1
[

and where R is the universal gas constant.

Let us now consider a pair of sources with indices ¢ and j as

is illustrated in figure 5.1, also explaining index conventions.
Between these sources are coupled, on the one hand, a heat engine,
and on the other, a piston-cylinder device. These two devices

are denoted (Z,;). As before we use the convention that <</ for
all devices preventing us from double counting. Altogether there
are J(.i+1)/2 devices of each kind.

Ll s
o3
P

\ T 1.8 . 4

<

N Piston/cylinder |
S, PN
de.. Heat engine 29 oo

SRR PR

' ;

‘Figure 5.1. Devices coupled between sources Z and J
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We let do., denote the amount of heat leaving heat engine (Z,/;/

[T

to source etc, which gives us the following expression for the

work extracted by the heat engine:
dwe, = de.. - d3.. (5.3)
The total amount of heat entering into source 7 is denoted by:

e, = ¢ d4.. (5.4)

and the total amount of work extracted by all heat engines may
now be written:

- N
dW‘ = —.Z,. ‘z. (d@i4 + de'i) =
J=¢  1<g Y
Y N N
= - L dg.. = - ¢ dg. (5.5)
LD 7 Lo z
J=0 §=0 J=v

where the convention ini = J is adocpted.

The piston-cylinder devices are considered to work adiabatically,
Therefore any entropy changes due to their operation are caused
by irreversibilities. The differential work produced by piston-

. N . LTI . .
cylinder (i,;j) written aﬂ;j equals the sum of reductions in
internal energy of sources 7 and j, which in their turn may be
expressed in terms of volume displacements and entropy changes

(cf section 3.2):

aw

-,
)
3
@
A

Jg (5.6)

where dvij = -dei is the volume displacement as seen from source

5.3




b~

¢ and iS.} the entropy flow into source i from the device etc.

The total change in internal energy of source ¢ is obtained as:

[

= c.(T;)iT; {(5.7)

$a

<

]
LTI Go BN
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]
[T R IS
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£,

<3

+

-3
(TR o8 IR~

£

n
3 by
ol by
-

N
) = [ e (T.dr. (5.8)

We introduce the notations Jd7. for total change in volume of

-
source 7, and deI for total inflow of entropy to source <.
i y
ol ;o LT
Since the total work extracted 4w* + W~ eguals - I dU.,
=0 7

using (5.5) we obtain:

for the total work delivered by the piston-cylinders where the
last term is entirely due to irreversibilities and:

N
dv = - L e . (T.)3T. (5.10)

for the total work from all piston-cylinders and engines. The
integral of this differential is to be maximized subject to the
second law. We take a similar aggregate approach to the entropy
constraint as in our treatment in section 4.2. The total entropy
flow into source 7 from the piston-cylinder (entirely irre-
versible) is obtained as:

dsﬁf B} dUi - in + aidvi (5.11)
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and the total entropy producticn of heat engine .., ' written
PR
Y
P (5.12)
te I -
v [

The total entropy gerenation 1is obtained bty adding these amounts

together over all sources andé engines:

‘ RY rr R - NoodU, = g+ a3l
Zdss + 0z T ass = = — = +
. e . < - -
1= PR =7 :
N /d"', iz .. N i&’7. + 237,
¥ 4 . :
+ L L —_— 4+ =2z 7 = (5.13)
c . \ 4 4 ., i
10 g2t 1 J 1=y A

Our entropy constraint will be interpreted in the manner that
the total entropy production (5.13) is required to be at least 1
dé, where dé is a given differential parameter describing the
minimum possible entropy production. Using (5.1) - (5.2) we
therefore write:

v ao, N av. ~

R ff + .:.Rn, Vi > 8 (5.14)
1=J > 1= T
5.3 Exergv potential of svstem

The problem for us is to derive an expression for the maximal
total amount of work that is extractable when given all initial

temperatures and volumes. Our objective function is therefore:
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to be maximized subject to the constraint (5.14) which is

written:

)
2
+ e
V.
fa,
t
(R

Uy e

+ RV.'.A. -_ _it4|>

.
;T dt (5.16)
1
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<
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where dots denote time derivatives, and to the new constraint:

J
vV -~ L 7. =20 (5.17)

>

where ¥ is the given total volume of the entire system.

Introducing the non-negative multiplier function & asscciated
with (5.16) and multiplier 3 with (5.17), we form the Lagrangean:

v 7. v T .
J =-1 I cif;dt + I f u (e, =— +
=0 0 ” =0 C vote
% ; ~ < N .
+ Bng o = S) dt - I .E v.dt (5.18)
7 g <=0

o
+‘(f) e

J o= 8V, (5.19)

The necessary Euler-Lagrange conditions are then:

. [«
g} - %? 3 - & E =0, 420,71, (5.20)
7 aT . g
n
g}; ’%Z‘B—If—-‘-al?-ﬁl'-szo,izo,z,...,;v (5.21)
A oV . 1
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which immediately shows that:

(>.22)

implying that the constant multipliers » and 2, similarly as in
section 4.2 may ke taken out ¢f *the integrals in the Lagrangean,

vcermitting us to write:

ne P "/*
M : - ar s 4
I = T (- [ 23T+ af [ 2 = + I=n. I _— -
= o - - > v - ;7
T I I - 7 -
- S(Uw1) ) s B(UNIRI, = 7)) (5.23)
s 0 C s s . .
where I, 7. are initial and %, V* final values. The
necessary Kuhn-Tucker conditions now become:
b
o ) - - X - Y N .
et :i( - T*) =z s, TE0, I, 00,0 {5.24)
- 1
hed
5L - . . . -
—_— T U3 —= - 58 =7 , t=0,I,...,0 (5.25)
J/L. ]
o gy
.- W i 3T, v, N
f_" = b ! J 2 —= + A= l- —_) =3 > 7 (3.26)
e o T Ny R -
1= .:;7' P2 V: .
3: - v
§§ =7 - I V.= (5.27)

and a2 > 2, where 2 > J yields equality in {( 5.26).In (5.26) 5
denotes total minimal entropy production. These relationships
show that all final temperatures are equal and that all final
specific volumes are equal:

wm
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Also, since o > 0, we have equalitv in (5.26), with the conse-

quence that the total entropy procduction is the least possikle.

Using the abbreviation:

.

[T ]

<

(R

we obtain the value of the second multiplier as:

3 - 28m (5.31)

v :

We introcuce the primitive function Z./I.) of ¢./7.)/T. which

coincides with S, (T.)when temperature is the only state variable.

Eq (5.26) then gives us:

* s
. . 7oL
N - »r‘/:} i ~
I (G.(%) = 5.(0) + log —= ) =3 (5.32)
&= 4 4 - R
- oL
)

from which we obtain the mutual final temperature:

o0y R
- ' ~ 'r"ﬂ! T -
a =G -z i) o+ lcg‘ Zi + 2 ) (5.33)
1= " n.!
L)
- J
where G °~ is the inverse function of T 5.{a). The £final
W —-n v
volumes are obtained as: T
- niV .
V; = T N c=0,1,.0.,4 (5.34)




i e as the molar share of the total given volume. Inserting
our expressions obtained into the cbjective function (5.15)

gives us:
J = IoriTi) o= v (5.35)

where % is given by (5.33)

It might be of interest in this context to make a brief
comparison between the final temperature as given by (5.33)

and the one determined by the similar model in section 4.2.

The difference between this expression and that of (4.19).

is the middle volume~dependent logarithmic term now present.
Since 5 and therefore 5 -~ are monotonically increasing fuanc-
tiors,if this term is negative a will be lower in (5.33) tkan

in (4. 19) and vice versa. We write this term in the form:
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Under the constraints T n. = n and I 7. = 7, this functicn

. T .
A =" )

.- v -

will have a unigue maximum with the value zero. Therefore,

in general, this term will be negative and only if all spe-
cific volumes vy = Vi/ﬂi are equal to start with, the expression
will be zero-valued. Hence the presence of the middle term in
{(5.33) would contribute to a lower value of &« and therefore

a greater WW guite according to intuition. If work can be

-~
extracted botg by heat interaction and by equalizing pressures
in the system, then the maximal amount of extractakle work
cannot fall short of the similar amount obtainable if only

cne of these alternatives were avialable.

It is also clear that a higher positive 3 in (5.33) contri-

butes to a higher temperature, and that reversible heat engines

5.9

[P




would provide the ideal maximal work output. Hence the exergy
rozential of the system will be:
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Up to now, all sources have been treated symmetrically and
it is evident from inspection that the expressions derived
in (5.35) and (5.37) are symmetric functions of the source

: 2 J
properties (I, V.

, n;). We now investigate the effects of
increasing source ¢ inéinitely, giving it the interpretation
of an environment. This process will be somewhat more involved
in the present model as compared with the one in section (4.2).
The reason for this is that if only the number of moles n.

of source 9 were increased, then the volume of this sourcé
would either have to be increased indefinitely or its
temperature decreased to zero, according to the universal

gas law (5.2), if its pressure is to be kxept at a finite level.

For our purpose, it appears more natural to choose a case
with an infinite volume, and finite, non-zero values of
pressure and temperature, rather than an environment of

zero temperature or of limited volume and infinite pressure.
We therefore chcose a process in which Ty C and V? tenq

towards infinity, which also implies that + as well as ¥V in-

crease beyond all bounds.From (5.2) we thus have:

(Y

2]

m
£

v = no (5.38)
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where T and a, are initial temperature and initial pressure

of the environment, to be kept finite, and where " and there-

fore Vg tend towards infinity. Also the heat capacity of
source ¢ tends towards infinity, which we write:
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We now take a look at (5

of a2 as =
3

4 - ‘~
N (.‘T o ‘n,
w7 l 4= J
n7 bogsr

lim log —= = l’ (
- n./ ; i

i ‘ I3 10z |
k 3

where we have used l‘ng
the term behaves as «._,
(5.33)
(5.32), the first sum
due to the term:

in are finite in

in

QD

vl

which obviocusly requires

according to the followi

(5.39)

is the molar heat capacity assumed to be kept finite.

.33) in order to study the behaviour

tends to infinity. The middle term of the argument

obtains the following limits:

2

to L0 .
- ——— 7.0 ’ <=

ES O

J

LIPREY (5.40)
AN s 121
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ital”s rule in the case of 7 = 7, since

Hence the middle and third term 35
the limit.
will be kept finite only if o =

Using the representation
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(5.41)
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Therefore (5.32) will behave
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In this e..rression the first term behaves as Iim 2 n_  (a-T7,;/7
<

n .= o
and in (5.35) the first term as li{= ean s (Tz-a). Therefcre, in
n()-’@

the limit we have the following maximum work output:

N n X
Lim v z - (J (17"“_) - (‘ “) +
max . T M .
n_.= oo =1
J
j, :
D j C:.,/q.
+ T (G (T%) =~ G.(T.) = An. (1= —=—Z_ +
v - 7 1 7 b
?T)ni
277 :
#log =50 - s (5.43)
RTanﬂ M

The formulae may be simplified somewhat by noting that all
specific volumes V)/7. are the same at the final state. For
the environment we have the constant specific volume:

1im 7 £ (5.44)

Using this relation, (5.43) becomes:

Y
. 2 . 2 ) 0
A = I y.(r - U.{(T - G.(T -
lim Mmax = ;:0 (Ji(‘i) : 9) TO(JV( 0)
n0-¢ © .=
o J
0 . v, v, 5
- Gi(‘i) - An (1- — - log —5))) - TO 5 (5.45)
v, Y,

<

where v. denotes the initial molar volume of source 7. In

13

the special case of constant heat capacities we have Ui = c.n.T.

5.12
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and therefore, for an infinite environment:

2
“ - o
.. . . PR . Tl
et v = O 20— =1 =l —= *
max 2 A T
M > w =1 T 75 .
5
J i
,
v )~
+ 3 - I =123 —=l;) -7, 5 =
O b
vl
llV "'PJ ,,‘9
- - T v JN
- - M L Yoa
=7 Ionm.2 3/ ,>+ 5’5/—4\) -7 3 (5.46)
R \,7)
[ W
and:
.
P . 1) v
- - 7 2
lim z =T Tn.le.gl—=) + 25(—=)) (5.47)
R A A Y, 277,
154 1 A v
n, = ™ 0 o)
J
where gl(x) = =z - 1 - log x is the exerzy Ffunetion, cf figure 4.2.

When there is but cne source apart from the environment, the last

two formulae become:

”'J 1‘3
- ] ~ - I - 7 J ~
: y = Iin.(e,s{—=) + Rg{—=1}) - . 3 5.48)
lim  dpaz gh(e.Ei—5) + Rgl—=)) - I7 3 (
N, o -2 JJ
a ~
5 - T 97
- J I -
lim z = T0n7(c,g(—5) + Rg/ =)) {(5.49)
- T v
n ., o ) 0
v

This last expression is-found in literature, e g in [Eriksson,

et al, 1978] and was derived differently also in section 3.2.

Reverting to the symmetric case with all sources finite, we
investigate into the relationships valid in the case ofA
constant heat capacities. With constant values of ey T I
(5.23) may be written out ekxplicitly:

5.13




c=m ok p— T T (5.50)

where 2 = 'E m.+a,, Which shows the final temperature to

J
be a geometrical average of the initial temperatures corrected
by a factor depending on initial specific volumes divided by
final specific volumes and by a factor taking account of the
total entropy production in all heat engines involved. The
maximal work output and exergy potential in this case are:

N
W = % ey (5.51)
maex . z
=)
Y n
2=z L e l.-x. (5.52)
iz -7
where 2. is the value of x according to (3.50) for & = (.

In order to study the effect of changes in parameters on the
exergy potential, we differentiate (5.33), which yields:

v R v 8T 8§V 5 n
Ze. 2 1 (e, )1 + En (— - 8%,) + ss (5.53)
iz © ¢ 129 Loy “ vl 14
z 7
0

re)
v

: by SV.
‘7 by the same amount we obtain a change in 2 in the same

For an isolated change in 7 and a simultaneous change

v ~ -

direction, since Vi = > v '. Therefore volume increases have
an adverse effect on the exergy potential, since the final
temperature then increases. If, on the other hand, 7V is kept

A
constant and an lncrease in /J by SVQ is compensated for by
a decrease in V? by SV = - 672, we obtain that Sa > 0 when

-7 o= .
nivg ‘<njV; and Sa < ] in the opposite case. Therefore an
hd o

increase in a volume with a small specific volume combined
with a decrease in a large volume with a high specific volume

will decrease exergy and vice versa.
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An isolated change in one single initial temperature I. by

3

3y Py )
8T. changes a by fa/a = (2./2):ir7/7. and = by:

-

-

&7 = (z—a.'bj") :r (5.54)

(SRS,

~

3 £ will therefore increase in T when T; is above its geometrical
average and decrease when it is below this average, exactly
as in section (4.2). A large number cf other effects of para-
? meter changes are possible to analyze, but are omitted.
+4

5.4 Exergy potential of more general systems of sources

As a final case we investigate a system, the /J+I) elements
of which are characterized by a number of different properties.

To the jt2 element, j = 7,1,...,¥, is associated an internal

energy Uj which is a function of its entropy S., its volume 7.
3 (7] v

its molar contents =2_.,, ¢ = I,2,...,¥, assuming Y different

substances, its electrlcal charge ¢ . and its extent of a )
possible chemical reaction 3 ,. For ;n element of this kind
Gibbs~ fundamental equation %akes on the form [Yourgrau, et
al, 1966, p 14]:

-

&

(5.55)
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where aj is pressure, u_.. chemical potential with respect

to substance I, ¢j electric pctential and vj affinity of

the chemical reaction.




A chemical reaction would of course change the number of moles
of different substances, meaning that the nij and the zj would
depend on one another.'In (5.55), however, we let the dnij
dencote changes in molar contents due to the exchange (and flow)
of matter, the sum of such changes for each particular substance
being zero, whereas molar changes due to reactions are covered
by the dzj. A different formal treatment wcoculd have been to in
clude both kinds of changes in the dnij differentials alone. In
‘ such a case, if only changes due to a chemical reaction were to
occur, we have dnij = ijdzj where Cij is the stoitecniomezric
coefficient of substance 7 (describing the number of moles par-
ticipating in an elementary reaction, negative numbers for the

reactants and positive for the products) and the affinity then
M
i

will be v, =-3% Ciivige cf {Yourgrau, op cit, pp 245-246, Wilson,
Vo121 -

A H, 1957, pp 370 ££f]. With this interpretation the third and

fifth terms in (5.535) would coincide, making one of them super-

fluous. However, in such an approach, there would be net changes

in the total molar contents of certain substances which would
make our constraints more complicated. Therefore we hdve pre-
ferred to distinguish between the two types of changes in the
molar numbers.

The intensive properties in (53.55) are interprated as the deriva-
tives:

(5.56)




(5.57)

(5.58)

{5.59)

(5.60)

The number of extenxive properties of each element is there-
fore (4+<) and the total number of properties necessary for
determining the state of the system is (V+I){M+4).

We investigate the problem of maximizing the amount of work

to be extracted ¥, subject to the conditions that the extrac-
tion processes generate entropy amounting to the internal
irreversible generation de concerning source Jy J = 0y 1,...,14,
that the total volume is given and constant 7, that the molar
contencts of each substance (element) are giyen by T i =7,
I,...,M, that the total charge is given by g agd that the

total extent of chemical reaction is given by z. The work ex-
tracted must be equal to a corresponding decrease in total

internal energy:
au . (5.61)

the integral of which is to be maximized subject to the
constraints:

I‘ J l" -~
£ ds, > £ d35, =ds (5.62)




where I35

and:

J

T V. =

jzo

NS

Z n.., =

jz2 7
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< -~ =

e

Jj=0

NV

v

T 3, =
3

.2 J

J=J

is an abbreviation for the total entropy production,

14 (5.63)

O LI (5.64)
2 (5.65)
2 (5.66)

By forming the Lagrangean:

™ '\
=] 1
0 j=0

where a, 8

N4 . . -
-V +a5 -S/ +Loyn, +iq .~z .) dt (5.67)
i=1 J J J

,yi,x and ¢ are multipliers, and the associated

Hamiltonian:
R U U . ) 3l . .
oz L ((a- x=%)5, ~(8+ —L)V, + = (y .- —LJn.. +
i-n 08 . T4 IV L I A
v=v o v =1 Ly
53U, 3U ., .
(A= —L)g ., ~(e- L)z, (5.68)
3,777 3857

we obtain
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the necessary maximization conditions:
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3y Y .
’;j)%"“—)—‘—:":) (5.70)
‘o <757,
J
A S A
an . . de - T (5.71)
L) Uy
32 - %? 222y = (5.72)
J 77 3q.
o
‘ 34 _d_ 34 _ . ., (5.73)
3z az .. ~ ° 7 7 .
v T

As 1in our previous models, these conditions imply that all
multipliers are constants and therefore that the integrand

in (5.67) is an exact differential. Thus I will be independent
of the path by which the final state is reached:

N
z

2

2]
]

((02-0%) + a(5%=-57-5.) = arme-y(y+1)"1) 4 .
i Y7 i J

J=0
M ~ , - -
N -4 , < .y =2
+ Loy (X en (1) T) #a{gt=ql¥+I) ") -
=1 4 1J T J
x ~ -7
- c{z.-2(V¥+I) ) (5.74)

where, as before, zero superscripts denote initial states and
asterisks denote final states, 54 being the total minimal
entropy production of element j.uThe following Kuhn-Tucker
conditions are then obtained:

3L 5U%
g - —L = - T¥+ a =09 (5.75)
3s* o J
J J
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3:4 -~ ) 2 x _
= - :—-———‘;:— ,,)"‘a_‘.— \) (5.76)
e 3V . Y
J J
¥
S T TS i R P T TR (5.77)
= : . x < T
an;j oni;
v )
. v
N N S T (5.78)
3q g% Y
o
z U
“:-g-——L:-ga‘\)’::J (5.79)
Jz* Sz% Y
J J

where we have interpreted the derivatives in the middle
members according to (5.56) - (5.60). Also we have the
additional conditions:

- N A
3L -z (s*-59-5.) 5 0 (5.80)
da L, 4 4 TIT -~
ST ~ N
;_ =V - T V’:‘ I (5.81)
. v ~
g“ = L n¥%, - . =2 , 1F1,2,...,M (5.82)
Y. Ty i -
T g=¢
y ~
K N M (5.83)
3A . J
J=J
5L ~ v
a * ~
= -z - % 2% = 2 (5.84)
e iz0 J

where a strict inequality in (5.80) would imply a = 0. Quite
as expected we find from (5.75) - (5.79) that all elements
must share their intensive property values at the final state.
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Since ™% > _, we have 1 > 7 implying an equality in (5.80)

meaningt as before, that the total entropy generated is the
least possible. Hence, all final temperatures are equal, all
pressures are eqgual, all chemical potentials of the same sub-
stance are equal, all electrical potentials are equal and all
reaction extents are equal. The multipliers are also directly
interpreted as these variables respectively.

By adjusting the given parameters, we find the work extraction
to change by:
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(5.85)

Since a > 0, Wma* will increase when the entropy generated is

made to decrease and vice versa. This-does not mean, however,
that Vwa* is linear in entropy, since a also will depend- on

parameters given. The exergy potential is therefore obtained
when solving (5.75) - {5.84) with S, = 0 for all /.

o

The following set of equalities implicitly provides optimal
values of the state variables:

35% BU:
—% = " y» fer all j,k (5.86)
Az N
voj 3ok
auv* vt
; X . o
= s, Jor all J,x (5.87)
avy  avE
j k
3, el
— = ? for aZZ i)j,k (5.88)
x An*
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30% 3;';
—- = y Joro2ll J,x (5.389)
g it
" ~
~ » ~ . %
Jo. ’Jk
—% = s , Jor 211 4, (5.90)
5z, 3z .
U" (

These equations for [/ £ Y together with (5.80) - (5.84) are

altogether /[7+I/)/Y+<) in number and, in general, would provide
sufficient information for solving for the unknown final

state given by the same number of variables.It is clear that
this solution is in complete accordance with the symmetry
principle, since the system of equations are invariant with

respect to any permutation of the element indices.

With the final state known, the maximum work output will be:

v .
i = T ’r /:":" VV g ”0 ”J ,’9 _
M"I""' = L \J_’.lu_’., ”.,7111.,...,'-‘44.,1;,~';/ =
hadhad ;:9 o Y] o o Hy of v
v
s~k * * * % x4y
- ~,rq.n.).,Vﬂ.,.'L,4.,...,7’1‘1_.,;14.,21.// (5.91)
J J o Y Ay ) v

The exergy potential I is given by the same equation for the

particular case that

e,
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Let us also note that = 3 > J according to (5.83), which
would indicate that an autonomous expansion of the universe
would continuously provide new opportunities to extract use-
ful work. Therefore, from an overall cosmological standpoint,

with. an expanding universe energy might not be a scarce resource.
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Let us now study the eifects of making one of the [J/+) elements,
say element , infinite in its extensive properties thus
departing from the symmetry principle. This will mean that

its intensive properties T), Zas Eoas 3; and v will keep

their values constant when this element interacts with other
elements. These intensive properties of the environment will
therefore also coincide with the values of the multipliers.

When these properties are known, the optimal final state of

7 |

all other elements (;/>I' will be determined by:

s o> 1 (5.92)

{5.93)
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(5.94)
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> (5.95)
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.- f s g (5.96)
J

Solving these 7/ Y+4) equations for the same number of unknowns
would provide us with a partial solution, namely the final
extensive properties 3%, 7%, )., 3%, s?, for < = 1,5,...,4,

J = 1,2,...,V. At thisustate all elemenés will be in equilibrium
with one another and with the environment. This will provide

us with sufficient information to compute the differences in

Uj in (5.91) for jJ > I. The remaining term for j = J, however,
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behaves like « - «» when the environment is made infinite. Let

us therefore write this difference as the integral:

inizial initial
. stcoz szaze o, W,
J Y _ 0 sa O e
u, - 7., = ay ., = (== IS, *+ = 3 +
J 2 J a3 ., J 3V )
Y 0
Final Final
srate stacz
M5 U ., 3, 57,
+ ) = in A o + Z Sz ) =
L YL tTeo T 3gn, tes Ttz *Ro
T=a PR J Y
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= m sc’_ax Yk o v *
= T,/ST=53%) = 2 (7 -V* o+ T (nl =-n¥.} +
0755735/ AR P AV R B
‘ 9 )
‘ * b (g7 =g%) = vy gl -z%; 5.97
2t L0 o ) J ( )
where we have used the fact that (5.86) - (5.90) also must be
satisfied for / = 7. From (5.80) - (5.84) we may solve for
the differences obtained and insert these into (5.97). This
provides us with the following expression for ¥

max’

J ) 7 3 -
¥ = S (UL=U%) + T (L (3%-5.- 3] -
maz so J d Vos.2 d  d
of = - [V
J > ¥ )
- 2. I (V%=7 + L u., I (r%.-ml. +
iz: i=17 vg J=12 =] g
) 9 d A
EPE- (g%=-q.) - v, I (z ~27.) =
J=1 ¢ v J=1
v N W) v Y
{ 0
=1 vl-r, § s;+a, T V- T w,, I nf.-
=1 j=1 J Yogxr 9 i=r PV j=1 R
N 0 N 0 ~
- .+ r =z, - S 5.
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where we have applied a generalized versicn of (2.87) and where

é is the total entropy generation. The exergy potential is then
okbtained simply by setting é = J omitting the last term, since
the level of 5 cannot affect the solution to (5.92)-(5.96) and
therefore neither affect any other term but this one. It is
readily seen here that the term T&é represents lost work due tc
irreversibilities and that this amount is proportional to g when
the environment has infinite extension, which is not so in our
former case consistent with the symmetry principle. Hence, with
. an infinite environment the exergy potential of the system is

the sum of the exergy potential of =zach object (not counting the

environment).

Finally, taking a more abstract look at the question of

determining the exergy potential, we may envisage any system
of sources as made up of [V+ )/ elements each having its own
set of Y extensive state variables x_.., < = I,2,...,Y,

J = 0,I,...,7. 1If each element poses;és an internal energy
U. depending on its current state, the elements will be in

equilibrium at states satisfying: _

Qs
<
[o%]
<

11 7,5,% (5.99)

Q)
13

[°%}
£

The limitations of the system ard the processes available

mighc be given in the form:

DY v

Vi n -
T lzl-xl.) - z. =2 , Soro27 (5.100)

szg 4T p

where x. are given parameters (cf (3.62)-(5.5%)), Since the

x .. are extensive properties, for an isolated system we would

h;ve 54 = 7, except possibly for the index corresponding to

[3

entropy, and when all processes take place reversibly also
this z. would be zero-valued. Equations (3.96) - (5.97) con-

tain altogether Y/V+I) independent equations implicitly deter-

mining the values x>, and thereby also determining:

o
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Yaaz © L7 CUaTY (5.101)

The exergy potential would be obtained by interpreting for one
index ¢ of the variables x.. as this set of variables being
entropy and requiring the corresponding parameters x .., to

77
vy

be zero.

The asymmetric case of letting extensive properties of element
J tend towards infinity is omitted since its derivation would
exactly follow that of our previously described case.

With the generalizations given above, the results may be inter-
preted guite generally. For instance, if magnetic force fields
are to be included among the intensive properties, internal
energy oObeys the differential equations [Holman, 1969, pp
181-182]:

¥vaM (5.102)

where 7 is the magnetic density of the external field, ¥ the
magnetic dipole moment and 4, the magnetic permeability of

free space. Obviously one of the xij-variables in our treatment
then may be interpreted as S and the other as Y.

5.5 Proof that exergy derends on changes in environmental

intensive properties

In this section we include a proof that the exergy potential of
an V-element system with a finite environment, in general cannot
be cbtained simply by replacing the intensive properties in the
expression for the constant environment case by the similar
equilibrium intensive properties in the non-constant environ-
ment case. This means that formulae of the type (5.%8) or

(3.53) in general are only applicable to cases with an infinite
constant environment. This, of course, does not limit the
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applicability of the exercy concert as has keen shown in se-

veral non-ccnstant environment cases treated.

Consider an J-element syvstem with an invironment, the proper-
ties of which are denoted by zero subscripts. Tocether these

are isolated with the exception of work being extracted. The

internal enercy V. of each element j and the environment

-

o
= J are cgiven linear homogenecus functions of Y extensive

il
U

properties x.., ¢ = I, 2, , M
it 3Y, M
CISE L ATl
- -4 &d Ed
(5.103)

where the yij are abbreviations for the intensive properties

al .

551— . At the final equilibrium state, denoted by asterisks
e

we know from (5.99) that yz; Yy is independent of j (all

intensive properties of the same kind are equal). As before

we use zero ‘SUperscripts to denote initial values. Let us

denote the exergy function according to the constant environ-

ment formula by Z and according to the general treatment in

the preceding section by Z. Thus according to the generalized

version of (5.98) we have:

_ v, K] yoo,

Esozovi- T oyl L oz (5.104)
j=1 ¢ i=1 J=1 *9

and according to (5.101):
.‘]

gzt (vi-u%) (5.105)
J=0 J J

Alsoc, since the system including its environment is isolated
and since all processes are reversible, when determining its

exergy potential:

PRI



Loixlmz*) =0, 4= 1,2, (5.106)
3zy Y vd :
Taking the difference between (5.105) and (5.104) and using
(5.103) and (5.106) gives us:
- 9 Y J Y J
T -E=vu,- T yr oL oxr. . L yro 0 .
Voog=r gm0 BT = P oo Fig T
4
M 9 A
= L (yp,yl) o=l (5.107)

3

Hence, when the initial intensive properties of the environ-
ment ygo differ from the corresponding equilibrium properties

=

o

*
Y.
Jl

negative terms in the sum were to cancel each other,

+ Z,If positive and
this

in the general case we would have

would be a mere improbable concidence. Also
certain, that in the one-element case there
term present, preventing any possibility of

5.6 Concluding remarks

From the discussion in section 2. 7 it is

12

we know for
would be only one
cancellations.

clear that entropy

production is inversely related to the time of duration of

the extraction process (or rather, the speed of the process).

This implies that Wm is positively related to this time of

azx
duraticn. An overall optimization would require a balance to
be struck between the amount of work extracted and the time
this would be allowed to take. If ¢

~ ]

ol (t/ «Vmax
we therefore might view an extended problem to be to maximize

denotes the time of

re -

W (s).
ax

-

extraction, we have § = and Essentially

-~
v

¥ subject to a maximum value of #. The sensitivity of Wﬂ

azx
to a change in the choice of ¢ would be given by:

(5.108)

. L Mg et . Losaia
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which in the case of an infinite environment reduce to:

Pmaz . 7 ds (5.109)
ac 0 dt :

Some thoughts along similar lines are given in [Andresen, et al,
1977, Salamon, et al, 1977}, cf alsc[Weinberg, 1978, p 154, and
Odum, Pinkerton, 1955]. Of particular interest are the basic
relationships. derived in [Eriksson, et al, l976; pp IV.1-IV.2]
concerning a minimum possible entropy production rate and the
corresponding minimum exergy destruction rate for a simple
conversion process, the latter rate given by Tjé = xa(é)z,
where Xo is a constant and Z the exergy power converted (cf
(2.21)). Hence, at the level & = X;l' we would find that all
exergy converted is used up in the process itself, and that the
net exergy power would take on its maximum X;1/4 at the gross
level £ = x51/2 (half is then conserved, half destructed). It
certainly appears essential for future research in this area
to study the actual enfropy generatioh processes and to find

relations of the type 5(t).
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CHAPTER 6., EXERGY POTENTIAL OF RADIATION

6.1l. Introduction

In this chapter we shall develop some expressions for the
potential amount of work that may be extracted from incoming
electromagnetic radiation reaching a collector in which it is
absorbed.

Due to the increasing interest in solar energy utilization,
it should be of importance to carry out deeper analyses in
this area. As yet however, the topic of an exergetic (or
entropic) analysis of radiation appears to have gained little
interest in literature with a few exceptions [Thoma, 1978,
Grimm, 1978].

Qur treatment to follow will be brief and elementary in nature.
Our objective is to point out some possible lines of thought,
rather than to present models that presume to be complete or
final in any sense. The originality of the ideas preseﬁled
below has not been examined.

6.2. Basic concepts and relationships

Central concepts in the theory of radiation are zbseorptivity a,
reflexivity p and cransmiiiiyiiy T, Radiation meeting a surface éi
may be absorbed or reflected by the surface, or transmitted
through the surface. The absorbtivity measures the fraction of
the radiation that is absorbed, reflexivity the fraction
reflected and transmittivity the fraction transmitted. The
first law (the energy principle) therefore requires:

@ +p + T =1 (6.1)

For a perfectly opaque surfcce we have t = 0 and for a dlack

body @« = 1, p = T = 9,




T T, G ey

YT TR

A surface with a non-zero temperature emits radiation. This
emission is described by the zm<3sive pouer or radiancy R of
the surface, measuring the total energy emitted in all
directions from the surface per time unit and per unit of area.
Since the emission usually covers a range of frequencies v
or wavelengths ), the product of which is the velocity of licght
in vacuum ¢ = v, the radiancy wavelength distribution Rxdk
explaining the fraction of radiancy in the interval [, + d)],
is of interest. We therefore have:

-~}
3= { 2, da (6.2)

0
In a general case, %, will depend on %, on surface temperature
T, on the direction of emission and on surface material charac-
teristics. For a black surface we denote its radiancy distri-
bution &,,, which depends only on A and according to Planck’s
engrgy demsity lew [Jenkins, White, 1975, p 434] is given by:

dx (6.3)

in which appears the two constants:

-7 2
b, = 3.7415.20 6 1am® (6.4)
- =2 .
b, = 1.4333-107° [nK] (6.5)

where the value of bz assumes A to be measured in m. Inte-

grating (6.3) yields the 5lack body radiancy:

- -]
a, = J.b~ (e -:)7% 4x = or (6.6)
Q

which is the Stefan-Boizmann law and where ¢ is the S:zefan-

3olazmann constant:
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bl

(6.7)
The emissivizy ¢,(7) of a surface is defined as the ratio be-
tween its own radiancy distribution and that of a black body
having the same temperature:

(r) = RA(T)/RbA(T) (6.8)

Apart from temperature and wavelength (frequency), the emis-
sivity in general also depends on direction and material
characteristics.

By definition ¢,(7) is identically unity for a black body, and

{
no cther surfacg exceeds this value. For a theoretical zrzy
surface, its emissivity has a constant value €<l and for a
diffuse surface EA(T) is the same in all directions. The
radiancy of a surface may therefore be computed as:
g .
a = J EA(T) RbA(T) dx = ecT4 (6.9)
0

where the right-hand member holds for a grey surface.

AN

For any surface, according to Xireaof7°s law the absorptivity

and emissivity at any given temperature I are equal:
(7) (6.10)
which applies in any direction.

6.3 Work and power extraction from radiation abscorbed by a

grev collector

Let us consider a collector surface facing a given incident
radiation described by its known radiancy distribution §Adx.
If the surface is opaque and has emissivity (and absorptivity)
EA(T) at temperature 7, the net radiancy absorbed will be:

6.3




[ -]
, AR(T) = J e\(T)(R, - R,/ 4dA (6.11)
X / A JA
‘ 0
For a grey surface this becomes:

8R(T) = (3 - oT?; (6.12)

If the surface is cooled and the flow of heat leaving the sur-
face is @ per time unit and its area is 4, in equilibrium (no
! tendency for temperature changes) we must have:

de(R - o7t) = 4 (6.13)

which gives us the equilibrium temperature:

L‘ L ]
T* = /4& - g et 4Tl (6.14)

Obviously this temperature increases in the incoming radiancy

R and emissivity ¢ and decreases with the level of cooling 2.
Therefore a black body gives a higher equilibrium temperature
than any other grey surface.

. For a neither grey nor black surface, the equilibrium tempera-
E ture is determined implicity by:
| [--]
I Ae, (T)(R, - R
0
In order to derive a first expression for the exergy potential

bA(T)) dx = @ =4 (6.15)

of radiation in a simple case, we now assume that there is
access to a finite body having a constant heat capacity ey and
temperature T, and that a heat engine is inserted between a
grey collector with the area 4 and this becdy, as is described

in figure 6.1.




Grey
collector Absorbing
body
Incoming Heat
radiation engine //
— — cj,f‘g
2 > ¢ \
’ “27)

Figure 6.1. Heat engine inserted between

collector and body

The net energy absorbed per time unit is:

KRe
h
x
™
N
>
|
Q
3
~

where 7 is the temperature of the collecto

tc choose T and for how long a time period

be operated.

We therefore maximize:

W = (@ - ¢ 'det

T
T

Ot

subject to the entropy constraint:

Q.
+
Q
l k3o
[
h
nde

[
LS|

3

L]

2

I
S

where is a given instantanecus rate of e

the engine. The work ¥ is to be maximized

of T,Ta and t. We form the Lagrangean:
t t ) 2 .
- A - ;o 2 "0 =
L = |(g - e ,T7,)de + la(-% + ¢, =— - S)dt
0= a i ¢ T
0 0 g

where a is a ncn-negative multiplier. The
nian is:
. _ A . é 0 2
H = g ‘CO TG + G(‘? + 00 ?; - 5)
6.5

(6.16)

r. We investigate how
z the engine is to

(6.17)

(6.18)

ntropy production in

by a suitable choice

{6.19)

associated Hamilto-

(6.20)




and the Euler-Lagrange conditions for an extremum kecome:

EEQEI T SN TN NPV BT (6.21)
3. 2T . 3l me :
3z 7
. (44
L " .
g"r - _C% 31: - - G-T’_]- = 2 (6.22)
e, “- 37, Y

Therefore x must be zero-valued thoughout the process and =
constant. Eq (6.2) then implies that the optimal value of T

must be constant, since 3 depends only on I. By integrating
(6.18) we find:

12 - -
T4y >V /A
g 0
0 (307 4 5i/e
o AL 7 ' (6.23)

Therefore the work extracted as a function of time, may be

written:
. 0, (T “t+S)le. _,,
W= gz - e;T, (e % S -1) (6.24)
«
J Ce . : .
If TO < I, it is easily seen that there must be a unique maxi-

mum in ¢ determined by:

. . P 2 2 I
2§ - 19snmt 5y (9T T SNy o (6.25)
-7 1%
from whicnhn we obtain the optimal value cf duration ¢ = ¢*: 2
* — .-1/ -~ o1 TQ -nA 3
t* = @ (e, log ————F— - IS*) (6.26)
17 (§+15%)

where S* and S* are evaluated at :t*. Inserting this expression

into (6.24) yields the maximum work output:

6.6




(6.27)

where 7(+) is the exergy function (cf figure 4.2) and where we
find the usual lcst work term T§*. Compared with the one source,
infinite environment thermal system there appears here a second
term alsoc in the form of an exergy function, similar to the
ideal gas case, but here it is negative. In the case of a con-
stant entropy rate, we have é* = 3*:* = gt*, which ccmbined

with (6.26) gives us:

byl .
[P cm
t* = =z Log '-. (6.28)
. X . -~ 3
g + ST (4 + ST)T3

With this expression for the optimal duration, the maximum work

output becomes:

. «(g+sr)fg\ L,
W T} = ¢,T — "( ) = e IMg(raTe T .2
ma:( ‘ 2%, s 7\ 2o 77 7 / (6.23)
el OV
where T' is an abbreviation for I;{5+57) ~. If we compare our

expressions in (6.27) and (6.29) with the corresponding ones

for thermal systems, we find the environment temperature ncw to
be interpretedas the operating temperature I in (6.27) or the
temperature T'(<I'/ in (6.29),where the lost work term has
vanished, and the initial "body" temperature interpreted as the

initial sink temperature Tb.

Since the function Wmax(fgaccording to (6.29) is unbounded in 7
for a reversible process S = J, the exergy potential would be
obtained for the highest possible operating temperature in the
collector , i e for:

I7* = Ra (6.30)




which is the temperature of the incoming radiation. Inserted
into (6.29) with 5 = O, this gives us:

£ o= e Txz(rloeTE (6.31)

-

Differentiating £ with respect to T, shows Z to be a decreasing

function of TZ for initial values

o

L= Il I

g lower than 7*, just as ex-
pected.

Clearly, when T = T*, this means that no incoming radiation is
absorbed. However, the limit obtained in (6.31) is finite. This
paradox is explained in the following way. When the temperature
T is'raised, the fraction of incoming radiation taken care of, ¥,
decreases towards zero. But at the same time the optimal
duration of the process :* increases towards infinity. The time
integral over the extracted power then approaches the finite
value £ although the integrand approaches zero.

Comparing (6.31) with the simplest case of a thermal system with
one finite source and an infinite environment (4. 44) shows that

the two exergy potentials are equal when the radiation itself is
interpreted as "the environment".

Proceeding to the case of an infinite body able to act as a sink
for a heat engine coupled to a collector, we would then expect
results similar to the case of two infinite sources treated in
section 4.5. However, there will be a slight difference as is
shown belcw. Our problem is to maximize the power output:

W= - éJ (6.32)
where QO is the heat flow entering the sink from the engine,
subject to the entropy constraint:

Uy re

~=1 -1
-4t o+ 4,0, > (6.33)
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-~

where 5 is a given minimal rate of entropy production and where

J, as before, depends on the temperature of the collector
according tc (6.16). We choose T and Qg as the two decision
variables. Forming the Lagrangean:

. . ._I

.
- - 7 A T
L= ¢ = 3.t al(-7T + &1

~
-

- 5) (6.34)

and differentiating, the following necessary Kuhn-Tucker condi-

tions for a maximal power output are obtained:

- A _ - v -9
%% = %% (1-a7"%} + adT = = 0 (6.35)
3L _ 1 4 a0t = (6.36)
: J
AR
0
L eo=1 o2 =1L -
- R LS P (6.37)

where a>0 would imply an equality in (6.37). If we reguire
¥ > 0, then we must have either é,éJ > 0 or é,iq < 0, the

latter case demanding a “sink temperature" T, in excess of

the operating temperature 7, which means thai the collector
acts as an emitter, i e a sink. We restrict ourselves to the
former case. Since éo >J, we have a = TJ from (6.36) which
means that TJ is the environmental temperature (and not )
and that we have equality in (6.27) and therefore a minimal
entropy production. Alsc from (6.35) the following fifth-
order polynomial equation with a single parameter is obtained

determining the optimal collector temperature:

T/‘
( “) - 1) =0 (6.38)

Wajea

§i
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The expression within the parenthesis is monotonically increasing
in the argument T)T—l, it is negative for a small enough argument
and positive for a large. Therefore there is a unigue maximum

with respect to I,denoted 7*, for any given T

T
4

Eq (6.38) may be rewritten in the following way:

I

(6.39)

'3'\»_} >

\5
) +

l’.‘.l(‘;
TN

*

[
\

u-|m
L ]

N——
1]
I~]|D 3>
<<

- L -
where I = //Ro * is the temperature of the radiation. This form
shows that the ratio between the temperature of the radiation

~
rnm_'l

and that of the environmen T, is a weighted average of o
and (77*"1
Also we see that I7* * is a monotonically increasing function
of 7777,

g

-

)° illustrating that T* is in the interval [TJ’T .

It appears difficult to find a more explicit analytical expres-
sion for the solution, but a numerical solution has been com-
puted and is given in figure 6.2.

Although the optimal operating temperature I'* is independent
both of the emissivity ¢ and of the entropy prcduction §, the
maximal power output ﬁmax(ﬁ*) wotld not be so. The exergy of
radiation must therefore be defined with respect to other
characteristics of the system in which it is taken care of.

Also for ¥ (T*) it would be difficult to obtain explicit

max

expressions. From our basic equations (6.32)-(6.33) we have:

.

Voan (7% = Ae(1- 77 ) (3-ome¥) - 25 s

deo(1-7,0* 1) (2%r¥) - 1) s (6.40)

where * is given by (6.38) or (6.3¢). Although 7* is only given

as an implicit function of T, and I we can express v, (T*)
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Figure 6.2 Optimal ratio I*7T as a function of 7,7
either in (T7*,7,.) or in (T*,7):
<
2
. AN N WA :
¥ ,,M-/T*) = » - TL)S =
m;.«.... ¢0
54-T*4)2 2
= Aeo — = T,8 ' (6.41)
;4 “"1*‘: Y
I+l

The exergy power potential would thus be interpreted as:

9 A )
. 4T*3(T*-r0)“ (ptorx?)?
E = Aeco = Aac:z————jr—- (6.42)
TO T +3T7*%"

iCwt s o s -

i
T T, e et p
i . " . i A .
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6.4 The influence of the emissivity characteristics on power

extraction

Let us now analyse the influence the emissivity property of the
collector might have on the potential power extraction in the
case thet there is access tc an infinite sink. Using the same
notations as in the preceding section we wish to maximize:

-]
¥ = A(Z—TJT =) J ek(fjfﬁx-ﬁbx(f))dk - TJS (6.43)
‘ 0

This rate depends clearly on surface properties by aA(T)‘ For a
given temperature I an tdeal 2e¢llactor would have an emissivity
maximizing the integral in (6.43):

[2, Ffer A such zhat R, > R. _{(T)

e (7) = AT (6.44)
J, Ffor X such that R, < 2. (T}

It is therefore also clear that an ideal ccllector would depend
on the spectrum of incoming radiation. Using such an ideal

collector, the power extraction rate becomes: -

(6.453)

Gy >e

(T)¥x - T

bx

. l ~
(T = 4(1-T I o -
V(T a(1 10T ) m;..,‘{J_,R"A R 9

Since be increases monotonically in 7 according to (6.3), the
integral is a monotonically decreasing function of I, whereas
the coefficient preceding it increases degressively. The power
extraction rate is therefore the product of an increasing and a
decreasing function of T.

The coefficient (Z—TOT_I) is zero at T=T0and the integral is
zero for a sufficiently high temperature. A sufficient condi-
tion for the existence of a positive maximum of &(T) is there-
fore that éx > RbA(Ta) for X in some interval. Conditions for
uniquenes }n such a maximum depends to a great extent on the

form that Rx exhibits.




Yy = (Z—TJT °) (6.46)

m

Clearly vy is a one-to-one mapping of 7. The power extracted may

now be written:

] o hod .

Wiy) = A { naz{,v(2 =2, (v)) 1 (6.47)
3 0

4

It is easily shown that Ybe(Y) is a convex function of «,

since:

6R, . (v) b 5.5

b 2 172 2
A, - a; 2 . )

i 3y AT, ?DX(Y) * e RDX (y) > 9 (6.48

N

19

and repeating the differentiation would yield:

______g > 7 {6.49)

Therefore y(R - RbA(Y)} is a strictly concave function of y.
This, unfortunately, does not guarantee that the integral of
max{O,Y(R-Rbk(y))}is concave in vy.

The functions z?,A and Rbk may intersect at several points in i.
Denoting upper points by Xi and lower by ). for intervals
where Rk > be we may write:

by
Niy) = 1 ! Y (R -Ry () )dA (6.50)
:
A
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Differentiation yields:

Iy ix, . . .
CALAR S z - “R.e.) = 5 Y[R =R, .
ay 4 (5 ( dy ‘(?x~ “pat’ ady Y Az Jll) *
- 38,
+ (2 y (7)) dy - J =2 dx ) (6.51)
J - Y Y 3y
AL(y) A ly)
The first two terms vanish since ?, = %, at intersections.

Candidates of y to maximize W(y/) would therefore be found among
the solutions to:

A= 0 (6.52)

ov—-1§

R (
maxtO,Rx—RbX(Y)}aA - YJ
r

where the domain of integration iel covers values of ) satis-
fying R, > R, (v).

A second derivation of (6.51) would yield several negative
terms but also two positive terms depending on ;}— at p?ints of
intersection. This prevents a definite conclusion that ¥{y/
would be concave in y, but such an assumtion still appears
reasonable for simple forms of ék. For all practical purposes
it therefore appears as if the solution in y and therefore in T
is unigue. In the special case when the incoming radiation
originates from a black body to be applied to solar radiation

in section 6.7 below, there will be at most one 1ntersectlon \
between the spectrum of the incoming radiation ? = B‘ (T)

and the emission spectrum of the black collector R ( ) where

g is the fraction of the original radiancy reachlng the collec-
tor, T the temperature of the source and T the temperature of
the collector. When T < BT there will be no intersection for

any X > 0 and when s% < T < f there is exactly one intersec-
tion. To the left of this A = X the incoming radiancy is creater
than the radiancy emitted by the collector and this relation is

6.14




reversed to the right of 1. It is also easily found that >
i e that the pecint of intersection moves to the left when the
temperature of the collector is increased. Of interest is there-

fore to study the function ﬂ(y(T)) in (6.50) where the integra-
h tion is to take place over the only interval (7,31,

4

@

< o

2

Rl ’

An ideal collector combined with an optimal choice of I will
yield a maximal power per unit of collector area. Thus it seems
{ impossible to disregard material characteristics as well as

} choice of temperature when defining the theoretically maximal
power output, ie the exergy power potential. If exergy is to be

defined in this way, it would therefore presuppose the notion
of an ideal collector,

6.5. Exergy power potential of pverallel radiation

Up to now we have considered a given incoming radiation meeting
a collector directly. Let us now study the effects of concent-
rating the radiation e g by means of a parabolic reflector as
illustrated in figure 6.3 or by using an ideal convex lense.

l Reflector

area 4
Incoming radiaticn ::;"A \
> Collector
_ . area a “~—a

-

-

Figure 6.3. Parabolic reflector concentrating radiation

Assume that the reflector is ideal, having unit reflectivity
p=1, that the area the reflector covers perpendicularly to
radiation is 4, that the effective collector area is 2 and that

the incoming radiation in a first case is parallel. Let us

define v as the ratio 4/a of these two areas. On the average
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the radiancy distribution of radiation meeting the collector
will therefore be @8a, . According to our previous discussion the
radiation absorbed per time unit at temperature I will be:

had -~ A ~ -
= (TR - (T))EN = A (TViR = 2, (7))d
a [ e, (T)i2,0 = 3,,(T))dx = 4 [ e, (7}{3 -0 "2, (T))d} (6.53)
0 ]

For a grey collector to which a reversible heat engine is
applied, the extractable power at temperature 7 is therefore:

1 .4

W(T) = de(1-7 /7)(R-¢ la7?) (6.54)

/
0

For each given ¢ there will be a unigue T* > Tj maximizing
¥(7) determined from the solution to (cf (6.39)):

. 3
. Aecl, T o - -
0 7 7
3o 8 ((E)% sk - ) = (6.55)
3 7 T T
- VT 0

~

where T is the temperatlire of the concentrated radiation
- Hlﬁ i -
7 / Rwo “. Solving for ¢ as a function of T7* yields:

or*drgrx ~57,)
@ = (6.56)

=

m
a7,
v

For T* > STO/S, this is a one-to-one mapping as is illustrated
in figure 6.4.

Due to the monotonic character of ¢({I*), we may use T* as an
independent variable describing the maximal power output as
an indirect function of ¢. Inserting ©(I*) into (6.54) yields:

. . 4(?*-?0)2 A
W(T*) = AeR ——— 97 < 4ck (6.57)

T*(4T*—3To)

Differentiating this expression shows a positive derivative in
the interval T* > ’I',J we are considering. This means that the

-



; A Reflector/collector /
. | ratio

o

S

Figure 6.4. Reflector/collector ratio ¢ as a function of
optimal temperature 7*

maximal ¥(I*) is a monotonically increasing function of w. From
(6.57) we find:

lim - W(T*) = iim W(T*) = 4eR
(1*) € (6.58)

P -+ o= %, o

Hence when the area of the collector is made to decrease
towards zero, the maximal power output tends towards the in-
coming radiancy adjusted for the emissivity (absorptivity).
Therefore, for a black surface, theoretically all incoming
parallel radiancy may be transformed into mechanical work,
which means that the exergy power potential of parallel
radZation is:

;:, = AeR (6.59)
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6.6. The influence of the dispersion of the direction of

radiation on power extraction. The second law as a geo-

metrical principle

In the real world there is no truly parallel radiation. Such
radiation would have to be generated by a point source at an
infinite distance from the collector and the source would
therefore have to have an infinite power of emission. Let us
therefore investigate the opportunity to increase the radiancy
obtained from a finite emitter by means of reflection or
refraction. Throughout we assume that the source is grey (cr
black as a limiting case) and that therefore Stefan-Bolzmann's
law (6.9) holds.

A source of a given temperature will emit a certain radiancy.
If the area of the source were given a special geometry, the
radiancy from different sections of the emitting area could be
made to converge towards the same small part of an absorbing
surface. Similarly, the radiancy from a section of the source
could be made to converge towards a small part of the absorber
by means of ideally reflecting or refracting devices. IZ the
radiancy at the absorber by such means were raised above its
level at the source, this would mean that the equilibrium
temperature of the absorber (no cooling) would be higher than
that of the source. This would clearly be in conflict with the
second law, since heat in the form of radiation would be trans-
mitted from a body with lower temperature to a body with higher
temperature. Therefore, according to the second law, it is
impossible to construct a geometry of the source, or a
reflecting or refracting device, that would account for such a
high degree of concentration. However, this limitation is in
essence a more or less geometrical question, apart from the
application of the Stefan-Bolzmann law. To show that radiation
can be concentrated up to a maximal level by means of geometri-
cal considerations, can therefore be loocked upon as justifying
the second law from a geometrical principle. The relationship

ainsiohis




B R e A

between radiacion and the second law aroused interest in the

early days of thermodynamics (cf [Gibbs(1833), 1906,
pp. 404-4051).

We assume that the emitting source is a grey surface and that
the emission is uniform in all directions from every point on
this surface. Consider a given point on the emitting surface,

a small flat surface element dd, surrounding this point, and

a similar point on a receiving ;urface and a small flat surface
element 4+, surrounding that point. Let the distance between
the two su;face elements be r and the angles between their
normal vectors and the line joining them be Q; and o,

respectively, as is shown in figure 6.5.

Absorbing
surface
element.

Emitting
surface
element

Figure 6.5. Emitting and absorbing surface elements

The amount of radiation iW(dAJ) leaving dAJ and received by 44,
must be proportional both to dAO projected perpendicularly to the
direction of dAl and to the solid angel subtended by dAI, which

means that this amount of radiaticn is proportional to dAnCOSQO
) e 4

and to dAfcosozr- :




{6.60)

which is an expression for Lamlerc’s laqw [Jenkins, White, 1957,
pp 108 f££f]. Introducing spherical coordinates {r, 8, ¢®/ with an

origin at d4,, we let ¢9 = 8. A solid angle element defined by
the differential angles d2, ZJy9, will then be 40 = sin3dedo.

Since the emitting surface is grey with a temperature of T,

g

its total emission from dAo in all directions is 44.co7".

Integrating (6.60) over the half space above 44 ., wé therefore

o
o

obtain:
2 n/2
3 n 4 - ~ -
dd,eal” = consz dA., [ [ z2o0s3 sins dade =
o P
@=7 28=J
T/2 .
- o / Sin 298 L. _ )
= 27 const dA, [ =5—==4ds = n const da, (6.61)
1% o . v
n

4 =7
Hence the constant in (6.60} will be c¢of v °, which is the

phrotometrie brighirness of the source.

Let us now place the receiving element d4, at the origin with
its normal vector in the direction of 5=? and let the emitting

surface be defined by an equation:
Flr,9,0) = r-r-(s,0) =0 (6.62)

which means that we have set 6:01. The total amount of radia-

tion, the total luminous flux, received by dAl will now be:

4
ITV
. eal dAZ I[ cosébcosedAo

aw

T 2
r

19

51728 gadg (6.63)

<

coT?ds .
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where the integration takes place over the total solid arngle

subtended by the emitting area .. Since the integrand is

everywhere positive {3<=/2), it is at most =7, which would be
obtained in the case when 4. covers the entire hemispherz as
seen from Ji,. Therefore we must have:

¥ R 6.64)
a7 < eol  da, ( .

-

which means that the incoming radiancy (the Zlluminaize) is

limited by:

d: 4 -
A == < eal (6.65)

From (6.14) we know that the maximum temperature of an abscrber
4 -

A T

(grey) is at most I'* = g 7, where 7 is the given radiancy
hitting its surface. The ineguality of (6.65) means that the
temperature of the absorber is limited by:

Tk < 7 . (6.66)

which is nothing but the second law. Hence, as expected, the
temperature of a collector absorbing radiancv is limited by the
temperature of the emitting source. This case shcws that it is
impossible by manipulating the geometry of the emitting sur-
face A; to increase the incoming radiancy bevond the level of

the emitting radiancy (in any case for grey emitters).

We now turn to a second case in which a reflecting surface is
introcduced in order to concentrate the emitted radiaticn
towards a collector. Thus there are three surfaces to be con-
sidered, the emitting, the reflecting and the absorbing sur-
faces. As previously, let us place an element of the abscrbing
surface dAl at the origin of a spherical system of coordinates
and let the direction 8=0 follow the normal vector of this
element. Furthermore, let us denote the equation of the

reflecting surface:




g v e

P, 3,00 = o» s om0, =0 (6.67)

and an element of this surface i1,. The configuration is

described in Iigure 6.6.

Reflecting
surface
element

.
<

l Emitti
Absorbing : su;fzégg
surface element
element )

igure 6.6. Emitting, reflecting and absorbing surface

elements

e

Let the vector Fﬁ point out the surface element <. and r,

the element d4,. The vector ;2—53 will then point from 44. &2
dés. Accerding to the law of reflection, if a ray frem dA: is
reflected at ;2 and reaches the origin, the incident and re-
flecting angles at dA2 must be the same, which, in vector
terminology, requires that the following scalar product is

zZ2erQ:

([ — - _2; ) grad g(r,3,0) = 2 (6.68)




where ;rzi . :/r,3,9! is the gradient of ;/'r,%,9' and therefore a

normal vector of J4, evaluated at r . For a given r ., this

- - ’ Sr, P
equation will be a relationship between the derivaties —, 55
and the coordinates r,3,¢ at r,. A question is the multitude

of points r, that might satisfy (6.68) for a given ;3. If the

coordinate system is directed so that ». falls on the axis ==7,
(6.68) turns out to have the well-known sclution:

(» |+ |r,-r.{ = =i0) (6.69]

-

where »/¢) is an arbitrary positive function having a

magnitude of more than ;r,{. For a fixed longitudinal angle o,

(6.69) describes elliptic arcs having the distance r.|
between the two focal points and with the longer half axis
n{el/2.

For a given dd, at r_ placed on the axis &=9, this surface

element can at most be reflected towards z2~, along a path lying

2
on a surface (6.69) as 2 varies or a portion of or the whole of
such a surface. It should also be noted that if ;9 is a point
of reflection satisfying (6.68) for a given r,, then no other

r :;é,j.e no other 44! can emit a ray to be reflected at r,

2 J z
since the new dﬂé would either block or be shaded by the pre-
vious emitting element dAQ.
From our previous equations, the amocunt cf radiaticn reaching

dA2 from dé., will be:

p
by
e,
X
N
I

(6.70)

If d4i,_, is suitably oriented, this amount will be reflected at
;2 and hit di, at the origin. If dd, instead were chosen as an
emitting surface element with the same characteristics as 441,

4

(same ¢ and T), then dAJ would receive the amount:
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Ivlia,) = - = = 2 (6.71)
|
i

For a given I4i., the two differentials I¥(dx,) and 4% '4%.) must

be equal, since the two cases simply involve a reversal of the
direction of flow. This provides the following relation between
~ ’_f]:
uA] and 24,

: (6.72)

The total radiancy from dd, at 44. would therefore be:

'r. 3 <
i) = {J aM(dAJ/: ea’] {{ ; ° 5 s
) 2, 94 g LTS

& o
4

eal” ([

= JJ 2088 37n8 dedy (6.73)
T Qz . N

-2
o] is the solid angle subtended by

o

since ©,=3 and dd, cosogir

ddA, as seen from the origin. The Integration in (6.73) takes

&

place over that part of the reflecting area 42 that satisfies
(6.68). No other dAj may be reflected by the same solid angle
already integrated over in (6.73), but well over some other
portion of the hemisphere above dAI, or emission from some other
dA] might reach dAZ directly, provided there is a portion of the
hemisphere available. Taking all opportunities of reflection and
direct transmission into account, the total incoming radiancy

will be:

eal

[] cose sine d3de < eol® (6.74)
9]

where 0 accounts for the total solid angle the emitting surface
covers either by reflection or directly.




»

] Therefore, once again we find that the incoming radiancy is at
most that of the source and that the temperature cf the collec-
tor can reach no higher level than that of the emitting surface,

ie the second law explained by a geocmetrical principle.

Similar findings would be expected for cases of concentrating
radiation by means of refraction in ideal convex lenses, but
such considerations are omitted here.

Let us now turn to the question of power extraction from
radiation emitted by a finite source assuming this extracticn

takes place by using an ideal heat engine inserted between a

collector and an infinite environment with the constant
temperature TO. The main results from section 6.5 may now be
applied directly. There it was shown that the extracted power
per unit area of incoming radiation would increase as a

function of the reflector/collector ratio ¢. In the present
section it has been shown that the radiancy could be concent-
rated no more than to that of the emitting source. This means in
the case of a black body emission at the temperature 5: an ideal
reflector and a grey collector, that the reflector/collector

ratio ¢ can be at most:

®, - = (6.75)

where § is the radiancy reaching the reflector. The optimal
operating temperature will then, as before, be given as the
unigue solution toc the fifth-order equation (6.55) or (6.56)
with ¢ = LA according to (6.75). Therefore the exergy pouer
potantial fr?m the non-parallel radiation will be given by

(6.57) with W(T*) exchanged for Z:

i X 4(T*-T9)2
£z Agp — 0T (6.76)

- 2

where 4 is the area and ¢ the emissivity of the collector, ? i
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the radiancy reaching the collector and T* the soluton to (6.%3).
Clearly, the exergy power potential of non-parallel radiation
must be lower than that of parallel radiation according to the
inequality in (6.57). The dispersion in direction of the in-
coming rays is therefore also a property to be taken intoc

account when evaluating the exergy power potential of radiaticn.

6.7. Solar energv

As an illustration to the ideas set forth in the previous

F sections we consider radiation emitted by the Sun. The Sun is a
spherical ball of gas made up of a number of different layers.
The surface accounting for the continucus light spectrum of the
Sun, the pactosphere, has an approximate temperature of 228003 X

ol
and a radius of P T 7.19°m. The distance to the Earth is
B4 o s
1 r = 1.5-19‘1+ 2.5.19°m, the shortest distance reached in
January and the greatest in July. The Earth has an approximate

. P 8
radius of r . = 88,3710 m.
eartn

The solid angle subtended by the Sun as seen from the Earth will
therefore be:

o
Tr.. . _ =
Sun - 4 )2-10 7 - £.34.20 °[szeradiars] (6.77)

sun 2 1.5
r
which accounts for only a fraction 1.09-.:107° of the total hemis-
phere visible from the Earth. Therefore the Sun may well be
approximated as a point source.

The spectrum of the Sun as measured above the atmosphere of the
Earth (figure 6.7) shows that the Sun can be approximated as a

black-body radiator. Certain wave lenghts are missing due to
absorption in the Sun's atmosphere (the Fraunncfer lines).




Figure 6.7. Radiancy distribution of the Sun above the atmo-
sphere of the Earth ccmpared with the black body
radiation spectrum (figure adapted from [Nimnden

fér eneragiproduktionsforskning, 177, p 291.

Assuming the Sun to be a spherical black body radiator, its
total emission will be given by the Stefan-Bolzmann law (6.6):

2 a

o4 , L3, 8 - 4 - 24 ..,
4+p” gl” = dn (7127 )7 5,732 3-6‘903 = 4,512077 (%] (6.73)

the experimentally obtained value being mcre like 4-10 V. Of
this radiation the Earth will receive the fraction:

o ag tro_ . 4.5.10%%02.57.15%)° ‘e
grp ol s S 3 = 2.9.1077[W] (6.79)
5 gnn® 4-(1.5-101%)

Oor per square metre perpendicular to the radiation:
2

L2

- - 3un . ...2

R = o1t SHE = g.g.20% pwm %) (6.80)
r

which is slightly above the experimental value 2.4-105Wm~2.
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This function, illustrated in figure 6.8, has a maximum of
2iT*)a"7 = 127 wm™° at the collector temperature T* = J5£%, this
solution corresponding to a value of 5 = 410K and T, = 774 in
(6.39). With a black ccllector (the best of all gre§ collectors)
and no concentration of the radiation, there is only a fraction
of 6.7 per cent of the incoming radiation available for power
under ideal conditions in all other respects as well.

On a »right sunny
by the atmosphere
reduced severely,
of the Earth. The

day some of this
of the Earth, on
and at night the
actual radiation

radiation would be absorbed

a cloudy day it would be

radiation meets other parts

will therefore vary a dgreat

deal with time of day, meteorological conditions, geographical
location etc. For the sake of illustrating our previous ideas
however, let us assume the theoretical conditions given above and
that the Earth can act as an infinite environment having a
temperature of T0=300K.

As a first case we consider the (unconcentrated) radiation to be
absorbed by a black collector. The incoming radiation has a
radiancy given by (6.79) and the net power extracted from an
ideal heat engine will then be:

. a r
- , 4
WD) = A(1-T 7 )o(r? 2H2 - p¥) o
- - 9 4
= 5.7010 80013000 )02, 5,208 - %) (W) (6.81)
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Figure 6.8. Power extraction per sguare metre as a function

of collector temperature for a black collector
and for an ideal collector

Let us now study consequences from introducing an ideal ccllec-

tor as defined in section 6.4. The radiancy distribution of the

radiation reaching the Earth, assuming no distortion to be

caused in the spectrum, will be:

9
3 - riun blr:un I
- 7 -— o L
RA = Rbklf) 5 T 5 ' 75 (6.82)
A 2
ex‘-l
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where the constants bl and 2, are given by (6.4) and (6.5).

The radiancy of a black collector at 7 will be:

3, T =t e (6.83)

In order to obtain conditions for the ideal collector we need to

find the possible intersections between the curves 2., and Rbk'

A
x According to section 6.4 there is only one such intersection.
sun’P’T’ we solve for ir=i(Tjas a
function of 7. The resulting curve is shown in figure 6.9.

Using our assumed values of »r
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Figure 6.9. Intersection ) as a function of collector tempera- ]

ture T




Using an ideal collector, the power output of an ideal heat

engine as a function of collectocr temperature will be:

[V I

U
- L]

( -5
2 0,

- =375 @ (6.84)

O
[

by
. r
W(I) = A2, J ( N
A=)

>
RS
Y
pe
+3
4

The integration inveolved has been carried out numerically and it
shows a maximum of (T Ja~ ! = 1250 wrn™? at a temperature of

ca T*= 887X. The corresponding curve is also shown in figure 6.8.
Apparently the choice of optimal collector properties can in-
crease the amount of power available considerably, in this case
approximately tenfold, taking care of about 65 per cent of the
incoming energy flow. It is an open question, of course, what
materials that are available, now or in the future, that have

emissivity properties approximating those of an ideal collector.

Finally, let us assume that we have an ideal reflector (or re-
fractor) of an area 4 by which the incoming radiation may be
concentrated maximally. Using the same data as previously, if the
radiancy reaching the reflector is ék and the reflector/collector

ratio daq *= LN the maximal radiancy reaching the collector
will be:
2
R - Ty R
= T) e 2 = (T
B3 Onaz = Bpa (7 e Onaz = Fpa T/ (6.85)

which means that the theoretical maximum of the reflector/
collector ratio is:

= 4,6+10 (6.86)

Sun

which is extremely high from all practical aspects. The maximal
power output from an ideal heat engine, using an ideal collector
having the temperature 7, is thus:




T
o - . r_m .r—i| /A - = - =
;/l-) —h(; -y - / J ..?4 (Dmx.?b:\(-))dx
0
X
=A@ T (1-7.7 7)) Jf (2., (T7)=32_.(7))dx (6.87)
0

However, according to section 6.5, there is no intersection *(7)
between be(f) and RbA(T) for any Tif. Hence, the guestion of an
ideal or a black collector would be irrelevant for soclar
radiation if it were concentrated maximally. Therefore (6.87)
may be integrated explicitly, in which case we arrive at (6.40),
yielding an optimal collector temperature of T*=25¢0X and a
maximal power output, and therefore an exergy power potential,
of ¥4™! = T = 1350 ¥m % This amounts to some 85 per cent of the
total radiation. Of course, 254JX is an impossible operating
temperature for practical reasons. However, the result obtained
points at as high a concentration of the radiation as possible
should be desired.

6.8. Exergy and radiation.

In the foregoing we have attempted to indicate that it would be

a nontrivial matter to evaluate radiation from an exergetic point
of view. Apart from environmental properties such as the heat
capacity or temperature of the enviromment, also emissivity
properties of the collector have an influence. Also, other
characteristics than the intensity of the radiation affects the
opportunity to extract work. In our treatment, we have restricted
ourselves to the dispersion in the direction of incoming rays
when they originate from a black-body radiator., Other properties
that might be of significance could be polarisation and coherence
of the radiation (c<f Thoma, 1978, p 6, Griimm, 1978, pp 7-101].

Qur treatment has been brief and speculative with no presumpticn
to provide any complete or final results, but rather to indicate
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some possible lines of thought. There appears to be ample space
for future research along a number of different paths. A more
general treatment of the influence of the dispersion of the
direction of incoming radiation might depart from a given
density 47 (3,¢) at different points on a surface, where 3 and

¢ are measured from such points. Also the limits of concentra-

ting radiation from a non-grey emitter might be examined.

In section 6.3 we restricted our analysis tc the case that the
collector operates at a temperature above that «f the environ-
ment. The converse case, utilizing the environment as a warm

source and the collector as an emitting sink, would also be an

interesting opportunity to examine further.




CHAPTER 7. ECONOMIC MODELS OF ENERGY EXTRACTION

7.1. Introduction

In this chapter we introduce economic entities, namely r»»r<:zg,
into our models treated in chapters 4-5, in ~cder to derive
properties of the optimal plan for how energy should be extracted

under different ideal circumstances.

As a first model in section 7.2 we consider a system of Y
infinite heat sources, frcm which energy mav be extracted accor-
ding to the model given in section 4.5. A variation of this model
is then given in the form of a schematic thermo-electric plant. We
then introduce prices into. the thermal svstems of section 4.2, in
which there are V finite and one possibly infinite source, which
is the topic of section 7.4. The section following treats an
economic model slightly different from those previously given, in
which there are production factors which are not necessarily
energy flows as such but rather fuels and similar resource inter-
pretations. In a final section we introduce nrices into the

models of chapter 5, treating systems of ideal gases.

Throughout we attempt to show that is not energy as such that
should be considered a scarce resource, but rather the exergv
potential that a system of a given configuration is characterized
by. Although we do not depart Irom the concept of exergy itself
in the basic models to follow, instzad choosing the second law as
a fundamental constraint, it will be found that our resultz meost

conveniently can be interpreted in exergetic terms.

7.2. Economic model of power extraction from a svstem of J

infinite heat scurces.

Let us consider a system of JV infinite heat sources similar tc
the thermal system in section 4.5, each source characterized by
its constant temperature TJ, 1=1,2,...,V. Between these socurces a

set of heat engines are connected in order to extract power.

7.1




Without any loss in generalitv the sources are assumed to have
different temperatures. The set of engines may be replaced by a
single engine according to the discussion in section 4.5, this
engine characterized by a given minimal entropy production rate
3. Let us also introduce a set of prices D1sPase Dy where :.
is the oprice in value units rer energy unt:t of the energy of the
source having temperature Ti' The svmbol » having no index will
denote the value of pure work (or power). In crder to keep the
notations as simple as possible, we refrain from using dot-
notations for rates and flows. As in section 4.5 a flow will be
positive when it approaches a source and negative when it leaves
the source.

The sign of the price of source 7 needs som attention. When a
heat flow Qi of the source is positive, this means there is an
energy flow to this source. If energy is "sold" we receive a
revenue in such a case. We apply the convention that price is
negative for a positive flow yielding a revenue. If there instead
is a net cost asscciated with the disposal of energy to source <,
price is positive. On the other hand, when Qi is negatfbe, energy
is received from source 2. If this is obtained at a cost, price
is defined as positive, and if instead a revenue is associated
with such a flow (e g if the source is deliberately kept cold)
then price is negative. Hence we apply the convention according
to table 7.1.

KW
A\
L)
Ly

<
"y
ty
t
<] ]

<3,
s

< 9 EXPENSE, p.q, < I RIVENUE, p.d. > 0
2

Table 7.1. Sign convention on prices

Since the model most naturally is associated with a net cost for
extracting power, this net cost ¢ is chosen as the objective
funtion:
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Do (7.1)

t=:

<

+3

e princivle problem we are te analycze in this section is as
follows. A given minimal level of power W is to be extracted at
as low a cost as rossikle, subject to a second law entropv const-
raint. Hence, ¢ in (7.1l) is to be minimized subject to the

following contraints:

>

(7.2)

[T S B
&
+

A
D

.
[
.

2
e
>

-
-4

2,70 <2 (7.3)

? -
- (3

[9)
)
Tt

" 1
-

We introduce the non-negative multipliers 2,1, associated with
these two contraints and form the Lagrangean:
N

D.z. *+ 8 Z &.+ %) + a{5S~
Pry e

iy ) (7.4)

LY

It =

o1 =

v e T P
=4 L= =4

The Kuhn-Tucker requirements for a minimum are obtained as:

3= -1 .. . -

% = -p. t a T.7 = 2, T=I, 8,000, (7.5)
v

3L - 2, n

-3-";‘ = L Q + f_ S (7.6)

.

o, R Vi B

= =5- £ 3.7.7 < (7.7)

23 =1 Tl -

8,2 > 0 (7.8)

where equality in (7.6) or (7.7) holds when 8 or 1 are positive
respectively and where a strict inequality in (7.6) or (7.7)
implies 38=J7 or x=7 respectively. Due to the linearitv of the
problem, the conditions are both necessary and sufficient for a

zcst minimum. If these conditions cannot hold simultaneously due

o r
(9]

some specific choice of parameters Py vV and £, then a minimum

#1.1 nct exist, ie it will be possible to earn infinite profits.

7.3
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We have already assumed that all temperatures I, are diflerent

v

Let us combine the above conditions for two different index

values in (7.3), sav 7 and /. This gives us:

2,770, .
z Y77

8 = ———= 27 (7.9)
T.-T,
i
“‘77 .
i | \
& T mm—= PP > ’ (7.10;
P - . - , -
T g v

These two sets of inequalities have extremely far-reaching conse-
guences. Let us first divide the set of possibilities into the
two cases that either all prices p., ©=I,£,...,7, are equal to
say 5, oi they are not all egual. &hen they are all egual we have
C = -p il <; T oo
dent of any choice we might wish to make, and we would also have

, which means that the cost would be indepen-
a=¢0 making the second law constraint ineffective and 8=z, which
means that any solution satisfying (7.6) with equality and (7.7)
will be cptimal.

In practice, there wcnuld always be some energy source, an envi-
ronment, providing heat or absorbing heat at the price zero. If
prices are equal, they would all be zero in such a case, which
obvicusly is unrealistic since we know of energy we are willing

to pay for.

Let us therefore rule out the case that all prices are equal and
assume in the follewing that at least two prices 7. and », are

different. This implies by (7.10) that «>2 and that when Eompa-

. -

ring any two sources a nigrer-—ienm

v e b o - - - - T -~ -~
& eraiur2;s 3Curle Mhiv Ve X

"y

nizrer prizz (or lower negative price):

T. > T implies p. > p., for alli <,j (7.11)

€

Hence, z scurce witn a ntghzsr tam

3
©
3
£
ot
< )
<t

«
X3
£2

r “Ur
nigner eccnomiz value. Price must nece

Justifice 2

0
[o}}
(a1
s
b
4

increase with temperature.




When we are dealing with negative prices (according to the

interpretation conventions previously given), a higher tempera-
ture will yield a less negative price. This may be interpreted

for instance as a lower cost for cooling an engire.

If the temperature 7. of one cf the sources tends *towards infini-

ty, we find from (7.9) that:

T i AU (7.12)

Hence, 3 is interpreted directly as the value of work. This 1is in
P

complete agreement with the effects cf a marginal change in

w

31 L9
H
S
~

[+9)

meaning that a unit change in the amount of power extracted wiil
increase the tctal cost by 23=r. For a marginal change in the

minimal entropy production rate 5 we obtain:

3¢ _

—_—= a > {(7.14)
3s

which gives us an interpretation of this multiplier. The strict
inequality in (7.14) implies an equality in (7.7) meaning that
the actual entropy produced is at its very minimum, when costs

are minimized.

Returning once again to (7.9)-{(7.10) we find that if any two
prices and the corresponding temperatures are given, then all
other prices are uniquely determined. Let us denote two such
reference sources by (p',T') and {(p",T"). The soluticn to (7.53)

can then be written:

pIm g mrmn _
= &= - i - Py m—
p': - Tr-pM Te=Tn ‘/.D p )A‘L' =
- -
o7 (1-7773%) pr(z-rirY)
14 i - .‘.i p J"l: )
= T 7 i (7.153)
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which shows each price 7, to be determined as a special kind of

P

linear combination of the tvwo reference prices z' and z". If we

now interpret »' as the price of work, ie »'=» and I'==, we

Py ’

obtain:
-7 -7
p. = 2{1-T7"T ") + p"I"I, (7.16)
or:
-
7y prInz,”
o = - - - (7.17)

T+ 1 ..mimn
- & - dTa ..
4

It is clear from (7.16) that if »>J, then for a sufficiently low

T D, must be negative since always p»>»_.. Therefore, if we let

ji change continuously, at some point the corresponding p. will
be zero. Let this temperature be used as a new (third) point of
reference denoted T*. Solving with p.=0 in (7.16) yields:

t_ntt)pton -

Z —_—— = = IU(1-p"p ) {7.18)

4l =01 -

~[¢

where the right-~hand member refers to the case p'sp, I'==o, H
Eliminating 7” from the right-hand member and (7.16) vields the
two important equations:

L= p(1-7*7.7) (7.19) '

"y

- Tt (7.20)

g
|

which must hold goed for all Ti' This form is nothing but the
original optimization condition (7.5) rearranged.

If a certain source would have had a zero price, then it would
have the temperature 7*. However, T* is defined by (7.18) whether
or not there actually exists a source with this particular tem-

perature.
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The right-hand member of (7.20) will be referred to as a

Tem_ozcru-

YYD e v o~
R4 AN S

wizel rrize (discounted with respect to temoerature .).

The reference temperature I'* nay conveniently be interpreted as
the temperature of an environment from or to which energy may

be collected or disposed of free of charge.

Therefore, as a main result of this section we must conclude

that if an optimum exists, at this optimum 2!l zemrerasure-
disdcounted rrices muss Ze z2qual, and in addicion, e z2qual ¢

trne prize of wor<, The equality (7.20) can therefore be consi-
dered as an important condition for how the values of differently
temperatured energy sources are related to one another and to the
value of work,

Temperature-discounted prices will be shown to be of great signi-
ficance in all remaining sections of this report. Therefore we
introduce the special designation 5: for the right-hand member of
(7.20).

Reverting to (7.10) again, we find:

3
3

O

!
[*]
|

=4 = pr (7.21)

Uy >

which means that the value of the multiplier 2 egquals the price

of work multiplied by the "enviromment" temperature.

Inserting (7.19) into (7.1) and using the equalities of
(7.2)=-(7.3) we also obtain:

£ = p(F+I7%5) (7.22)

which shows the minimal cost as the value of power produced p%
added to the value of the lost power pT*s.

In this section we have found that when temperature alone
characterizes the quality of energy, *“his quality will reflect

7.7
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the value of this energy according to (7.19). A temperature may
be interpreted physically as energy density (concerning the

molecular kinetic energy, cf section 2.8). The economic value
p, of heat energy of temperature 7 is thus given by:

4

p. = p(1~T*C77) (7.23)

This function is illustrated in figure 7.1.

L Energy price
[ D

—_— e e T T = =T e e e e e - mm o e e e e e e e e e - e = — —— —

S

T %

-

. Temperature
i Environment P

temperature

"y

Figure 7.1. The value of energy as a function of absolute

temperature

Up to now we have made no explicit reference to the exergy con-
cept, our results being based on the second law constraint
directly. However, we may easily make an exergetic interpretation
of the price pn expressing the eccnomic value per heat unit of
temperature 7. If a flow of heat limited at @, were obtained from
a single source outside of which there were a; infinite environ-

7.8




ment of temperature *, the exergy pcwer potential associated
with this flow would be 7 = ’:-T*T-JJ according to (4.90).

“ .
N

Evaluating this potential at the exerqgy (work) price vields the
econcmic value:

-
- - s 4 - FS -
D = - STk V=
Dz TomieTa L P ARV (7.24)
Iy T
: - - - L T L) - Wy g - P - - -
This means that -2 Jrice p_, 222y led? UNLT eV icadled 4€ ITCuhT
.
. .
- ) v e oan A~ - - - - . ’
07 exery TATI 24T 20rrefysnds T AT cae Fiven zrize of zgxergy
. < - - v -

(1 eat the price of work). Although our economic model presented
does not rest explicitly upcn prior xnowledge of the exergy con-
cept, apparently its results are conveniently interpreted in

terms of exergy. This indicates trat exercy in fact could be
defined from the economic mcdel as an alternative to the

physical definitions given previously. From (7.24) for instance,
we could define the ratio »-J-7 ~ as the exergy power potential.
Either way, exergy must be interpreted as 7 ccrmon scarse

re3ourz2 in the system.

7.3. Example of schematic thermo-electrical power olant.

As a fairly concrete example of the considerations given in the

previous section we shall analyze the basic economic relations-

ships of an idealized thermo-electrical power plant. This plant
is fed by a heat flux g, of temperature TI obtained for instance
from burning fuels. Electric pcwer (of exergy guality) is
produced at a level ¥ and "excess heat" of temperature T may be
provided to a network for demestic heating purposes. Cocling the
plant may also take place at zero cost and at a rate 7, in the
environment having tempefature :9' The plant produces é minimum
entropy at a given rate 5. We diverge from our sign convention
as to the heat flow @., defiring it as positive when entering the
plant. The unit cost éf producing Q: is given by the positive
price p,, the electricity price is denoted p and the price of
heat for domestic purposes ».. We assume that the heat influx is

s
4

limited by a capacity ceiling 5_, and disregard all operating and

[

7.9
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capital costs apart from those incurred for purchasing <.. The
thermo-electric plant is to maximize its profits which aie
denoted V. As in the previous section, for simplicity the dot
notation is omitted for the flow quantities. The system is illu-

strated in figure 7.2.

Let us formulate our problem in the following way. The profits:

V= oW + p.8. - 0.0 (7.25)

-
4

L INY

are to be maximized by a suitable choice of %,2., 7., and 3. ,
subject to the constraints:

-V=3,72,%8, = 0 (7.26)
R RN 3,770 =529 (7.27)
g, - 91 > J (7.23)

Fuels

Heat QI,T,

Electricity «

Thermo/ T
electric Domestic heat 3~
power > -
plant

Cooling QO’lO

Environment

Ty

Figure 7.2. Energy fluxes related to schematic thermo-~electric

plant




We introduce the non-negative Lagrangean multipliers £,a,v for

the inequalities (7.26)=-(7.28) and form the Lagrangean:

L
|

3
x;
+
s
L]
D
t3
I
B
2
D)
+
&
1
x
|
R 2
i
&£
+
&
~
+

=50+ yi3,-3,) (7.30)

The necessary and sufficient Kuhn-Tucker conditions of this
maximization problem are as follows:

3z

W oP 320 (7.31)

§5m Zp. - arert < (7.32)
T

35 =Tyt 3"”;1 -y 22 (7.33)

a:J = -84 “T;»Z 20 ‘ (:/.34)

g'g' SV =@y - &, v =0 (7.35)

g‘i‘ = Qrf-z * 97-”?1 - szzz -5 20 (7.36)

%? = é; =927 (7.37)

W,Q:»,Q:,,Ql,a,a,y > 9 (7.38)

where equalitv in either of (7.31)-(7.37) must hold, if the
corresponding variable in (7.38) is positive, and where the vari-
able in question has a zero value, if its corresponding const-
raint is a strict inequality. Before analyzing the solution to
this model, let us reintroduce short-hand notations for tempera-
ture~discounted prices. As we have shown in the previous section
a zero price environment temperature is determined either by the
temperature of a source that actually has the price zero (say at

7.1

S i




PSR,

-

temperature ;J), or by constructing an artificial source from
two reference sources, one of which could be an infinite tempe-
rature source characterized by the exergyv orice p and ==, the
other characterized by some other price ». and a finite temnera-

ture 7T..
z

For our purposes in this model, different environmental tempera-
tures are of interest. Either we have the "natural”" environment
with zero price and temperature TO’ or we may construct artifi-
cial environments, 4 and 2 respectively, based on (p,=) and
(pr,T), or on (pz,Tz) and (pT,T). Also, when the entropy const-
raint is ineffective and therefore »=7, we must interput the
environment as having a zero temperature 7*=0 (cf (7.21)). In
such a case, heat of any tempmerature is of exergy aquality and
discounted prices take on their non-discounted values. The
environment alternative based on (p,=) and (?V’TI) appears tc be

4

of no significance in this example.

The following-designation are introduced. The temperature-
discounted price of source ¢ having price p. and temperature T_,

discounted with respect to the "natural" environment 7, will be

written: ’

- D,

p, = ——— (7.39)
Z-TOTi

For the environment 4 defined by (p,=) and (z,,7.), according to

(17.18) its temperature will be: S

TZ = I(1~- %? ) (7.40)

and for the environment 3, it will be:

(7.41)

Discounted prices with respect to these artificial environments
are denoted:




T

Dab ;0

pod -~

(7.42)
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i
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ety

= — (7.43)

When the entropy constraint is ineffective and therefore I*="

we write the discounted prices:

=D, (7.44)

o, O
Iy

"y

Let us now consider the three thermodynamical constraints
(7.35)-(7.37). A basic assumption of the model is that T .<I<T

-~ k]
< -

From these conditions we can distinguish four basic cases depen-
ding on the chosen levels of 5 and 3..

Case I

< 5 . (7.43)

In this case there is no solution due to the feasible set

-~

being empty. The maximum available energy input - dces nct

suffice to provide the minimal entropy production by any means.

Case II

G.(TTi Ty = 5 (7.46)
“ v 4

In this case there is the only solution 2,:20:97, L LEH=

vielding the profits (a loss) amounting to V=-p.&,. This is a

I
case of "pure resource disposal" or "pure entropy oroduction",
since no valuable output at all is created.

Case III

(7.47)




This case provides a number of different solutions dermending cn

the chosen values of the parameters 2;sPps0s <, and S,

-

Case IV
028 < g (T =T (7.48)
Also this case provides a variety of solutions.

In tables 7.2-7.5 all solutions in cases III, IV of this example
are listed. As is seen, the number of different cases is quite
extensive and it is easily found by inspection that the dis-
counted prices play an extremely important role for determining
the structure of the optimal plan. In order to simplify nota-
tions, the following abbreviations are used in the tables:

& F S (7.49)
T -T7‘
s == ' (7.50)
T -7 -
- -1 -1
§-Q,(T "-I.7)
= 7.5
4, T -3 (7.51)
T, -1
2, (r, =275
;Q.w = -7 -7 (7.52)
7=
=% = Maz{0,x}, For any variable =z (7.53)

When a variable z may be chosen freely within an interval [z,:],
iewx<sz<y, the interval itself is shown.

By multiplying the optimization conditions (7.31) - (7.37) by
their respective variables and adding these equations together,

we obtain:




S 3 e (7.54)

from which the multipliers are interpreted as:

[*}

H

{
(9%

I N

~J

.

w

U

~

@
(T

y = &L (7.56)

Q)

i e as sensitivities with respect to changes in the parameter

~ -
o

4 values $§ and &,. Only the signs of these multipliers are shown
[ in the tables. The right-most column gives the temperature of

the environment, interpreted for each case.

From the abcve results a number of conclusions may be drawn,
one of the more impcrtant being the necessary conditions for ¥,
or §,, or both ¥ and ¢, taking on non-negative values. By inspect-
1 ing ihe tables, we fina that in order to have ¥ > J, either we
i need 51 < p or, in case p < 5?’ 5? < p, which means that the
price of electricity must ke at least as high as the discounted
price of energy input. Alsc, in order to have QT > J, we always

need p, < p., i e the discounted price of domestic heat must reach
- - -

at least the discounted price of energy input. Furthermor=, if

both ¥ and 2, are to be non-negative, then either we must have

» = p->y5,, Or, when the entropy generation rate is sufficiently

rally

lew (case IV) either of p. <p < p-and 7 < p or . < » = p..The

latter two subcases might be interpreted as electricity being

a side prcduct of domestic heat.
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7.4. Economic model of energv extraction from a svstem of

finite heat sources.

The model to be treated below is based on the (J+I)-source system
described in section 4.2. Apart from introducing prices, the

7
notations will the same as applied previously with 7.,7.,¢

m
‘i"i”i(‘i)

being temperatures, initial temperatures (all different) and

heat capacities of source i,§ the given minimal rate of entropv
prcduction, & the given minimal amount of work to be extracted,
P the constant price of heat from/to source %, » the constant
price of work. Asterisks, as before, will denote final values of
the respective variables. When there is no risk for any confusion
these will be omitted.

Qur problem is tc minimize the total cost for vroviding at least
the work output & subject to the second law entropy constraint.
Therefore we wish to find temperatures (and possibly their time
paths) that minimize:

7%
Vi ’L
c=-31 p. J e, (T.)dT, (7.57)
'1'::0 v 1 (4 [ -
7]
subject to:
T*
R v "
I [ e (T.)d0,. + ¥ < 2 (7.58)
i:o =4 1/ -
TU
vy a.(T.) -
-5 Lt 4r. + 8dt < 0 (7.59)
o i . 1 -
=0 7

Introducing the multiplier 3>7 and the multiplier function
a(t) > 0, we form the Lagrangean:




(7.60)

The associated Hamiltonian function is:
B(T.,7.,t) = —(p.—-8+ O““’L)) 2 f + 1(‘)é {7.61)

£ - “q Ti A “ .
and the Eulerian equations then become:

e.(T,)

- bl Ty, (7.62)

z af. "1

«©

exactly the corresponding result as in (4.13). However, a(%t,) in
this context is slightly differently interpreted due to our now
having a cost function as our objective function. Since ci,T£$9,
we obtain:

a=const (7.63)
which enables us to bring a outside of the integral in which it

appears in (7.60). This gives us the possibility to write our
Lagrangean function in the form:

T*
R I-L :
2 N -
= - =B+ =) 2.(7.)d7. + 8W + 7.
L N (py=8¢ =) o, (T )dT, + 8H + aS (7.64)
I3 “
T
1

The necessary minimization conditions will then be:

2;. = =(p.=g+ 3=) o (T.) =0, £=0,1,...,1 (7.65)
N

A - s yaray-u.(t)em) < 0 (7.66)

38 . 1'%1 P S = :

=0




- 7
8"4 - ~ - - [ Boad - '71;7 ~
= S C ‘uilii) SL(-'L)) < - (7.67)
=0
B,a > 7 (7.68)

where Ui (internal energy) and Si (entropy of source) are the
monotonically increasing primitive functions of ci(fé) and
ci(Ti)T;Z respectively, as alreadv defined in section 4.2.

Eq (7.65) has also exactly the same implications as (7.5).
However, in our present case, we do not know in advance that all
Ti throughout are different, as was assumed before.

From (7.63) we easily find that pi=pj for sources ¢ and J

implies and is implied by Ti:Tj’ i e equal final temperatures,
and that pi>pj implies and is implied by Ti>rj' Comparing sources
of different price, and therefore of different temperature, we

can write:

p4Tz-pJTj - T
8 = —1?—:;———‘ > J, for all <, for whten p.*p. (7.69)
i .‘J. - 1 J _
7.7,
1 7 o 3 ~ . .
a = T'-% (p;—pj) > 09, For all i,j for waich D #D. (7.70)
t g - v

which are the same as (7.9)-(7.10). Therefore, if at least two
prices are different we must have:

8,2 > 0 (7.71)

making (7.66)-(7.67) into equalities. We assume this is the case
in the following.

Inserting the solution Tiza/(s-p;) into (7.66)-(7.67), we obtain

the two equations:

(7.72)




from which the two unknowns 38,1 may be solved, if the functions
J, and 5. meet certain requirements. Differentiating the left-nana

members of (7.72) and (7.73) with respect to 8 and to :, we
obtain the Jacobian:

[
g ((3mp) T -te=p 0T =

2

B

i e.z2.(p.-p.)
7 J -1 -
Z £

SN B
J (3 pj) (8 ?i)

Cy

<

(7.74)

Py
[

ey
# ™3
\\\

Hence, in the case that at least two prices differ, there will

be a unique soluticn in 3 and a, if such a solution exists.

In (7.58) the work output constraint is given. It is evident that
% must at most be as high as the maximal work output Wmax as
given by (4.20) in section 4.2. From that section we also know
that there is a unigue solution stating that all final tempera-
tures must be equal to a function of initial temperatures Tf
and total entropy production é according to (4.19). Therefére,

if we chocse &:Wmax in our present model, the solution to

(7.65)-(7.67) must coincide with the solution to (4.16) (apart
from the fact that the multiplier o has aifferent connotations in
the two models). Since the equations (7.66)=-(7.67) exactly
correspond to the middle condition in (4.16) and (4.20), the re-
maining equations to compare must yield identical results. That
all final temperatures are equal implies by (7.65) that all
prices p . must be equal. If this would be the case, then by
(7.57)-(7.58) we find that C=p¥ (where p is the mutual price)
which is entirely independent of any choice, and economically
meaningsless, at least if there is some source of free energy

at an environmental temperature.

When we increase the requirement level ¥, the range within which
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the different prices may vary will successively be narrowed down
to a single value. This result appears to be counter-intuitive.
Treating the right-hand members of (7.72) and (7.73) as
constants, we may study how a depends on 2 according to these
two equations. By the mean value theorem we find the soluticns:

-7 Vi ~ - -
a = U (T U (TL)=W)(g-p) = A.(8-p) (7.75)
=y ° T ‘
and:
-, 7 - .
a =38 (% U.(T.)+5)(8-p) (7.76)
i=) *F

where » and p are mean prices (bounded) depending in general on
8:

Ain p: 2 3,5 < Maz p. (7.77)
A Z
and where v"! and §7° are the inverse functions of
giz) = ;g Ui(x) and S{x) = -gasi(x) and A:, Ag abbreviations for
the coe%gicients preceding ?;—5),(8-2).

A straight-forward differentiation of (7.75)-(7.77) gives us the
following derivatives:

. -9
i (B-p)ign ci(s_?i)
= -4 — (7.78)
2 7 N
“ T e.(sen.)!
iz o
v -1
(8-p) ¢ Ji(s—‘t)
%% = 4, V‘=’ (7.79)
Z e,
=g

where the ¢, are evaluated at T, = a(B-p;)-Z

. For large values of
8 the two functions will approach linear functions having the
coefficients AJ’AZ’ whereas when 8 approaches Mgx P from above,

~ 1
» will tend towards zero and gé behave as a(8-»*) and
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respectively, where »* is the maximum price

o
2L 2.0

and "* the corresnonding heat canacitv of that source.
bed

Therefore the former function will behave as zcnss-(3-p*) and
[

the latter as zuns:«(3-p*)° for values of 2 close above »*,
bad
where e=x I 2. Hence the latter function is greater than the
=0
former for values of 3 sufficiently close to r* and a sufficient
condition for intersection is therefore:

_ ¥ P _. n o
S (L ST )+3) <Y ~( L Y. (T2)=W) (7.89)
s~ A ., 1 (A
=0 1=7
Sinces-Z and:fq are monotanically increasing functions, this is
precisely the condition that ¥ does not exceed 7% in (4.20),

max

as is seen from (4.19) and (4.20).

Qur conclusion is therefore that if % is chosen below the maxi-
mum work output, there will exist a unique solution to our
oroblem, i e a unique solution in 8§ and a, although the time
path of the temperatures are irrelevant.

A complete treatment of tracing the effects of changes in given
conditions in changes in the derived results would be very
extensive. We shall therefore limit our treatment to a few basic
results. The given conditions in this model are described bv the
following variables: prices ., minimum work extraction %,
minimal entropy production é,vinitial temperatures Tf, and also
heat capacity functions 3i(T;), The derived results ére described

[

by the minimum cost O, the final temperatures * and the multi-

P

pliers 3 and a.

By differentiating the optimality conditions with respect to all
variables, we obtain the following equation describing how total
cost is affected by §C from changes in parameters by 6o, §%,385
<0 i
and 37.:
Z
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¢ B3 + a(85+ T o (Ti)(TiTie T 50 (7.81)
oSS - -

Hence we obtain the following results:
; = =3 (7.82)
t oV
; Xz, (7.83)
< 33

3 = oae,rrd)oiTioreT (7.84)

a-iJ - 1 [ -

3: —_ 7 /713 r 7 Mk

=y rl) - vy (7.85)

”
(4

Therefore, costs will rise if ¥ or S are raised and will also
"

rise if an initial temperature I, below the corresponding

perature T; is raised, or if the price of a source with an

initial temperature above its final temperature is raised, etc.

By performing a total differentiation of the optimization con-
ditions and collecting dependent differentials in the left-hand
member and independent differentials (of parameters) in the

right-hand member, the resulting relationships may be contained

in the matrix-vector equation:




L f ) f
- -~ ) N [l | .
—_— < z 2 = SIS P2 S
fas Bt - ‘,‘r : 2 T2
..“ i| l '
5 o
Al V;. ) - ’; ™ ' ‘ P
. —_ S s 2 . _ Ye o ! 2 e
o . - - 1 - ’-1
2. I ! T"
(A . . . . . | ! B
oot A , P
! ' .
S J‘il .t '
[ 5 . A Ji - . - ‘
o > — Sy T 18T, == l2yin, i
Ty “y oy
o .
i ? oo . '
I T o Ysz/a ‘al Z 2. TiaiTiesn
) . ! | .~ T 2 !
i T =
: | ;
i
r | 5
'1 ~ ) 'I ~ /'7"/7
= = .. == 2 T -3a/a fa( “— 3TL+31%
7 "2 - J { i oT=2 I i J
(7.86)
All ¢. for which the arguments hav been omitted are evaluated

at the final temperatures 7,

= xi{8-».) °, all asterisks having

been omitted. Let us use the short-hand notation ¥ for the
symmetric bordered Hessian matrix in the left-hand member.

On multiplying both members by the row vector

(5T9,6T1,...,GTV,GB/B,—SQ/:) and using the relations:

£
2

A ] -~

L e 37, = ¢ 2. (T2)87. - 84 (7.87)
. [ . v 23 -
1=7 =2

. . -0

J0 2. Joe (T . .

L e e 1 1 =l oo

I —=— 87. = =& = ST+ SE (7.88)

=0 °Z ” =9 T -
7

we cbtain:

i e, g dg, W A .
I — 87, T a " T e.8p.8T. - Z=( § e (TL)8TL-5W) +
‘:::0 T: %4 i:a - 124 - S ‘!::(J w 154 -
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which is greater than zero, if at least one final temperature is

affected by changes in given parameters. From this relation we
therefore obtain som general results such as the following. An
individual change in 3 by 5; will necessarily give rise to a

change in 2 by 23 in the same direction, as will an individual

-~

15»0 yield a 3a>2, Hence:

i3, (7.90)
9
LS (7.91)
33

Similarly we Zinad:

w
L]

"‘
A
Ly

{7.92)

Q>
'

i e that the optimal final temperathre of one source will
increase with an increase in its price (or a lower negative
price) of that scurce., Cn combining (7.90)-(7.91) with
(7.32)-(7.83) we also fird:

2S5 (7.93)
3
3°C, (7.94)
3c”

which means that total costs will be ccnvex (progressively in-

creasing) in work output as well as in entropy production.

Also in this model B8 may be interpreted as the (marginal) value
of work since it shows the increase in minimal cost from a
marginal increase in work output as explained by (7.90). If
some scurce were to have an infinite final temperature 7 .=z»,

o

we would also find 0;78 for that source from (7.65).




If the heat capacity of one of the sources (for convenience

socurce ) tends towards infinity,c¢.-=, by a similar reasoning
-

as in section 4.2 we find that 7.=7", i e that no temperature

change occurs for this source. Therefore:

\
a = Z”V’\'S-p)) = :'i(ls—p;),i:_.’ (7.95)
L This provides a relationship between final temperatures 7. and
the multiplier 3. A limit value treatment of (7.72)-(7.73)
4 yields:
<
v 2 T:’(s'?‘) N - F~r
s (g7 - < ) = PTE T )=3 ')o=
-:..(JZ:("Z:) J'L.( S-D. / -:\ylt-:/ ~.—’ e_: s v
t=] Y1 g
(7.96)
N
- 0

which determines 3 implicitly. The left-hand member then
describes that portion of the exergy potential that is consumed

N A -
~

for extracting ¥ and loosing 773 in producing the entrooy .

Futher explicitness in these results dces not appear o be

found if constant heat capacities were to be assumed,

It must be pointed out that the model treated above rests on the
assumption of cunstant prices, which are shown to be related to

the corresponding Final temperatures. In our pr vious medel of

e

section 7.2 treating infinite sources (with constant tempera-
tures) it was shown that temperatures and prices had to ke rela-
ted in such a way as to make all temperature-discocunted orices
equal. In our present model temperatures must of course vary
during the process of extraction. Intuitively, this would suggest
that prices should vary with temperatures during the process of
extraction in order to obtain an economically meaningful model,
not only be related to the final temperatures. We shall refrain
from such an analysis until section 7.6 where the present model

will be generalized to treating a system of ideal gas sources
characterized by temperatures as well as volumes (or pressures).
There it will be shown that prices indeed need to be related to
the current temperatures during the process of extraction in

order for the model to yield economically meaningful results.
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7.5. Economic model of energy extraction from primary production

factors transformed by non-linear production functions.

The model to be treated in this section will be different in
nature as compared with those of our previous sections. Below we
shall be dealing with flows of three kinds, two of which refer to
energy. As input flows we have primary progueticn J22v0r3 which
might or might not be energy-related. Examples of such resources
may be fuels, manpower, capital equipment etc. These are trans-
formed by means of non-linear production functions into primary

energy flows, such as burning fuels in order to provide heat.
Primary energy flows in their turn, are transformed into
agecondary erergy flows, which are interpreted as flows of energv

in useful forms for industrial or domestic purposes. This latter

transformation is described by linear relationships describing |
the thermodynamic transformation opportunities available. ]

Examples of the latter kind of process are heat/turbine power and
heat/turbine power/electricity transformaticns, etc.

The primary production factors in volumes LansLorsens sl for

process k are purchased at a given set of positive prices

C1sCgseeesly and transformed into primary energy £lows
yz’yg""’yy‘ These are then transformed into secondary enezgy
flows Z1sZosc a3y which are sold at the given constant positive
prices P7sPogscvesP The kth primary process is characterized by
some non-linear production function °k’

J. = Q. (z

x TP ceesZ.) {7.97)
| :

1,3
aK

and it is assumed that there is only one process available to

extract each kind of primary energy. The total factor volume of
kind / is denoted x .. The amount of primary energy of kind %,
ie Yy s may be tran;formed into secondary energy of any kind . ?
We shall use temperatures alone to describe the property defining
the kind of energy. The fraction Yr1 of Yy is used for obtaining
secondary energy of kind I in the amount Zyqe This transformation

7.30
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is characterized by a second order efficiency .<¢ .-, given the
maximum amount of remaining exergy compared with the exergy
consumed:

&y, = , (7.98) |

where ik,:z for a reversible process and where 7* is the single
[

given constant environment temperature. This model does therefore
not obey the symmetry principle.

The transformations taking place from primary to secondary energy
are therefore linear, when all £k7 are constant. It has been

mentioned that the secondary processes transform energy of kind %

into energy of kind I (having temperatures Pk and TZ respecti- !
vely). If there is no other kind of energy output we would have
tc have Tk>2’7 according to the second law:

4

N
<

8
e
(S

1
|t
+
h
1S

B=s,, 20 (7.99)

-3
+]
[
At
o~

a0

Hence the entropy production rate Sk7 would be given by the two

o

temperatures and the level of ocutput Ty The second-order

efficiency would then be:

¢

which shows that the second-order efficiency in such a case would
be detarmined by the two temperatures together with the environ-
ment temperature and therefore cannot be chosen independentlv for
the transformation under consideration. Also we must reguire

T*<Ik,T or T*>Tk,T

1°

4
4

We shall therefore allow the secondary processes to interact

with the environment such as is shown in figure 7.3.




al
A
s

Process

(=, 2)

Envi-
ronment

Figure 7.3. Flows associated with secondary process transfcrming

energy of kind % into energy of kind !

Allowing for an environmental interaction (heat losses, heat
pumping energy from environment, etc) we may choose ak’ indepen-
dently of the temperatures involved. The relationship between

entropy production Sk’ and efficiency ¢ will then read:

-
L

- _7 _
I = - il el TR 7.
S. (1 521){ T )JKu '7.101)

The entropy production rate will still be proportional "to the

input level y and also to the output level 3

ki “kiT

In the following all temperatures and all efficiencies will be
given. Hence, as soon as one flow in figqure 7.3 is known, so
are also the other two flows as well as the entropy production

rate.

The problem we are to study is o choose cptimal values of all

<«

Zipsdiatyrssy; and z,, such that the profits:
v “ &

XV x
N'j X

V= L p,z. - [ o,x, {(7.102)
L L & - [Y Y
=4 J—.

are maximized subject to the constraints:

M

(7.123)

[T ]
b
131
<,
P
i
8
[

.
24




(7.105%)

(7.196)

(7.107)

(7.104) and (7.106), which
will be shown to be equalities at the optimum. Figure 7.4

where we have used inegualities in

illustrates the overall system treated.

ki

Primary‘ Primary Secondary Seconaary
production energy transformation energy
factors forms processes forms

z, Y z,

Zg Primary Yo U1 z. . Ep
——p—] transfor- - R L g WL, —_——e i

mation

—>»——1 processes et ! ——

“x Yu | o

Figure 7.4. Overview of model treated

In order to form a Lagrangean, we eliminate the variables =z .,
Yy and 2g0 using (7.103), (7.105), (7.107) and introduce no;-
negative multipliers a. and 87 for each of the inequalities in
(7.104) and (7.106) respectively:

X M
- T x.., ¥+
j=I %5 pzg iR
ukl) +
=1 ’ n m_-z o
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v,
Writing for shcrt ojk = 3x< , the necessary Kuhn-Tucker con-

g~
ditions will be the following:

3l

= -2, f a.®., < I (7.109)
a.".':J.;< J ¥z Jx =
3L - . ., £ (1-m*7" 1y o ) (7.110)
.. & Brgby (1= ) <0 )

Ko

3L =5, -8 (1-’7’*’7’—1) < 5 (7.111)
35,. 1L /A A )
5L ]
o =0, - S Yyp 2 0 (7.112)
3L - =z f7_'n*f'l-1) ("'_fr'*”'-z!a > (7.112)
38,, k1T Tk Ya STETA R 2 T
xr 3 L’] 7'1
Tiwdrrter e b 2 et

where equalities hold in (7.109)-(7.113) for positive values of
the variables concerned and where strict inequalities therefore
imply zero-valued corresponding variables in (7.114).

Let us assume for simplicity th~ usual production function con-
ditions that all marginal productivities are non-negative and
that the functions are concave:

Q. 27 (7.115)
D
d“¢k < 2 (7.116)

where the latter inequality holds for any non-zero displacement
in the argument of ok. We also assume the possibility of in-

'

activity @k(C,zi.

Combining (7.109)-(7.111), we obtain the fundamental inequality:

p, a, .,
v

< By < < < (7.117)

c3
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which holds for all combinations of index values ,~,.. The left-

hand member is seen to be the temperature-discounted orice of

energy of temperature I,, which, as before, we write shorter as

a
L

0.

-
L

If primary process ¥ is running, then for any x,

.>2 (of which
g

there is at least one) we have from (7.117):
‘:_ =z a = Yin 7 (7.11.8)

If several factors are used in running process %, their values of
CJ/QJP will all be equal and minimal. For some : there will be a
J 4

secondary energy output zk7>9 if process & is running, which

implies:
- @, 2.
v, = B8 = - = X - (7.119)
< A kl = ’"-l‘ bl - m-;

“ ;kz(7-T*¢k ] ij:’kl(‘_T*‘7 )
Hence if energy of kind I is produced: ;
_ .
p, = 4in Min < = (7.120)

v b i @, & _L(1=T*T 7)

m m. »

This means that for each process = under consideration, we choose
only factors 7 giving a lowest ratio cﬁ/oim’ i e a highest
marginal output per amount paid, this lowest ratio being the
marginal cost of energy from process m. This marginal cost is
then discounted with respect to the temperature of the output cf
process m, by multiplying by the factor (Z—T*T;z)_z

i

and also

adjusted for the efficiency Eml in transforming from kind = to
kind 7. Only such processes m can ke chosen for which the lowest i
efficiency adjusted temperature-discounted marginal cost reaches

down to the temperature-discounted output price.

If factor jJ is used at all, i e xj>0, then for some value of

and some value of % we must have:
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I=I*T T 0., = o2, (7.121)
which by (7.117) implies:

T 5 (I-T*T )0 (7.122)

This shcws that the highest revenues from emploving factor ;[ will

“

be obtained by evaluating the marginal revenue products

'y

nomn “m
and choosing a combination giving a greatest value. Once again

-7
L (I-0*T ‘)Owj for different primary and secondary processes

the temperature-discounted prices are shown to play an important
role.

i t In the special case of only having access to reversible secondary
processes we would have all gk::Z and therefore no entropy pro-
duction, which simplifies (7.117) slightly. In such a case the
right-hand member of (7.120) will be independent of I, which has
the important consequence that all temperature-discounted ouidut
1 prices nust be equal tf the correspording kind of erergy s fo be
producced, or in other words, only energy having the lowest

temperature-discounted price can be delivered at the optimum.
As a slight variation of the model treated, let us assume that

all primary processes are linear and that the supplies of pri-
mary factors are limited. For each output unit of process k we
need factors in the fixed volumes hzk,kgk,...,hxk, and the to-
tal need of factors when running the primary processes with

output levels y,, seeesd., Will then bke:

ol

g

< 54 (7.123)

PEED

3
{

TN
[T I

k=1 1=1

>

where z. is the given suopply of factor ;. 1
o

The production function constraint is different compared with

the previous version of the model. Introducing the multiplier v.

for each cf the constraints in (7.123), the Lagrangean function

will be:
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5 - ‘r ‘/7_71*,,—: - - Fr_mMkm ~ -~ 7 124
LB By (8 INTT Ty, STERT )y (7.124)
=1 ¢=2

This model is thus entirely linear and from the Kuhn-Tucker

conditions the following fundamental ineguality is given:

X
I {e.+y, /1,
i} PAEAACARE MR
5, < 3,, < — (7.125)
L - Lo = £ /7T i
1 LT T
Ko <

Similar to our previous findings we obtain that for secondary
energy . to be produced, its temperature-discounted price cbeys:

X
Z {(e.*vy.)h., -
- . =1 J g dk
v, = Min — (7.126)
- p - 4_r’n*m‘*)
< QI(.’;(.L < .LK /

“hen all secondary processes are reversible, the right-hand

member is independent of I requiring that only energy with
: highest temperature-discounted price be produced in the vrocess
having lowest temperature-disccunted marginal cost (adjusted Zor

shadow prices v, with resvect to limited factor supolies).

o

7.6. Eccnomic rnedel of eneray extracticn frem a svstem of

ideal gases

In this section we shall sketch a model based on the system treated
in chapter 5. The results below are preliminary and the inclusion
of this section has the purpose of pointing out some theoretical
difficulties that arise when the sources from which exergy is to
be extracted are characterized by at least two properties, in

, this case temperature and volume (Oor pressure).

7.37
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The approach in this section will be made along the same line as
in section 7.4, where a thermal system was treated. There we
attached a constant price ». to the heat taken from or delivered
to the 7th source having teﬁperature r.. It was then shown that
these prices had to be related to theig corresponding final
temperatures in order for a cost minimum to exist, assuminag a
given minimal output of work to be extracted. It was also shown
that when the work output requirement was increased up to its
maximal possible level the range of possible prices narrowed down
to a single value applicable to all sources, a consequence in
conflict with the possibility of a free environment.

Due to difficulties to be pointed out, initially we shall confine
ourselves to an extremely specialized case of the system given in
chapter 5, assuming constant prices. Adooting such simplifica-
tions, it is hoped that the structure of the problem will be made
as clear as possible, enabling us to obtain certain explicit
relationships, that however are of extremely limited generalitv.

In this initial model we assume constant given prices._ It is then
shown that the total costs incurred during the extraction process
must depend on the path between the state departed from to the
final state in such a way that a closed loop path can be chosen
giving rise to a finite cost increase or decrease depending on

the direction of the loop followed. This indicates that orices
have to be related to current temperatures and volumes and not

held constant, and the section will conclude with an aporoach

following such a line.

Let us at first consider the following simplified system cf two
ideal gas sources, each characterized by its temperature 7., .

and by its volume vV the sum of volumes being a constant unit

12V
volume V=1. Assume also that the heat capacities at ccnstant
volume are unit-valued cl:czzl and that each source contains

exactly one mole,n,=n,=I1. Also we let the universal gas constant

2
R assume the numerical value of unity, which only means thac
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the temperature scale applied has undergcne a pronortional

transformation (cf table 2.1).

Under these assumptions, the problem stated in chapter 5 was to

maximize:
K T%
-2 4 o
Jozo- J j:7 - J d:'\ - - J (T.,'**‘.):': (7.127)
o I o 7
-1 &2
subject to the entropy and volume constraints:
o, . P
..:: + _:_,..; + 7—; + 7—, > S (7.128)
=V~ =0 (7.129)

The solution as regards final temperatures and volumes are then

given by:

.oz o= t7.130)

V-=r',f1::/;/2 (7.1.31)
(7.132)
(7.133)

It is alsc clear that if we would have had tc keep the volumes

w0 0 a5 T
constant, the naximal work outnut would have been lz+T9-ae VR
. —~— 2
anad the exergy potential T?+Tg-2 T:T; , which both have lower
- P

values than those of (7.132)~(7.133), if the initial volumes

differ from 1/2.




We now state the following economic problem. Heat from (to)
source © has to be purchased (sold) at a conatant nrice p. (ver
heat unit} and a volume displacement of source i (used e<ifor
moving a piston) purchased (sold) at a constant price r. (ver
volume unit). The amount of work to be extracted has to/reach a
given minimal level ¥. This extraction is to take place at lowest
cost, subject to the entropy and volume constraints. We are

therefore to minimize the total costs:

o [=-]
. V1 . :/9
c = ~ P J (T1+T: 7—)dt -2, J (T2+T2 Vf)dt +
0 : 0 i 7.134
- - . (7. )
+ r, E Vldt tr, J 7. dt
- &
0 0
subject to the three constraints:
T 14 14 .
7,_1. + .m_‘?. + 7-1- + y2 > S (7.135)
‘1t 1 B
Q0
- J (F+2 )de ~ W > 0 £7.136)
b
Z-Vl—/g =2 (7.137)

Of these constraints the first and third have to be satisfied
throughcut the process, whereas the second is a final value

constraint.

The approach used previcusly for finding conditions feor an
optimal path is to form the Hamiltonian of the problem and derive

the associated Eulerian conditions:
7 4

o
&

D oaT . =t T +T. =2
T 7)) ety )t

) (7.133)
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37 - ST = T D, T T 5+t ¢ = (7.24C)
- aT .. < s L,
z ER : B
. . :' .
35 a8 Z o y N -
vtk (7.141)
N -V ) Z
hd »
53 J 8 s X y .
= - = S T -p . = = =+ oy = {(7.142)
- Yo 7
37, 4 45 sz, 2

where we have chosen # so as to maximize -7, and where a, 3,

are Lagrangean multipliers.

Combining (7.137) with (7.139)-(7.140) we obtain:

‘1 . /s
. L Tap, T4
y =a s (7.143)
7 _
—_
P, 2.
. . '/l.‘/_‘(ff‘-r:*) -
/. = =V, =u _— = 7.1

-

Since ¥ has to increase up to #/, we must have 4¥>" for some
portion of the path the prccess takes. This requires y to ke
identical}y zero along this portion of the path and therefore
and so ;:71:79:9. Hence the wvolumes may nct be adjusted when

extracting work.

Also, frcm (7.141)-(7.142) we obtain:

- 77 L4

oo (7.145)
Sy

T, = =3 (7.146)
- <2

L]
wnen o<, which means

4+
ba
b

~
>

same directicon. Since

hat both temperatures have to move in the

>7 in (7.135), d#>? reguires at least cne

e e alan




C.»., which by (7.145)-(7.146) requires both ~.». in contradic-
tion with (7.135). Hence there is nc path satisfying the Euler |

conditions that vields Zi>_ .

The very fact that the volumes should not be changed indicate a
contradiction since we know proviously that if ¥ is given a
sufficiently high value, this level cannot be reached except when

temperatures as well as volumes are adjusted.

When comparing the Euler conditions of this section (7.139)-
(7.140) with thcse of the case treated in secticn 7.4 where
sources were characterized by temperatures alcne (7.62) we find
the conditions regarding temperature adjustments to coincide when
9‘::0:2. However, the presence of the possibility to adjust 1
véluﬁ s in our present case gives us the second set of conditions

e
(7.141)-(7.142) causing the lack cof optimal trajectory.

Let us now take a geometrical loock upon our problem. It is clear

that our objective function ¢ in (7.134) contains integrals over

exact differentials except for two terms that we write:

14 7

ToooE 4 p,T, S)dt (7.147)

[t
L
a

[
{
o——3
o

Hence, apart from the final state reached, the path leading to
this state will only affect 7 from the terms in 7'. Let us

introduce the abbreviation:
a4 = PIIIUIT (7.148)

When the entropy constraint (7.135) is active, points in

(T.,7, -space lie on the hyperbola:

J, 7. < 7‘—42_?—) (7.149)
1% 2 /ls--/l,

where we have eliminated 7, by using (7.137). Different values
of the volume 7/, will define different hyperbolas, the lowest
5 4 for

!

curve being obtained when V. (I-7.) takes on its maximum I,
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Y.=I... When 5 increases the curve moves outwards and when ., is
made closer to I, . the curve mcves closer to the 7.,7. axes

RN
+

(inwards). '

Constant values of total work output correspond to straight lines

at +v,Y angles with the axes:

N 3

¥o= I +0,-T.-7, = zonsc (7.150)

N 0
i A + =

a higher value of ¥ corresponding to a lower line, the lowest
. possible one given by (7.132):

To+T, = 4274 (7.1521)

<

[\\}

LSX}

In figure 7.5 is shown the state space of the prccess under con-
sideration. The process starts out from the point ”T?,Tf) at
which the work line w=. indicated by 4 intersects the i;itial
hyberbola. The aim is to reach a permissible point on the line
w=W indicated by 3. The hyperbola C corresponds to a value of

71:1/2 and final entropy S. The process must therefore end up

somewhere on the segment of Z inbetween its two intersecticns
with Z.

A trajectory for which the entropy censtraint is ineffective can

never give a minimum to 2’ in (7.147) since such a trajectorv
can always be improved by choosing a higher ., if V,>¢ etc.

3 I 1
Let us therefore study trajectories that satisfy the entropy

constraint exactly. Let us also confine ourselves to the rever-
sible case that Z5=2 throughout. In such a case the hyperbcla I’
in figure 7.5 would lie above the hyperbola ¢, and the pcssible

? change from 2 to ¢ would correspond to an adjustment in 7,

(and V, = I-7;) alone.

o L _ e T
L - . .
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Solution according to (7.131)

TY/4 77/4 \ \

3

3

v

Figure 7.5. State space of two-socurce process

Differentiating (7.149) gives us:

(7.152)

and since dV,=-d7., the line integral of (7.147) may be written:

J df’7 dr.

o= - Llae 24 24 (7.153)
- AZ _‘.2

where:

v = 1 21717%als T, - 5.7 (7.154)

4" 21t T g2t i

This integral may be evaluated along a closed loop beginning and

7.44

s oo el L L ) L o




T ---------—---H-—-unu-u--u—m—-u-——-m-u-_“

2nding in the initial state and nassing the final state. Using

Green”s theorem we obtain:

ur

[,
JI

@
i
t4
o
'

]

(7.15%)

"

Q?

IL;

t
i
(A
4
Lo
[+%]
L]
3
)
[
L
N
<
b
LY
{o

where the surface integration takes place over the area defined

by the loop and where ¢, and J!{_ are integrals along the two

-

paths connecting the initial and final states.

Evaluting the integrand in (7.155) and assuming p,>J gives us:
<

"3
+a
"y

(B3

LaE |
(%)
L1
vy
Qr|ar
i kX
LETER
2
TS
Lo |+
0-3|
+
LR |
ta

[\]
bea

(7.156)

t
|
|

i

I'J
lw
!

I"

(8]
+
{ )l -
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v
"y
[
\'
(98

ta
(5%

-
- 4 5
<

!

Hence,for a positively oriented loop the integral in (7.155) must

(3%

be negative, and more negative the larger the area that is defi-
ned by the loop, whereas if p_<2 the integral would be nositive.
If the direction of the path Eollowed is reversed the sign

obtained would be the opposite. This means that if a closed locp

is followed a number of cycles, the line integral can be made

arbitrarily positive or negative.

This result has been obtained in a very special case, but it
appears quite clear that a perfectly similar resul:t would be

oktained in any more general case.

As we have pointed out above, the results obtained indicate that
prices have to depend on current values of the properties, if

econcmically meaningful results are tc be derived. Let us there-
fore take an approach that is shown to make the math of intea-

ration from initial to final state immaterial.

Consider a system of (V+1) sources of ideal gases as given in

chapter 5. Each source is characterized by its temperature and

volume (or pressure) T,,7.,7=7,1,...,7. The heat capacities at .

constant volume are functions of temperature alcne g

9)fT,),:,(72),...,cy(fv). The number of moles 0f each source are i
7 - . o
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iv 3 s o
given constants TR FRIIIFED Work mayv be extracted either by

heat engines, or by piston-cylinder devices, or koth.

From our foregoinc resiults we have found that the differential
costs should be an exact differential in order for the path
of integration to be imne¢ :erial in our optimization. Let us
therefore assume that the price of heat is a function of the
current temperature of the heat source:

p, = ?4'(T7‘)J i = 0:1:2:-":4"’ (7.157)

(4

and that the price of a volume displacement purchased is a
function of volume Vi and temperature IT.:

3

V.)y £ 0= 0,1,8,...,3 (7.158)

Our problem is to minimize total costs:

Noo
¢ =- 1z f (pi(T;)(cﬂ(T;)T; + Rn V ‘V ) -
i=7 g o .
0

- (T, Jv ;lét (7.159)

subject to the entropy constraint:

e
fad 4

(e (000, 728 & an. v vi1) - 8)ds > 9 (7.160)

”
- 7 [ (- - w v

M

(LN
i 1

Lo

to the work output constraint:

>

> o (7.161)

l| [ 32 IR

H— 8
<
-
L=
-
L)
[}
S

‘.’,
and to the volume constraint:

N y
/7 - ¥ 7. =2 ‘ (7.162)
Z
=0
where 5

amount of work to be extracted.

is the given rate of entropy production and ¥ the given




In crder for the cost diiferential to be exact, we need to
have (cf (2.3)):

- k]
J 2 - .
- s ™ - . ;- oM e - oo P
-_ \§ PO S A ); = - 1:.\x.)9n.-.4. il S P (7.L63)
N o 4 & Z L0 . s ,
EAL - - - 14 - - - - - w -
M 2

or, since the left-hand member is zero:

w

'l
-

"

-~
by
-
'3

;j =0 (7.164)

u>

2, (T )T, = e (2,7 (AT = P (7.165)

o

where Sy is an arbitrary function of Vi alone. This relationship
we require to hold throughout the process.

The Hamiltonian of the problem to maximize ~(C may be written:

v
4
" : S=12 . by
= 1 p.(7.) .o+ An. TV ) = (T, )7 L+ -
;;] gt( Ll(ci*t ?rﬁ‘b/i 3) -%( 1,'1)/Z
-1z ,-10 IR | s :
+ a(ciT: it an.V. V. - S{J+1}) ) - Be.T. * vV, (7.166)

where 1 and 2 are non-negative multipliers and y a multiplier,
the sign of which as yet is undetermined. The Eulerian conditions
now become:

L]

33 i 3 -2 .
55 L E 38 o oariies)a, =0, £20,1,...,0 (7.167)
[+ I o ~ - (4 3

z 37
~ L3S . - .
;7 - %: o = -a9n4yi‘ +y = 0, 220,105 (7.168)

7 T oav. ’

:

where (7.163) has been used.
During the process of extraction we must have d#>0 giving 8=v and

therefore 3=0. Since 2.,7,7.*¥J, we therefore conclude that during

P
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| ‘

; = s T v = o (7.169)

the process we have:

Therefore the multipliers may be brought ocutside of the integrals
when formirng the Lagrangean:

- -] ‘j
+ 2 J .z \3¢m;1T; + anfZZV,) - Z)dz -
0 =0
T o . . . N
- 4 - T A A 7 - j
B J - e, T de + A) o+ y(7 L Vi/ (7.170)
0 =Y 1=0
in which all differentials are exact. Therefore the necessary
Kuhn-Tucker conditions for the final state become:
3L . ) -1 . ’
= (: T T - 2., =
ST (pi(-i) * ol 8/e 0 (j.l?l)
! 7
] . ]
‘ 94 . - (» 4l = ¢ - - =
37 (Ji(Vi) + a)RniVi Y = ga, Y ri(Ti’Vi) 0 (7.172)
3L / 0 0 -
-—_— = cAT.)=-G . (T En.logV .V, -5 735
s .E (;ﬁ( 7/) Gl z) + nluogvl/t) S >0 (7.173)
=0
3 ! ) -
3§ = L (7 ATN)=V (T =7 > ) (7.174)
.- “ J
.2. = /) - - 7. = 2 <8
3y 7 ;:9 /L 3 (7.175)
1,3 >0 (7.176)

where (7.165) and the universal gas law has been used in (7.172),
where a. is pressure, and where a>0 or B>J yield equalities in

[
(7.173) and (7.174) respectively. The functions Ui and ;i as

before, are primitive functicns of e. and cif;* respectively.

4
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From (7.171) we find the usual result:
74 (7.177)

Hence, if 7. » = we may interpret 2 as the price of work ? and

-

a3 * an environment temperature I*:
1
p.{T.) = p{I - I*7.%) (7.178)

which means that all temperature-discounted prices should be
equal. Also we obtaing from (7.172) the dependence:

Pi(Ti’Vi) = pla. = yp ) (7.179)

-1
which shows that yp» “ can be interpreted as an "environmental

pressure" a*:
r.{a.) = pla. - a*) (7.180)

-7
In an analogous way we therefore call rJ(ai—:*) “they prescure-
discounted price. Eg (7.180) thus requires that ali rressure-
discounted prices are ecgual when trading volume displacements

(such as compressed air in tubes).

Following the usual procedure of assuming differential adjust-~

ments of the given parameters we find the anticipated results:

3 - 5 = oo (7.181)
2S5
I (7.182)
I
C o= opi o+ pf*é (7.183)

e that the total costs are made up of the work obtained ¥ and

-

the lost work T*5 priced at the exergy price p. The implications
£ further adjustments of different parameters such as initial
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temperatures or initial volumes are straight forward to derive,

but are omitted here.

We now introduce an asymmetry by letting source ¢ become an

-

infinite environment with temperature I and a finite pressure =

L 4

by having » ,o«. From (7.175) we obtain:

9

. d
n.,tv.,-v,,) =

- M -

gt
-~

v.=vl) (7.184;

, L TE T

it 2
S
<
<

-

where the 2. denote specific volumes. Also we have:

-

-3
<
>

N
L

(7.185)

, and similarly

n
,.‘.,J
/

where ¢ is a constant for values of 7. close to T
-Fx) (7.186)

Inserting these expressions into (7.173)-(7.175) and taking the

limit 7ye, We thus obtain:

- v g, 2wl
W = Z (L,'.(.’q.)-u (T~) + TO(’GA\-L_'-) - GL(:' ) -
f=1 AR R 7
0
5 VTV .
-~ Rn;(logui/v; + “J =)) -~ T.& (7.187)
7 ) Y ,
J

Tor an infinite environment, differentials of volumes d?a and

heat 45, of temperature Tg would be free entities. This gives us:
.'/ - i

o, = prz-7270%) (7.188)
and:

- 7 ,
ey = PR 55 = 52 ) = plagmay) (7.189)

Z 0
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from (7.178) and (7.180) where I'* has been forced to take on
the value Tj and a* to take on the value HT?U:‘ = a:, i e the

pressure of the ambient.

In this section we have nowhere assumed the existence of an
environment with constant intensive properties until from

(7.188) and onwards. Also we have nowhere presumed the use orf
the exergy concept. The results derived have been based on the
second law directly. However, looking back at (7.178) and (7.180)
we easily see that a small amount of heat GQi purchased from
source 7 would cost:

-1
§C7 = p(1-T*T,°)8Q, = psE; (7.190)

and that a volume displacement 67i similarly would cost:

&

§C" = p(a. - a*) 8V, = péz! (7.191)
7 1 z

where 555 and_SEg are the corresponding exergy differentials.,

Hence, once again we find that our results may be interpreted

in terms of exergy directly.

It is clear that the analysis in this section and in section 7.4
could be strengthened and developed further, but this is left
for future research.




CHAPTER 8. ECONCMIC MODELS OF ENEPRPGY UTILIZATICN

8.1 Intrcduction

Although energy is indestructable and therefore cannot be con-
sumed, it is indeed used for providing services to households,
consumers and industries and therebv, from a seccnd law stand-
point, it is degraded. Exeragy, on the other hand, which incorpo-
rates quantity as well as cuality is indeed consumed in processes
during which energy uses up its potential for carryino out useful

tasks.

In this chapter we present a few different models for energy uti-
lizaticn, or exergy consumption, describing enercy transformation
processes as seen from the point of view of the user, interpreted
as a household (consumer). It will be shown that the temperature-
éiscounted prices derived in section 7.2 will continue to play
an important rale for determining the optimal choice of enerqy

utilization plan.

Throughout this chapter we assume the existence of a given infi-
nite environment having a given constant temperature I'*, The
models introduced do therefore not obey the symmetrv principle

given in section 1.3,

8.2 Economic model of direct eneray deliveries

As a first very simple model, we consider a household recuiring
enercy supplies for various purposes, such as for space heating,
for cooling, or for electrical equiprent: The voiumes of services
usinc energy that are demanded per time unit (or during some
time interval), will be denoteé by T75G0-0sdy We shall
characterize energy by one quality only, viz temperature.

The service represented by q. recuires enecay amountinog to
zi(qi) having a temperature o, of at least Toe which is a
given parameter Ifor each Z. The zi{qi) are assumed to be mo-

8.1




notonically increasing functions of ERp Also we assume Si(d)=i.

In this first model, the household does not have access to any
energy transforming equipment apart from natural entropy produc-
tion, such as heating a space by means of a flame having tempe-
rature high above room temperature etc. We shall therefore not

take into consideration cases such as cooking at a higher tempe-
rature that can be carried out in a shorter period of time and

y , providing a similar result as cooking at a lower temperature during

a longer interval.

The household is assumed to evaluate its consumption of services
accordinc to a utility function u(q:,qn, ..., ¢ys having usual
first- and second-order properties (positive marginal utilities,
concave utility functioen):

5u ., ,
35, > U =1, 2, ..., & (6.1)
‘7
7 ‘] .
9 iy ‘ 27 . )
d7u = T L —a——asf-— dg .dq . -(8.2)
i=1 ;=1 °9£°9; = d

where the inequality in (8.2) is valid for any displacement
(dq,,dqﬁ,....,dqy) that is not identically zero-valued.

Energy of temperature T. is purchased at a positive unit price
of p(Ti) which is assumed to be a monotonically increasina £func-
tion cof temperature, but constant with respect to purchased
amount of energy. For purchasing eneragy the ccnsumer is provi-
ded with a given budget 5. )

The problem to be treated is to choose values of all g_. that

maximize utility:

seeesdy) (8.3)




-

. * i

subject to the constraints:

]

¢ > L nil.iz.l3;; (8.4)
Le DA

Ty T, tEILI, o000 (8.5)

Y

Wie introduce the non-negative multiplier ¥ for the budget re-
guirement and v_. for the <th temperature requirement, and form

the Lagrangean:

- J i -
S=uor MO - T p(T s (g.)) ¢ T v (T, =T (8.6)
"‘;:Z - - - ’:::: [ L
The necessary Kuhn-Tucker conditions will then bhe:
. as .
3L 3u \ v N -
:a—';: ——(: - ~;"T:) i?? < 0, 221,2,...,% (8.7)
. ds(T.)
L - T _ . - .
5F. 5 " N T tov, S0, TELE, 000 {(6.8)
) 7
ot R A
—;—.:— = J - z p(:"./z‘.('q;/‘ i 2 (8.9)
e -0
35 _ . o . e, .
= = J.=-2.3>7J = A | 8.10)
IV .. < L= ’ 2T ? (
({iJ )-J\)-,'.'\_O! 7::1)2)"'):‘7 (8.11)

where strict inequalities in (8.7),(8.9) or (8.10) imply
zero-valued corresponding variables and where therefore posi-
tive values of G;»» or v, imply corresponding equalities in
(8.7), (8.9) or (8.10) réspectively.

dz .
. L 31 oy .
Since »(7.., Z7- and Sé are pcsitive, (8.7) recuires 1>/,
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Iz(7T.)
and this consecquence combined with ——— > J in {6.8)

implies ui>3 for all 7. Therefore (8.9) and (8.10) will
be equalities and the temperatures chosen will be lcwest

possible, gquite as expected. Since Ti:j*’ we replace the
netation »/7.) by the simpler ncotation ». etc. The result 3>.

”

implies that the full budcet is spent, which is quite natural
considering %% >0 for all g_.

The solution to our problem is therefore a sclution to:

R,
&

o
0
4

Ay
o

R ’ (5.12)

R U
w
QO

,._
)
i
LS IRN
s
{1
ﬁ
e
3
~a
]
o

(S
[

that satisfies (8.7). This is a svstem of (J+I) eauaticns with

the (J+I1) UnRKnROwns <i, G55 «oesGosrs
"

L2t us briefly take a look at effects of chances in given para-

~ ,;,‘_- . X
- Ap. =Y <0 for socme < in the so-
q . Y7 dg.

1 .
will be 2ero-valued. A small para-

IS

2

I

meter values. If we have

lution, 5. and therefore

(3

<

(SIS

meter change in C or r. by §7 and $p, will therefore have nc

effect on ¢.. We can therefore consider the system:

3

- -

( %% - Ap.= 0 {q. >7)
- (3.13)

~

~
1
<

‘-\
.
3.

which conteins only pecsitive variables qf>5,z’ denoting the

3

summaticn over such index values.

Taking the total differential of this system of equations and

renumbering the variables DisG sty etc from I to Y for positive

I3

values of 7. and usinc the variables 5. instead of 7., we may
(2

(7

write:
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s in which &r. and 37 are considered as independent and ‘s . and

31 as dependant differentials,and where the abbreviations
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I RN ) 3 S e tl . -
4= - = bl PR B ey = 3 . M are used.
T 9. ad a3 W g2 .23 37 .23 23 -3
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The bottom row equaticn in (8.14) cives us the usual econcric

interpretation of the nmultiplier :

o= =t (8.13)
3¢

If the determinant of the coefficient macrix in the left-hand
~ oy

member of (8.14) is non-zero, the equation can be inverted

giving us the differentials ¢z., 8z., ..., 3z,, 3% as functions
of 3r. and $C. The resulting equation may ke interpreted in q
[

terms of the Slufaky e2quac<eor [cfe ¢ Heorowitz, 1970, » 33]:

33 33 33
_Z - i _ A 3 1) :
5D \3Z ) _ T i (3.16) i
<7 < uTz2onsT 3 y

3 .
where the term <\D“> refers to the sulazizucion 77200

assuming a change in 7z, and a simultaneocus changs in 7 enabling

| u to remain constant. Other results may be derived and will be

identical with those included in standard micro-economic li+s-
terature.

The system of eguations (8.12) together with the inequalitv
(8.17) determines the implicit demand relationshios, i e the
dependence of demanded energy volumes . as functions of ail

prices ». and the budget level .

8.5
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8.3. Econocmic model of household with access to energv trans-

formation equipment.

In the model to be presented in this section we introduce the
opportunity for the household to transform purchased energv of
one kind 7 (temperature Ti)’ 1=2,2,...,¥, into energy of a
second kind [ (temperature 7.), j=1,2,...,7. The equipment for
such a conversion produces én entropy Sij which is assumed to be
preportional to the volume of energy input. Also we allow for
the opportunity for the equipment to interact with the environ-
ment (temperature T*) making it possible to obtain energy out-
puts at higher temperatures than that of the input energy in a
similar way as described in section 7.5 (cf €igure 7.3). Figure

8.1 illustrates the flcws associated with such a transformation.

o -
m gl; A J
°{ =————— Equipment
\—.—4——_— T*
z. .,
740

Figure 8.1. Energy flows associated with transformation equip-

ment

According tc figure 8.1 the energy input is 9z and is trans-
formed into the energy output z... The flow frém the eguipment
to the envircnment 3., Mmay be pasitive (heat engine example) or
negative (heat pump ekample). The seccnd-order efficiency is

assumed constant and is given by:

Fa

TR T 3 ..
] ) (1-1 s )sz )
YA -1 (8.1/)
Y g-rxrT )y,
T 1d

and is related to the entropy production rate 5. . by (cf (7.101)):

a .- w1
= (I-g..)(T*

-2 0y, (8.18)




e

If any O ..,%..,5.., Or J., are known, so are the other

v . ey

<~

(o2}

n

T . 3
three. The efficiencies ;.. obey . <i..<I for all 7 and /.

P
“

¥
O

The output energy cf kind [ is used for producing services

needing the temperature .. The volumes of such services produ-

Bl

v
ced ., as before, are assumed to be a monotonically increasing

“ .
functions c¢f z., which we write in the inverse form z.(7 ..,
; o

y v .
where z.(2)=J, z. being the energy requirement for the service

J J _ _ 4
volume 7.. The total energy of kind ¢ purchased is written .,
. ) . - -
and the total energy of kinéd j produced is written z .. Figure

v

8.2 illustrates the overall system.

Purchased Transformed Services
energy energy
Y, Transfor- 3, 2o S,
—=— 1 nation e }——pp< | Ctility
. equipment : . evaluation
PR ’ z > d ’;
M i “y
Figure 8.2. 1Illustration of flows in household having access

to transformaticn equipment

As in the model of section 3.2 the energy used for producing the
services cannot ke used again for any additional purpose. Such
possibilities will be treated in secticn 8.4 below. For simpli-
city we assume that the temperature necessary for previding
service of type § is fixed at T, in contrast tc cur f{ormer

mcdel in which we initially had the opportunity to use any

m

temperature I, abcve a given I..

The costs associated with this model are of two kinds. On *he
hand we have the cost of purchasing energy of kind 7, which is
represented by the given parameter p., and secondly, we have the

ccst of transforming ;.. into o.., which we represent by a unit

vy L
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operating and equipment cost r_. . per unit of energy input. The
Lo N
total costs may not exceed a given budget limit _:
“'A" -"! “J ~
I o rp.y. v L S r..Z.. < C (8.19)
) v S =1 g1 Ly o —
v ™ . v = 4 U_“

The preferences of the household for different services is

described by a concave utility function u{z ,qn,...,qv) having
-~ 4

C R s s s IU - .
positive marginal utilities Y 0, 1Tl i,... 0.
-1

[

The Droblem we analyze is the following. Given all Pes Toas B

v e - .

and J, the utility function is to be maximized by a suitable
choice of y,..,3.. (giving Yo B and 7.) subject to (8.19) and
v v v
to the constraints
: (~_~*m'1), - (: e > 9 (8.20)
L 1=T*T . . z T )., : .
27 ] ¢ i -
M .
L z,. - z.(q.) >2 (8.221)
£=7 v v v -
Introducing the non-negative Lagrangean multipliers x for (8.19),
3ij for (8.20) and v for (8.21), we form the Lagrangean:
o v
I = u + NNo- ¢ I {p.tr. )yl )
f21 g=2 TP TETITTEg
SO i ;
+ I S OR. (5L (I=T*D " )y, (1=-27%7.,7):
A - oy g T’J ”Z’J < J'LJ
e Y T e
A', -‘4
+ I v.l L z..-z.l5.)) (8.22)
O Y Y
v —4 v~ a
The necessary Kuhn-Tucker ccnditicns are as follows:
3 s dz .
= - 2= - v, —L < ° (8.23)
9q o7 s Jgaq. -~
v v J
S = =Np,#r..) + 3..5..01-T*T7.%) < 0 (8.24)
34 . ? ) 1o vy A -
v
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oy ° B e TN

I = e IeINTT ey o (8.25)

>
AL
<y

PR = - < TonetrLys > (8.26)
S=1 4= - “v “e
L=l g=12

AT - -

35 T ;4-(7-(‘-:*2"7'-‘);,4.; - (I-T*1.7)z.. > 5 ’ (8.27)

H‘Z:,_" - Ty 4 To —

nr -

9L = - o - -

v, o L 8y T salg.) >0 (8.28)

J ,‘,::‘1 Cu Y] o
qﬂ._,y‘.n.,zq._‘.,,\, :‘,i;,\)ﬂ. > ] (8.29) -
b} ] vy (v v

where positive values of the respective variables require
equalities in (8.23)-(8.28) and strict inequalities that the

corresponding variables are zero-valued.

From (8.23) we immediately find v .>2 for all j making (8.28)
equalities..Hence by (8.25), all éij are positive making (8.27)
into equalities also. The inequality (8.24) then requires >7,
which implies an equality in (8.26) meaning that the budget
available is spent in its entirety. This gives us an opportunity

to eliminate many of the variables, if we so wish.

A
aq .
C s i 3U C o Ar v :
Writing “ = ?z v ;h] and combining (8.23)-(8.25) we obtain
[+ v s A& o
J R R
the fundamental inecuality:
- B potr. - - -
u, = f— < 2., < A = = AL (p.tr. ) (8.30)
¢ 1-7%7p . T YT e r1-0xrTt) AR ¢
J zJ 7

which is similar in nature to (7.117) and where 2 is the tempera-

ture-discounted price of energy type <, r.. the disccunted opera-

v

ting and equipment expense with respect to input temperature .

B3

and ﬂj the "temperature-discounted marginal utility" for service

J .

Since (¢>0, from (8.26) we obtain that there must be at least cne

y..:>7, say yk7>0, which implies by (8.27) and (8.28) that s35,.>7

B
<

«

vy 4

and therefore q,>7. Hence:

R.9
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. T 8., = NI TiD.+p, ) (8.31)
From the ineguality (8.30) we find:

” : " =1, =
Ua = 3., F MIw 3., < AMIn &, (p.Fr.,) < 2

K
-

oy
N
3y

-*;;~) (8.32)

[ I Y
A

Therefore we must have:

s~ o 7 - - .
S.u(p,*r. ) = MIn §. . (p.4r..) = 2, (8.33)
- . 14

where we have used the short-hand notaticn 53 since the middle
member is a function of ! alone. For any positive energy output
zz>9, the choice of optimal transformation equipment (%, 1)

I providing this energy will thus be guided by (8.33), which
implies that we should compare the temperature-discounted prices
including operating expenses inflated for the efficiency factor
£:17 and then choose an equipment for which this discounted andé
inflated price is the lowest. In practical cases the relation

between [ and the minimizing value of ¢ (ie <) would presumably
be unique, meaning that there would be only one optimal kind of

eguipment for each energy use.

In the special case that all such values of [ gave the same

discounted operating expense r,

%2 (e g if this term were negli-~
(

gable) and the same efficiency (e g only reversible processes)

then o would be independent of i, i e 92:5, for all 7, which
implies that one type of input energy alone would suffice for
providing all energy the household needs.

In the case that for each I the minimization in (8.33) is obtai-
ned for a unique ¢xk(l1), we must have:

Yyp T s, = 0, L¥K(1) (8.34)

and therefore:




]
| {(8.253)
1

Qur problem would then be reduced tc that of maximizing:

u = 1(37,32,...,sv) (8.36)

[
-

<~ (8.37)

1 &1
MR
¥

Let us for the sake of analysis assume that the minimization in
(6§.33) does not give a unique solution for a given 1. We would

then have:

X - m__mi (8.38)
* A

m
RN
[
Lo
*
|

for some m%~, enabling us to choose arbitrarily between equipment

-

1) and (m,1) for providing energy of kind I. If the unadjuste

prices are different, say:

+r_, (8.39)

-kt (8.40)

showing that a higher energyv price may be compensated for either

by a higher efficiency Epo? 8y, OF @ higher temperature Tm>?3, or

'\,V
both. Thus there is a clear trade-off between efficiency, tempe-

8.11




rature and cost. Similarly, if the unadjusted unit prices are

equal we obtain:
TxDUc - et o s os (8.41)

showing the higher temperature to pe associated with a lower

efficiency and vice versa.

If we wish to study consequences from changing our given parameter
values, in the case of a unique solution to (8.33) the problem
(8.36)-(8.37) will have the same structure as (8.3)-(8.4). There-

fore the procedure described in (8.14) and subseguently will be

- - -1
is exchanged for &(p,,.,-3,%.,-(I=-T*7,7),. Writing

-
Kiwl o Kvovl/o L

valid when 3.
iz¥* for this differential, we derive the following sign relation-

ships:
3p* Sp¥ spf
0 s T3 s —— > 0 (8.42)
el . AL, 4y - 24 4
-‘<(4r) ((//)w - v
$p7
¥ = < 7 (8.43)
<(1)
2Ll Lo (8.44)
el - m - ]
(2, 0 =i > .
LAY S R 7

These results may be interpreted in the following way. An in-
crease in the direct price of the energy of optimal type %(l)
used for transforming it into energy of type I to be utilized for
roviding service of kind I, has the same eZfect as a price in-
crease $z.>7 in our former mcdel in section 8.2. The same result
applies té an increase in operating and equipment expense AT
Also in using a higher output temperature TZ or a lower inpdf
temperature :k(l) the same consequence is obtained. As for the
environment temperature T*, an increase §7*>) will have the same
effect as a price increase, if input temperature Tk(l) is below
output temperature Tl,and the reverse eifect if output tempera-

ture 7. is below input temperature T A warmer environment

-

(1)’

'S
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Lt

will correspcnd to a cost incCrease when energy temperature is

raised and to a cost decrease when energy temperature is lowered.
This result, as well as the former consequenses appear to be in
full agreement with intuition.

Econcmic model of household energy utilization including

opportunities to reuse energy output (feedback).

The third energy utilization model introduced is scmewhat more
general in nature than those already treated, and they may there-
fore be considered as special cases of this third model.

As before, the househcld has the opportunity to purchase energy
flows corresponding to different temperatures from ocutside
sources. Flows will be positive when arriving from the environ-
ment and negative when leaving the household tc the environment.
These primara energy flows may be transformed into secondary
energy flows by means of equipment ‘the household has access to.
Such equipment will be described as zranaformation processzs
Among these processes we have "dummy" processes available, which

leave the corresponding incoming energy flows unaffected.

Secondary energy flows are fed into other equipment also des-
cribed in the form of processes and called service processes
This equipment, when supplied with energy flows in suitable
forms, provides services to the household. The household then

evaluates the services delivered according to a utility function.

The service equipment, when in use, will have outgoing (waste)
energy flows. These flows might be of such a form that they can
be recycled as inputs into other processes. Also a transformation
process might yield as an output energy in different forms. All
of these forms might not be required by the service equipment and
residual flows can also be recycled supplementing the primary
energy inputs.




"

a given number ., the number of transformaticn processes is X
and the number of service processes is M. The jz» transformaticn

process is described by two J-dimensional column vectors, an

The total number of enerjy forms present in the entire system is )
}
!

input vector y. with non-negative ccmponents y,j and an output
[ 1%
vector =z, with non-negative components z..:

)

[ 3

(v,
.LJI
I (8.45)
Y] ‘.‘U
.-'yj),
- 3
..IJ-
;= o (8.46)
s

These vectors describe the energy inputs and outputs of trans-
formation process j when this process is run on a unit activicy

level. Several of the components of y. and z, would usually be

b

7] %
zero-valued. On unit activity level, the process will require

Yrj0Ug500va¥y; as input flows of energy of temperatures

: 2 33

T],Tn,...,TV and provide output flows sq;,ZZJ,...,ij of tempera-
o . - o

tures T7’:“""’TV' The input and output vectors are related

according to first and second law relationships to be described

below.

Similar applies for the service processes the activily levels of
which influence the utility function of the household. For ser-
vice process %, it is described by an J-dimensional non-negative
input vector a; and an J-dimensional non-negative output vecter
bk' in which asy is the 7th comporent of a describing the input
flow and bik the output flow of energy of temperature Ti’ when
this kth process is run on a unit activity level.




Let us use the desigrnation ?g;; for the component sum I y.., and
v t=1
,fbk]. The first law applied to transforma-

E
Y

' i
i

similar for !z.|,!z. .

d -
tion processes then requires:

L, §T1,2,..0.,% (8.47)

[akf = 5. |, k=1,2,...,4 (8.48)

Let us now assume that the entropy production of the various
processes 1s proportional to the level of activity at which each
process is run and that sj is the given entropy production rate
of transformation process j and g. the similar rate of service

process <. Introducing the constant YV-dimensional row vector:

(2 r LT : (8.49)

7 o
- &

the entropy production at unit activity level of transformation

process § will be:

t{z.-y.) = 8. (8.50)

(XY
LS9
<y

-

and of service process <:

(8.51)

Wwhen pure work occurs as a flow, i e a power, this corresponds to
infinite temperature and the corresponding ccmponent in t is then

zero-valued.

As we know from previous chapters, the second-order efficiency
requires reference to exergy and therefore to an environmental
temperature T*, Without specifying the origin of such a tempera-
ture, we define the second-order efficiency of transfermation

.

process ;/ and service process = respectively as:
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fn, =I'*715, s, [z, l-T*1z .

RS- J - J (8.52)
;= - . _ ]
£, o= ; SN - S — _ _ ]
°J iyji-f 1Y Tfjl-r*rd; RSy -

D] J u o o

1D, | =T*12, T*tg 5, ' =T*1b,

e < L < - (8.53)
- = . — = I - - — - = - _ : .
) la'!_: v, T1~{ :*Tdk 'J;W-T*TD.+3*3>

which shows alternative formulations based on the relation that
input exergy equals output exergy plus the product of environ-
mental temperature and entropy production.

Let us row introduce non-negative activity levels a,,a,5...,2
4 o

Pes

for the transformation processes and 31’32""’3V for the
service processes. The fcic¢: input and output vectors of the

transiormation processes as a whole may then be written:

A

¥ = I a.¥. = Za (8.54)
,,':I (VY]
X

z = T a.,3, =28 (8.55)
f=1 Y ¢

where 7 and 2 are Yxx-dimensional matrices, y and z V-dimensional
column vectors anda a ¥-dimensional column vector. Similarly we

obtain for the service processes as a whole:

X
a = kE7 2.a. = 43 (8.56)
N
D:kEZ 5-{3;{:35 (8.57)

where 4 and 3 are Vx¥-dimensicnal matrices, a and ¢ ~J-dimensional

vectors and 2 an Y-dimensional vector.

In order for activity vector 8 to be feasible, there must be a
sufficient supply of all kinds of energy necessary for running
the respective service processes having non-zero components in

o

3. Hence an important <constraint is that c<z or:

8.16




as i -3 (8.53)

The residual energy flows .:x-A3 may be recycled into the trans-
formaticon processes if they are of use there. This flow tcgether
with the output of the service processes will represent the
feedback in the system Zax-43+32. The input from external sources
into the system written as an .J-dimensicnal column vector r thus

is the input flow of the transfcrmation processes less the feed-
back flow:

- ‘e, ’

x = {Z=-2)x + {3-4)3 (8.59)

By multiplying both members by t and using (8.30)-(8.31) we
oktain:

(8.60)

and the total entropy producticon rate of the system (dot nota-
tion cmitted) when given all activity levels in z and B will kte:

B

= -1tz T sa + OB (8.61)
where s is a Z-dimensional row vector collecting the entropy
production rates of the transformation processes at unit acti-
vity levels and ¢ similarly an Y-dimensicnal rcw vector for

the service processes. Since s,%,0,3 are all non-negative sc
must -tx be. Therefore whenever an irreversible process is
running, we must have a non-zero vector z, oxr, in other wocrds,
the system will always reguire an interaction with the envircn-

ment whenever irreversible processes are running.

Figure 8.3 illustrates the various flows in the system, all

arrows representing /-dimensional vectors.
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Figure 8.3. Schematic representaticn of energy flows in house-

hold model with recvcling opportunities

We are now in a position to fcrmulate the utility maximization
problem of the househcold under consideration. The service
volumes provided by the equipment x may be considered a monotc-
nic functicn of the activity level Sk of that process. There-
fore the utility function being a function of the service
levels, and having positive marginal utilities, will be an

indirect function of the activity levels:

u = 1(3:,33,...,BM) (8.62)
The household pays the positive price o, per unit of input of
energy of temperature Ti' The operating and capital costs for
running the processes are assumed to be propcrtional to the
respective activity levels. The corresponding unit costs are
denoted r:(rl,r2,...,rx) for the transformation processes and
o=(pl,92...,p”) for the service processes. The total Enet)
outlay is not allowed to exceed a given budget limit (. Collec-
ting all prices p, into a row vector pz(pz,p:,...,pn),the budget

constraint will be:




e A - v Je It
e L R T T R G S

< ) (8.62)

The household is now

U

) + ra +

O
(93]

Also we have the vector constraint (8.583)
to choose optimal values of all different =z, and 3, subject to
the constraints and given the matrices ¥,7,s,3, and the vectcrs

r,r,»> and the budget ..

Introducing a non-negative multiplier » for (8.63) and an
J-dimensional row vector of non-negative multipliers
“:(”7'“9""’“7) for (8.58) we form the Lagrangian:

o= u{g) + N{(C-pi(Z-Z)a+{a=3)3)+ra+tpi, + u(lu-23) (8.¢4)

The necessary Kuhn-Tucker conditions will be:

— = =\N{p{(y.-3.)+r.) + uz. J 8.63
3%, (204 725047, i A (8.63)
3% _ 9% _ - - u~ n'

33. 3. \(pla,=o, /)40 ) wa. < Y (8.66)
~ <

i;i =0 - p((7-2)a +(4=3)8) - ra = 08 > J (8.67)

o X V]

°% = §5 Z..a, - T d..3. >0 (8.68)

du . R, B Lo, T =

z J=1 k=1
hJ:)\Ju > 7 (8.69)

or rewriting (8.65), (8.66), (8.68) in matrix-vector fcrm:

Wi < A(p(Z-C)+r) (8.70)
74 < Mp(A=-3)+p) + uid (8.71)
AB i ZQ (8.72)

where 7« is the gradient of u arranged as a row vector. Sincs
strict inequalities require zero-valued variables and positive

variables require equalities we also have:

8.13
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(8.73)

(8.74)

(8.753)
ula = uds (8.76)

Let us first rule out service equiment that is tecaniezily In-
JeastZiz. If for some service process [ its input vector z, has

a positive requirement of energy Z, i e a2..> , and no transfor-

mation process has such an output, i e z;zzf for all j, then
obviously (8.68) can only be met with Bk;E (an electric toaster
cannot be used in a non-electrified area with no access to
donkey generators). Such infeasible equipment can easily be
ruled out of our problem, and we therefore adopt the convention
that the sk-variables do not represent any such equipment.

We nlw show that iA>J) and that therefore the entire budget B is
spent. Assume by hypothesis the contrary case 1=0. Then by
(8.71) pA>¢ and for each % there exists an ¢ depending on %,
2(%), such that ”i(k)>c and ai(k)k>7’ Since equipment k is not
infeasible, there is at least one transformation process /
providing energy <(x), i e j{<(x)) with zifk)j(i(k))>5' There-
fore “zj(i(k))>: which, by (8.70) requires i>J. Hence 1>  and we
have an equality in (8.67). Furthermore we cannot have 2=
since (8.73), (8.75) and (8.76) would then require o= centrary
to hypothesis. This means that the budget is spent in such a
way that some service as well as some transformation process
must be in use at the optimum, quite as expected. The trans-

formation process might however be a dummy process.

We now reformulate some of our equations in order to study
relationships between the optimal behaviour c¢f the household and
the exergy consumption (or entropy preduction) that this beha-
viour gives rise to. First of all we introduce the following

diagonal matriz T, in which 7* is interpreted as an environment

8.20




T —— e —— PP

W : e R S R
temperature and is assumed o e different from any cther energy

temperasure:

(8.77)

s
}
3
*
&
ba

.

=3
~
N e e ——

e
.
|

-

This matrix will thus have a unique inverser * which is diagonal

Ll

I =1
T

having the element (Z—T*T; J in its i{th diagonal position.

-

Using T, the temperature-discounted prices collected in a row

vector may be written:

5 = r - (8.78)

'y

We also introduce exergy input and output measures for the

various processes by premultiplying their respective matrices by

r:
¥=ry (8.79) 4
7 = r=z (8.80) .
A =r4 (8.81)
3 =138 (8.82;
1 At unit activity level, exergy input of transformation process /
will then be lr54]:[§j[, the exergy output |[rz.!=j{z.| and the
) 9 o
entropy production:
4
s. = (Iry,|=lrz, )t = 17 .-5,|2¢ (8.83)
J ‘ J d Y9 J
and similarly for the *th service process:
8.21
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T

P F RS R B N S P AL (8.84)

where 4, is the jth column of 7 etc. Out cost constraint can
o
thereby be rewritten as:

-~

C > piZ=2)a + p(Ad=3)3 + ra +

w

(8.853)

©

and, 1if all diagonal elements of I are positive, our second
constraint comparing the output of transformation processes and

the input of service processes will obtain the form:
a9 - :-:.3 > J (8.86)

Our objective function u(8) is entirely unaffected by these
substitutions. Hence, our original problem will be identical in
structure with the problem to maximize u(3) subject to (8.85),
(8.86) in which temperature-discounted prices and exergy input/
output matrices appear rather than energy prices and input/out-
put matrices referring to enerzy flows. Due to these similar:i-
ties the Kuhn-Tucker conditions will be the same as previously
obtained having taken these substitutions into consideration and
therefore the sclution (or solution set) will be exactly the
same in either formulation.

Up to now we have considered the prices included in p,r and o as
given. The solution in qa,5,) and y (or p=ul °) at the optimum

will be functions of these prices.

Varying the prices will therefore result in variations of
optimal activity levels and multipliers. For a given set of
prices there will be a certain entropy production and a certain
exergy consumption:

T*2 = I*{3a+t08) (8.87)




These also depend on the prices, and price variations in the

general case, also will result in variations in exergy consump-
tion. Therefore it is of interest tc inguire into the relation-
ship between the price parameters and exergy consumption, since

the latter reflects the true resource that is consumed.

As a starting point let us revert to our original problem giving
a solution based on the given prices. For this solution the
utility function «(2) will take on its constrained maximum
level, say u(8)=; and the entire given budge: 7 will be spent.
Let us now allow the prices to be adjusted (but kept non-nega-
tive) such that the utility level at optimum will not fall short
of ; and the expenditgre remain at 3, in such a way that the
exergy consumption T7*5 in (8.87) is minimized. Introducing new
non-negative multipliers w,Y and :, the latter a row vector, we

form the Lagrangean:

L = T*(sa+aB) + @{u-u(8)) + y(p{(I-2)a+ra+p(A=-32}3+08=C) +
- = (8.88
+ e(dR-Zu) ' )
Differentiating, we obtain our Kuhn-Tucker conditions written in

the following matrix-vector form:

T*s + y(p(7-Z)+r) - €2 > J (8.89)
T*g - wTu + y{z(A=3)+5) + e > 2 (8.90)
y((7-Z)x #(A4-B)8) > 0 (8.91)
% - u(g) <0 (8.92)
- p(Y¥-T)a- rx - pii-3)8 - p3 < J (8.93)
A8 - Za < 7 (8.94)
mxg + y(D(Z=2)+0}=cZ)a = O (8.93)

8.23




(T*g=wTuty{Dia=3)+c ) *edja = (8.96)
vp((Y-2)a+(i-3)8) = ¢ (8.97)
wlu-u(8)) = ¢ (8.98)
| y(C-5(F-%)a-ra-5:1-3)8-28) = 0 (8.99)
e(d48-2a) = ¢ (8.100)
£ %, 3,0,U,v,€ > 3 (8.101)

{8.91) is the condition obtained by differentiating with

where
respect to all discounted prices. This set of conditions has

some important conseguences.

Eq (8.97) is y multiplied by the total expenditure on energy

purchases. If at least one energy ihput used has a positive

price, we must reguire:

1
vy =7 (8.102)
Adding (8.95) and (8.96) and using (8.100), (8.102) amd (8.87)
yields:
(8.103) ‘

=35

w73
If at least one process in use is irreversible, 3>J, which
requires w>J. Hence, utility will remain at is original level u

according to (8.98). Since the household behaves optimally
which we now write on the form:

are valid,

(8.70) and (8.71)
Np(Z=2)+r) = Ul > J (8.104)
(8.105)




Since w-., we may divide (8.89)-(8.90) by w, which, using v=.,

gives us:

I*: _ =z, .

Y - : < i . (8.106)
I*: € = .

" - VU * : A _>_ . (8.107)

These two inequalitites are to be compared with (8.104)-(8.105),

which shows that if prices are chosen so as to satisfy:

- e - T K
p(i=2) + r = > (8.108)
- - - ™k
p(1-2) + p = ;X° (8.109)

the two pairs of conditions coincide. A sufficient conditicn for
this to occur is (i) that all temperature-discounted priees are
equal and (ii) that all operating and capital costs for the
equipmert are proporticnal to the entropy »roduction in each
process. To show this, we write the disccunted prices in the

form:
2= (I,1,...,1)¢ (8.110)

where 2 is a positive constant. Using (8.83)-(8.84) we then

obtain:
(f% -c)T*s = »p (8.111)
(5% -2)T*z = o (8.112)

-] =7
Obviously we must have c<w “A ° whenever r#%0) or p#). These two

equaticons show that with a coefficient of proportionality
_1 -
(w “a

cost, where ¢ is a constant temperature-discounted price for all

Z-c)T*between entropy production and capital/operating

kinds of energy input, the two pairs of conditions must coincide.
Furthermore, in the case of negligable capital/operating costs
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The temperature-discounted price must obey 5;:c:w-lk-l

Combining (8.73)=-(8.76) we obtain:

Yu8 = AJ (8.113)
which by (8.103) means:

J*S = wal (3.114)

Hence (8.11l1l)-(8.112) may be rewritten as:

3
(7]

~L+ o =L, Fz1,0,...,8 (8.115)
xS s

P, JTs,

£ b+ o= 20, x=1,2,...,4 (8.116)
T*g s

This means that the total energy cost per unit of activity level
in each process is made up in such a way that it eguals the share
of the total cost that the entropy production of each process
represents.

The model treated above shows the following. If a household with
given irreversible equipment maximizes its utility while treating
all energy prices as given, it will minimize its use of exergy on
a given level of utility and with a given budget, when the cost
for runninc the processes exactly reflect the amount of exergy
consumed in the processes. This occurs when all temperature-
discounted prices of energy inputs are equal and all operating
and capital costs proportional to the respective rates of entropy
production. Once again, this model reminds us of the important
rdle played by the temperature-discounted price concept.
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8.3. Example o©of a housenold using enerqgy for heating and

lighting purposes

As an illustration of the theory presented in the foregoing
section we provide the following example of an interpretaticn of
the model. A household needs electricity for lighting its house
and heat for providing a comfortable temperature. The budget for
these purposes is C. As energy inputs, the household may purchase
electricity and/or steam heat of temperature I', delivered from a
utility network. The heat needed for space heaging is of at least
ﬁ room temperature T

g
.4 o

house to which the space heat leaks is I,. The temperature of

and the temperature of the environment of the

electricity delivered is I'.==». When using electricity for

-

lighting-up purposes, heat from light-bulbs is discharged to the
space in which these bulbs are located at room temperature.

The service processes are therefore Y=Z in number. Process 1,
space heating, has room temperature heat as an input and environ-
ment heat as an output. Process 2, lighting, has electricity as
an input and room-temperature heat as an output. Altogether there J
are J=< levels of energy quality present. Using energy input to

define unit activity level, we have the following input and out-

put matrices of the service processes:

[J ?
F 7 9
A=l (8.117) 1
le )
(0 0 ‘
5 ¢ -
3=, . (8.118) j
709

As transformation processes the household needs either resistance
heating equipment (process 1) transforming electrical energy into
heat of rcom temperature or a heat exchanger (process 2) trans-
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forming steam heat into heat of room temperature (or pvossibly
both). Also we need to introduce two dummy processes, the first
(process 3) transforming electricity into electricity, and the
second (process 4) transforming heat of room temperature into
heat of the same temperature. These dummy processes are needed
for theoretical purposes, since there is no direct external in-
put into any service process and no direct feed-back from one
process (in this case lighting) into any other process (in this
case space heating). Thus we have a total of X=¢ transformation

y processes. Using energy input levels, as before, for defining
unit activity levels, we have the following input and outnut
matrices:

k (2 0 1 0)
oo 9 2
o 2 9 9
(¢ o 1 O
J 0 0 9
2 = . (8.120)
1 9 1
i (o 0 9 0

Since the transformation output cannot fall short of the service

input, we have Iz>4g, which in this example is written as:

(b2 12) (2] [ ] (: 7 (B’I
300 e, 42 ‘oa f3.) |0 |

i > . . 1= R
’Z 1 0 1 13 l11+a2+a4 - }1 2 lng !81 (8.121)
(20 7 9){a, L2 J 2 7] J
This gives us the two constraints:
2 > s
{ §- e (8.122)
a +a_+a, > B,
AR Z 4 =

8.28
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Assuming that the household cannot purchase energy of room tem-
perature from external sources, We must require xr.,<’, which indi-
cates that there might be an opportunity of an external discharge
of excess room-temperature heat, but certainly no external input
of this heat. The external flow directions of other kinds of
energy are natural consequences of the optimizaticn procedure,

i e that electricity may be supplied xjij, steam heat may be
supplied x:iJ and environmental heat may be discharged s . Let
usS write these inequalities in the following form for simplicityv,

despite the fact that three of the inegualities are of no

importance:
[@:%8, 27
iag 2¢

2 = {(¥-Z)a+(4-38)3 = %-alﬁa3+31-32 >0 (8.123)
[-81 <7

For these inequalities we need a set of multipliers which we
write v = A(vl,vg,...,vd), knowing X of the budget constraint to
be positive.

The household as an energy-using system may now be describecd as
in figure 8.4.

Transfor-
maticn Service
processes processes
3
—f~ -
2 t1avn ~8
= ey
-y
a
g -—
a,-
. . -t

Figure 8.4. System of energv flows in household example. Tcp

four flows indicate flows in order of falling

temperature
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The household is assumed to maximize a utility function of the
Cobb-Douglas form:

3 )

1 o
1 2

wss 3, (8.124)

where §,,45, are positive constants that satisfy §,+§,<I. The
marginal utilities collected in a row vector, the gradient of u«,
will then ke:

Tu = u(s ,E;) (8.125)

in which the 62 reflect the relative marginal importance of the

two kinds of services provided.

The prices of electricity and network steam are denoted p, and

1

2o where as no external price is attached neither to room tem-
perature energy nor environmental energy, p.=p.=J. The operating
L =

and capital costs of all equipment are neglected for the sake of
simplicity r=7,p=7.

The Langrangean of this household”s problem needs to be extended
with an additional term for the inequalities (8.123) as compared
to the model in the previous section:

~

L = u + MZT-p(Z-2/a-p{4-3)8) +

(8.126)
+ ulZa=48) = wA((Y=Z)a+ (A-3)3) 4

1 The Kuhn-Tucker requirements f£or a constrained maximum cf :: are

now: |
! TPV VDt T, 0,0) 4 (uzsmzsugsus) <0 (8.127) i

“(E;* ‘;) = alvgmvepitv,ug) <0 (8.128)

Cmpja;"Poa,7P;8y 29 (8.129)

Aru > 9 (8.130)




{
|
- (8.131)
‘VS > J
iv. >
(= =

and inequalities (8.122) and (8.123). Also a strict inequality
reguires a zero-valued variabkle and a positive variable an

eguality. Fron (8.128) we obtain that 81,5 pcth are nositive

2

in order for the multipliers to remain finite. Hence from (8.123)
we find v1=v4=0. From (8.127) we obtain u.,=u_.=J7 and therefore
from (8.128) and (8.127):

W

D >v3>0 (8.132)

Do2Va=V, (8.133)

The first of these two inequalities: requires immediately that
=3, 1 e no resistance heating.The levels of the two dummy

a.
processes a. and o, are only limited by (8.122). Hence we may

v

chocose:

(8.134)

Higher values of these two activity levels had been permitted but
wecuid only have represented additional circular flows of electri-
city and room temperature energy, having no consequence to the
results. Frem v3>0 we obtain the eguality:

(8.135)

a,78,78,
-~ [=

showing that always 81382.

Postmultiplication of (8.128) by 8, taking the quotient of the

two components and solving for v. gives us: *
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{8.126)

This shows that (8.132) gives no additicnal information, whereas

(8.133) may be rewritten according to:

\

(]
s
[=23
&
[+3}

(Y

7o 87 3
-1) - -?—;;-(-—l‘,+-8:) (8.137)

o -~

TS

LY

(

wL
v
I

Ly
<

O
(8V)
'
O |

where v,<’ and where a strict inequality requires x_.=0. We nay

distinguish two possible cases, the first case I, occurring for:

g

O.
Sl 'o
(S

3%

1

-1) > 1 (8.138)

This case requires 32>Q and a,>J and therefore v, =7

3
2

. A positive
a, yields equality in (8.137):

- = (= -1 (8.129)

which gives V3 the value:

v.=p, (8.140)

The second case, case II, is obtained when:

-i) <1 (8.141)
If this is a strict inequality, then we either have equality in
(3.137) with v,<2 and therefore 2,0 or strict in equality in
(8.137) demanding a,=0. If this instead were an equality, either
3.73,=1 and therefore a,=J or v .<2 and a.={0. Therefore (8.141)

o o

implies:

(8.142;




and by (3.lJu):

v, = ~
) M
I
VI

{8.143)

Using the budget constraint, it is now a simple task to obtain

values of the remaining variables.
table 8.1.

results are summarized in

CASE I CASE II
2. ° 5.
=T E St
- s
a, = D 3
—:v R
i
N !
-2 ;
Sp- 1
3, = 56,151*5,,)—1_9,,-' ’:’:_1
2 N S 2 <2
N , N i 1 -1
8, = -5:451*'0:) ipympa) c pz‘
- s LT PR Y F U 3 - . fe W ek .
Voo LSS e T8 Ry ) s () (5,%8,)(p. /0, TP1m80 71
~ - Fé
W, = J N
K g
2 J 2
‘—ls = J 2
v, > J n
v -
:c g 2
g = R - ¢
S N L R e i
v = . _
3 73 5131:'5£‘5€,' o
y‘ = JS s 5
= . S+ 5, 8 -5 -5
£ (4 e 1 % . =3 X 5,45
“ (/(8,+8,)) S8, PRy Ty ! (/o0 F

Table 8.1. Solution to model for the two possiL e cases given

by (8.138) and (8.141)




Let us now take some entropy considerations. At unit activity
levels, the transformation prcocesses will prcduce entrcpy at
rates given by:

s = (‘-;frg‘),(-:g +T5 ;,(-;+§),(—:5‘+T5 )=
(8.144)
=1 LI,
i = (*5 "-J ——3 ,J‘,o)
3 L3 . :
y and the service processes similarly at rates:
b= d i o= 4 A=
g = {7, ,"=-7,°,0,7) (8.145)
= o

Investigating into the problem of finding a price system that, at
a given level of utility u, minimizes total entropy S5=s5x+72 we

fcrm tha Langrangean:
Z = -sa - 0B * Z{u-u) ' (8.146)

where 2,8 and u are functions of p,,2, and ¢ according to tacle

2
8.1. Differentiating with respect to p,,p, in case I yields the

sclution:

8

iS4
1
1)

(8.147)
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which shows that the two temperature-discounted prices must be

-~

equal. Inserting these prices into the exergy consumtion )

yields:

~

e

“4

1
[SE)

Gy »
"3
L IR}

(8.148)

In case II all variables cepend on p, alone. Therefore there will

be no reference to p,. enabling us to derive an optimal relation-

ship between the prices. Also in this case the exergy consumtion
, is given by (8.148).
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The two cases are interpreted as follows. When the marginal

propensity to consume light is low (§_ small), the household
purchases electricity and heat separaEely, and uses up whatever
waste heat the lighting system provides for space heating. When
${. is very large on the other hand, all space heating will be
p;ovided by the waste heat and there will be no need for additio-
nal separate heat purchases. In the former case, a housencld will
reach a given utility level at the same time minimizing entropy
production {(or exergy consumtion) when the energy price system is
such that temperature discounted prices are egual. In the case
with a high 3_-value no such conclusicn can be drawn. It might

be noted thatdlighting equipment may be used as a representative
for all such kinds of electrical egquipment. The model would
easilv be extended to cover additional needs of service such as
oven heating or hot water, introducing additional temperature
levels and requiring a higher value of V.

8.6. Relationship between optimal energv utilization and cther

consumption.

In the previous sections we have presented mcdels for describing
the optimal plan for energy utilization. In tnese models it has

bzen assumed throughout the existence of a given maximal budget

~

‘

. for the purchase of energy in different qualities. This is of
course an unrealistic simplification, since the utility of
services using energy and the budget fcr this purpose are not

independent of other consumed commodities.

Below we intrcduce the energy utilization p’an as a subunit of an
overall consumption plan including other g and services. The
energy budget will then be part of a more extensive budget,
possibly including the disutility of the labour provided by the
household as well as the income from providing labour.

The following notations are used. The plan for energy inputs is
described by the column vector z and p is t e row vector of

prices associated with z. Similarly the cclumn vector y describes

8.35
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the plan for consumption of other commodities and r is the row
vector of prices associated with that set of consumption
variables. The vector y may include delivered services and labour
in which case such components, by conventior, would be negative.

If I represents unearned or any other income not accounted fcr by
any terms in »ry, the budget constraint will be:

-

bpx + ry < I

%

(8.149)

Now let the preferences cf the consumer or household be described
by a utility function «.x,y) with positive marginal utilities for
cemmodities consumed and negative marginal utilities for absolute
values of services and labour provided. This implies that all
partial derivatives of « are positive.

In the models in our previous sections, we have made the implici

ot

assumption that y is given and that the budget left over for

~

energy purchase is given, (J=I-ry. We let u((,y) denote the

~

maximum utility for a given ¢ and y.  Using » for the Lagrangean

multiplier asscciated with this budget constraint, we have:

%)
IS
Oy

o
N]
N

(8.150)

@
o

which represents the marginal change in maximum utility when

adjusting the budget ’.

We now consider the supreme problem, which, when given an optimal

-

> for each ¢, will be to maximize u(’,y) subject to:
ry < I -2 (8.151)

Introducing a multiplier ¢ for this inequality and forming the
Lagrangean:

I = uwl(l,y) + 5(I-C-ry) (8.152)

we obtaln the necessary optimization conditions:

8.3¢€
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3 -
— - I». < N (8.133)

.= (8.154)

3

assuming ¢>.. We therefore find that i-7 at the overall optimum,
or:

I R (8.155)

al 51 3(I-C)

N

The problem ¢f choosing an ootimal 7 is therefore to slice the
total available pudget } into two parts, the line of division
being characterized by equal marginal utilities with respect to
changes in either budget, based on the requirement that each of
these two budgets be spent in an optimal way on energy and non-

energy commodities respectively.
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CHAPTER 9. CONCLUSIONS AND DISCUSSION

9.1. Introduction

In this concluding chapter we briefly review the main results
of previous chapters and bring up some items that might have
been included above, but for one or an other reason were left
out. To tie up such loose ends may be a challenge for future
research. Some ideas for future work alcng lines in this spirit

conclude the chapter.

9.2. Main results of renort

The chief objective throughout this work has been an attempt

to study characteristics of energy envisaged as a scarce
resources, 1 e a resource to which an economic value should

and would be attached. The basic ideas underlying our treat-
ment have been on the one hand that energy as such cannot be
scarce, since it is indestructable, and on the other, what has
been called the symmetry principle, i e that characteristics

of energy extracted from a system of sources must be symmetric
functions of the set of propertics of these sources. The former
principle requires that the scarcity property of energy must be
described and explained by qualitative characteristics of energv,
its"content", or amount, would not suffice, whereas the latter
principle attaches a derived and abstract meaning to the exist-

ence of an environment.

According to economic theory a price system is emploved to

attach economic values to commodities to be produced, to
commodities to be traded, and to commodities to ke used. These
values (prices) are r=!ut’r wvalues; in principle any multiple

of a given set of prices would perform the same comparative
evaluation task. Examples suprorting this point are, for instance,

the Jiff-ront price systems {monetary units) working in isolated

e — s




"

v

¢conomies, or inflation under which relative prices remain

cut the value of the monetary unit changes. There are no
absolute economic values; only values of one commodity com-
pared to the value of a "numeraire". This also applies in the
models we have been considering in which the exergy price was
shown to be able to act as a suitable basis of comparison,
and that temperature-discounted prices (etc) of energy in

other forms were to be compared with the exergy price.

A few main results of the previous chapters appear to be the
following. Chapters 4-6 were mainly technical in nature; no-
where did pure economic considerations enter. Although one

might very well take the position that maximizing a work out-
put subject to thermodynamical limitations, in essence, could

be interpreted as an economic procedure, i e achieving a desired
objective under certain limiting constraints. In any case, no

economic value units (prices) were introduced until in chapter 7.

It is felt that the symmetry principle, when applied to the
modelling of thermal and more complex systems of energy sources,
was able to yield some new insights. As an example we believe
that, for instance, the simple formulae in (4.30) and (4.28)
showing explicit relationships between properties of sources
{(initial temperatures, heat capacities), the given entropy
production 5 on the one hand, and maximum extractable work
{exergy when 5 = 0) and final temperature on the other. The
most general extraction problem we looked into, was reported

in section 5.4, where the abstraction adopted went to the limit
that all extensive properties apart from internal energy were
left uninterpreted. The symmetry principle also determines the
final mutual temperature and other intensive properties as
averages (in simple cases gecmetrical averages) and these values
are conveniently interpreted as those of an artificial environ-
ment. The asymmetric case of having an infinite environmen: is
then easily produced by requiring the molar content of one system
element to tend toward infinity.




The ideas presented in chapter 6 treating radiation appear to

be mcre preliminary in nature. Items that might have scme degree
of originality would include the definition cf an ideal collec-
tor and the fifth-order polynomial euuation (6.39), its soluticn
shown in figure 6.2, determining the optimal operating tempera-
ture of the collector and thereby the maximal power output. A
fair amount of space was devoted to the guestion of creatirg a
maximal concentration of radiation and thus relating the second
law to a geometrical principle. Ideas along such lines would
hardly be original, but this has not been checked. The main
mcdels in chapters 4 and 5 were followed up by econcmic counter-
parts in chapter 7, whereas chapter 6 had no successor of this
kind.

The economic models of chapters 7-8 appear to have some degree

of novelty. These chapters treated energy extraction ("production”)
on the one hand, and energy utilization ("consumption"), on the
other. In the basic models of sections 7.2, 7.4 and 7.6 the
symmetry principle was applied, meaning that the "environmental"
temperature was determined by the system itself, whereas other
models in chapter 7 as well as in the whole of chapter 8 assumed

a given constant environmental temperature ¥,

The most important result of chapter 7 appears to be the prin-
ciple by which is required that the econcmic value of energy
should be related to the corresponding amount of exergy, or using
a different wording, that temperature-discounted, pressure-dis-
counted, etc, prices, would be the relevant unit values of energy
of interest to be used as yardsticks when appraising energy in
different qualities.

According to the final result of section 7.6 the value of a unit

of heat would be determined as p(I-T*T °), where p is the exergy

&

price, .* the "environmental" temperature and I the temperature

PO




of tihe heat; the value of a unit volume displacement by o :-:*
where «* 1s the "environmental" pressure and : the pressure of

the volune displacement.

3

hese results are obviously open to further generalization.
Choosing the general version of Gibbs' fundamantal equation

(5.55) as a point of departure, we would also have the following
extensive properties, namely molar contents n., electrical charge
g, extent of chemical reaction z, magnetic dibole moment M (cf
{(5.102)) etc. The discounted value to be ascribed to a mole of
substance ! would be p(ui-uz), to a unit charge p{Q-¢*!, to a

unit of reaction extent p(v-v*), to a dipole moment unit
pGJ(HV-H*V*) and, quite generally, p(yi—y;) to a unit of extens:ve
property ., where Ky is chemical potential of substance I, ¢
electrical potential, v affinity of chemical reaction, /#/ magnetic

field density, V volume, and . intensive property correspcnding

to extensive property of kind 2. The justification for this pro-
position would be found directly from the symmetry of the abstract
model in section 5.4. Hence apart from the already available
concept of :omperature- and pressure-discocunt. ! prices, we arrive

at the notions of a crnemical pozentizi-discounted price, an

C,

eleciric rovential-discounted price, an affirnity-discounted price,

and so on.

Apart from these basic results, items of special interest in
chapter 8 might be the distinction made between energy deliveries
to service processes and the service levels as such produced by
these processes. In economic theory one would usually have the
volumes of commodities and services as the arguments entering into
the utility function to be maximized. For our purposes it has
appear2d to be more useful to distinguish between the energy flows,
which do not enter into the utility function directly, and the
service levels, which do. This might also provide an extra stress:
on the fact that energy is not consumed whereas services are, and
utilit should be a function of consumption.




This aspect O consumption apwpears Lo be somewhat 1n line with
Lancaster's tihwory of "consumption as an activity® [1véo6a, 1366k,
1908, pp 113-119], according to which it is nct products them-
celves that are desired by consumers, but rather coirostcc oo ise

of products. Different products have different sets of characte-
ristics, and some characteristics are common for scveral products.
Thererfore aconsumption reguirement concerning a certain charac-
teristic could be satisfied by different individual prcducts or

Ly a ccmbination of different products. The "volumes" of charac-
teristics would enter into the utility function, and product
volumes would enter into the budget constraint. Also there would be
a need of a function (or a matrix in simplified cases) describing
for each product unit how much of each characteristic this unit
provides. There is obviously an analogy betwen this theory of
Lancaster and the ideas applied in sections 8.2-8.3 concerning

the functions 3i(qi) and in section 7.4 concerning the energy in- i
put vector A2 and output vector 38 of the service processes, where
2 is the energy requirement to produce servica level By the
columns in 4 and B representing energy inputs and outputs for
different unit service levels, and 2 representing the service
levels themselves. In the arguments of the utility functions
adopted are included service levels alone. Also, to generalize

our models in order to cover sets of characteristics instead of

singular service levels, would offer no problem.

Of the models given in chapter 8, the feedback one in section 8.4
would be of greatest generality. The conclusicns frem this model
and the example following in the succeeding section certainly
point at the intuitively correct idea that energy prcduced for
processes needing energy of higher quality and discharging energy
still having a useful remaining potential, would be more valuable,

or in other words, one would be willing to pay a higher price

for a commodity that can be used for at least two purposes simul-
taneously as compared to a commodity having a single use alone.
The waste heat from radios, from light bulbs, fcom stoves, and




from all similar equipment, should certainly not be a rescurce
free of charge in cases when heat is required for keeping the
surrounding space at a desired temperature level. These results
are also in perfect agreement with the passage taken from [Wein-

berqg, 1978] initially referred to in section 1.2.

9.3. Large-scale energv-economic models

Let us briefly attempt to connect our theory with the type of
large-scale energy-economic models that appea to occupy a pre-
deominant place in current literature on energy economics {(cf e g

[Hifele, 19801]) but which we up to now have not touched upon.

One highly ambitious representative of this class of models is
the Szanjord Piiot Energy/Econrmice Model [Dantzig, et al, 1978].
Essentially this model is a linear multi-periocd input/output
mcdel describing the US economy with particular emphasis on the
energy sector of the economy. In its most detailed version encom-
passing 23 industrial sectors and eight five-year periods, it is
represented by some 800 equations and 2000 variables. The 23 in-
dustrial sectors are formed as aggregates of the 87 industrial
sectors included in the Leontief input/output tableau published
by the Bureau of Economic Analysis. The aggregation is based on
weights represented by prices in the base year 1967. The flows
in the model are interpreted, in this sense, as phyvsical flows.

The input/output table describes the requiremeits from different
sectors in order to produce one dollar's worth in each sector.
These coefficients thus reflect aggregate transformation pro-
cesses of the various sectors and may vary over time according

to predetermined dependences, but are independent of the flow
variables themselves. Part of the net output of the industrial
sectors may be accumulated as a capital formation and the remain-
der is used up in the form of final goods for consumption pur-
poses. The model maximizes a utility function determined as the

discounted sum of the real consumption income over the horizon.
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Figure 9.1. Energy sector of the Pilot Model. Figure taken from
[Dantzig, et al, 1978, p 10]

The energy sector of the Pilot Model illustrated in figure 9.1
partitions the energy flows into four kinds, namely o¢il, gas, coal
and electricity. The supplies of these are either fed into other

sectors or are consumed by the population.

Although a model of this kind gives a very accurate and detailed
description of essential aspects on the role energy-oriented

factor and domestic demand flows play in the US economy, it takes
no c¢rplicit consideration to the thermodynamic substitution availa-
bilities and limitations in the industrial or in the domestic
sectors. The very special opportunity that transformation equip-
ment would provide in "transforming" energy of certain qualities
and quantities into energy of other gualities and quantities is

not analyzed explicitly, cf [ibid, p 11].

Although it might be difficult to introduce detailed thermodynamic
limitations and opportunities into an aggregate model of this kind
and then expect usable results having a sufficient accuracy for
predictive and policy purposes, at least such considerations

might prove useful for a rough estimation of the potentials that
technological developments and energy conservation might have
industrially and domestically and would also provide the physical

9.7
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Timitis. In principle, it would be quite feasibiie toe Lneorpo. ate

therneiynamic trunsformation oprortunities inte large-scale
cnergyv~cconomic models alung lines similar to the basic prin-

ciples described by the models in sections 7.5, 8.3 and 8.4 alove.

Our conclusion is therefore that concerning mocels of the kinds
presented in these three scetions mentioned, although similar
thermcdynamic relationships do not appear explicitly in larje-
scale models of the type that the Pilot Model i1cpresents, there
should be no essential obstacle preventing such relationshiyus
to be included. Whether or not this would be an improvement is,

of course, an other matter.

9.4. The theory of exhaustion

A second important sector of theorv related to 2nergy econcmics
that we have not approached so far directly, is the :rzory .
¢xhausction. There is a substantial amount of established and
coherent research that has been carried out in :his field.
Important references are [Hotelling, 1931, Gordon, 1967, Smith,
1968, Cummings, Burt, 1969, Anderson, 1972, Schulze, 1974, Solow,
Wwan, 1976, Heal, 1976, Zimmerman, 1977, Dasgupta, Heal, 1979].
Although this theory concerns non-renewable ressurces in Jeneral,
its current applications and interpretations often cover energv-

related resources specifically.

In a typical case, the theory of exhaustion treats the problem
to find an optimal rate over time regarding the extraction of
one or several resources, possibly of different grades such as
different mineral ores. The total stocks of these resources are
limited and usually described by given numbers. The extraction
rates being the negative of the time derivatives of the stccks
may be restricted by capacity limits. The extracted resorce
flows may enter as arguments in production functions etc. All
this depends on the number of aspects one might wish to include.

9.8




Usoa by are grvent (1) g value (4 sales price) attached to the

Adilw LoeXtractaed ang sold (such as a demand curve describil: g

suite tnverse price-flow relationship), and (ii) an extract:cn

. cost that apart freom the extraction rate itself also might

derend on the cumulative amount extracted at any particular

!

; point in time (the more a minc has been excavated, the more

'

] costly a continued extraction will be). The net profits dis-
r‘ . counted over time would then form the objective function to kbe

: maximized subject to flow, stock/supply, capacity and other

possible constraints,

A simple starndard example of a one-rescurce case would ke to

maximize the net present value of profits V:

L

7= J plz,x,t)e PP e (3.1)

where ;(x,i,:) is the profit rate at © (interpreted as a net
s cash flow) depending on the extraction rate z and the cumulative
amount extracted to date, and where o is the cocntinuous interest

n

rate and 7 the extraction period. This maximization would ko suk-

ject to total extraction x:I'! being limited by total given supply
and extraction rate &/ :) limited to a maximum given capacity.
Conditions for a maximum of U would thus be obtained by differen- ?
tiating the associated Lagranaran and Hamilrvonian functions using
the constraints and non-negativity reguirements, just as in the
many thermodynamical examples investigated in cur previous chap-

ters above.

In recent research and applications the variational approach is
replaced by control theory and the muwimym r»pincipic such as in

the interesting paper by Nissen and Randolph [1978] treating the

extraction of hydrocarkon fuels.




In the literacture dealing with the theory of oxhauztion there
apvears to have been no explicit reforence to thermodinamical
consldaerations of the type we have dealt with in earlier
chapters concerning the substitution opportunities Letween

N

enerygy sources of dirferent potentials etc. (In [Dasgupta,
., 1979, pp 208-213), the authors touch upcn thermodynamical

Heal
iciency slightly.} Such relationships, however, would be:
T‘ included easily in certain cases. As an example we choose the
penetrating work by Golabi, Scherer, et al, or questions of
extracting geothermal energy [Scherer, et al, 1977, Scherer,
Gelabi, 1978, Golabi, Scherer, 1978]. Their bazsic problem con-
cerns the recovery of heat for domestic heatirg purposes obtained
rom geothermal storages. Water is pumped out of the ground at

’

N
temperature I (:/), then pumped through a heat exchanger having

S
temperature I on its cold side, and then let back into the

grcund at which point its temperature has dropned to 7. Back
in the ground it is warmed up to TJ::) again. .epending on the
distance between the resevoir in- and outlets und the flow

rate J, there is a breakthrough period after wiiich the tempera-
ture TJ(:) starts to fall. According to the authors, this time
dependence is given by the sum of three exponential functicns

~i T

with negative arguments of the type =2 , where the . are

ccnstants.

Introducing an energy value assumed to grow linearly with tine,

or alternatively, exponentially, and also various cnst relatzion-
ships, the net present value of the heat extracted is maximized
by choosing an optimal flow rate g, an optimal injector tempera-

ture [° and an optimal life-span of the extraction process,

In the work referred to, the value of heat is assumed to be
independent of its temperature and follow one of the two alter-
native price develcopment functions. According to ocur theory,
however, instead it would be the temperature-discounted price

of heat, possibly inflated for second-order efficiency in the
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Sonvorsion process, that would be tie annroineate coancity

o

Ao o glven price or priree Jdevelopment oL An rnclasion of
sucn o nodification in the mudel referred to appedrs 1o be a
sim 1o task.

uaticn over time of the value of enery: extracted from
a thermal or more general svstem of sources codald also be in-
corvorated into our models of chapter 7. This would wrovide a
further bridge to the theory of exhaustion. & suitable obiective

function in a two-source case would be:

Q

e
+
3
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where notations are the same as those of section 7.6 apart from
the interest rate o. This function would then bLe maximized sub-
ject to first and second law constraints. The solution to such

a problem would be slightly mcre involved due 5> the presence
c:

of the discount factor ¢ " . Also in this case the temperature-

discounted prices will fall out of the model a.; important quan-

tities. An even more complex case would be to ntroduce a depen-

.
A
°

dence between the entrcpy generation rate an! the exergy extrac-

: b -
tion rate . If such a dependence were assumed to be quadrat:c,

cf section 5.6, there would be scme difficulti.:s in obtaining a
a

reasonably explicit solution due to the presencz of this guadrai:c

=

relationsnip. However, to obtain numerical results fronl specific

-

cases ought toc present no obstacle.

Let us tike a final look at the intertemporal balance between

la
. . 2
exceriy extraction I, exergy waste (lost power) [,5 and consump-
(%2
ticn of other non-energy-related resources (in which we may in-
clude saving for future consumption, also for coming generatiocns),
LS
and let us for simplicity use the quadratic relationship 7.0 =

E Applying the viewpoint of a single consumer, this person
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will have a utility function u(x,y) (with standard properties),
where » is exergy made available for services to the consumer
and » the consumption of other non-energy-related commodities
(including savings). A broader interpretation according to the
treatment in section 8.6 is also possible., If » is the price of
exergy, r the price of other commedities and 7 the net inccme
available, the consumer is to maximize u(x,y) subject to the
two constraints:

~
p& + »y < T (9.3)

(9.4)

the second term in (9.4) being lost power. Assuming an internal
solution (equalities in (9.3)-(9.4)), the optimal consumption =z
and "waste level" T,% will satisfy:

0
“ Ag
[
x = —— (9.5)
4X0
.. 2
R -
r 5 = 124D (9.6)
-:XO
where 4 (<I) is the abbreviation:
- 2, 3u , du
A = > ' 3y / 3z (9.7)

If A is positive, i1 e at the coptimum there is a positive margi-
nal utility %5 for the consumption of other commodities, then

clearly the exergy provided for services is less than its maxi-
mum possible level (4x0)—1 and the consumption x will be in excess
of waste by the amount A(l-A)/(Zxo). Also, assuming the two mar-

ginal utilities to depend only weakly on changes in prices,
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Figure 9.2.
This model can clearly be extended to multi-period, multi-

commodity cases in which total supply constraints, capacity
constraints, a discount factor etc, are included.

9.5 Thermal pollution
A third area related to energy eccncmics is th.rmal rollution
which we only indirectly have touched upon in cur preceding

chapters. Thermal pollution is the effect the Leat outlet from
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envrgy transformation and utllization nas on the environmental

temverature. Several scientists feel that this cguestion should
be uf yreat concern in long-run considerations regarding the
tachnological development, two references being [Summers, 1971,

Schneider, Dennett, 1975].

In essence, thermal pollution is caused by the Earth and its
surrounding atmosphere having a limited heat capacity, or 1in
other words, that our environment, at least for some time, Etoth
from an industrial and from a domestic viewpoint, is finite. The
question of thermal pollution is in perfect accordance with our

symmetry principle introduced in section 1.3.

There are two basic kinds of thermal pollution, one being ::: mar:
solluczion from energy transformation units intcracting with
the environment, the second being sezcndary po ' luczicn from all J

ultimate heat leakages from the industrial and domestic use of
energy for space heating, for electrical appli.ances, for trans-
portation, and frcm all other similar uses. In our models of

chapters 7-8, examples of primary pcllution arce the flows . 1in

secticn 7.3 (figure 7.2) and z,.. in section 7.5 (figure 7.3),
and of secondary pollution the flows 2540 in sc:ction 8.3 (figure
8.1) and z in section 8.5 (x_ =-%. in figure 8.4).

Thermal pollution is expected to have severe adverse effects on
the climatic balances of the Earth concerning not only the mel-
ting of ice in polar regions but also on sea currents, winds and
clouds, in their turn distorting the radiative balance, these
effects causing ecological disturbances of many different kinds.
Also fossil-fuel plants cause an increase in the atmosphere of
carbon dioxide (and other pollutants) which affects the absorp- 1
tivity of the atmosphere and thereby the radiative balance of the

Earth. Both thermal ocutlet and other pollution are entropy creating

as argued in chapter 2.




Accord:ing to some authors one should make a distinction between

whut they call “"natural” energy sources (solar, wind, water) and

"unratiural" sources (fossil-fuels, nuclear, fuZcion). In therr
viuew, evxtracting power from natural sources would bLe performed
Ly "invariant" energyv systems, i e systems not adding to the

heat load of the biosphere.

It is not clear to the author that this statement necessarily is
true. Jonseaquences of power extraction from water and wind poten-
tials appear to be extremely difficult to derive. Therefore we
limit our attention to a brief comparison between a schematic
fossil-fuel plant and a similar solar energy plant as they have
been modelled in sections 7.3 and 6.5. It is of course quite true
that secondary thermal pollution, in a short-run perspective,
would not coincide with the amount of power supplied, since &
certain portion would be transformed into potential energy and
other energy forms still possessing an exergy potencial, for
instance for contruction work etc. However, in the short run this
remaining potential would presumably account for a very limited
amount in relative terms, and in the long run, when buildings are
pulled down etc, for a negligable amount. Therefore, in this brief
discussion, we disregard any residual exergy storage. Figure 9.3

illustrates the flows involved.

Let us use the following designations. In the fossil-fuel system

-

energy is provided as a heat f£low of temperature ., from burning
fuels, this heat being transformed into electrical power ¥ by
means of a heat engine (and a generator), the overall thermal

efficiency assumed to be n,. The orimary heat load d-elivered to

1

the environment is then #(n>Z-:) and the secondary load from using

# is W¥. Therefore the totalzpollution will be Q‘;:gz ww}z in order
to provide the power ¥. In the solar energy system ircoming radia-
tion amounts to gA where § is the radiancy and 4 the reflector
area, of which oasfg is reemitted (assuming a drey ccllector),

and where ¢ is the emissivity, u collector area,’., collector

B . . - — ”.-_.-.-.----——‘f”"”""*"""" _ -
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Figure 9.3. Energy flows pertaining to two schematic svstems

compared
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temperature and ¢ Stefan-Bolzmann's constant. Assuming the

a Lo

collector is connected to a heat engine with thermal efficiency
: Ny the primary heat lcad will be-(1—n2)e(RA—aaTg):W(ngl-z), and
the secondary load ¥, where W is the power extracted which even-

tually will dissipate into the environment as heat. The total

thermal pollution is therefore anl.

Now, if both heat engines have similar thermal efficiencies, the
thermal polluticn per power unit extracted will be the same in
both cases, viz nzls ngz. If the solar energy system is to pro-
duce a lower total heat load, then obviously we must have n;< Noos
i e a thermally more efficient engine. The same applies, when
primary pollution only is considered. The question of thermal

* pollution thus appears to be more of a question of conversion

‘ efficiercy than of the choice of source.

If we take a second-law viewpoint, instead of using thermal
efficiencies, the total heat load from the fossil-fuel system
- -1, e y=1
= We, (JTTJ)

: may be written and for the solar energy

*
ltot
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svstem 3% = w7 (;-A*Tga l,where Elz NL;ZI(Z-T*Z‘7 J L is the
exeryy efficiency of the heat engine applied to the fossil-fuel
plant and 7, the similar efficiency of the solar energy heat

endine. Alsb from this point of view, the heat load per power
unit extracted EEJ(Z—T*TEI)-J and égz(l—f*Tgl)-: respectively,
depond on the efficiencies involved, but now also on the source
temperatures YZ and fz' For equal efficiencies, obviously a
higher temperature provides a lcwer pollution and vice versa.
Thus it would be quite possible that the fossil-fuel plant would
be preferable from this point of view. In any case, it appears

as if none of the two plants should be called "invariant".

The case of comparison given above has concerned fossil-fuel
versus solar energy. Analyzing effects of water or wind power
would be more involved, no doubt, but would appear to provide
similar results.

Since thermal pollution in itself is undesirable, it might be of
interest to inquire into the effects of attaching a cost to a
heat outlet. Taking a simplified version (with no domestic heat
supply) of the model in section 7.3 and assuming a given electri-
city demand function p{¥), we may study the monopolistic problem

of maximizinag V:

Vo= P(;')'r/ - pZQl (2.8)

where 91 is the input heat provided (assumed to be egual to the
total thermal load) and Py the price of this heat, possibly in-
cluding a “penalty" of pollution, subject to a given second-orderx
constraint. A straight forward differentiation of V yields the
optimality condition:

r“l
~

=1+ 71 (9.9)

<y
vy
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where - is the price elasticity a%% M)-‘; of the demund curve
and ;, the temperature-discounted price of the energwr inzut. A
total differentiation of the parameters 5. and I, assuming - to
be constant gives us:
A
3 R
—:7—-: .. (-—-— - -?) (9.10;
; = g
1
32, in, .
i S S Ty R (5.11)
2, 5 %
: 1
Hence a relative change in the discounted input rrice :. by some

percentage, will change both the electricity demand and the total
heat load by the product of the same percentage and the price
elasticity. On the other hand, assuming the standard case with

e < 0, will a relative improvement in the second-order efficiency
by some percentage increase the power demand by this percentage
multiplied by the absolute value of the elasticity, whereas for
an inelastic demand (-1 < ¢ < (¢) the heat load will diminish and
for an elastic demand (e < =-1) it will increase. A number of
additional considerations along similar lines would be straight

forward to make, but are comitted.

9.6. Aspects on apolications in practice

The title of this work "Towards a theoretical basis for energy
economics"” indicates on the one hand that the objectives have

been theoretical, i e to provide propositions concerning relation-
ships having a high level of generality and therefore applicable
to wide, but average, sets of circumstances and phenomena, and

on the other that the theoretical modelling carried out by no
means is complete, rather the contrary; more yuestions seem

to have been stated than answered. There would appear to be ample
space for future research in a number of different directions.

9.18
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Alrhough the goals have becn theoretical, a fuw aspects for the
practical implementation of the ideas presented will be given

in this section.

The main ideas given in the previous chapters have led to the
introduction of discounted prices which were shown to be of
relevance when determining the economic value of energy in
different forms. Real prices are determined at the market place,
whether this would be an organized market such as a stock exchange
or instead a two-person bilateral monopoly situation in which two
parties negotiate on socme business deal. In general, prices are
thus formed in a real-world system and do not come out of parer
work. However, there are a number of instances in which more or
less theoretical computations affect the price formation process.
One such class of cases is when theoretical derivations form the
basis for giving a bid offering the price of a project etc; an
other when legislation influences the price mechanism such as
determining a ceiling for the price of electrical utilities, or
the price of gasoline in a shortage situation, or when taxes have
a substantial impact on the value of a transaction {(real estate etc),

taxes essentially being detarmined from theoretical assumptions.

However, there is also at least one more important case and that
it when the theoretical considerations provide a source of know-
ledge to the selling and/or purchasing party involved in such a

way that this information influences their behaviour as regards

bids and counterbids, and/or their evaluation of the values in-

volved in the commodity to be traded.

In our case, it appears that this third class of circumstances
would be the most appropriate way in which our theoretical

results might be applicable. Knowing of the second law, a person
would not be equally interested in paying the price of electricity
for some delivery of 400 X steam. If he is in possession of bidding
power, he would have an instrument for argquing for a considerably
lower price. Knowledge of discoggﬁed prices as theoretical limits
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for the relative values of wcnergy (as compared to exerqgy) would
certainly influence the price formation process if a sufficiently
high vroportion of the pecpulation were aware of tnhe thermodynamical
elements sufricient for understanding this concept, assuming regu-

latory agencies would have no objections.

When comparing energy prices, not only should they be discounted
but also inflated for second-order efficiencies according to the
models in sections 7.5 and 8.3, i e the relevant measure of com-
parison should be 55‘2, where » is the discounted price and ; the
second-order efficiency. If the discounted energy input price for
some kind of energy is low (compared to a second alternative),

the efficiency-inflated price might still be high when it repre-
sents an inefficient conversion process (low £}, which means that
one would be willing to pay a relatively high price for an alter-
native energy source. Electrical resistance heating, for instance,
has a very low £-value, in the vicinity of §,7 2.9¢ (cf table 3.1)
and the input temperature is high T,= =, If the price of electri-
city including operating expenses is ¢ J.J4 per watt, we obtain a
ratio amounting to 51522: 1.33 2/¥. A heat pump with a heating
ratio of s = 3, cf (3.16), might provide space heat at a cost of
16c/¥of input electricity and would have a second-order efficiency

-
-

of §.,= 0.9 (environment temperature -2 “C, indoor temperature
“o . : .
2 7C). The ratio of the discounted price and tiae second-order
efficiency would then be 5052‘: 1.3 e/% for this equipment, which
a <

»

is not competitive. However, if the price dropped below I =/¥ or
the efficiency were improved beyond §,= 07.1% (or some combination
of price drop and efficiency improvem;nt), it would be the compe-
titive alternative. It might be noted also that second-order im-
provements decrease the ratio at a degressive rate since the effi-

ciency measure is placed in the denominator.

The area to which the concept of discounted prices would be appli-
cable most easily, quite naturally would be processes in which




temperature is the important characteristic and this temperature
is not too significantly far away from the environmental tempera-
ture. In [Ford, et al, 1975} a number of practical tecmperature-
dependent processes are discussed frem a second-order point of
view as well as many other types of vrocesses involving other
intensive properties than temperature alone. Domestic applications
cover space heating, refridygyeration, air-conditioning, ccoking,
and industrial applications ccver combined processes, solar/caemi-
cal energy conversion, among many other examples, alsc including

a penetrating analysis of combustion processes. It appears guite
feasible to apply economic reasoning of the kind presented above

to the many examples included in this reference.

A special practical prcblem in an energy-economic system is the
question of smoothing the production of and demand for electri-
city over the day/night cycls and over different seascns of the
vear. This problem has its roots on the demand side in periodical
annual environmental temperature patterns and dayly similar
work/leisure/sleeping habits and routines. On the production
side, there are usually large economies of scale, regquiring

that plants be built with high capacity and therefore operating
with high fixed costs and lcow variable costs. Egualling out the
possible differences between supply and demand can be carried

out either by making the capacity more flexible (introducing,

for instance, marginal gas turbines) or by smocthing out the
variations in demand (for instance, by means of peak-load pricing
combined with energy storage systems). Also windmill electricity
jgeneration etc depending on stochastic properties of the encrgy

source, create the need for energy buffers for equalization purposes.

The topics of peak-load pricing, energy storage systems, electri-
city demand patterns etc, fall outside of the scope o0f this wcrk.
There are of course, quite naturally, a number of items bridging
the fields., Climatic variations during the year in one region, for

instance, changes the exerdgy rate necessary for providing a

U I PP




comfortable indoor temperature. The closer the outdoor and desired
indoor temperature, the less exergy need be consumed. Suprly and
demand relationships of exergy rather than encrgy, substitution

opportunities etc, would be a challenging field to continue in tc.

9.7. Towards a general theorv

In this concluding section let us round off our treatment by incro-
ducing scme mbre or less speculative ideas on what directions in
which a general theory might be developed. Economic theory and
thermodynamics in its brcad sense have a number of basic categories
in common. Both sciences are concerned with transformations of
various kinds, both are concerned with information, &nd so on.
Thermodynamics provides us with relationships as to the physical
limitations of what is possible to achieve; economics treats
questions of how people and firms would or should act when faced
with such limitations, and if they act in that way, what the con-

sequences would be.

A brief summary of scme basic concepts of economic theory is the 1
following. There is some set of commodities or products (including
goods as well as services and labour of different skills). This
set may include products in existence, products on their blue-
print stage, products not yet invented, as well as products that
could be in existence in the future, but never will be produced,
and products that could be developed but never will be manufac-
tured. Assuming this set to be large but finite and the number of i
products equal to n and that all volumes (flows etc) of products
are infinitely divisible, we may envisage an abstract commciizy
3pace [ erected by one real-valued coordinate axis for each pro-
duct. For mathematical convenience it is suitable to use both the
positive and negative coordinates of the axes depending on the
direction of the product flow to be described according to some

convention adopted for different cases. A point in commodity space 1

will thus be given by an xn-dimensicnal vector of positive and/or




negitive real numbers, According to one general definition of
commodity space [ Debreu, 1999], the same kind 2f product ac
different dates or at diffcrent lccations is 1 different product
(assuming a large but finite number of possible locations and

a similar number of possible dates). Products are either muiuua--

tueod, in simple cases provided as (uliownr by man, or available as

LS AP T A LN PR T B R
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Basically there are two sets of economic agents, viz sv . duczrd
and sonswmers. A producer represents a set of transformation
opportunities, from product flows (goods, services, labour,

i natural resources) into cther product flows. We choose the con-
vention that output flows are given by positive numbers and input

L s flows by negative numbers. A point (vector) y . in commodity space

1

: for the jth producer is either feasible, i e the outputs in gues-
tion are possible to obtain from the inputs, or it is infeasible.
The set of all feasible points y. form a subse: of ' denoted 7.,

. called the jth prcduction s-r. The total production opportunities

of all producers as a collective is determined as the set 7 =
=¥,z {y =y, y,er, il j}, i e the set of vectors cf
: v 5
v

net inputs and outputs, when all individual przduction veccers
belong to their respective feasible production sets. Y is calied

the :oral produccion s.z.

For each consumer a consumption set i1s defined analcogous.v. The

Soa Noa v

state of the Zth consumer is represented by a ‘onown

Ty

<. which either is feasible or infeasible. By convention input
flows of goods to be consumed are defined as positive numbers
and output flows {such as labour) as negative numbers. an infea-
sible vector would be obtained in a case, for instance, when th
input of nourishment would not suffice to provide the lakour
described by the vector. The set of feasible consumption vectors
constitutes the :th zcorsumpricn sev X,, which also is a subset

of I'. The set formed as the sum of all consumption sets

e vtk

4
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conr 0o oo zh Alse the given oo Ll oare defined by oa
veltor in coummodity space. The components cf this vector . are

nonaegative.

1f given a total consumption vector x, a total production vector
and the resource vector -, the vector = = = - 5 - . will de-
scribe the net input (net demand) of the economy as a wholwz. IE

x and  both are made up of sums of feasible vectors and all

(R ]}

cemponents of : are nonpositive, then the corresponding staxte ©
the economy is zt:ainubie. This means that the resources, Gthe
produced vcolumes and the labour etc supplied by the consumers,
suffice as inputs to the consumers and producers to yield +hese
supplies.

A number of standard assumptions on the production and ccnsump-

3

ticn sets are usually stated, three imp.rtant ones for Y. keing:

e that if '

v

(i) Y. is convex,
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If inactivity is possibl

vexity implies nonincreasing returns to scale.

(ri) . = 7., where 1 is the nevative orthant, i e the set of all

v

vectors having nonpositive components thr.ughout. This is an
assumpticn of free Jisroszl, sirce for an; nonzero input one
may always have a zero output.

%

(iii) 7, N =¥, < {0}, which means that if ;. is feasible then -
[ o

v €
is not, except if ;. = U wer2 feasible. This is an assump-

o

<Cy

tion of Zrreversibllity; the direction cf input and output

flows cannot be reversed,

The characteristics of the Xi and the IJ are technical (or possiLly

biclogical) in nature and have no direct economic meaning.
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In order to describe the tastes of consumers ;' re erulle Li-00=
derings are introduced on the sets (.. Such an ordering would

be complete, transitive and reflexiv;, meaning that all alter-
natives «_. € Xi can be compared with one another along a prefe-
rence scaie. The preference preorderings are closely relatad to
the utility concept, and if certain conditions for the precorderings
are satisfied, the existence of a «:cliity fun-:7c» ranking the
various alternatives may be proven [Debreu, 1959, pp 56-39]. For
the economy as a whole one consumption alternative x" is preferred
to a second x', if a change from z' to z" has the consequence that
no utility function decreases and at least cone increases (the

e .. .
Pagvoto=-optimality eriterion).,

A pplee syscem is an n-dimensional vector of nonnegative numbers
(prices) describing the economic value of each commodity. The
proyfits of the jth producer may be written p: . interpreting p
as a row vector and yj as a column vector, and’ the (net) e=zpen-
dZiture of the 7th consumer similarly as px.. The producers (firms)
are assumed to ke owned by the consumers aécording to predeter-
mined shares, Oi. being the share of producer ;j owned by consu-
mer ¢, and the profits are distributed to the consumers accor-
ding to these shares; I 0., oy, credited to cocasumer .

J td J
Also the resources are assumed to be distributed among the con-
sumers according to some predetermined rule w = ; g where W,
is the vector of resources owned by consumer 7. ’

The vealth constraint of each consumer is given by pr. <

it
¢
e,
c

+ pwy requiring that the net expenditure may not exceed the un-
earned income for each individual consumer.

Consumers and producers are assumed to behave as follows. If given
a price system p, the resource vectors W and profit distributions
0.., each consumer attempts to choose an x. € ¢ that maximizes

1]
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his utility €function. The resulting consumpticon vector = then

describes volumes of commodities to be consumed and vo.umes of
3 services to be provided from the consumers collectively. Given

the same price system, each producer attempts to choose a 4. € Y,

3
v v

' that maximizes his profits. The resulting production vector

1 : describes the desired output and input levels of all commodities

for the producers as a whole. The difference « - , - o is the

4 2xeess Jlemand. A positive excess demand for a certain product
would tend to increase the corresponding price and vice versa

» by means of some bidding process, the markzt mechanion.

o
Py

quilibrium 2

[\

A marvketr equilibrium obtains when y + w = x. An

’

the ccomomy is given by an array of vectors x?, xg, ceey Y%L Y

Lo

..., 0¥, where the x; and y} are feasible, where all consumers
maximize their utility subject to their resulting wealth const-
raints, and where the x; and y} satisfy the merket equilibrium

condition.

An optimum of tne economy is obtained at a stace which is attain-

able, and no other attainable state exists giving at least one
consumer a higher utility value and all others no lower values.

Under certain assumptions on the sets Xi and Y. one may prove

e o,

that an» optimum <3 an equilibrium relative to : pricz2 system,
and vice versa, where an equilibrium relative to a price systen, i
loosely speaking, means an equilibrium in which the individual

resources w. and shares @ij are not necessarily specified [Debreu,

1959, pp 93-94 ).

It would go far beyond the aims of this work tv attempt to analyze
all concepts referred to above in terms of the.modynamics. Let us

only point at a few possibilities.

In the models of our previous chapters, the items traded have
been heat, work and in a couple of cases volume displacements.

9.26
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These energy-oriented quantities have therefore implicitly been
understood as to be the commodities transferrcd. Gencralizing
this idea from a thermodynamical standpcint wculd extend this
class also to =mat!iov, since heat, work and matter are the three
entities that can be exchanged between elements of a thermodyna-

mic system.

From the point of view cof econcmics the concept of a commodity
often would be interpreted as some system possessing certain
characteristics, such as material contents, structure, volume

etc. Some product properties would be easily interpretable in
thermodynamic terms, such as weight, whereas others would be more
difficult to translate (such as a taszejul painting!. Although a
product may be defined by its physical properties, the way in
which this product interacts with its possessor must be described
in psychological terms. Making a distinction between these differ-

ent sets of characteristics would be in correspondence with Lan-

caster's theory of "consumption as an activity" previously referred
to in section 9.2. In any case, it appears to be an extremely
difficult task to interpret the way in which products interact

with their user in thermodynamic or information-theoretic terms.
Certain basic products, such as food to be consumed in order to
restore biolcgical tissues, might be more amenable for analysis
along such lines.

In an overwhelming majcrity of cases of production, the product
cutput has a more complex structure than its input components.
This would indicate that an entropy decrease of subsystems of

the Universe often is a desirable objective. In few cases, on

the other hand, product outputs are eqgualized mixes of inputs,
such as in tinted paint or blended tobacco. Under these circum-
stances there obviously is a desired entropy increase. On the
whole, however, production processes would be purifying resulting
in entropy decreases. From the second law, this must mean that in
some other part of the Universe, there must be a compensatory

. |




entropy increase of more than the decrease. This migyht manifest
itself in various forms of pollution: heat, chemical pollution,
smoke and other waste products. There is thus a lower physical
bound for such a contaminaticn for any produc-.ion involving an

entropy decrease.

Product development work, by which the physical properties of the
products are simplified whilst their functional performance re-
mains (or maybe is improved) is an example in which the entropy
differential of the product may diminish giving an opportunity

to create less entropy in the dual process. If fewer screws are
needed in the improved product version, fewer holes are drilled,
less energy is needed and less dissipated into the environment,
less waste material is turned out, etc.

Using products, either for direct consumption or for a longer
wear and tear period, depreciates the product, and in general
would correspond to an entropy increase. Consumption, apart from
the build-up of biological tissues or memorizing pleasant infor-
mation when reading a good book etc, could therefore be expected
to be associated with entropy increases. Unfortunately there is
no law requiring any compensatory decrease elsewhere.

Resources is a term common to economics and thermodynamics. A
resource such as the exergy potential of a gecthermal resevoir
or the presence of a mineral ore, would be simple to interpret
in either discipline. However, ruran resources in the form of
knowledge, know-how, skills etc, which often are described just
as an additional production factor in the economic context,
would be just as difficult to analyze from a thermodynamic point
of view as the consumption of a novel. An increased productivity
due to, for instance, developing better work methods, would be
described as a displacement of the surface boundary of the pro-
duction set Yj. From a thermodynamic point of view, the interaction

.




bertween the individual engineering the prcduc+tion process and
the process itself would be uxtremely complex to analvze, c¢ven

in a simplest possible case.

Let us consider the followinyg transformation process interpreted
as a production. There are Y Kinds of factors that may be trans-
formed into / kinds of products. Viewing the rfactors as subsystems
of the Universe and the products in a similar way, before the
transformation we have ¥ subsystems and an environment, and after
the transformation we have ¥ other subsystems and an environment.
Assume that we use yj units of factor j, which has an internal

energy of u} per unit and other extensive properties xjj, D= 0,E,
+.., also per factor unit, that the number of products of kind «~
obtained are yz and that their unit internal energy and other

extensive properties are given by uz and xgk, 1 =1, &, ..., accor-
ding to section 5.4, We would then have the balances:

M , ' N

Loyyju; v Uy = L oypu+ iy (9.12)
J':l k-]

R4 ~ N

Loyl xjj + 120 +Y. = I yz xzk + Xgﬂ, 2= I,%,... (9.13)
S - v 4 13 [ o

Jg=- k=!

where J! is the internal energy of the Universe apart from the
factors before the transformation, and Ug apart from the products
after the transformaticn, %!, other extensive property i of the

10

envirconment before and Xg after, and Xi a term describing the

possible autonomous changg of the supply of extensive property ¢.
With . representing entropy, 2; > 0 describes the entropy genera-
tion taking place during the p;ocess. In a typical production case
with index 7 referring to entropy, the first term in the left-hand
member of (9.13) would be greater than the first term in the right-

hand member, since the products would have a lower entropy than
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> X1+ X,
0 {LJ 7’
meaning that the environmental entropy has increased during

the ractors. In such a case we would have X;

the process by more than the entropy generation, just as dis-
cusscd above.

Let us assume that all xfj and ka are positive constants and
H that the energy balance equation always can be satisfied by

¢ exchanging heat and/or work. Tie left-hand member of (9.13)
represents the "supply” of extensive property 7. Since the
residual XZO cannot be negative, the different opportunities

to manufacture products, given the factor supplies, must satisfy:
>0, i = I, &, ... (9.14)

§ where Ai is the (fixed) left-hand member of (9.13). The arrays
-~ of yz satisfying this inequality obviously form a convex subspace,
see figure 9.4(a).

If instead the product volumes are fixed, the factor volumes will
have to obey inequalities of the kind:

y' !, - B,>0, P21, 2, ... (9.15)

; i These inequalities are illustrated in figure 9.4(b). In the (c)~-
' section of the figure the case is illustrated, when all variables
; except one factor volume and one product volume are kept constant.

It is clear from figure 9.4 that the usual standard properties of

. production functions come out of the inequalities, such as the

: production opportunity curve (thick line in (a)) being concave

(at least not convex), the isoquant (thick line in (b)) being
convex, and the total product curve (thick line in (c)) showing
decreasing marginal returns when the single factor volume increases.
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If the number of inequalities is very large, cne might expect

each broken bcundary curve to approach a smoother curve. For
instance, if the index ¢ is replaced by a continuous parameter
¢ representing a polar coordinate angle, then the set of ineguali-

ties given byv:

wherc % is constant, as a boundary curve will have a circular

arc with radius 7.

The term }i when it represents entropy generation, should not be
misinterpreted as a resource increasing the opportunity to choose
higher values of the yz more freely, since at least in the stan-
dard production case this entropy is absorbed by the environment

in the term Xg

0"

P H

>
Wi

(a) (b) " (c)

Figure 9.4. {a) Production opportunities for given factor volumes.

(b) Factor substitution opportunities for given product

volumes. (c) One product total product curve for differ-

ent supplies of single factor

The previous discussion has indicated that there might be some
interesting relationships to be found when taking thermodynamical
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constraints into account and introducing them into the economic
context. In the case treated, it is clear that the two disciplines
are consistent as regards convexity properties of transformation
opportunities. Other properties, in particular the assumptions on
free disposal and irreversibility, would be interesting to examine
in detail. Of perhaps even more interest would be to investicate
properties of utility functions, since these functions or, egui-
valently, their corresponding preference preorderings, form the

] basis from which economic theory derives the economic values of
commodities. This and many other questions are left for the future.
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