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FOREWORD

This report provides an account of some basic results from the

first stage in the project "Economic Pricing Principles for Ener-
gy in Different Forms" sponsored by the National Swedish Board

for Technical Development (STU). The objective of this project

is to formulate basic principles for the optimal pricing of

energy in different forms based on an integration between ther-

modynamics and microeconomic theory. I am deeply grateful for

the firm economic support which the Board, represented by Leif

Andersson and Gunnar Kinbom, has offered me. The initiative to

form this project emanated from early discussions with Leif

Andersson and without the encouragement he has given, the pro-

ject would never have been realized.

The main ideas presented in this report were developed during

my appointment 1978-79 at the Naval Postgraduate School, Monterey,

California. I wish to express my sincere gratitude to the Super-

intendent, Rear Admiral Taylor F Dedman, and the Provost,

Professor Jack R Borsting, for providing me with the opportunity

to carry out this research and opening the facilities of the

School to me, and to the Chairmen Professors Carl R Jones and

Michael G Sovereign of the Departments of Administrative Sciences

and Operations Research, to which I was affiliated, and to their

secretarial staff. Special thanks are also due to Mr Roger M
Martin of the Dudley Knox Library for his invaluable assistance

in tracking down books and articles on the topics concerned.

A great number of people, too many to all be mentioned, have

offered comments and suggestions for which I am extremely grate-

ful, on the ideas presented. At the Naval Postgraduate School I
would especially like to mention Professor Frank D Faulkner,

Department of Mathematics, and Professors Paul J Marto and Paul

F Pucci, Department of Mechanical Engineering, and particularly,



Professor Melvin B Kline, Department of Administartive Sciences,

without whose many kindnesses to my family and to myself during

our stay in Monterey my task would have been far more difficult.

Professor George B Dantzig and members of the staff of the Energy

Modelling Forum, Stanford University, offered many suggestions

and gave me access to the Energy Information Center at Stanford,

and Professor J Morley English, University of California, Los

Angeles, offered me many ideas and provided several very useful

references.

Many interesting discussions were held with, among others, Sashi

Mozumder, University of California, Berkeley, Dr Kamal Golabi,

Woodward-Clyde Consultants, San Francisco, Dr Meredith S Christ,

University of Southern California, Paul H Randolph, Vice President,

Energy Economics Division, Chase Manhattan Bank, New York, Professor

Edward Erickson, North Carolina State University, Raleigh, and

Dr C Marchetti, International Institute of Applied Systems

Analysis, Laxenburg, Austria.

I am especially indebted to Professor Karl-Erik Eriksson, Depart-

ment of Theoretical Physics, Chalmers University of Technology,

Gothenburg, for his careful reading of and comments on parts of

the manuscript, and for all the interest he has shown ir the re-

sults, and to Professor Herman A 0 Wold, Uppsala, for checking

through a preliminary Swedish version of parts of this report.

At my home affiliation, Link~ping Institute of Technology, se-

veral of my colleagues have given me suggestions, among whom

I would like to mention Drs Folke Norstad and Bengt Winzell,

Department of Mathematics, Dr Bengt Sandell, Department of

Physics and Measurement Technology, and Professor Bjbrn Karlsson,

Department of Mechanical Engineering.

Several secretaries have been engaged in preparing the manu-

script at different stages: Maud Eriksson, Annika Falk, Monica

Johansson, Marie Johansson, Siv Gyllensten and Gitt Olsson,



who took care of the major part. G~sta Hesslow carried out the

computing involved. Many thanks for all your hard work.

To all mentioned, and to my colleagues in the Department of

Production Economics I am deeply grateful.

A short preliminary version of this report in Swedish was written

in November 1979 (Research Report 54, Department of Production

Economics, Link~ping Institute of Technology) and the contents

were presented in seminars at the Naval Postgraduate School,

Chalmers University of Technology and Link6ping Institute of

Technology, and at the TIMS/ORSA XV International Meeting,

Honolulu. All comments I have received on these occasions have

been of great help.

K~llvik in August 1980

Robert W Grubbstr6m
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CHAPTER 1. ENERGY AS A SCARCE RESOURCE

1.1. Economics and energy sources

Ewoncmis is the scientific body dealing with the allocation of

scarce resources. Usually for such allocations a price system is

employed by which alternative uses of resources are evaluated.

In the :.eory of consumiption households are to choose a best con-

sumption plan. Such a plan might include an output of services as

well as a plan for the volumes of various commodities to be pur-

chased, when given all relevant prices. The ;heor:, if production,

on the other hand, covers problems of producers as to their choice

of plan over what products to manufacture, what services to pro-

vide or what factors to employ so as to maximize profits, when

given the prices of all relevant inputs and outputs. The theczr

cf markets integrates these two theories treating questions of at

what prices commodity supplies will equal their demand, the equi-

librium number of producers that will provide this supply, and

related problems.

Energyl economics would therefore be the area covering the pricing

of, the supply of, the demand for and the allocation of energy as

being a scarce resource used in consumption, or for running pro-

duction processes,or to be employed in services, or for other pur-

poses, all having the ultimate objective of providing a means for
meeting and satisfying the needs and wants of consuming households

and individuals constituting society. Energy as a quantity ex-

changed in the economic system is usually measured in British

thermal units, kilowatt hours, or similar units and its price is

measured in $'s per Btu or some similar measure.

However, in accordance with the laws of physics, energy as such is

indestructable, at least if we take the relativistic identity of

energy and matter into account. Thus, energy as such exists in

abundance and cannot be a scarce resource. Energy as a scarce

resource must therefore be considered in other terms than energy
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content alone, and this must be a necessary requisite for defining

the corc2:; j,'r , as it would appear in energy economics. _ :is

observa on rr s t,e first basic idca 4rdergir :i-.3 r e:,,r.

For energy to be a useful and therefore a valuable quantity to

which a price may be attached, energy will have to be characterized

in further dimensions than energy content alone. Apart from quantity

there is a need for a uniform qualitative measure of energy. This

has been pointed out in a number of circumstances. As an example

let us choose a passage written by Odum [1973, p 224]:

"Energy is measured by calories, Btu's, kilowatt hours, and other

intraconvertible units, but energy has a scale of quality which

is not indicated by these measures. The ability to do work for

man depends on the energy quality and quantity, and this is

measurable by the amcunt of energy of a lower quality grade

required to develop the higher grade."

The obvious field to revert r-o for such considerations is thermo-

dynamics, the branch of physics dealing with the transformation of

energy between its different forms.

The two basic principles of thermodynamics are the and sec-r-

laws. The first is the law of' the conservation of energy (;he encr:.

principle) and, according to what has been said, this principle

cannot by itself account for the scarcity of useful energy. The

second law, which constrains the direction in which any energy

transformation may take place, on the other hand, provides an expla-

nation for the limited capacity of energy in different forms and

thereby offers a base for describing and measuring energy as a

scarce resource. Whereas the first law deals with nothing but

energy content, the second law provides the supplementary concept

of entropy characterizing the deterioration

to lower qualities. The second law of tkermodyy:nrics (the entropy

principle) is therefore not only a central condition for analyzing
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energy as a scarce resource. It appears indeed to be perfectly

essential for attaching any meaning to the combination of the

terms energy and scarcity.

Strongly related to tne second law is the concept of exer.y to

be analyzed in further detail in chapters 3 - 6. Exergy is energy

in its highest qualitative form. Close approximations are elec-

trical energy, potential or kinetic energy. The term exergy was

coined by Rant in 1956 but a number of related concepts had been
developed previously, such as Gibbs' free energy (Gibbs, 1906]

and avaiiabi~it: (Keenan, 1932, 19511. Exergy is the maximum amount

of mechanical work extractable from a system of energy sources.

As a second fundamental idea we shall introduce a symmetry pri.-

cip'le for characterizing systems of energy sources. The maximum

amount of work extractable from a set of sources must depend on

various characteristics of the sources such as mass (molar con-

tents), volume, temperature, pressure, chemical potentials etc.

Sources, in this general context, will be used to cover sources

as well as sinks.

Sources and sinks may be identified by identical sets of pro-

perty variables. They are therefore similar in nature as to their

r6le as part of an energy extraction system. The order in which

such subsystems are enumerated must be perfectly irrelevant as to

the potential amount of useful energy that might be available.

Therefore it should be possible to account for useful energy,

being a function of the characteristics of these subsystems, in

the form ofasymmetric function of these properties. This symmetry

principle will be examined in further detail in section 1.3 below.

It might seem an irrelevant question as to investigating conse-

quences of a symmetry principle. A couple of arguments may prove

to justify our interest in this matter. As a first point let us

note that "the environment" in thermodynamics acts as an infinite

sink for eg heat flowing from a heat engine providing work. The
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environment is an asymmetric subsystem in such descriptions since

(i) the environment is assumed to have an infinite capacity for

absorbing heat, and (ii) that there usually would be no cost

associated with disposing the heat as such when disregarding the

fact that cooling towers of power plants etc would give rise to

capital and operation costs. A second point of argument concerns

the frequently used efficiency measures, coefficients of perfor-

mance and other similar entities. These measures relate some

output flow of energy from a device considered to some input flow of

energy. Such ratios are asymmetric with respect to the sources and

sinks ir ived and their form usually rests on some implicit econo-

mic argument, viz that the output desired should be related to the

input that has to be paid for. From a theoretical point of view, the

choice of input is arbitrary and other symmetric measures have been

suggested in literature and have also been used in practice (cf

Berg [1974, p 41]and sections 3.2, 3.5). A third argument is that

an infinite environment of real systems is at best no more than a

good approximation and a final point that applying our symmetry

principle might provide additional insights into the processes

studied themselves.

In our analysis to follow, we depart from models in which all sub-

systems are finite and symmetrical in their properties and, when

appropriate, we let one of these subsystems grow beyond all bounds

creating an asymmetry. This special subsystem can then be inter-

preted as "the environment".

1.2. Aim, scope and limitations of study

The study reported here forms a first basic theoretical account

within a project entitled "Economic pricing principles for energy

in different forms", a project sponsored by the National Swedish

Board for Technical Development. The underlying objective of this

project is to develop principles for determining the economic value

of energy as it appears in a variety of disguises in order to find
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methods to be applied to practical problems when comparing alter-

native energy sources, alternative transformation equipment, the

value of domestic insulation activities and similar questions.

As mentioned in section 1.1 there are two basic ideas underlying

the developments to follow, the first being the observation that

energy as such is indestructable and the second that useful energy

should be viewed as a quantity symmetrically dependent on charac-

teristics of the sources and sinks forming the system from which

it is extracted. The symmetry principle will be illustrated in

section 1.3.

The idea that energy (as such) cannot be a scarce resource due to

the energy principle has previously been given attention in lite-

rature, but in such contexts little or no work appears to combine

.such a principle with the theoretical body of economics, i e to

the main established theory dealing with the allocation of scarce

resources. A few examples of ideas in literature coming close to

ours will be given in section 1.5 below.

The following citations might illustrate how some authors have

recently felt about the "principle of energy affluence" and the

need for resolving this apparent paradox. Koefoed [1977, p 55]

remarks at a NATO conference on thermal energy storage:

"Energy, for one thing is a well defined concept, but the word is

used abundantly to mean rather free energy, available energy or

latent work; recently the word exery has been proposed for this

interpretation.

Since energy is always conserved, we-need not bother much about

it here) the energy crisis is actually an exergy crisis ... "

Thus Koefoed attaches scarcity to energy in a specific pure form,

exergy. A similar argument put forth by Weinberg [1978, p 1521
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follows his critique of a narrow-minded application of the first-

law efficiency concept (the ratio of work output to heat input,

cf section 3.2 below):

"If energy is a scarce resource then clearly ther- is advantage in

using it as efficiently as possible, and radicals and conservatives

agree that high first-law efficiency is desirable.

But this in a way is misleading. As the late Professor Joseph Keenan

has pointed out, there can be no scarcity of energy because, accor-

ding to the first law, energy is conserved. Rather, what we lack is

energy in a useful form. The usual thermodynamic measure of the use-

fulness of energy is the avaiZabiir, ...

Since energy at high availability is relatively scarce, whereas

energy at low availability is abundant, it makes thermodynamic sense

to use energy of low availability for tasks that can be done with low

availability, energy of high availability only for tasks that really

require high availability."

A similar point was previously made by Berg [1974, p 34] -concerning
"energy conservation":

"In present efforts to conserve fuels a great deal has been written,

spoken, and in some instances even calculated concerning the possi-

bilities to conserve "energy". As students of thermodynamics know,

the first law of thermodynamics guarantees that energy can be

neither created nor destroyed; thus it would hardly seem necessary

to have a national policy addressed to its conservation."

In economic systems, prices play the role of comparing the value

of different products or services, this value determined by their

usefulness in relation to their scarcity. It would therefore appear

to be an obvious step to investigate the effects that different prices

would have on the supply of and demand for availability (exergy etc).

Such considerations also form a substantial part of our treatment.
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Economic problems are usually stated as the maximization (or mini-

mization) of some objective function such as profits, costs, utility

etc subject to constraints of various kinds, i e budget constraints,

production opportunities, etc. For our purposes there would be two

lines of approach; one being to depart from the exergy concept

viewing this as the scarce resource to be entered into one or several

constraints, the other, more basically oriented, using the second law

as the constraint. The first applies the second law implicitly,

already having used it in order to arrive at the exergy concept, the

second approach applies the second law explicitly, virtually with-

out needing to refer to any preliminary knowledge about the exergy

concept at all.

The second line of approach is the one chosen, mainly for the reason

that an economic theory of energy scarcity should be more acceptable

if it rests on basic physical principles rather than on concepts

developed from the same basic principles. It would indeed be aston-

ishing if such an approach led to results in conflict with the

alternative direct application of the exergy concept. It will be

shown that there is no need for anxiety. The consequences' derived

from a straight forward reference to the second law are readily

reinterpreted in terms of exergy. In fact, this would imply that

exergy could be defined starting out from an economic theory to
which the second law is applied instead of basing it on physical

relationships alone.

Despite the fact that our economic models will establish that exergy

indeed is the physical entity to which an economic value should be

attached, i e that an exergy price should be he economic norm, we

shall devote a great deal of space to the exergy concept itself.

The reason for this is that there appears to be a need for developing

exergy as it appears in literature to more general systems of refe-

rence, in particular to multi-source systems. This is also one

argument underlying our interest in the symmetry principle.
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In brief, the aim of this study has been to investigate what

constitutes the economic scarcity of energy in different forms

and, consequently, what economic evaluation should then be attached

to different qualities of energy. In pursuing this objective a

number of issues have been raised, especially the need for a coherent

measure of energy quality and the need of viewing "the environment"

of a system in more abstract terms.

The product of this study has become a sort of mixture of some basic

thermodynamics and some basic economics. Due to the limited number

of similar approaches in literature, the one undertaken has been

exploratory to a certain extent, and there might be imbalances in the

level of significance attached to different items as well as in the

logical stringency applied in different sections. Apart from limi-

tations of this nature, there has been a need to limit the richness

in the models set forth for different reasons. When defining charac-

teristics of the sources from which energy is to be extracted, or

of the lowest quality of energy required in order for it to be used

for a certain purpose, etc, often temperatures will be used as the
single significant property. Despite of this , it appears as if many

limiting assumptions of this kind can be relaxed fairly easily in

the future.

1.3. The symmetry principle

In every treatment on exergy or related concepts that we have found

in literature, explicit reference has been made to an "environment"

having certain constant properties such as a given temperature, a

given pressure etc (constant intensive properties). In som cases

this environment is referred to as a "medium". Also this environ-

ment surrounds one single object (an exception being [Evans, 1969,

p 1011), the work potential of which is to be determined. The

environment is considered infinite in its extensive properties

(volume, material contents etc) which justifies that any interaction
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between the object and its environment cannot affect the intensive

properties of the environment other than negligably. In one case

(Evans, 1969, pp ln, 104-110] the constant properties of the environ-

ment have been replaced by the corresponding equilibrium properties

that would hold when the object and the environment have been brought

into equilibrium with one another. If the formulae set forth are

supposed to hold also when the equilibrium intensive properties of the

environment are different from their initial values, e g when the

environment is finite, such a conclusion would be in error [cf proof

in section 5.5]. With constant properties of the environment, these

necessarily coincide with the equilibrium properties. Hence, in

every case we know of from literature, the environmrent has been given

constant intensive properties.

These two assumptions, (i) an infinite environment and (ii) a single

object studied, limit the applicability of the exergy concept for

our purposes. In the chapters following we shall therefore develop

expressions for cases in which more than one source of energy exists

and in which the environment need not be infinite nor have constant

intensive properties. Formulae applicable to cases in which the

environment has constant properties may then be obtained by forcing

the extensive properties of one of the participating objects tend

towards infinity.

In order to obtain expressicns applicable to cases in which the

environment is finite or when no special environment is distinguishable,

all objects of the system studied need to be treated on a par with

one another and no special significance may be attached to any single

object. This is the idea underlying the szmrnmetvy principle. In more

abstract terms, if characteristics of the energy to be extracted

from a given system are considered to be a function of the set of

properties pertaining to each object of the system, the enumeration

of these objects can have no influence on the characteristics of the

extracted energy. In other words, the function describing such a

relationships must be a symmetric function in its arguments.
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Consider a system of 3 objects, the properties of the ith object

collected in a vector x, . If y is a characteristic of the energy

to be extracted, we have a functional relationship of the form:

= f(zl,. 2,. ' .(.1

The symmetry principle now prescribes that f is invariant with

respect to any permutation of the vectors x -,,2,...,N. Such

a permutation may be written XP, where X is the matrix into which

the vectors are arranged as columns and P a quadratic 1-dimensional

permutation matrix having precisely one unit-valued element in each

row and column and zeros elsewhere. The symmetry principle states

that:

y = f(XP), for a1Z P (1.2)

A simple example illustrating this principle is the following.

Consider a perfectly inelastic collision between two bodies in

colinear motion,- these bodies having the masses mi., m2 and the
0 0

velocities v1, v2 prior to the collision (with respect to some

frame of reference). Since the momentum is conserved,the mutual

velocity after the collision will be:

0 3

l= mV +m 2 2 (1.3)1 2 n1 + m2

The difference in total kinetic energy before and after the colli-

sion is:

0 02mlm 2  (V 0 - V 2
AE - (1.4)

m 1 + m 2  2

This is the amount of energy transformed into heat and deformation

energy etc. It is clear that since (ml, v0) characterizes body 1

and (m2, V ) body 2, an exchange of these two vectors should have

1.10
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no influence on AE, i e it should be irrelevant how the bodies are

enumerated. This is also verified by (1.4); AE is indeed a symmetric

function of the two vectors. LE also is the amount of exergy

consumed in the collision, whereas no energy is lost.

If we now let, say m2 , tend towards infinity interpreting body 2 as

an environment (such as a stone wall firmly built into the ground

into which a car drives), then the amount of energy transformed

becomes:

0 0,2 2
Lim 11 2 (1.5

2 2m2 -

i e we obtain the ordinary expression for the initial kinetic energy

of a single body expressed as a function of its own mass and its

initial velocity relative to the infinite environment.

This is an asymmetric treatment violating the symmetry principle,

but nevertheless for many purposes an accurate and useful approxima-

tion.

As a second example, let us consider domestic gas piped into house-

holds for heating purposes. A common belief is that it is the gas

that by itself transports the energy to be extracted. However, the

energy released when burning the gas is a function of the chemical
properties of the gas 2nd of the surrounding air, the amount of

which is assumed unlimited. Energy does not come in pipes, but gas

does. The asymmetric view would also be caused by disregarding the

infinite environment, i e the surrounding air, as part of the system

from which heat is to be obtained. No doubt there is an implicit

economic explanation; gas is the scarce resource we pay for, whereas

air is free. On a hypothetical planet, the atmosphere of which were

hydrocarbons and where oxygen were to be found in the ground, oxygen

would be interpreted as the fuel "carrying" the energy. Viewing

energy as a kind of fluid would be an idea dating back to the ancient
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days of Empedocles and Heraclitus (500-400 BC) assuming fire ('

to be one of the basic elements constituting the Universe, or later,

to Stahl (1660-1734) who introduced the fire substance

into the science of chemistry.

A few arguments underlying our symmetry principle have already been
mentioned in sections 1.1 and 1.2. Let us add one further point. Some

authors [cf e g Thoma, 1977, p 24, 1978, p 3] have expressed a slight

reluctance to using the exergy concept since exergy would have to be
measured taking a given referential environment into account. Accor-

ding to their conception, exergy is not defined until an environment

is sufficiently specified as to its constant intensive properties.

As a consequence, for practical application purposes it has also

been maintained that there is a need that "agreements be made on
workable global and local standards to be applied in this context"

[Eriksson, et al, 1976]. However, as will be shown in several instan-
ces, with reference to the symmetry principle exergy may be defined
and calculated without having to use a referential envirorment. From

a practical point of view, this does not mean that the need for useful

standards should be downrated.

1.4. Outline of study

Of the remaining chapters, three will be devoted to determining the

exergy potential of a system of objects under different circumstances
and two to economic models concerned with energy of different quali-

ties. Before entering into these main parts of the study, two intro-
ductory chapters are given, mainly as a brief overview over basic

thermodynamic relationships and their application to simple energy
transformation equipment and to the exergy concept as it appears in

literature.These two chapters would hardly contain any new develop-
ments and are included mainly as a service to the reader for defining

concepts later to be used and to stress certain items of central

importance in the following, such as different aspects of entropy,

efficiency ratios and other measures of performance.
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In chapter 4 the exergy potential of thermal systems is treated.

The term "thermal" is used for characterizing the system under study

as mainly having temperatures of the objects belonging to the system

as the essential properties. Each object is thereby given one state

variable only. In the chapter following, some ideas are generalized

to a system of ideal gases, such energy sources now given two basic

properties. In a final section a more general multi-property system

is also treated but in less detail.

The sixth chapter outlines some ideas concerning the exergy of radia-

tion. This chapter is more preliminary in nature and has been written

with the application to solar energy in mind.

Chapters seven and eight introduce economic aspects of the systems

previously analyzed. This treatment, however, is almost entirely

limited to thermal systems - temperature being the only variable

characterizing the quality of energy. One exception(cf section 7.6)

treating a system of ideal gases (two-property objects) is included.

The first of these two chapters is concerned with economic models of

energy extraction (energy "production" according to every-day par-

lance) and the second with economic models of energy utilization

(energy "consumption"). Although no preliminary reference to the

concept of exergy needs to be made in most cases, it is shown that

the results obtained are easily reinterpreted in exergetic terms.

For example, the optimal choice between alternative sources of energy

to be provided for a given purpose when given the unit costs assccia-

ted with these forms of energy, will be determined by ranking the

alternatives according to their cost per unit of exergy input inflated

for second law efficiences in the transformations following when

necessary.

In all economic models treated in which temperature characterizes

the energy used, a temperature-discounted energy price will be

shown to play a fundamental role for determining the correct economic

value of energy in different qualities. In section 7.6 in which

energy quality also is determined by the pressure of the medium used,
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a pressure-disccunted pr ce will be shown to have a similar function.

Chapter 9 provides a summary and some conclusions that might be drawn

from the earlier chapters and also points at a few possible lines for

future developments.

1.5. Similar ideas in literature

As far as we know, the appoach followed in this study has not been

undertaken in previous research. There are, however, a few ideas

presented in literature that come close. A brief account of those

having closest resemblance is given below.

In a final section of his article "A Steam Chart for Second-Law

Analysis", Keenan [1932] presents a short discussion on availability

(exergy) and "marketability", including the remark that "there are

many indications in the current literature on economics of engineering

of dissatisfaction with energy as a basis for cost-accounting methods".

.Comparing the heat delivered from a central boiling plant in New York

to a network supplying office buildings and apartment houses and the

heat from power plants delivered into the river as "waste", he suggests

an accounting procedure debiting the customers with the exergy of the

fluid delivered and crediting them the exergy of the fluid returned.

The unit cost of exergy would be determined "from boiler-plant

operating costs and fixed charges". Thus Keenan suggests that the

economic value of heat should be determined by using an exergy price

as a norm. A similar problem will be treated in section 7.3 regarding

the value of heat delivered from a power plant and it will be shown

that the basic idea of Keenan is correct, provided that consideration

is taken to the loss of potential electricity production when cooling

the plant at a higher temperature in the pipeline network as compared

to cooling it in the river. Also Berry and Fels [1973, p 60] suggest

that the real costs of energy should reflect wasted thermodynamical

potential, and since the present market does not reflect these, one

could explore its inclusion in the regulatory process.
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Fratzscherand Gruhn [1965, pp 340-341] present similar ideas, but in

a more explicit manner. According to their %-.ew, the exergy concept

should not only correctly reflect the technical circumstances but

also the energy-economic conditions prevailing. The total costs for

producing electricity would consist of a fixed cost term plis a

term being exergy consumed evaluated at a given "exergy price". The

total unit cost of electricity output would then be made up of a

fixed cost per unit exergy output (depending on the level of opera-

tions) and a unit variable cost obtained as the exergy price divided

by the exergy efficiency of the plant. In sections 7.5 and 8.2 this

type of measure is indeed shown to be relevant for cost comparisons.

Another model we have found in literature slightly resembling ours

is presented in an article by Berry, Salamon and Heal [1978] entitled

"On A Relation Between Economic and Thermodynamic Optima". The problem

they set forth is to compare the solution to a cost minimization

production problem (also possible to interpret as a utility maximiza-

tion consumption problem) with the thermodynamic problem of deter-

mining how much-work the factors employed according to such an optimal

solution would produce in relation to their ideal maximum work output.

If the thermodynamic efficiency should have a certain minimum level,

the authors inquire into what additional conditions need to be added

in order to ensure that the cost minimization problem would fulfill

this requirement? It is shown that with one energy-related production
factor and one factor unrelated to energy, the ratio between their

prices need to exceed the similar ratio corresponding to an optimum

at the exact point where the energy-related input were to have its

maximally allowable value above its minimum possible value. Also

the similar problem with one energy-related and two unrelated factors

is examined.

Among the approaches found in literature, the one coming closest to

ours is given in (Borel, 1976, pp 88-93]. Essentially, from an

economic point of view,the treatment is identical to that of Fratz-

scher and Gruhn [op cit] . Borel considers the thermodynamic condi-

tions of a combined thermo-electric power station and the trade-off
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opportunities between electricity produced and heat delivered. By

defining an exergy price by dividing the total annual expenses of

the plant by its total annual potential to provide exergy and then

relating this price to the exergetic contents of heat, he arrives at

an expression for the dependence of the value of heat on temperature,

what we in section 7.2 call the tempera:A'e-dsconed price. A major

difference in approach to ours, is that Borel directly attaches an

economic significance to exergy as a physical norm, whereas our

results are derived from economic optimization models and the exergy

price is then a measure obtained by interpreting conditions of

optimality.

There appears to have been no previous attempt to formulate economic

optimization models applying the second law of thermodynamics as a

constraint, nor any related dual problem. Our models in chapters 7-8

follow such an approach.
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2.1. Introduction

In this chapter will be given a brief expository description of

certain fundamental thermodynamic concepts and their relation-

ships. This overview will be limited to give a sufficient basis

for our treatment in later chapters and many items of basic

thermodynamics will therefore be left out, when they are consi-

dered to be of peripheral use to us in the following. The

exposition is elementary for those who are well-briefed in the

subject, and is mainly intended for the reader who wishes to

quickly review the field. Some terminologica aspects may be

significant such as the systems definition given in section

2.2, which differs from its usual thermodynamic definition.

Also some notations a-ne different from those employed in standard

textbooks.

2.2. Definition of system

A general definition of the concept of a system to be adopted

below is the following [Grubbstr6m, Lundquist, 1975, p 2]:

"A system is a collection of elements related to each other in

som manner".

We shall typically be dealing with collections of sources given

certain properties from which energy is to be extracted. Usually

these sources will constitute the elements of a system.

In many cases there is a need to take into account the interac-

tion between the system and objects not belonging to the system.

Such objects will then be looked upon as belonging to the

surroundings or the enir7nment of the system. If no interaction

at all takes place with the environment, we are dealing with an

isolated system, if the system and its environment may exchange

2.1
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energy but no matter it is coned, and otherwise it is oen. In

certain cases the environment may be viewed and treated as any

other element of the system. If that is so, it can be included

into the system making it isolated. In cases of this kind an

open or closed system of N elements together with its surround-

ings therefore will constitute an isolated system of (N+#)

elements.

At this point we should point out a difference in the use of the

term "system" we apply, as compared with its usual connotation

in classical thermodynamics. In thermodynamics the "system"

refers to an object or a device etc under investigation being

distinct from its surrondings with which it might interact. The

object most often would be a piece of equipment, such as an

engine, employed as a means for transforming energy of one kind

into a preferred type of energy output.

In such a context, the source providing heat to the engine or

steam to the turbine etc would not belong to the system, instead

being considered a part of the surroundings. For our purposes,

however we shall let the term "system" cover not only objects

such as devices of the kinds mentioned but also include other

distinguishable objects of a more or less abstract nature,

particularly heat sources and other energy sources. In cases

when we specifically wish to refer to a particular energy trans-

forming object the term "device" or some similar expression will

be used. To summarize, a "system" will usually refer to more

than one object and include sources (and also sinks) and the
"environment" will be interpreted (when appropriate) as a

portion of the universe not including the system under investi-

gation.

Usually the environment will be infinite in som property (such

as having an infinite heat capacity) and uninfluencable in some

property (such as keeping a constant temperature which cannot be

affected). In a few of the models we are to treat, we shall

2.2
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initially let all elements be finite in their dimensions and

study consequences as to the behaviour of such a system, after

which one element is made to grow beyond all bounds, and we then

interpret that element as an "environment".

2.3. Element Properties and states

The state of an element is a complete discription of its condi-

tion at a given point in time. The state is fully determined

when values have been assigned to a sufficient number of state

variables such as temperature, volume, pressure, density etc.

Since the state offers a complete description of the element at any

point, any historical developments it might have undergone that

may be of significance for its future interaction with other

elements or for its own future development must be included when
describing its state. This means that the state covers the

memorizing of any important historical events. If a state is

given, then the path by which that state was reached can have no

additional effect on the future of the element. For example, the

state of a particle of a given mass m in free motion is given by

its three space coordinates and three velocity coordinates.

The variables used for describing a state are prrErties of the

element. Certain properties such as temperature or pressure are

amenable for being measured by suitable instruments, whereas

others such as internal energy or entropy are theoretical proper-

ties only accessible for measurement by indirect means. A

property may be a r propert-y in the sense that it is defin-

ed by reference to other already known properties, such as

enthalpy being the sum of internal energy and the product of

pressure and volume. In our treatment we mainly confine ourselves

to deterministic properties, i e properties that are assumed to

undergo no stochastic variations.

It is customany to distinguish between .ntensive and ex, ensirv

properties. Intensive propecties refer to some point of the
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object, such as temperature, pressure or density etc, whereas

extensive projectie depend on the extension of the object as a

whole,e g its mass, itE volume, its total internal energy etc.

Usually the objects are considered to be homogeneous in their

intensive properties, meaning -hat their temperature and other

similar properties are the same throughout the entire body at

any particular point in time.

The state sace is an abstract space in which each of its

points refers to a state. A process involves a zhange of state

and therefore refers to a path in state space. A cyclic vrocess

starts in one state and returns to the same state. A process

during which the temperature of an object is kept constant is an

isothermal process, if the pressure is kept constant it is

isobaric and if the volume is kept constant it is isoc Cric.

Properties of an element are often related to one another either

by definition, or shown to be related by experiment and expe-

rience. If a certain property at all times is functionally

related to other properties, the function involved is a state

function and the corresponding equation a state equation. If z

is a property related to M other properties X , ,... x M by a

function f:

z f(x1,X 2,... ,X) (2.1)

then f must obey certain requirements. A change in z will be re-

lated to changes dx,dx9 ...,dxM according to:

M M

dz =Z 2 dx Yidx (2.2)j~ax~ x idxi=1 xii-

where y -- Since z is a property, its change in value cannot
w e.
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be influcenced by the path by which the state involving z is
reached. This means that Z yidz. is an exa:t differential, such

i=1 I
a differential having coefficient y. that obey:

-a i  j = 1,2,. (2.3)

A given linear differential form Z yidx. can therefore be

checked as to whether or not it refers to a property change by
studying if its coefficients do or do not obey (2.3).

A coefficient yi in an exact differential is con-tca-ge with
respect to the corresponding property x. and vice versa. From

a given state function (2.1), new property variables may be
defined by a Lendre trns forma-ion having the general form:

Y f - E Ykxk (2.4)
kEI

where I is a subset of the set of all indices (1,2,...,M}. The
number of such subsets excluding the empty set is ( -), which

also is the number of possible. new properties that can be

defined by such transformations. Each such new property is a
function of its M canonicaZ variables y., kEI, and xk, k0I.

Differentiation of (2.4) yields:

dY = Z ykdxk - E xkdYk  (2.5)

from which is seen that and -
Y  - kEi. The

ky "

original properties and their conjugates can therefore be re-
covered by simple differentiation of the new property.
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2.4. The first law of thermodynamics

An element of a thermodynamic system may interact with other

elements or with its environment by exchanging hear, work or

matter. Heat and work are different forms of energy, and matter,

in a relativistic meaning, also manifests itself as equivalent

to energy. According to tha first law of thermodynamics (the

energy principle, !he conservation Zlaw) energy may neither be

destroyed nor created in any physical prccess. Using the nota-

tions dQ for an amount of heat absorbed by the object and dW

for an amount of work performed by the object (d-<), dW>9 for

heat delivered from and work performed on the object) and dis-

regarding the exchange of matter, the difference (dQ-dW) is an

net energy supply to the object. Such a difference must account

for a change in the state of the object and thus in a change in

one or several of its properties. Depending on the detail by

which the object is described, the net energy absorbed or

delivered will cause changes in properties describing the forns

of energy that the object may possess. Such forms for instance

may be kinetic energy (from an ordered motion of the, particles

constituting the element) potential energy, chemical energy,

magnetic energy or internal energi, the latter property encomn-

passing the disordered microscopic kinetic energies of the

particles (and subparticles). For an element not undergoing any

change in other energy forms than internal energy, we must

therefore have:

dU = d% - dW (2.6)

where dU is the change in internal energy resulting from the heat

abscrpticndQ and work performance dW. Since U is a property, dU

will be an exact differential, whereas dQ and dW usually are not.

The internal energy is thus a theoretical concept not accessible

to direct measurement, its existence only postulated by hypo-

thesis.
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Eq (2.6) therefore describes the first law in the case when only

the internal energy undergoes a change. In the special case of an

isolated element we would have d=). Processes involving no

exchange of heat, ie d=2 throughout the process, are named

adiabLti- processes.

2.5. Equilibrium states and reversible processes

An eqxiibrixm state of an object is a state that will not change

except from external influence. Such an influence may for

instance be to force the volume of the object to be compressed. A

reversibie process (qa -s..... process) is a process that takes

place along a path interconnecting equilibrium states during

which work is performed on or performed by the object and heat

absorbed by or delivered by the object. The process is reversible

if the same set of states can be transversed in the converse

order by reversing the sign of the work and/or heat differentials

and taking them in the opposite order.

If work is performed by an object on its surroundings

by expanding its volume by d7 reversibly, it is necessary that

the pressure of the object is counterbalanced by an almost

equally large external pressure. Using : to represent the

pressure of the object, the standard notation r being reserved
for prices to be introduced later, if a were greater than the

external pressure a,, the object would perform an expansion

work a 0'7 and would simultaneously create dissipative kinetic

energies in its surroundings so that the net work on the sur-

roundings would be less than adV. The reversible expansion

process thus performs the maximum possible work on the environ-

ment and, conversely, the reversible contraotion process requires

the minimum amount of work exerted from outside. An exact coun-

terbalance of pressures would neither permit any expansion nor

any contraction, and real processes taking place in finite time

are therefore irreversible. Hence for a reversible orocess we

may write:
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= d4 -ad ! (2.7)

Any spontaneous change that an object undergoes must be irre-

versible, since its initial state then could not be an equili-

brium state. Therefore, all reversible processes must take place

with the aid of some outside influence.

2.6. The second law of thermodynamics

The second law of.:hrzhrmodynanics (she entropy princi'le) pres-

cribes in what directions changes in state may take place during

the interaction between elements of a thermodynamic system.

Entropy S may be defined as a state variable related to heat

absorbed by an object d ring a reversible process:

dQ = TdS (2.8)

where T is the absolute temperature.at which the heat d; is

received.

The inequality of Clausius states that for any process along a

closed path we must have:

idQ
T-- _ 0 (2.9)

where the equality sign must hold for a reversible process since

dS in (2.8) is a differential of a property and therefore exact.

Hence, if a cycle takes place in an object such that a sponta-

neous and therefore irreversible chanae between two states (:,2,

takes place initially, after which the original state (2) is

restored by a reversible heat exchange, we must have:

2 1
d J-+ . S 1 - 2 < 0 (2.10)

1 2
sponta- rever-
neous sible
path path
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since d$, is zero in the spontaneous process represented by the

first integral in the middle member. Therefore entropy increases

(S -S >0) in any spontaneous process.

In an isolated system of objects, only spontaneous changes may

occur. Therefore the total entropy of the system must increase

if any change is to take place. Consequently an isolated system

in a state of equilibrium possesses its maximum entropy. The

second law may thus be written:

AS > 2 (2.11)

where S refers to the total entropy of an isolated system, i e

any system considered together with its surroundings.

Let us again consider the closed path made up of an irreversible

path (1,2) and a reversible path (2,1). Since U is a property

a closed path integral over dU vanishes and using (2.7) and

(2.8) we obtain:

2 1 2

dU =d + I(2TdS - adV) - J('dS -adV) 9 (2.12)

1 21
irre- rever-
ver- sible

sib le path
pathz

Since the two states are arbitrary, we therefore have:

TdS = dU + adV (2.13)

which is the simplest form of the Gibbs fndamenta" equa~zi n

and holds for a reversible or an irreversible process. More

general versions of this equation are given in (2.81), (3.59)

and (5.55). Also since adV > dW, we have:

TdS > d' (2.14)
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with equality for a reversible process. The difference between

the left-hand and right-hand members defines a differential

which is the entropy proiuc:ion dS:

2dS = Td- (2.15)

ie the entropy increase above the change justified by the heat

transfer in a reversible process. Integrating this equation

along a closed path gives us:

As - (2.16)
jT

which leads back to the Clausius inequality (2.9). When there is

no heat exchange, i e the process is adiabatic, we obviously have

dS = dS. Any change in entropy is then irreversibly generated.

The second principle makes a firm distinction between work and

heat, despite the fact that both are different forms of energy.

The two classical formulations of the second principle are as

follows:

The Clausius statement

it is impossible to construct a device that operates cycli-

cally having the only effect to transfer hear from a cooler to

a warmer body.

The Kelvin-Planck statement

it is impossiZle to construct a device that operates cycli-

cally having the only effect to perform work and exchange he at

from a single heat source.

Both of these two formulations follow from the inequality of

Clausius. Concerning the Clausius statement, assume the colder

body to have a temperature TO and the warmer to have T I and let

a differential amount of heat transferred to the warmer body be
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d;. and to the colder body be d$ , negative values of these

amounts being heat received by the device. For a cycle the net

internal energy as well as the net entropy is zero which imnlies

that d". + dq and that the only net entropy change

occurs in the environment of the device:

7 7

3 ad 2 > ' Concernino the
which obviously contradicts d >e
Kelvin statement we have d1 = 9, whereas a net amount of work

W = -fdQ3 > 0 is to be provided. The net entropy change of

device and environment is there:

as d', > 0 (2.18)

which contradicts W>J. Hence the devices described in the two

statements cannot exist. The second principle will be used

extensively in chapters to follow in order to distinguish between

energy forms of different quality, work being of highest quality

attainable. In the course of entropy being produced, energy is

degraded from higher to lower qualities and the generation of

entropy is the physical explanation for energy, in itself

indestructable, being a scarce resourse. If the second law

(or any equaivalent law) were not valid, energy would be a

free resource. The lack of a second law would also have

far-reaching consequences for the very basics of physics concer-

ning among other things the flow of time (what is past, oresent

or the future), or tne possibility to record events, i e to

memorize, and to the question of life itself.
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2.7. Typical entropy generating processes

2.7.1. Heat conduction

One of the simplest forms of entropy generation takes place in

heat -odtion. Consider two bodies to be connected by a con-

ductor (cf figure 2.1) one having the lower constant temperature
T*1 and one the higher constant temperature T 2. Consider an ele-

ment of theconductor between coordinates x and x+Ax. When AX is

small, the boundary temperatures of the element differ only

slightly and the element will almost be in thermal equilibrium

with its surroundings. The entropy production rate in the

element due to the inflow 0 and outflow of heat -Q will be made

up of two terms and accoraing to (2.15) is:

AS AS inflow + 6Soutfow Z-) + T(x+A x -

+ T (2.19)
fl(x#Ax)T(:.)

where the two terms in the middle member vanish since there is

no net change in state of the element in an equilibrium case.

The total rate of entropy generated will thus be:T 2

S dj Q(Tj- ') (2.20)

T.

If the conductivity is k and the cross section area of the con-

ductor A, we also have = Ak(T 9 _T 1 ), which gives us:

Ak(T 2-T1) 2 2
22 -TT(2.21)

1 2

This shows the entropy generation rate to increase quadratically

with the magnitude of a finite temperature difference and with

the magnitude of a heat flow.
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Figure 2.1. Entropy generation due to heat conduction

It is instructive to associate an entropy .lou with the heat

flow in the conductor, both having the same direction, as is

also shown in figure 2.1. Although the heat flow is preserved

along the conductor, this is not true for the entropy flow,

since entropy is generated in the process. The entropy leaving

the higher temperature body is 2 and the entropy reaching the

lower temperature bcdy Z/- , the difference being entropy

generated as also given by (2.20).

2.7.2. Eaualization orocesses of ideal oases.

As a second instructive example of entropy generating processes

we consider a system of two compartments having a mobile wall

(no friction) as is shown in figure 2.2. The compartments are

filled with two different ideal gases. An I'ez- jas is defined

by two characteristics, viz that its internal energy :' is a

function of its temperature alone, and that its pressure, volume

and temperature obey the itg:'s8z l's .aW:

a' = Rn: (2.22)
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where 2 is pressure, :' volume, i number of moles occurying this

volume, 2 absolute temperature and .- the :1:iveraa ja.3 j3?2s;a:

- .5$ "4 [A3 's -. " K ] (2.23;

The first property may be written as the condition:

(2.24)

The ;cv . e is defined by:

(2.25)
3T

which can only depend on T, since 7' is a function of 7 alone. We

shall assume the heat capacities of the two gases considered to

be constants c and c2 respectively.

For an ideal gas with constant heat .caoacity, its entropy,

being a state function, may be derived by considering a rever-

sible process involving a heat increase by Q and a simultaneous

work differential performed by the gas on its surroundings by

ad'. The net change in internal energy is therefore:

d' = dO - ad7 =T,43 - ad7 = cd. (2.26)

Using (2.22) and solving the resulting differential equation

gives us:

SS + c + Rn ZogV/V (2.27)

where 7 are initial values of the two state variables. The

entropy S is defined up to an arbitrary additive constant S..

However, according to the third law of thzermodynamics (Nern.'-.

law), entropy has an absolute zero at T=O. For all practical

purposes, only differences in entropy are of interest and the

constant S0 can therefore be omitted.
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Let us now consider the system depicted in figure 2.2. If the

two gases initially are different, then obviously the volume

having highest pressure will expand and the other volume ccnt-

ract. Since it is a spontaneous process, it is irreversible and

the total entropy of the system will increase. Initially we

assume the wall to be a perfect insulator, making the process

adiabatic.

all, T , V '7 a2 7'

23 2

Figure 2.2. A two-comoartment system containing different ideal

gases

The motion of the wall will end when the two pressures are equa-

lized. As a second step we let the wall be a heat conductor

enabling also the temperatures to equalize. This raises entropy

by an additional amount. Thirdly, we let the two gases mix by

taking away the wall. This also will add to entropy. As a final

step we investigate what effect the ratio between the number of

moles of the two gases will have on the entropy level. The total

volume is assumed to be fixed at the level 7.

The system is perfectly isolated from its environment which

means that the total internal energy must remain constant:

C I + c T - Cl70 + C = 0 (2.28)
S 1 2 2 1_ 22

where superscripts zero denote initial values. This equation

shows that the two temperatures are monotonically decreasing

functions of each other:

dT 2  C,2 - 1 < 0 (2.29)df I  c 2
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The condition of equal pressure will relate final volume to

temperature:

Rn R .
= - 2 (2.30)1 V1

from which we obtain:
ni1

V 1 =nT+nT 2

(2.31)

V2 = ~ ~ lI+2 2

The change in entropy of compartment 1 will therefore be:

n 7
S C log - + Rn log (2.32)

1 10 11 (n 1 T1+n 2 T2)V1T

which is a strictly increasing function of TI and a decreasing

function of T" Hence we have:

dS asI  as1  dT 2
- + w-" > 0 (2.33)

T 1 1 T2 31

and a similar condition for 3,. Since any change in T1 is

accompanied by an opposite change in T2, entropy will increase

for one of the compartments and decrease for the other. The

possible end states of the process have to satisfy:

S =S, + S2 = I Log T, + Rn Lou +m nT

1 T 1 (n T +n2T2) /!

T n T
+ 2 log_ + Rn, log- > (2.34)

2 (nlTl+n"T) 0

2  1 1 2

together with (2.23). S also equals S since the system is iso-

lated. A total differentiation of S with respect to T. yields:
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r~ C T +C 9::iS :" ... 1 2 1Z " _
- , K', + _ " (2.35)

The volume having highest initial pressure will intially per-

form work on the other volume and a subsequent damped oscilla-

tory process might be expected. Thus the volume with highest

initial temperature will reduce its internal energy and there-

fore its temperature, raising the temoerature of the second

compartment. Solving the inequality (2.34) combined with (2.28)

will give the permissible end states. The interval obtained will

neither have 70 nor T as end points.

When T2 > T., i e:

c (T7 - T ) + c2(. 2 -T) > 2 (2.36)1 1 1 2 2 1

there will be an opportunity to increase S further according to

(2.35) by raising T, and lowing 2 (by conduction) and vice

versa. S will thus take on its maximum for this second-process

when:

0 TO

T' = T9 11 2 2 (2.37)1 1 +2

Inserting these values into (2.34) gives the total increment in

entropy from the two processes combined. Assuming that these

have taken place, we now study the effects of taking the wall

away allowing the two gases to mix. The additional increment in

entropy then becomes:

n 1+n 2  7 7 1i n.,+n 2 . i 9

AS Rn 1  on * + n, i n2 (2.38)

where V is the new volume of gas 1 etc. Obviously AS increases

both in V1 and 72 and the maximum entropy will be obtained when

both gases occupy the total common volume 7:

2.17
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iax :(n' Log + (n-n ) Log 2.39)

where n is the total number of moles.

Differentiation of this expression shows that AS will take
max

on its very maximum for n,=n/f and will approach zero either

when ni-60 or n1 -n. Hence entropy will have its greatest value

when the gases have the same molar content, ie when the number

of molecules of each kind are equal. This gives us the value:

AS = Rn log 2 (2.40)max

This also gives an indication that entropy is related to

combinatorial and probabilistic measures, which is the statisti-

cal interpretation of entropy to be described in section 2.8.

The description above has had the purpose to show how entropy

may be generated from a number of different causes, first from

an equalization of pressures, then of temperatures, then a

mixing and finally by choosing the molar contents equal. A

different pressure equalization process involving a substantial

entropy generation takes place in throttling.

2.7.3. Practical real-life exarnules of entro 2v_eneration.

Despite the fact that energy as such is never destroyed, it

still is considered as a scarce resource. This is entirely due

to consequences of irreversibilities taking place in all natural

processes. As already pointed out, any spontaneous change

necessarily produces entropy as does any induced change taking

place in finite time, since such changes can only be made when

having caused imbalances. It is therefore not energy in itself

that is required, but rather energy in a specific form so that

its interaction with the object considered will restore the

state of the object to a desired level or cause some other

desired change in its state.
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Typical examples of practical entropy generation may be heat

conduction into or out of domestic spaces, pollution in its

various form, aging including metabolistic processes, friction,

wear and tear etc.

The human body requires a surrounding temperature in the neigh-

bourhood of 293 .'. Outdoor temperatures, however, often differ

quite much from this desired level. In cold regions a desired

indoor temperature will exceed the ambient temperature :ausing

a non-zero temperature gradient, which, since the shell of a

domestic area is no perfect insulator, gives rise to a flow of

heat tending to equalize the indoor and outdoor temperatures,

i e to increase entropy through heat transfer. In order to pre-

vent the indoor temperature from dropping, an outside delivery

of energy compensating for the entropy flux to the exterior must

be undertaken. In order for the indoor temperature to be resto-

red, the delivered energy must have a higher temperature than

the desired level for an entropy influx to occur. If the energy

delivered is carried in the form of hot steam of temperature 7.,

the indoor temperature is Ti, the outdoor temperature 70 and

the heat outflux , then, according to (2.20), total entropy

will increase by .(T-m -) from the leakage through the walls
- 1 1

etc and by Q(T -T1) from the interaction between the radiators1 2
and the indoor air when the space is heated, ie a total of

Since entropy generation diminishes the future availabilities to

create desired changes in state (e g to keep houses warm), from a

pure resource point of wiew it would be desirable to keep the

rate of generation as low as possible, which implies that we

ought to feed houses with energy having a temperature only

slightly above the desired level. In such a case, however, the

heating process would take place slowly, perhaps so slowly that

the desired level never could be reached. However, in the case

of resistance heating of domestic areas, it is still very far

before we are close to any such limit. One might view this
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problem as an allocation process over time. If results are to be

reached rapidly, then greater sacrifices in the form of resource

consumption are inherently present.

When the ambient temperature is high, there is a desire to

create an entropy outflux. A simple analogy with the space hea-

ting process would be the delivery of an ice block to be used

for cooling indoor space. Since a heat outflux implies a

decrease in total entropy, a process restoring a lower tempera-

ture must involve som external increase in entropy. An example

is keeping watertanks on house roofs in hot climates. The

evaporation of steam, similar to a mixing process, keeps the

roof temperature low while creating entropy in a typically

irreversible process. A more complicated example is offered by

an airconditioning system. The heat outflux and associated

entropy decrease is compensated for by an entropy generation

using energy of high temperature which dissipates into the

surroundings during the process. In an airconditioned automobile

such energy would be released by oxidizing fuel.

The aging of equipment, such as rusting and other corrosion,

involves a spontaneous process and therefore an entropy produc-

tion. Restoring the functional capability of the equipment would

therefore imply a reduction in entropy necessarily compensated

for by some entropy generation elsewhere. Reinvestments, there-

fore, must take place at the expense of an irrevocable resource

consumption. When some piece of equipment is repaired, if it is

done carefully it will take a longer time creating less entropy,

if it is done carelessly it might take a shorter time but at the

expense of a greater entropy production.

Pollution involving an undesirable mix of waste products and

nature, also creates entropy as does any contamination. Cleaning-

up therefore decreases the entropy of the object decontaminated

simultaneously producing entropy at the other end, e g by waring

out the cleaning equipment used, by transforming electricity
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applied to a vacuum cleaner into waste heat etc. In order to

prevent entropy production we are accustomed not to mix dry and

damn or clean and dirty washing. The second P'w requires that

moist would not be transferred from a dryer to a damper material,

nor dirt from a less clean to a cleaner material. Since reinvest-

ments decrease the entropy of dn object, it is not far off to

generalize this statement to cover all real capital accumulation.

lation. This leads to the observation that all organizing

activities of humans and other living beings would tend to

decrease the entropy of the universe. By the second law, however,

such activities must necessarily be accompanied by some entrooy

increasing process elsewhere. This has been denied by some

scientists refuting the second law as being invalid to life

activities. Their opinion, however, appears to be one of a mino-

rity. An interesting discussion on this topic is provided by the

dialogue between Sir James Jeans [1934b], one the one hand, and

F G Donnan and E A Guggenheim [1934), on the other. Other refe-

rences are Jeans [1934a! and Raymond [19501, and Morod [19721.

Transportation horisontally involves no change in potential

energy. For the process to be carried out in finite time, a

vehicle at rest must be accelerated, transforming an enerav in-

put (eg from oxidizing fuels) into kinetic energy. Frictional

forces to be overcome by the vehicle involve work performed ca

the environment which dissipates into the form of frictional

heat, particularly when the vehicle is made to stop by applying

brakes. The service delivered by transoortation on a horizontal

surface therefore involves a "oure" entropy production,i e no

essential change in state from a thermodynamic point of view

apart from this. Other everyday examples are easily found.

As a final example in this subsection let us choose the exchange

of heat between the Sun, the Earth and the Universe as described

in [Thoma, 1977]. Solar radiation emitted at 6900 K reaches

the Earth in the amount of 175000 TW which corresponds to an

incoming entropy flow of 39 7V,/%. Radiation leaving the Earth
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is of the same order of magnitude but takes place roughly at

250 K, corresponding to an entropy outflow of 933 TW/K. Hence

the Earth has a net outflow of entropy in the order of 9' 7;/'K.

This fact, although a perfectly essential condition, provides a
partial answer for explanining the opportunity for well-structured

red living organisms to be in existence on Earth.

2.8. Entropy from a microscopic point of view

In section 2.6 entropy was defined as a state function of an

object relating a reversibly absorbed heat increment dQ to the

absolute temperature T of the body, dS = dT - 1. Temperature is

an average intensive property of the object and entropy may

therefore be said to have been defined from a macroscopic point

of departure, ie without relating it to the microscopic partic-
les and subparticles constituting the object. In this section

we shall briefly provide a supplementary presentation of the

concept of entropy from a microscopic point of view.

We assume the existence of N indistinguishable non-interactina

particles, each of which may be able to occupy one of several

possible energy levels EM,, 2 ,..,M If the number of particles

occupying energy level Ei' ie state i, is Ni, the total energy

of the object will be:

M

U = Z (2.41)

Our treatment will follow the Bose-Einstein statistics as given

in ie [Holman, 1969]. For the alternative approach, the

Fermi-Dirac statistics (the Maxwe"l-3oZzmann staazisti B being a

limiting case of both), the reader is referred to the literature.

The Bose-Einstein statistics assume that the energy level E.

can be attained by a particle in pi different ways, ie (i
quantum states. The number (i is called the degeneracy and
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represents a statistical weight of the energy level e,.. These

states may be interpreted as the different energy modes the

particles may have, such as rotational or translational kinetic

energies. For energy level c. there are Ni particles to be

assigned to the ip,. quantum states. If we arrange a secaence of

the states and the particles such that particles lying in bet-

ween two states belong to the former state, there will be

altogether different sequences of this kind beginning

with a state (which is necessary since each particle must belong

to a state). An object in which each individual particle is

known as to what quantum state it belongs is said to occupy a

m:rcs~:ae. The order in which the states are arranged in the

sequences is immaterial for specifying the microstate. Since

there are (i-!): different ways in which the states may be

ordered, the total number of microstates will be

(Ni+* i-2))'/" -1)" ! as regards the ich energy level. if the

particles have no identity of their own there will be .

indistinguishable ways in which the particles can be arranged

in the sequences and the total number of distinauishable

arrangements of the particles in the auantum states will be"N .+( .- ( ;. -,IJ ?

reduced to = - The total number of
4i- N

distinguishable states of all N particles is therefore:

C = i41 ! (2.42)

The number of states 2 (sometimes called the m

probabiZlity) is obviously dependent on the distribution of the

particles among the different energy states. It may be inter-

preted as the number of possible states of the object as a

whole, when given its total internal energy and its distribution

of particles among the energy levels. When this distribution is

specified the object is said to occupy a certain macrosvate.

Assuming each distinguishable state to be equally likely, it is

of interest to find the distribution having the largest number

of states, ie the most likely distribution or most likely
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macrostate, which also will be the equilibrium state.

We therefore maximize 2 in (2.42) over all distributions subject

to the two constraints:

M

ZN. = N (2.43)
i=1

Z N. . = U (2.44)i=1

The distribution thus obtained will have the largest number of

states and, in this sense it will be the most probable distri-

bution. En'ropy may now be defined as a constant multiple k

of the logarithm of the maximum number of states for any

distribution, i e:

S = k :ogo x  (2.45)

-23 -
where k is Bolzmanns const2n- (1.38o.10 Ws"Z). The reason

for choosing the logarithm of n rather than 2 itself is tc

obtain additivity regarding the contribution to S from the 4

energy levels. In order to find the distribution maximizing Q

and therefore maximizing log P, we form the Lagrangean:

MV.~- N. !
L ,1og2 + ,i(N 3 . + N '- .j --

:. i + - I 2i 'i2-

- ~ ( z log j log j - og j) +
= j=1 j=1 j=1

+ (- N.) + X(U - Z N.e.) (2.46)
i = J  j = 1 .% 7

where u and A are Lagrangean multipliers. L will be maximized

for the largest Ni.satisfying:
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- ;+- " .- 4- . . (2.47)

If . is large, we would expect this inequality to be close to

an equality, from which we obtain the solution:

I .
(2.48)

e -:

The multipliers u, ), are implicity determined by (2.43)-(2.44)

giving:

N (2.49)u+; .

e

U (2.50)
i-,

e

From the state equation (2.13), for an isolated object in a

constant volume process we find:

3S .T (2.51)

If we assume a differential change by 33 in the parameter ' and

by 5U in the parameter Y, from (2.43)-(2.44) the resulting

changes in N/, written 5]., must satisfy:

z 5N. 6.7 (2.52)

6,i11. = SU (2.53)

The resulting change in Zogfzma x is therfore:
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= E -- (Zog(i +.#--) - bo :N.) N. =

max . 1V

- z ('+ . N = iN + 5U (2.54)

where (2.47) has been used. Hence we obtain:

31% kax V- aN (2.55)

m - ax - 1 S (2.56)

The latter equation shows on comparison with (2.51) that:

x = ( )(2.57)

A similar interpretation of the first multiplier v is not

equally accessible.

In the case that all N. and (i are very large, we may apply

Stirlings-s formula:

Lcg x! - x(:og x - 1) (2.58)

to (2.45), which gives us:

M (P. N.

S = k( Z . Log(!+ + Pi 'log(i+--)) (2.59)
1

When also pi>>Ni, Zog(1+./( ip) Ni/Q. and we may write:

M pi
S =k E NW Zog(i +7--,) + kN -

N Ei

- k ZN = (k(+l)+U (2.60)
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which shows 2 as a function of :', Tand ;i. By defining a

~ ~2~~-~2 -~'zc~Z by:

I, "

Z 7 i  (2.61)

we find for the case (Pi>>..>>:

U = - (2.62)

kN g . (2.63)

which enables us to write 5 as a function of Z and T alone:

S3 (g-' T - (2.64)

For a monatomic Bose-Einstein gas, it can be shown that ' is

proportional to T312 and to V, which used in (2.62) yields:

= 3 k.VT (2.65)

Also from (2.13) we have the following expression for the

pressure:

a = 7 +  37 (2.66)
37 3,7

For a monatcmic gas Z is proportional to 7 and since U is

independent of V, we cbtain:

-7
a z kYT'V (2.67)

By comparing this formula with the universal gas law (2.22) wE.

find the identity:

Rk : N (2.68)
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where . is the universal gas constant, the number of moles and

.v, Avogadro's number, ie the number of atoms (or molecules)

occupying one mole of any substance:

= .(2.69)

Using the two properties of 2 for a monatomic gas and applying

these to (2.64) finally yields:

S = 2 OT+ -Ig " -++ 1 7" (2.70)

which when compared with (2.27) shows that the heat capacity at

constant volume is given by:

,& _ 3 '2- - = ! P (2.71)

2.9. Entropy and information

In the foregoing section entropy was defined as a constant

multiple of the locarithm of the maximum number of states that

a system with a given number of particles could have given the

total energy of the object. By maximizing the number of indis-

tinguishable states we obtained the most likely distribution of

energies that the particles would have. A higher entropy

corresponds therefore to a more probable state. if a measurement

could be performed revealing what state the object were in, a

higher entropy state would provide us with less information and

vice versa. Hence there is a strong linkaae between thermo-

dynamics and information theory as pointed out first by

Szilard [19292 and later by Brillouin [1950, 19621 and also

noted by Shannon and Weaver [1962], who founded the basis of

information reorj.
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Information theory is basically concerned with the average number

of symbols that are necessary to use in order to transmit

messages from a transmitter to a receiver, when the messages are

sent with different probabilities. Each message is coded by

using a sequence of symbolS from a code alphabet of r symhols.

It may be shown [of eg Abramson, 19631 that the average number

of code symbols per message must be at least:

= - - g (2.72)

where . is the probability of the -'th kind of messaae beina sent.

The quantity S is defined as the nr~p of the information source

and may be given either the interpretation of the average amount

of information per message sent by the source, or the average

amount of uncertainty the receiver has before receiving a

message. The logarithmic base chosen (r) only accounts fcr a

measure of unit. A different base will give a different unit, ea

the base f measures S in b~ and the natural base e in ns, one

bit being eZOg2 = .693 nats. The 7reater the value of S the more

likely is each message on the average, its maximum value taken on

when all y. are equal.

The definition in (2.72) may be generalized to cover conti-

nuously distributed events corresponding to some stochastic

variable with density fiX,.In such a case S is often defined by:

S =- f "(x) 4f(x) x (2.73)

It may be shown that among the distributions covering a finite

interval xE[zb] the rectangular distribution maximizes 5, amona

those having a given mean and covering the positive axis [?, [

the negative exponential distribution maximizes S, whereas amcncg

distributions covering the entire axis and having a given

variance, the normal distribution maximizes S. Entropy according

to (2.73) is thus strongly related to three frequently used

continuous distributions.

2.29



Apart from comparina the two entropy concepts in terms of like-

liness of states occuring (messages sent), we may study the

identical form of (2.72) and the expression for the entropy

increase when mixing gases (2.39) now generalized to:

= -? n. log < (2.74)
max ( . 4

where is the universal gas constant and the number of moles

of the !th gas among the gases to be mixed. Since n.Y = N. is the
number of particles of the ith gas, according to (2.68) we find

that:

S = - kN o yi (2.75)maxi

where Y . N /V is the fraction of particles belonging to the -th

gas. The similarity with (2.72) is obvious and Bolzmann-s constant

enters in the same way as in (2.45). Apart from k, which may be

given the value unity by a suitable choice of temperature scale,

see table 2.1below, the entropy increase according to (2.75) may

be interpreted directly as the average uncertainty carried by

each particle as to its classification among the substances

present.

It may be pointed out that the expression in (2.73) is subject

to the weakness of not being invariant with respect to trans-

formations of the scale x chosen. The product f'x)tx lacks

dimensionality, whereas f(x) has the dimension of probability

per measured unit of . Therefore Zog frx; depends on the unit

of x chosen and so does also S. Jaynes £1962, pp 201-202] pro-

poses the more general expression - ; f(x) Zog(fx)m(x) -)dx
0where m(x) is a measure function describing how, in the limit,

the continuous scale x was reached from an original discrete

set of points departed from. Since f(x)m(x)-  is invariant

with respect to transformations of x, so will also S be. How-

ever, applying this expression will necessitate the choice of a

basic measure possibly involving an additional problem.
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Celsius .. elvin Scale w.ilt. Scale wit'-

scale scal.e

Absolute

zero -273:

Freezing

point of L7 727

water

Body

temperature 7?; .'

Boiling

point of 3

water

Melti4ng

point of 352.:

iron

Surf ace

temiperature. ~ A3 2

of the sun

Table 2.1. Temperature scales crivirc uinit values to -~ane to

resnectivelv

Some studies have been made recardinc; the total information

content in man-made structures from an entropy point of viJew.

Thoma Il1977] provides an example estimating the information con-

tent in a steam locomotive O'fY74 sis) and in a diesel locomotive

(33.:>' its) and Berry and Fels (1973] a similar estimation

concerning an automobile. For further discussions as to the

identity between the thermodynamic and the information-theoretic

entropy concepts, the reader is referred to [Brillouin, 1962], and
concerning the information content related to biological structures
to [Crick, 19671.
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2.10. Apolications of the entropy concept in other fields.

It has already been pointed out in section 2.7.3 that aging,

wear and tear etc, are phenomena revealing the increase of

entropy. They also reveal the passage of time. A number of
philosophers, among them notably Reichenbach [1956) and

Grilnbaum [1963] have indeed defined the time evolution of

processes as the direction in which entropy increases. Due to the
irreversibility of entropy generation, it also acts as a source

for recording past events, and the lack of such a phenomenon would

provide us with no means for memorizing or recording, cf also

[Layzer, 1955]. Entropy applied to the time evolution of economic

activities is treated by Murphy [1965] and by Georgescu-Roegen

[1971].

Entropy has also been used in many recent cases to provide a

measure of dispersion as a substitute for the standard deviation

or variance etc. Current applications concern eg the size distri-

bution of firms [Naslund, 197-], structures of traffic networks
[Erlander, 1980] and aggregation measures in planning problems

[Erlander, 1977, Eberst~l, 1979). An interesting overview over

economic applications (including portfolio theory, inter alia)

is presented in [Horowitz, Horowitz, 1976). Arumi [1973] applies

statistical thermodynamic concepts to demographic theory and

reaches conclusions well in accordance with empirical measurement
A G Wilson [1970,1974] applies entropy maximizing methods to

regional and urban models of spatial interaction, such as the

interaction between a residential population and their

assignment to jobs.

2.11. Some further basic thermodvnamical concepts and relation-

ships

In section 2.3 we defined Legendre transforntations pertaining to a

given state function. These transformations define new state
variables from the differential coefficients of the state function

differentiated. When the internal energy : of an object in an

equilibrium state is considered as a state function of its volume

2.32



7, its entropy S and its composition described by the number of

moles of different substances lu,:... , M constituting the

object, where .'! is the nunber of substances, we have a state

ecuation of the form:

W ( 5 , 2 , ... ,-..) J (2 .76)

For differential changes in the • ariables by d

internal energy will change by:

,'4
dU - 7 d.

atV as '2.77)

For an object of constant composition all in. are zero-valued and

a comparison with (2.13) gives us:

a (2.78,

' :(2.7S9)

ie that pressure (negated) is a conjugate variable of volume and

temperature a conjugate variable of entropy. The remaining con-

jugate variables defined by (2.77) are called "

of the respective substances and written:

(2.30)

Hence the following differential relationship is valid fcr

changes in state:

dU = -adV + TdS + Z . (2.81)
i:=

By using the conjugate variables -a and : three new state variab-

les may be defined by the following Legendre transformations

(cf (2.4)):

H = U + 27 (2.82)
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.4 = U - TS (2.83)

G = U+ a V - TS (2.84)

These new variables are the ent;-a! y (or -ota4' H, the

Heimzoz fi'c io' (or free energy) A, and the Gibbs function (or

free :) G.

Let us now study two bodies in equilibrium, each made up of the

same components, the same volume and occupying identical states

in all respects. If these bodies are assembled, then clearly all

extensive properties, i e internal energy, entropy, volume and

molar contents of the two bodies combined will have values at

twice the similar values of each individual body. More generally,

if each of these variables are increased or decreased by a scale

factor x, we would have:

U(x) = xU(1)

S(x) = XS(1) (2.85)
V(X) = XV(1).

{i(x) = xni(1) i=1,2,...

Assuming a change in scale to take place by dx, we thus obtain:

dU UU(1)d = - (i) + 7 () + n.(1))dx (2.86)i=2 vn

Since the choice of unit scale is arbitrary and (2.86) must hold

for any change -:, we have the following relationship:

V

U = Ts -IS +. u.n. (2.87)
i=i

which must hold for any state. By (2.84) this equation can also

be written:

G = z uin. (2.88)
i=123
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This means that all extensive properties U,S,'7, G etc are linearly

homogeneous functions of the molar contents n n2 n

Differentiating (2.87) and using (2.73) gives us the G-De,,2

SdT - Vda + Z n = 0 (2.89)

which also must hold for any change in state. Under certain

circumstances the three functions H, A and 0 may serve as

equilibrium criteria for the system under consideration.

In section 6.2 some additional basic concepts and relationships

will be introduced for applications concerning radiation.
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CHAPTER 3. ENERGY TRANSFORMATION, EXERGY AND RELATED CONCEPTS

3.1. Introduction

The interest in this report is focused on the usefulness of energy
rather than on energy itself. Of particular interest is therefore

the potential opportunity for energy from one source or from a

system of sources to be transformed into rehio wor<, which

represents the highest utility form of energy since, in principle,

in its turn it can be transformed into energy of any particular kind.

This chapter will focus its attention on the potential of a system

to provide mechanical work. This potential will be called the

exergy poventia! of the system in question, exergy being a term

proposed by Rant 1956, but having a number of related fore-

runners as well as followers 'f:-e energy, avai zcle e-erg,, availa-

bility, essergy, ideal work, maximum work, ermodnaTnic vcten ia-

etc).By the exergy pcwer pctential we mean the similar rate per unit.

Before giving a brief overview over interpretations of this concept

which naturally has gained much attention since the early days of

the steam engine, we shall examine three typical energy trans-

formation devices from a theoretical point of view, viz the hea

eng,2nLe, the ;e ,2at m:? and a -'- z <" . In a final

section we include some examples of estimated exergy efficiencies

as described in literature by different authors.

3.2. Three basic energy transformation devices

Every textbook on thermodynamics refers to the - engine as an

instructive and typical piece of equipment for describing the

transformation of heat into mechanical work. The engine, connected

to a hot heat source of temperature T (usually an infinite supply)

and to a cold heat sink of temperature TO (assumed infinite and

interpreted as an "environment") operates in cycles. At the end
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of each cycle the state of the engine itself is the same as at

the beginning of each cycle. Therefore there is no net change in

internal energy, nor in entropy, nor in any other property of the

engine. The only changes in state that occur are therefore in the

source and in the sink outside of the engine itself. The twq con-

straints limiting the amount of work the engine may deliver are

the first and second laws, i e the energy principle and the entropy

principle. Figure 3.1 illustrates the energy flows involved.

Heat Work W

-e Q-W

Z- Cold sk
To0

Figure 3.1. A schematic heat engine

According to the energy principle, if during some time interval,

Q is delivered from the source and W from the engine, then the

difference Q-W must be delivered to the sink. That this difference

is positive is aszertained by the second law. According to

(2. 20 ) the entropy flow from the source is QT- and the entropy

flow to the sink (Q-W)T1 . The total entropy generation is
0

therefore:

S Q W Q > (3.1)

To.2
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according to the second law. Hence -W must be positive and the

entropy principle limits the work output to:

/ - T S < Q(I-T T ) (3.2)

The right-hand member gives the ideally maximum work output when

S zC, i e for a reversible process, and this level gives us a

preliminary definition of the exergy potential E of the source

(when the sink properties are specified):

-1
E = 0(I-T,-- 1 (3.3)

Eq (3.2) is often interpreted as a "transformation" of a fraction

less than or equal to 7) of the heat delivery ' into the

work output W, despite the fact that there is not necessarily
--7

any such identity between W and Q(I-TT ).

The heat eff'iciency or fI-rst iw eiciency n relates the actual

work output to the delivered heat:

(I - T T -I )- - n 3)4
Q 0 < 1-ToT(3.4)Q Q - ,

Implicitly behind the usage of this ratio is an econcmic idea, viz

that useful work obtained should be related to heat delivered,

which is what is paid for. From a theoretical point of view, how-

ever, there is no reason that the ratio of W to Q is more signi-

ficant than the ratio of W to the flow (-, (or to any other flow)

Since the hot source when using n is viewed differently from the
cold sink, this efficiency measure violates our symmetry principle

(cf section 1.3) . The right-hand member in (3.4) is the Carno:

efficiency n* which gives the upper theoretical limit of the heat

efficiency (only attainable for an ideal reversible engine). Since

T0 always is finite, even the ideal case will never yield an

efficiency of unity, which the common usage of this term would

suggest.
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The fact that, at the best, there is a heat delivery of QT0/T

to the environment is also often misinterpreted as being

a waste, whereas it in fact is an inevitable flow to compensate

for the entropy reduction in the source if any work is to be

produced at all. The "real" waste is rather the term S w work)

in (3.2), which accounts for the amount of work not obtained due

to irreversibilities, i e to the net entropy production S, assuming

the heat inflow to remain at Q also if S were zero-valued. A

theoretically more sound efficiency measure is therefore the

exergy effi iency or second law efficiency defined by:

E Q S-1 = -1 (3.5)~Q(TQ _T -I ) -

Also this ratio violates the symnetry principle indirectly. This

is due to exergy E having been preliminarily defined in (3.3) by

using the heat inflow to start with, i e attaching a special

significance to the hot source. If we instead had departed from

the heat outflow writing this flow Q z Q-W, the work output W'

and the exergy 
5
E would be given by:

W0 = 1)T% -21 - TS (3.6)

E' = Q'(TT 0  (3.7)

and the exergy efficiency by:

'-_(3.8)
-2''r )

If we are considering the same engine and process, we must have

W = W'. The obviously E' and E will differ in general and will

coincide if and only if:

W Z Q(-T 2' 2) Q'(TT0  -1) (3.9)

i e either for an ideally reversible engine, in which case we would
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have and = or W=§. If the two exergy efficiencies are

to coincide, we would also require either S orW:5 (z=&',.

This problem of ambiguity, however, can be resolved by considering

the fl.. cj c (upper limits) of the source and sink to be

properties from which exergy is to be defined, rather than from

the actual flows. This is analyzed in greater detail in section

4.5. If Q and ;' are reinterpreted as the maximal available in-

and outflows respectively, then the capacity limiting first, will

determine whether exergy should be given by (3.3) or by (3.7).

Exergy will then be a symmetric function of the source and sink

properties, and therefore be consistent with our symmetry principle.

Then or ' , whichever appropriate, will also be in agreement

with this principle.

The discussion above also shows that what is meant by "lost work"

depends on which flow capacity is the effective limit. When the

hot capacity limits, then this amount is T3S, and in the opposite

case it is TS. In the latter case it may be suitable to interpret

the heat source as the "environment" and lost work then will always
be T J.env-,ronnent

Also the relationship between heat efficiency n and second law

efficienzy : will depend on which flow that is most strongly

limited. By combing (3.4), (3.5) and (3.8) we obtain:

-7

(3.10)

For given values of 7* and qn*, the limited outflow case will

always give the lower of the two -values. This is in agreement

with -0S < TS, i e it will give greater waste assuming everythinc

else to be equal. When n=.r* in either case we always have -- -1.

As a second schematic energy transformation device we consider

the hea pump having the objective to provide a heat flow from

a cold to a hot body. Figure 3.2 illustrates the flows involved.
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Hot sink

FT

Heat Work- W
pump 0

Cold sou rrce
T0

Figure 3.2. The heat oump

A heat pump may be regarded as an "inverted" heat engine. Practical

examples in everyday use are refridgerators and airconditioning

equipment. The two laws governing the theoretical limitations of

the heat pump, are the energy principle and the entropy principle.

If the heat flow delivered to the hot sink is and the heat inflow

from a cold source is ' we must have:

-- .Z (3.11)

which shows that > >', meaning that there must be an additional

incoming energy flow. Let us assume this flow is mechanical work

W applied to the pump as illustrated in figure 3.2. The second law

then requires:

5 QT (Q-W) 7 > 0 (3.12)
-
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where 3 is the entropy ceneration. The amount of heat delivered

to the hot sink is therefore limited by:

< - (3.13)

and the flow of heat from the cold source by: (3.14)

The conventional way of describing the efficiency of a heat pump

depends on its two basic forms of usage. When it has the purpose

to keep an object cool. (such as the interior of a refridgera t r)

a • - .. . .... ..--------....-"-.. ...-- ::,-5 .... . is cefined v:

< (3.15)

where is the theoretical maximum of z. When it is used for

heating purposes, a z": - -r=c: is defined by:

c - - -< (3.16)
- - n-5-

where : similarly is the theoretical :aximum of -. it is c

that neither of these tw;o measures of performance comply with

the symmetry principle. However, they both relate the effect

described (heat withdrawal or heat supply) to the work inp t

(which is what is paid for) and they therefore rest on an implicit

economic principle just like - for the heat engine. "t is also

clear that J* and J* being functions of the two temperatures are

easily interpreted as = ( *- > and *where r* is

the Carnot efficiency for an engine if it were connected to the same

source and sink (and used for the opmosite purpose).

3.7
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On examining (3.15) and (3.16) we find that the terms 75 in the
I

cooling case and T)7 in the heating case correspond to the addi-

tional work input necessary to compensate for the entropy rr-odc-

tion S.

Also for the heat pump we may define an by

taking the ratio of the exergy ouput to the exergy input. If the

hot sink limits the capacity most strongly, T. will be interpreted

as the environmental (referential) temperature. In such a case the
-7

total exergy input will be W+'(!-T,J, W, the exergy output

Q(i- T 'T) and the exergy efficiency:

0 -7 <(3.17)S- W = 0* - 2 3.7

In the opposite case when T is the referential temperature, the

interpretation is slightly more involved. The exergy input is W

with no additional term since Q'(- T 01 ) is negative and is now

interpreted as an exergy output (to the cold source), and we have

the output zero to the hot sink, since "(i-7T ) . The exergy

efficiency is therefore the ratio between absolute values of

exergy ouput and input:

Q( I) *-1 (3.18)

W

The withdrawal of heat from the cold source in the latter case

thus corresponds to a building up of exergy (i e a potential

that could produce work if a heat engine were to be applied). in

the practical case of the refridgerator, the heat pumped out

is a compensation for the heat leaking into the cold area, which

in itself corresponds to a loss of exergy, i e a diminishing

hypothetical opportunity to extract work from the system. The

exergy output of the heat pump restores this theoretical capacity

of the system and the exergy input must cover the ouput plus the

exergy losses from the operation of the pump TS, i e-1
W 0 -1) + IS, which already has been stated in (3.14),

but in a different manner.
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Heat engines and heat pumps will be used extensively in the

remaining chapters for instructive purposes since these devices

offer simple descriptions of the maximum work output or minimum

work input as limited by the second law.

As a third device to be used for demonstrative purposes we choose

a rso'n-cYI - i-;r araratus as illustrated in figure 3.3. The

cylinder contains an ideal gas which can expand or contract,

performing work on the environment or receiving work from the

environment.

First case Second case

, T U, Vo -

S,a,n Sc)a n

I L;

Heat oI
engine

Figure 3.3. A piston-cylinder device

We assume the cylinder and piston to be perfect insulators and

that the environment is infinite, meaning that a displacement of

the piston will not affect properties of the environment to any

noticable extent. Relevant properties of the contained gas are

internal energy 7, volume 7, molar content n, temperature F,

entropy S and pressure a, denotations of the similar properties

of the environment having subscripts zero. The heat capacity at

constant volume of the gas is assumed constant and written o.

We first study the case when work is extracted by means of the
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piston only, i e from a single work mode. In general, this would

lead to a final state in which the temperature of the contained

gas would be different from that of its environment. As a second

step we also include the possibility of extracting work from a

heat engine applied to the cylinder taking care of the opportunity

to equalize this temperature difference while delivering work.

Applying Gibbs- fundamental equation (2.13 ) for the contained

gas on the one hand, and for the environment, on the other, gives

us:

TodSQ = dU. + a i7,,Z 71 d 0 + dQO  (3.19)

TdS = dU + d7 = T4S + (3.20)

where dQ is heat absorbed by environment, ". heat absorbed by

gas, and where dS. is total change in entropy of environment of

which dS0 > ) is the amount produced, and similar for dS and

dS > 0 for the gas contained. The entropy not produced is ex-

chanqed, which yields:

dS0 + dS = d50 + dS > (3.21)

We also have the following balances:

du. + + + dw-" = 0 (3.22)

dV. + dV = 0 (3.23)

where dw is the work differential from the heat engine, which

is zero in our first case, and dW the work differential obtained

by means of the cylinder expansion. On combining the last five

equations we obtain:

dV + dW I = -dU -a dV + T0 dS - TG (dSj+dS) (3.24)
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and also:

C-d- (3.25)

It is clear from these relationships that the total work

differential will be maximized, as usual, when the process takes

place reversibly, i e when d. = 'S z J. The remaining differential

is therefore interpreted as the differential of the exergy poten-

tial of the contained gas. This differential is studied in greater

detail in section 3.4 below.

In our first case with an insulated gas, the process is adiabatic

with d = 0, i e:

dS = dS (3.26)

which means that the only change in entropy of the gas is the

amount caused by irreversibilities. This gives us the work

differential:

d I  (a-a )dV - Td3 - T dS (3.27)

Using superscripts : to denote initial values, asterisks to denote

final values and using the entropy state eguation (2.26 ) and

universal gas law (2.22 ), we may write:

1*
W 7 -dTI - - - (3.28)

where S. is the total entropy production in the environment during
L/

the entire process. Also we know for the final state:

^ T* V
S C log - + Rn log (3.29)

To V
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where S is the total entropy generated in the gas and:

a0  az RnT*/V* (3.30)

Evaluating (3.28) thus yields:

WI = (T0-T*) - a (7*-V 0 ) - TO; (3.31)
max 0

Rr. 3

0  (a, cR c+ Rn~
4 =a V a0  Rn e T, S0

which decreases in S as well as in S0 and the final temperature

will be:

Rn S
0) \( e (3.32)

which increases in S and in general would be different from that
of the environment T Therefore also the final volume V* is an

increasing function of S. if no other work mode than pressure

work were available, we would thus have the exergy potential:

Rn

0.0 1 C V330V0 /'5(1+ - - " (3.33)-" = a I '-rS +  -( 1+ k )  "

0 0Using the universal gas law either a , or V , can be exchanged

for T0 giving us alternative expressions for W 17a_ and

We now look into the non-adiabatic second case in which work

also can be extracted by means of a heat engine. In this case

the equations (3.19) - (3.25) still hold, whereas (3.26) now

is replaced by:
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+ (3.34)

and the similar equation for the environment is:

2,dS = TdS, + dQ<. (3.35)

Also we have:

dW =T(dS-3) + 2 0 (dS -dS) = (T-T',) (S-dS) (3.36)

since (iS-iS) is the mutual amount of entropy exchanged.

Writing dW = "V: +wii and using dS instead of --S in the entropy

state equation, we evaluate (3.25):

V* T* . V

W (a-ao)dV c(T-TO) dT f ( _ 0 dj- 1 #S) (3.37)

V00 T O  0

Applying the universal gas law and using molar volumes 0 z V - etc,

we obtain:
0 0'TO  TO "V V

W = cT, og + RnT : -!- -T(+ ) (3.38)\ 10 0 0

where we have chosen initial temperatures and volumes as arguments

in this formulation. Using the universal gas law would provide

us with other alternatives expressions. Clearly W decreases

both in 3 and 30 and the exergy potential of the gas is therefore:

E= T0  -i - Zog + --
00

', 0

cTog(.O I') + RnMLoJ(V v 0 ](3.39)

where g(x) = x - 1 - Zogx is the exergy f:nction. This expression

is given in the references such as in [Eriksson, et al, 1976,

p 1.1), cf also figure 4.2.
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It should be noted that we have not applied the symmetry principle

above, since an infinite environment has been assumed throughout.

Also for the piston-cylinder device we may define an exergy

efficiency:

T(S+S)
max 0 (3.40)
E E

which due to the infinite environment also will be an asymmetrical

measure of performance.

3.3 Exergy as a physical norm

From the preceding sections it is clear that a number of

characteristics need to be specified for a given energy source

in order to determine what energy transformation opportunities

that exist. For simple sources, temperature may be the dominant

state variable determining together with the ambient temperature

how much work that can be extracted in an ideal case in comparison

with the amount of heat that is taken from the source. This was

shown in (3.2). Temperature is therefore an important variable

to characterize the quality of an energy source.

Consider a heat engine operating between the temperatures 7,

(source) and T, (environment) combined with a heat pump opera-

ting between the temperatures T, (output) and 2 as illustrated

in figure 3.4.
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Y. 

W

Heat Heat
engine pump

Figure 3.4 Combination of a heat engine and a heat pump

If S, is the entropy production of the heat engine and S, that

of the heat pump, we obtain the following relationship between

heat delivered into the system , and heat extracted c:
-'I

S1-70T2 Q(1-T 0 i ) - T(S1 +S2 (3.41)

This relationship may be interpreted as an exergy balance, the

exergy input being (I(-TTi 1), the exergy output Q2,(!- T7 -

and T0(S +S ) destroyed exergy (lost work) in the transformation
0O 1 2AA

process. For an ideal pair of engine and pump Si S2.zO, we obtain
the maximum heat ouput in relation to the heat input:
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--T

-~ (3.42)

It is evident that the temperature dependent factors 1-T .

and (-T0"T21 translate the input heat amount of a certain

quality (temperature) into the output amount of a different

quality. Thus exergy serves as a phgsica5 norm? for comparing

energy of different qualities.

Although exergy as such is not a necessary concept underlying

all economic models to be developed in chapters 7 and 8, the

results derived there are conveniently interpreted in terms of

exergy. Therefore we shall devote a great deal of attention to

this concept in the following chapters, since it will be shown

that the exargy price will serve as an economic norm for

determining the value of energy in different qualities.

3.4 The concept of exergy

The definition of exery'j as given by Rant [19561 determines

this quantity as the overall maximum work ouput (technscze

Arbeitsfdhigkei-) that can be obtained from a body with a given

initial state, i e the body's theoretical ability to produce

work. Baehr [19651 stated the following explicit definition:

"Die Exergie ist der in jede andere Energieform umwandelbare

Teil der Energie;..."

As mentioned, the general expressions in literature describing

the exergy potential of a body (a "system") appear to be limited

to cases in whichare presupposed the existence of an infinite

environment having given intensive properties such as temperature,

pressure and chemical potentials, or alternatively, the treatments
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presuppose the existence of given reference values of such

properties, even if such an environment would not be considered

explicitly. The assumption postulating a given reference state

has been used as an argument for pointing out limitations in the

use of the exergy concept or for stating the need for agreeing

upon universal standards as to what reference levels that should

be adopted commonly (Eriksson, et al, 19761. Assuming the existence

of an infinite environment also violates the symmetry principle

given in section 1.3.

Also the mathematical expressions for exergy in literature

appear to be limited to cases in which there is ':

(one energy source) in existence, this body embedded within

the infinite environment, (with the exception of [Evans, 1969,

p 1011).

In the chapters following we shall show that it indeed is possible

to derive expressions for the exergy potential of a system of

sources, neither of which need to be of infinite extension. This

means, that applying the symmetry principle, it is quite feasible

to define exergy without alluding to a reference set of intensive

states, in fact such reference states will emanate from the

analysis as a product of the given characteristics of the bodies

of the system treated. For at system of thermal sources (treated

in chapter 4), for instance, it may be shown that the reference

temperature can be interpreted as a geometrical mean of certain

given initial temperatures. As shown in section 5.5 this item

cannot be taken care of in a circumventive way simply by ex-

changing the referential set of characteristics by a similar

equilibrium set. In any case, we may immediately object to such
an approach, due to the fact that the equilibrium properties are

determined by initial values and therefore cannot be chosen

arbitrarily for systems having only finite energy sources.

In this section we present a main outline of the exergy concept
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as pertaining to (i) a single given body (source) which is

coupled to (ii) a given infinite environment following [Eriksson,

et al, 1978). The body has the internal energy ', pressure :,

volume ', temperature T, entropy 3, chemical potentials 7,.. ...

and molar contents n,>n2. and the corresponding properties

of the environment ar2 denoted by the same symbols having the

subscript 2.

The Gibbs fundamental equation of the body on the one hand, and

of the environment, on the other, may be written:

TdS = dU + adV - i .id7.,. (3.43)i>1

M

T0 dS 0  0dU +0aod, - dn (3.44)

From the interaction between the body and its environment, a

work diffential dW may be extracted. Since no interaction takes

place with any third object (apart from taking care of dW), we

have dV0= -dV and the following balances:

dS + dS 0 = dS + dS0  (3.15)

dU + dU 0 + dW = 0 (3.46)

+dn. , i 1,2,..4 (3.47)

where dS, dS0  0 are the amounts of entropy produced by irre-

versibilities in the process. On combining these five equations,

we may write:

dW = -dU - aodV 0 + T0 dS + Z Iiodni - T0 (dS+dS0) (3.48)
i31
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This equation shows the extractible amount of work (in diffe-
rential form) as a function of changes in the extensive properties
of the object the constant intensive propertie3 cf
the environment T., cq, , and the total entropy change due
to irreversibilities (dS,,+iS). Clearly _W is maximized when
aSSf0=, by which we can interpret the remaining differential
as the decrease in exergy 5 of the body:

+! + aod7 - T dS - dn (3.49)

Integrating (3.48) yields:

3 OVU9~ ~ / - 7* a(*- + '9 S* -S /+i1' ( -n )

0' 0T To{o0k  (3.50)

where superscripts 3 refer to initial states and asterisks
to final states, S and S being the total entropy production of
the process. Since work can be extracted up to the point that
the intensive properties of the body take on the values of the
environment, at the final state maximizing W we have:

M
U = - " ~c7 + 7oS + 7 (3.1)

where (2.87) has been used. Inserted into (3.50) this yields:

W U V- - - 2>(SO+3) (3.52)

and:

E1 U io n 
(3.53)
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where entities lacking superscripts now refer to their initial

values. This is a fairly general expression for the exergy

content of a body, when given its initial extensive properties

U, V, S, n., and the constant intensive properties 2r, ? ,

of the environment. Also by using (2.87) for the initial state,
we obtain the alternative expression:

E 7 ( + (T-T,)S + Z (,i-U )n. (3.54)

The way in which Z is determined by property variables in (3.53)

or (3.54) shows that E may be interpreted as a property of the

body, when assuming given referential values ao, T and uiO. For

a few special cases the differential in (3.49) may be interpreted
as a differential change in certain previously derived properties

[Evans, 1969, p 8 , Eriksson, et al, 1978, p 8]:

Enthalov

dE = dU + adV z dH (a=ao,dSzOdn-.O) (3.55)

Gibbs free enthalpv

dE = dU + adv - TS = dG (a=a,=,n.= (3.56)

Helmholz free enerqv

dE = dU - TS = dA (Li 0,,... (3.57)

Also when heat of the amount -dQ is extracted reversibly from

the body, we have dS = diT and ;= d, which for a constant

volume, constant compositionprocess yields:

-1
dE =dQ (1-T(T ) dV=O, dni=.O) (3.58)

i e the Carnot formula in differential form (3.3).
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The maximumr amount cf work that can b-e ext racted from a civen

body has gained interest for a long time. A-art from the writings

of Gibbs and von Helmholz we may note Darrieus [19303 who used

the function called "available energy" as applied toc steam

turbines. This function is the integral form of (3.57) when we

are dealing w.ith a constant volume, constant temperature, constant

composition source. :<eenan [19321 introduced the term "availa-

bilitv" for the function >+. '-. giving the maximum amount

of work that could be extracted from a steady stream of fluid.

He later applied the same function to combustion and flow

processes [19511. The term "availnble energy" had previously

been used by Lord Kelvin and by Gibbs [(1873), 1906, p 52n]

and others (cf [Haywood, 1974, p 2651). The amount of lost work

due to irreversibilities (entroov creation) was first 'Ierived

by Stodola [1898]. Evans [1969] generalized the exergy formula

(3.53) by including the chemical potential term (the "diffusion

term") and called his function "essergy". This term was already

present in the early work of Gibbs [(1875-78), 1906, p 77, eq (54)]

and was also later introduced independently cf Evans by Berg

[1974]. Since then there has been some discussion as to- the limi-

tations of the terms availability, exergy and essergy. Haywood

[op cit] presents an excellent overview of the concepts of availa-

bilitv and irreversibility and adopts the view that the word
"exergy" should be limited in usage to the function ,'- .

Berg Lop cit] uses the term "thermodynamic availabilit ,wh

Ahearn [1)751 suggests should be replaced by "exeray" an" accordinc

to Tribus [19751 by "esser'y . rry [19721 uses the exressin

"thermodynamic potential" for the 'nction and inter re s

this as the scarce resource, where ' is "energy" (i e includinc

other energy than internal energy only).

For our purposes, the definition given by Baehr is completely

general and the term "exergy" therefore is preferred. It might

also be noted that despite the high generality of E as given

by (3.53) it still can be generalized further, e g by departing

from a more general version of Gibbs' fundamental equati n
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including terms for the flow of electricity and the occurence

of a chemical reaction [Yourgrau, et al, 1966, p 14]:

TdS dU - dq + (3.59)
i=1

where ¢ is the electric potential, q the electric charge,

the affinity of the chemical reaction and z the extent of

this reaction. Eq (3.59) will be applied in section 5.4.

This w-ill provide us with additional terms in the exergy func-

tion. A different line of generalization is commenced in the

next chapter, i e to study the exergy potential of a system

of several finite sources with no initial reference to a civen

environment. In chapter 5 this approach is followed up in

further generalizations.

3.5. Examples illustrating the exergy concept applied to

energy transformation processes in practice

In recent years there appears to have been a growing interest

to analyze exergy flows pertaining to various processes in

practical use rather than only energy/heat flows. Also the

Swedish nationwide consumption of exergy from different
sources and for different purposes has been given attention

[Eriksson, et al, 1975, 1976]. In this section we give refe-

rences to a few examples of such process analyses described

in literature.

Simple chemical processes such as the burning of coal, or
rather, the oxidization of carbon, the chemical reactions of

which are:

+ 2 1 (3.60)

+ 02 * C$ 2  (3.61)
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yielding carbon monixide or dioxide, or the burning of

lime:

J 2 . 22 ? + 2 (3.62)

are found in Grassman [1961], Baehr [1962] and Rant [1969].

-he analyses of such processes have shown that the exergy

potential of the fuels in question may differ as little as a

few percent from their upper heating levels, i e the difference

between the sum of the input molar enthalpies of the reactants

and the similar sum of the output molar enthalpies of the

products. In a fuel cell, an isothermal, isobaric oxidization

of hydrogen would permit all chemical energy to be transfcrmed

into work in the theoretical reversible limit.

Various processes involving steam have been given attention

in, for instance, [Rbgener, 1961], in which the exergetic

losses at different stages of a system of coupled turbines are

analyzed. Rant [1961] examines the preheating of air and in

a later article [1969] gives detailed descriotions of the

exergy flows involved in the Solvay process for the production

of sodium in a Klinker-oven process and in a beat sugar factory.

Louw [1975] gives an overview cf processes involved in a Rankine

steam power plant, in an open-gas turbine plant, in a Linde

liquid-air plant and in a refridgeration plant based on examples

previously given in literature. Berg [1974] presents a "second-

law analysis" of the ammonia-absorption cycle for a refridgeration

machine. Ga§paroviC [1961) provides an overview and a biblic-

graphy covering the period 1889-1961 (mainly papers in the

German language) concerning a variety of applications.

The exergy efficiency (second law efficiency) of a number of

processes in practical use have been estimated. The list given

in table 3.1 is an aggregation from £ouw, 1975, Rant,1969,

Keenan, 1932, Berg, 1974].
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Process Exergy
efficlencv 

Open hearth furnace .45

Modern boiler .72

Otto engine .68

Diesel engine .72

Gas turbine .56

Rankine steam power plant .40

Open gas turbine plant .26

Steam turbine (resuperheated,
feedwater heated) .82

Power plant (turbine-heater-
condenser) .73

Adiabatic burning of coal
(with regenerative preheating
of air) .68 - .83

Kiln operations, lime burner .25 - .63

Vacuum furnaces .25

Refridgeration plant .28

Liquid air plant .15

Air separation .13

Sodium process .13

Watergas production .67

Cement production .31

Sugar plant .40

Paper mill .10

Thermoelectric generator .35 - .50

Thermionic generator .10 - .30

Magnetohydrcdynamic generatcr .60

Fuel cells .90

Radiation cell .10

Domestic space heating
(electrical) .03

Domestic space heating
(gas, oil) .07

Water electically heated
to boiling roint .12

Table 3.1. Various estimates of exergy efficiencies taken

from literature
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CHAPTER 4. EXERGY POTENTIAL OF THERMAL SYSTEMS

4.1. Introduction

In this chapter we derive expressions for the e.i -rg. -'o

of a system of heat sources in a few different cases. These

sources will be characterized only by their temperatures and

their cotential to produce or receive heat. Other source

properties such as pressure etc are not considered. A syster.

of sources, the state of which is fully determined by speci-

fying all temperatures, we call a :7 ,er all s+sten. Some sources

may act as sources proper and others as sinks, depending on

the circumstance. We adopt the sign convention that a heat flow

o is positive if it is directed towards source i and necative

when it flows in the reverse direction.

In a first model is treated the case of a system of (N+) finite

sources, each characterized by a heat capacitv and an initial

temperature. Each heat capacity depends at most on the prevalent

temperature of the source itself. By letting the heat capacity

of one of the sources increase beyond all bounds, we obtain our

second case, i e the case of .' finite sources and one infinite

source, and as a third case we analyse a system of '+1; infi-

nite sources, each of which has some limitaticn as to its

capacity to leave or receive heat flows. The economic counter-

part of this treatment is given in sections 7.2. and 7.4.

4.2. Exerq, potential of a system of fint sources

We consider the existence of a system of N+.) heat sources

having temperatures ,. at some point in time -, and

given initial temperatures &., -, ,N, at :-. Between each

pair of sources a heat engine is inserted. Altogether there are

N(,V-1)!2 such engines. Engine (i,j,' is coupled to sources I and

: The sources are characterized by their given heat capacities
(at constant volume) .. (2,.). B c

we adopt the condition that -">j.
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When engine ( ,j) is in use, during a short time interval it

produces the work ,W.. and generates at least a minimal r of

dS.. this quantity being a given characteristic of the engine.

Heat is taken from one of the sources and delivered to the other.

The quantity d.. is amount of heat given to source ,, if posi-

tive, and taken from source i, if negative, and dji heat given

to source j if positive, and taken from source j, if negative.

Figure 4.1 illustrates the flows pertaining to engine (i,j,.

Source-
T.

dQ.dij

Heat dW..
engine
(ij)

T.
Sorce$ \

Tigure 4.1. Energy flows related to heat engine i

Applying the first law, the work produced by engine (i,f) is

given by:

dW - -dQ. j<i (4.1)

and the total work dW from all engines may therefore be written:
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r 1 .7 E Jd- d ,
a- (d. .+d,.j - a.,. (4.2)

i - " = 4 ) J " i= j= '

where we have adopted the conventions that the undefined quanti-

ties dW_ and d.'.., for all ", are zero.

For each source, its heat in- or outflow affects its temperature

according to (cf (2.26)),:

SdU'. =i('j.)dT, = : di = 3,1,.. .,.7 (4.3)

and for each engine, its ability to produce work is limited by

its entropy production, which is at least the minimal quantity

dQ. di..+ > dS.. j<i (4.4)

The problem we are to study is to find the maximum total work

extractable from the system, given the entropy limitations (4.4),

i e to maximize:

sva~e s ,te- -in 'a f/ aa Z (i:

WdW - - .=- [ c. d (4.5)J J' =-J'=

subject to (4.2), (4.3) and (4.4), the j*. being final temperatures.

The total minimal entropy production of the total system *5

during a short interval (*,t+it) is obtained by adding dS.. over

all engines:

N IV
dS = E i dS. . Z- Z S..(l )d, = Sdt (4.6)

4.3
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where we have introduced the convention that dS.. = dS.. for i<j

and dS for all ;. This implies that the summation in (4.6)

takes place twice over all engines at the same time simplifying

the formulae. In (4.6) S..(t) refers to the given instanteneous

minimal rate of entropy production of engine (i,j) and S to the

associated minimal total rate of entropy production of the

system as a whole, i e S - etc.
ij dt

It is shown in the theorem in section 4.2 that the problem to

maximize W in (4.5) subject to (4.3) and (4.4) is equivalent to

maximizing W in (4.5) subject to the following total entropy

constraint:

N ci(T.)dT
T." > dS (4.7)

or with time t as the only independent variable:

N c (Ti Ti A
E > (4.8)i-O Ti .

where Ti is the instantaneous rate of change in temperature 2.

at time V.

We therefore attempt to find all T. as functions of time such

that:

W - dt (4.9)

0

is maximized, subject to (4.8). Let us solve this problem by a

variational method. Introducing a Lagrangean multiplier function

_(t)>0, we form the Lagrangean:

IV Nr T )L - J ci(Ti)T dt + a(t)( Z S)dt (4.10)
i=0 i= T i

0
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A necessary first-order requirement for a constrained maximum

is that the first variation of the associated Hamiltonian is

zero:

for all i (4.11)

where:

N 21 c.''.i) •.
C S (4.12)

i=O i g

Differentiating this function yields:

3 3H c (T .
- - (4.13)

3T i  d; T Z i

since all other terms cancel out due to the linearity in

All capacities ci (2'i") are positive implying from (4.13) that:

a= ConS (4.14)

Since this multiplier is constant, it can be taken outside of

the integral in (4.10), enabling us to write the Lagrangean in

the form:

L = - j + a(

where -ai ) (4.15)

;where is a primitive function of c interpreted as internal

energy, S. a primitive function of c.:71 interpreted as the

entropy of source i, and where S, is total given entropy produc-

tion. In the right-hand member of (4.15) all refer to final

temperatures alone, which means that L depends only on initial

and final temperatures, due to the fact that the integrands in

the middle member contain exact differentials.
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The necessary maximization conditions require:

~0
T . ) Z: -) ,0 -o .... ;

"-S, - S > 3 (4.16)

.1.)

(I >

where equality holds in the latter inequality when a>0 according

to Kuhn-Tucker requirements.

From (4.16) we find the final temperature T. to be equal for all

i and equal to the multiplier a:

a = T. > 0 for all i (4.17)

Hence:

7 Si(a) = Z Si(T.) + S (4.18)
i=Q

Writing S(a) for the left-hand member of (4.18), we obtain the

following dependence of the final temperature on .311 initial

temperatures:

a S( S(T) + S) (4.19)

which is unique, since all D. are monotonically increasing, being

primitive functions of positive functions.

Hence the maximal work extractable from the system under consi-

deration will be:

N N

Wmax E- 2-( (i i-U() (4.20)
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The second-order sufficient condition for a constrained maximum

of W is that YL L < , for all dT. which are not all zero and

which satisfy the constraint - -- Computing 

we find:

N dc.. C; N dT.
-- -;-"T- + 2iN 5  (4.21)d d- +  +-,.. f --

Si=O i i=0 i

which is negative at least if the marginal change of each heat

capacity does not fall short of -

Since a>) the entropy constraint in (4.16) is effective which is

typical of this class of problems. Let us examine the effects of

marginal changes in the given parameters " and . ,.

A marginal change in S by 31 creates a change in the final tem-

perature by (4.13) amounting to ,a:

,V N c ,(c) SW ^
lax

Z6S.(La) =- -= :' (4.22)
= a

Therefore the multiplier may be interpreted as:

wa
a a (4.23)

-S

which implies that the maximum work output and entropy production

are related inversely and that this dependence is more sensitive,

the higher the final temperature is.

Also, by assuming a marginal change 6I'. in the i initial

temperature T . alone, we find from (4.18) that:

N c. ;'a) c.(TJ
6 - 2 . (4.24)

iOa - O

-i

and therefore by (4.20) that:

N

6W - 7 ci(A)6a - 7 .(7')(1-). (4.25)
max = 2- " 2 2- 5 T. 4
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Hence, if there is a rise in ., i e 571>), the maximal work

output will increase if T'. is above the final temperature a

and decrease if it is below, auite as expected.

From (4.23) it is evident that the work output will be its very

highest for a zero entropy production S=O. Therefore the exerq-.

potentiaL of the system will be:

"I .. (,r.I ( E (4. 6

(S=O) = (i(T-)-U.(S-( Z S )max)
i=O j=: J

This is the most explicit expression we can find for the exergy
content in the case when heat capacities depend on temperatures

alone and no other source characteristics are considered.

When all heat capacities are constant, we find simple expressions

for the primitive functions 7.(T.) and S.(T.):

"T' = c.T. + const

(4.27)

S(T.) C . Lag~ 2. + cconst

Inserting this S. into (4.18) and solving yields:

TT T. e (4.28)
7-

where:

N

c = c. (4.29)j=-O J

and by (4.20) and (4.26):
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;v. -_" . - - - -. - (4. >9)

_ ~r =7 " " (4 13,

-
3 (4

Up to now we have treated all .7+ heat sources on an eou~i

basis applying the symmetry principle, and it is quiite clear that

our resulting expressions for I, X and B in (4.19), 4.20),

(4.26) in the more general case, and (4.29)-(4.31., in the c:nstant

capacity case, are symmetric functions of the :airs of scurce

properties I, 2). Let us now in.vestiaate conseauences o7
forcing one of the sources to become irf:nite, say the sc.rce

with index 2. Hence, we shall stud, the beha-: "cur f k..4

(4.20) and (4.26) when c-7)- .

The two members of (4.18) both tend towards . nfnit% when 2

Let us assume that <:- increases uniformly by a factor r an'

let r- . Viewing azr) as an implicit function of ', (4.13) for

any finite r, may be written:

-+ * .,.'ar)) = rS " ,+ (4.32)

Total differentiation with respect to yields:

rc,'a/r)) + + c"- ) +S , .,r ) -43,.33 )2 4.3.t i=I t afr) "O

Since the first factor appearing in (4.32) is positive, we must

have - ->O when x(r)< and vice versa. This there is a monotonicr 'j.
tendency for a to approach T0 as r increases. Hence af() is bcun-

ded for all r. Rearranging the terms in (4.33) and intearating,

we obtain:
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a Iir ' - - . r,,
2jJ 24') =J . ( . 4

Since the integrand behaves as r for a larce r (apart from the

bounded numerator), the numerator must tend towards zero as r

increases in order for both members to remain bounded.

Hence we have:

m 2 = .im ".r - (4.35)
C _-00 r -c

which means that the infinite "environment" temoerature coincides

with the final temperature, quite as expected.

In order to find the limit value of W as c ,) we first find

that all terms in (4.20) behave regularly as a- , except the

term for cz, which behaves according to:

f r)

-_z ... .c,, (:; ,c .rJ- )_ (4.36)

- S

Solving for r in (4.32) and inserting this r into (4.36) yields:

~ (5.v.,,-S.'cJ ) + S

- zir cOj2 1 ) .2--T.) ...
S c) 3(2T)

,7

Z S)(4.37)
- (Si()-Si( )) - 5).3
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Hence we -Itain the two limiting expressions:

-7. --.- ^

" " : : : '.. i; ; 1 + .- -. 2 -'. : . , (4 .33!

.. - .. (4.39)

In this case with one infinite source, we may therefcre write:

W 4 40)

The maximum work output is thus, as alwav, limited to the exergy

potential 5. Of this potential the amount 7's is lcst due to t"e

entropy production in the extraction process. The iinear-=y

between lost work 7<S and 3 rests heavily on the infinity ass'unc-

tion concerning the environrment, but is evidently indeuenden._

of the possible dependence of heat capacities on temoeratures.

In the case of constant heat capacities we apply (4.27) to (4.23)-

-(4.39) and obtain:
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T T E ( I g (4.41)
max i=

E ' (4.42)
in0~ '7''

which in the subcase of one finite and one infinite source become:

w- O -o -4max TO TO

o 0

TO  T9 ... .

E = Tc 0( , - 1 - lcg - ) 7 (T (4.44)
0 1 ,,0T9 T'

where g(') is the exergy function, cf- (3.39). Eq (4.44) is an

expression derived elsewhere [Ford, et al, 1975, p 46]. Due to

the "every-day" association of E with the single finite source,

E in (4.44) is referred to as "the exergy of the object", i e

a property of the source with respect to its constant environ-

ment, although this association in fact is incorrect as argued

earlier, since it violates the symmetry principle (cf section 1.3).

Figure 4.2 illustrates 3 as a function of T T accorCding to

(4.44).
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A Exergy function
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Figure 4.2. Exerav as a function of the initial termerature

of the finite source in the two-source case with

an infinite environment
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4.3. Proof of the equivalence between the solution to the non-

aggregated and the aqgregated extraction problems

In the preceding section we started by formulating the problem

to maximize:

W = - J ci(.)dT i  (4.45)
i=67T

subject to the constraints:

N
c(T(.)dT = Z d.. (4.46)j=O

dQij + d
. > dS.. (4.47)

but instead solved the simpler problem to maximize W in (4.45)

subject to the single constraint:

N c.dT.
Z 7 > dS (4.48)

i.=

where dSi.. are given differentials for i> and ; the sum of all

such differentials. The problem solved may thus be looked upon as

an aggregate problem in the sense that one heat engine produces

all work and is fed by (or leaves) heat from (to) all sources

simultaneously.

This section will be devoted to proving the equivalence of the

aggregate and the original problem. In order to simplify our

formulae slightly, we introduce the abbreviation:

z idTi i=O,2 . ".N (4.49)
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Since the objective function coincides in both problems we shall

compare the choice opportunities available according to the two

sets of constraints.

In the original problem, at each point in time we are to choose

an array z~z~,z ,. . .. ,z such that there exists an array d,.'i,

-* . that satisfies (4.46) and (4.47), and in the

aggregate problem a similar array z that satisfies (4.48).

Let us therefore define the following two sets:

Z _ 1- For each i,j there exists 2.; ;at sati ' - 's .es
(4. 4 6 - 4. z'7J (4.50)

ZII {zIz sa isfies (4.43,'} (4.51)

If Z, and Z,- are the same sets, then the two problems are

quivalent. It is easily seen that if zEZ I then also zEZI.

Hence:

17 a Z (4.52)

To show this we only need to add all inequalities in (4.47)

together. The converse is more involved to prove, i e that for

any zEZ,., then there exists an array dci j that satisfies (4.40)

-(4.47)

For the givEn belonging to Z,_, we first compute:

:i z
dS - > dS (4 53)

We also introduce the non-negative weights:

Yij zdSij/dS (4.54)
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Adding all yj together for all i<j, or, alternatively, for all

i>,j, this sum is unity. The sum of all y.ij is therefore 2.

As before we have defined dS,= Sj. Combining (4.53) and (4.54)

we find that y(idS>dS.. for all . If there exists an array

of dQ.j that satisfies:

N
ZQ. . z. for aZZ i (4.55)

+ YjdS forl i,j (4.56)
Ti  -

this array obviously satisfies (4.46)-(4.47). Let us divide the

components of a potential candidate dQ ., among all arrays into

the two subsets, one for index values i>j and one for i<j.

Starting with i=O, we arbitrarily choose values of dQoj, so that

their sum satisfies j>odQ0.Jz . Let 'us now choose d' for

by the equation (4.56) for jzO. This is obviously possible since

these dQio do not coincide with any of the ones already chosen.

As a next step choose arbitrarily dQ2., .j>1, such that their sum

satisfies:

Ed ,41j =z Z dQI  (4.57)
j>1 1

where dQ,, in the right-hand member already has been chosen an.

zI is given. With these d. j chosen, their symmetric counterparts

dQjl are determined by (4.56). Next choose for j>2 arbitra-

rily and satisfying:

Z dQ20  = - dQ20 - d422  (4.58)j>22j 2 0 2

and their counterparts dQj 2 by (4.56), and the process may be

repeated until the last but one subarray dQN I j =N, is chosen,

satisfying:

dQ -I J - dQN 1 j (4.59)
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along with its counterpart given from (4.55):

d :1 ~.v~ -,_(4.60)"' ~ "1 .7-: --. iY .,- .-

It remains to be shown that the last of the equalities in (4.55)

for i-N automatically is satisfied. The procedure outlined has

up to now produced a complete array of dQ-. that satisfies:

N

Z d . = for a Z i"  (4.61)
4=3 -"

U

do
dQ. -Q .

+ f -. d f l ij (4.62)

The values of the z,. are not entirely arbitrary, however, since

they must satisfy (4.53). Adding together the equations (4.62) for

all i.j and using (4.61) when permissible, we obtain:

.+ z. 2/ d .d- (4.63)
._ + - - + zT * + .: T = , ( . 3

i= 0 -N 4 =C j i= T7

using the property of the weights yi,' and therefore by (4.53):

:7

d$. (4.64)

Hence, we have shown that for zEZ._, it is possible to find an

array dQ.. satisfying (4.55)-(4.56) and therefore also (4.46)

-(4.47). This implies that also zE2.i. Thus by (4.52) " and 7-,

must coincide:

Z (4.65)

and the aggregate and original problems in the preceding section

are equivalent.
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The procedure outlined above describing the choice of the di.-
when given an z satisfying (4.48) shows that the solution to

the non-aggregated original problem is not unique. Since the

d,. may be chosen arbitrarily within certain limitations, this

means that such a choice will affect the work output dW from

an individual heat engine. Therefore the solution will not spe-

cify the contribution from different engines to the total work

output. Neither will the solution exactly specify the time oath

of the temperatures involved apart from the requirement that

they and their time derivatives satisfy (4.8) with equality.

This imDlies in the case of constant heat capacities that the

temperatures arranged into a vector at each time t must stay on

a moving surface given by:

3H T (/'t))i  S)
)c' eS ') (4.66)

4.18



4.4. Exerav from merging subsystems

Before proceeding to the treatment of several infinite sources,

we investigate one further set of relationships concerning finite-

source systems. Let us assume the existence of several systems

of heat sources, or equivalently, several subsystems of one

overall system, and that these subsystems share no common source.

For each subsystem we may compute its exergy potential since

they are isolated. We investigate the relation between these

potentials and the potential of the overall system.

Let the set of indices i*=(9,1,.... ,.} pertaining to all sources be

partitioned into V'4 mutually exclusive subsets I2,I2... ,I., each

corresponding to a subsystem, and let Z" denote the exergy and

ak the final temperature of subsystem and Sk the given minimal
entropy production of the subsystem in isolation:

O Lk

E - 7 f ci(Tjd2 (4.67)
k iIk T0

where ak is determined by:

S )= S<~.T + S+ (4.63)
k£i< iEik

Now let all systems merge, starting out from their individual

final temperatures. The additional exergy potential will be:

M

ci(gi)dT. (4.69)
k=1 iEIk 'k

kk

where a satisfies:
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M ^
4. kZ (ak + AS -

k -2 iE-k E= kE i

- 'k(

r ( . T.'. + S k )  + AS (4.70)k=1 iEI k

However, if all sources from the beginning were brought together,

they would have an exergy potential of:

M

ak
7. [

k=i k j0 ET,

where a is the final temperature in this case, satisfying:

E S.(() = E ( E Si20i) + s.) + AS (4.72)
k=1 iEi k k zEr k

assuming that the entropy production will be E S. + AS also
k=1 7

in this case. Since the 3.-functions are monotonic the solution

to (4.70) and to (4.69) coincide, making -=a. Therefore (4.71)

can be interpreted as:

E' = E Ek + AE (4.73)
k=1 <

which is the intuitively correct result, stating that the exergy

of the entire system equals the sum of the exergies of the sub-

systems plus the increment resulting from their potential of

being fusioned.
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4.5. Exergy potential of a system of infinite sources

It is evident from the preceding sections that if there are more

than one infinite sources with differing temperatures, then the

extractable total amount of work must be infinite. In order to

study systems of sources with infinite heat capacities we there-

fore assume given ' carcitl'si t on the in- and out-

flowing heat streams and analyze the relationships between such

flow capacities and exergy (cf section 3.2). Since we also con-

fine ourselves to steady-state conditions, we derive expressions

for the maximum power output, being the rate of work output,

rather than work output itself.

Let us consider a system of N infinite sources, each source

characterized by its temperature -2 - which are constant

due to the infinite heat capacities. Let us also apply an aggre-

gate view to the extraction process characterized by a common

given minimal total constant entropy production rate of S.

Source i is assumed to be able to leave or receive a heat flow

Q. above and below the two capacity limits - and .>J, which

are given parameters. The power output is denoted W and the

exeray rower potential. E. The time derivative dot notations have

thus been omitted for the sake of convenience. Also, without any

loss in generality, all sources are assumed to have different

temperatures.

Our problem is to maximize:

N

Wz- (4.74)
i=1 I

subject to the constraints:

A' ^
SQT. > S (4.75)i=1

< i=,2,...,V (4.76)
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We assume that the upper flow capacity limits are sufficient

to ensure the existence of a solution, i e that . >

Introducing non-negative Lagrangean multipliers a, i, yi for

the inequalities in (4.75)-(4.76), we form the Lagrangean:

N N ^
L Z -+ : J"

- i at' 7 -5) + X BiK..-..) +

.+ (4 77)

Since the objective function W as well as all constraints are

linear in the decision variables ., the Kuhn-Tucker conditicns

are both necessary and sufficient. These are for this maximiza-

tion problem:

Z.+ O -. + Y. ,2,...,3 (4.78)

= Q. - S > 0 (4.79)

2i - 'v (4.80)

i

S+ . > &0 cz=,2,...,NI (4.81)

a" a," Yi 0 i=1,s,...,. (4.82)

with equalities in (4.79)-(4.81) when a, Zi or y, is positive
I

and equality in (4.82) for a, oi or yi when the corresponding
inequality in (4.79)-(4.81) is strict.

From (4.80)-(4.81) we find that either 8. or yi is zero for

each i. We rewrite (4.78) according to:
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- (4.83)

> " y. z and 0,. .- . and a temperature . above i._

lies -(. , . and. <

Si~ 
~ n- 

-- 7n t m e a u e 
.

e o 
-t i rl 

e

An imoortant result is that a must satisf":

. . < . (4.84)

To prove this assLme a contradictory subcase that all 7. were

below a. This would imply Z S > 3 and a= according to

capacitiy assumption, which contradicts all temneratures being

positive. Hence all temperatures canhot lie below a. Assume

instead the other contradictory subcase that all temperatures

are above a. This implies the contradiction - - >

Hence, neither can all -i lie above a, proving (4.84). The mul-

tiplier C therefore represents a mean temperature just as in

previous sections. As a further consequence we note that a >

which implies:

This means that as small an entropy rate as possible is Produced,

as in our former cases.

Furthermore let us assume that a * 7. for all i. This would imply

an equality of the kind:

- Z . + " (4.86)
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where ' and E" denote summations over a subset of hot and the

compiemenrtary subset of cold sources respectively. This would be

in contradiction to the independent choices of given capacity

limits ±i" '. and entropy rate S (i e an unprobable choice of

parameters). Therefore, in a general case a = T, for some

In order to find a procedure for determining a, i e the mean-

valued source temperature, we note that we must have an equality

of:

a (4.87)

when Z' sums terms with 7. above a and Z" terms with T. belcw
a, and where 'a denotes the positive or negative flow of the

source having the temperature a. Also from (4.86) we find that

if -a takes on its maximum Q or its minimum Q the following

inequalities hold:

-,' i " i < S .^ - ,, -i

+ < S < - E'.T. + f (4.88)

where , includes all hot sources, counting a as a hot tempera-

ture, and V" all cold sources, counting a as a cold temperature.

Since the left-hand and right-hand members both increase as a

runs through different te nierature alternatives from cold to

hot, a temperature a will eventually be reached satisfying

(4.88) at which point the solution according to (4.87) is obtained.

This solution is unique since two different alternatives cannot

satisfy (4.88) simultaneously.

Inserting the solution into (4.74) yields:

W z ' - Q - Z" = "'(1-a7. 1 j . -
max -21 a ~

Z a(4.89)
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which is the maximum power extractable.

Clearly from (4.87) we see that the choice of a and therefore

the entire solution depends on the rate of entropy production 3.

A great increase in S alone would require more "cold terms" in

2" and less "hot terms" in 2'and a higher a. Therefore the term

aS in (4.89) cannot by itself represent the difference between

exergy potential and maximal work output. However, if we solve

our problem with S =, we obtain the exergy potential as:

- C-a T- E ( - (4.90)

where a 0 denotes the solution in a for S 0. This expression

should be compared with (3.3) and (3.7). The first term concerns

optimal negative flows 0i -i and the second sum optimal posi-

tive flows = All terms apparently yield positive contribu-

tions (for T. * a) to Wmax except "fost work" aS. If there are

only two sources, and a takes on the temperature of the cold

source (4.39) reduces to (3.2), and in the opposite case when

a is the high temperature (4.89) reduces to (3.6).

From a marginal change in 5, we find that:

-a < (4.91)

Since a changes upwards in steps as S increases, W as a
A max

function of S alone behaves as is illustrated in figure 4.3.
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. aximum
power output
W
max Slope= -a

Minimum
entropy
production

Figure 4.3. Principal form of maximal power output Wmax as a

function of total entropy production rate S

Also, for marginal changes in for sources with temperatures

above a and for marginal changes in 0. for sources with tempera-

tures below a, we find:

mazx- 2 > (4.92)

m1axT - 2 (4.93)

whereas:

aw aw
max max _ (in general) (4.94)
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These equations show that capacity increases (downwards) for hot

sources as well as capacity increases (upwards) for cold sources

will result in a higher maximum power output.

Let us assume that the capacity of one source increases be-

yond all bounds. This would be equivalent to omitting one of

the right-hand inequalities in (4.76) resulting in the disappea-

rance of the corresponding 2. in (4.78). Since . : 5, we obtain

from (4.78) that a < T.. If this source is hot, the increase in

4. would have no effect. However, if the source is cold we must
conclude that a z T., i e that the mean temperature will be that

of the source with infinite capacity. Similarly will an increase

in Q. beyond all bounds for a hot source automatically require

a = T.. Hence our maximization problem lacks a solution if the

restricting capacities of two different sources simultaneosly

increase beyond all bounds, which means that in such case an

infinite amount of power is available. In cases of one infinite

capacity source, this source may conveniently be interpreted as

"the environment".

Let us examine the simple case of one hot and one cold source,

the former having temperature T2 and the latter temperature 7..

From the foregoing it is clear that 77 < a < .2. From our Dre-
vious results it is easily found that when 0 7. < S

we must have 7 = 2, when - W > S we must have a = 7

and when the coincidential case - -_ - obtains, we
must have < a < T,. In the first case 3, > 0, y, = = =

and the solution is:

Q, Q,

{Q2  T 2(S-Q 1 T1/ (.5(T ' (4.95)

4.27



In the second case 3, = = = 0, > 0, and the solution is:

= 7'(S+QT

=-Q, (4.96)

2 2 -2

and in the third case y= , , > " y2 > C and the solu-

tion is:

2 = -_*(4.97)

1-2 ) = 2(-. 7 TV)

In the first case the power output is limited by the ability of

the sink to absorb heat, in the second case by the capacity of

the hot source to deliver heat and in the third by both of these

constraints. When the cold sink determines the limit the "environ-

ment" temperature is that of the hot source a = 2' and when the

hot source determines the limit, the "environment" temperature is

that of the sink a = T. If both happen to limit simultaneously,

the "environment" temperature is undetermined apart from lying

in the interval 9Ti, 72 ].
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From this simple example it should be quite clear that there

is no ambiguity when defining what temperature to choose as the

referential temperature when computing the exergy (apart from

the improbable third case when the choice is immaterial)

When the environment is the sink, as is usually the case in

practical applications, i e ot= T,, we obtain the well-known

Carnot-engine formulae:

= ,£- 2" S (4.93)

W (1-T IT ) lQ i (4.98)

maxE_ 1- (4.99)

Here W mxrepresents the actual power output of an irreversible
engine and E the ideal maximal power output of a reversible

Carnot engine.
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CHAPTER 3. EXERGY POTENTIAL OF A SYSTEM OF IDEAL GASES AND

OF MORE GENERAL SYSTEMS

5.1. Introduction

In the foregoing chapter we presented a rather extensive analysis

of a system of heat sources and the relationships between proper-

ties of the system and the potential amount of work that, from

a theoretical point of view, can be extracted from that system.

The sources were characterized by temperatures and heat capacities,

depending on the respective temperature, i e by a single state

variable for each source.

In this chapter we first introduce a system in which the sources

are given two independent properties, temperature as well as

volume (or pressure). The sources are interpreted as ideal gases

contained in interconnected tanks, the total volume of which is
a given constant. Mechanical work may be extracted by two means.

On the one hand, hea c nis may be connected between each pair
or sources, by which work is extracted, and on the other hand,

there are dvicn-c ind.r diies pneumatically connected between

each pair of sources, also for extracting work.

The problem we are treating is to find an expression for the

maximum total amount of work that may be extracted from the
system, when given all initial temperatures, all heat capacities
and all initial volumes of the sources. Since we are dealing

with ideal gases, we may equally well have used initial pressures

instead of either of the two chosen given properties. The system
to be analyzed thus is still a very simple system, deliberately

chosen so for demonstrative reasons. A corresoonding economic

system is treated in section 7.6.

In the final sections of this chapter generalizations are made

also towards general abstract systems. As a final item is given
a proof that the exergy formula (3.53) for a constant environ-

ment case is invalid for systems having a finite environment.

5.1
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5.2. Basic relationships

We consider a system of (.. +) heat and volume (pressure) sources

(elements). For the ith element, = , , . N, its state being

characterized by pressure, volume and temperature alone, its

internal energy U would be a function of temperature T. and

volume Vi., U.(r, V), but for an idea gae specifically, U. is

independent of V. and a change in internal energy d iK. is therefore

4 determined by a change in temperature alone (cf (2.26)):

aU.
dU. dT. = 2.(T.)T. (5.1)

Where c. is heat capacity at constant volume. Furthermore, for

an ideal gas, the universal gas law (2. 22)is valid:

ai.V. = n.RT. (5.2)

where n is the number of moles of gas occupying the volume '.

and where R is the universal gas constant.

Let us now consider a pair of sources with indices I and j as

is illustrated in figure 5.1, also explaining index conventions.

Between these sources are coupled, on the one hand, a heat engine,

and on the other, a piston-cylinder device. These two devices

are denoted (i,j). As before we use the convention that ij for

all devices preventing us from double counting. Altogether there

are V.7(+1)/2 devices of each kind.

Piston/cylinder

d4. Heat engine ;

Jw. i
Figure 5.1. Devices coupled between sources i and j
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We let d,., denote the amount of heat leaving heat engine :i,'

to source i etc, which gives us the following expression for the

work extracted by the heat engine:

dw-.. d. - dr.i (5.3)

The total amount of heat entering into source i is denoted by:

2  = dQij~ (5.4)
Sj=C G

and the total amount of work extracted by all heat engines may

now be written:

dW- z z (- . + d-..)
j=J i< - CJ-

.7 N N

S- z dQ. = - d~ (5.5)jo 4=0 j=j

where the convention dQii = 0 is adopted.

The piston-cylinder devices are considered to work adiabatically.

Therefore any entropy changes due to their operation are caused

by irreversibilities. The differential work produced by piston-

cylinder (i,j) written dWj equals the sum of reductions in

internal energy of sources i and j, which in their turn may be

expressed in terms of volume displacements and entropy changes
(cf section 3.2):

dW.. = dYij - T.ids.J + ci.d.. - , .'r i < j (5.6)

where dVij = -dVji is the volume displacement as seen from source
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i and dSit the entropy flow into source i from the device etc.

The total change in internal energy of source i is obtained as:

-. .. ... 1, 1- (5.7)

and the total change in internal energy of the system as a whole:

.7 .7 .. N

E(dQ i - a.d.. =dSZ. ) = 2 c.(T.)dT_. (5.8)

We introduce the notations d7. for total change in volume of

source i, and dS 1  for total inflow of entropy to source
IiN

Since the total work extracted dW + :Wi equals - z d u.,

using (5.5) we obtain:

N N

dW- Z a.dY. - 2 T.dSH (5.9)

for the total work delivered by the piston-cylinders where the

last term is entirely due to irreversibilities and:

.7
dW Z - 2. c.(T.)dT. (5.10)

for the total work from all piston-cylinders and engines. The

integral of this differential is to be maximized subject to the

second law. We take a similar aggregate approach to the entropy

constraint as in our treatment in section 4.2. The total entropy

flow into source i from the piston-cylinder (entirely irre-

versible) is obtained as:

du.- dQ. + adV.

dSU 7 - di __ a (5.11)
T.
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and the total entropy production of heat engine .,:, written
7

.. 9 " "(5. 12)

The total entropy gerenati.on is obtained by adding these amounts

together over all sources and engines:

4 . dS +: :aS + "

+-"- i2 j= " z=

2 d, .7 LU. + d .
+ '- + = , (5.13)

d~ S

Our entropy constraint will be interpreted in the manner that

the total entropy production (5.13) is required to be at least

dS, where dS is a given differential parameter describing the

minimum possible entropy production. Using (5.1) - (5.2) we

therefore write:

Y r,. N d7.
Sc. + R. 7 . S (5.14)izO - i2. . -iz=O

5.3 Exergy potential of system

The problem for us is to derive an expression for the maximal

total amount of work that is extractable when given all initial

temperatures and volumes. Our objective function is therefore:

N N
f - ci'i)dT' z - 2 J c.(T.)2 dt (5.15)

,=J 0 i=o 0
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to be maximized subject to the constraint (5.14) which is

written:

IT A, A

+ R i  i r)> sd (5.16)

where dots denote time derivatives, and to the new constraint:

^ .7;
/ - Z . = 0(5.17)

where V is the given total volume of the entire system.

Introducing the non-negative multiplier function a asscciated

with (5.16) and multiplier 3 with (5.17), we form the Lagrangean:

.,--Z Jc.?.dt. + Z c

f: c.Lt 1 (C..Z +

V. N
+ Rn S) dt - f Z .4t (5.18)

The Hamiltonian of the problem will then be:

H - = T + i - r n - J  - '  (5.19)

The necessary Euler-Lagrange conditions are then:

C.
H_ * 7 0 ,ji -'1,..., (5.20)

aT.

___ d H *R -- - ; = 0 i=C, 1,. . (5.21)
TV7 dt v. -

av.
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which imrediatel' shows that:

,-x z - (3.22)

implying that the constant multipliers t and 2, similarly as in

section 4.2 may be taken out of the Integrals in the Lagrangean,

permitting us to write:

--- - . +- ." -

-(- (5.23)

where , . are initial and 7_, 7* final values. The

necessary Kuhn-Tucker conditions now become:

7 - - ,.... ..... (5.24)

_- = -- , i=O,"... ,. (5.25)

(I-K--+R - 3 "> 3 (5.26)

7- " "
7"

"-. :(5.27)

and a > 2, where a > 3 yields equality in ( 5.26). In (5.26) S

denotes total minimal entropy production. These relationships

show that all final temperatures are equal and that all final

specific volumes are equal:
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(5.28)

- - , , ... "1(5.29)
n. 3

Also, since a'. >2, we have equality in (5.26), with the conse-

quence that the total entropy production is the least possible.

Using the abbreviation:

N
n. (5.30)

we obtain the value of the second multiplier as:

3 = (5.31)
7

We introduce the primitive function 3 of -. ) which

coincides with S,;(T)when temperature is the only state variable.

Eq (5.26) then gives us:

£ 'G.(- ) - G . ) + l -- i ) -S (3.32)

from which we obtain the mutual final temperature:

"+ ' -. - (5.33)

where G is the inverse function of Z G.(a). The final

volumes are obtained as:

V. (-5 , =O),,...
n
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i e as the molar share of the total given volume. Inserting

our exoressions obtained into the objective function (5.15)

gives us:

.(5.35)

where a is given by (5.33)

It might be of interest in this context to make a brief

comparison between the final temperature as given by (5.33)

and the one determined by the similar model in section 4.2.

The difference between this expression and that of (4.19).

is the middle volume-dependent logarithmic term now present.

Since J and therefore 3 are monotonically increasing func-

tions,if this term is negative a will be lower in (5.33) than
in (4. 19) and vice versa. We write this term in the form:

r. /n

Under the constraints Z . = n and 7 7, this function

will have a unique maximum with the value zero. Therefore,

in general, this term will be negative and only if all spe-

cific volumes . are equal to start with, the expression

will be zero-valued. Hence the presence of the middle term in

(5.33) would contribute to a lower value of a and therefore

a greater Wm, quite according to intuition. If work can be

extracted both by heat interaction and by equalizing pressures

in the system, then the maximal amount of extractable work

cannot fall short of the similar amount obtainable if only

one of these alternatives were avialable.

It is also clear that a higher positive S in (5.33) contri-

butes to a higher temperature, and that reversible heat engines
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would provide the ideal maximal work output. Hence the exerg..

ontiaZ of the system will be:

J)- -~
- " V¢ : 1 o " J

-' ) (5.37)

Up to now, all sources have been treated symmetrically and

it is evident from inspection that the expressions derived

in (5.35) and (5.37) are symmetric functions of the source

properties (T', V~i n.). We now investigate the effects of

increasing source 0 infinitely, giving it the interpretation

of an environment. This process will be somewhat more involved

in the present model as compared with the one in section (4.2).

The reason for this is that if only the number of moles n-

of source 0 were increased, then the volume of this source

would either have to be increased indefinitely or its

temperature decreased to zero, according to the universal

gas law (5.2), if its pressure is to be kept at a finite level.

For our purpose, it appears more natural to choose a case

with an infinite volume, and finite, non-zero values of

pressure and temperature, rather than an environment of

zero temperature or of limited volume and infinite pressure.
We therefore choose a process in which z,,, c. and V. tend

towards infinity, which also implies that -i as well as i in-

crease beyond all bounds.From (5.2) we thus have:

V 0  = - n (5.38)
0 LI
0

where and are initial temperature and initial pressure
-0

of the environment, to be kept finite, and where n0 and there-

fore V0 tend towards infinity. Also the heat capacity of

source 0 tends towards infinity, which we write:
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S- . " (5.39)

where is the molar heat capacity assumed to be kept finite.

We now take a look at (5.33) in order to study the behaviour

of a as nj tends to infinity. The middle term of the argument

obtains the following limits:

-N I

Zi,- (5.40)

A

where we have used lHooital-s rule in the case of z , since

the term behaves as ... Hence the middle and third term S
in (5.33) are finite in the limit. Using the representation

in (5.32), the first sum will be kept finite only if a - T,

due to the term:

6 , -. . , .,, (5.41)

which obviously requires 'L- = a Therefore (5.32) will behave
n

according to the following formula as -

f. " 1 '-

l ', O7 + ( .('T) - .f .) - - +

nO 0 j=

L Vo 0 (5.42)
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In this e.,ression the first term behaves as i' -i," (-T 1,

n ,.-O

and in (5.35) the fi.rst term as lI' c : Therefore, in

the limit we have the following maximum work output:

rn W(. (T) +
max . -

00

" T G' (() T G.r -z~'- .
i-j

I 1'

0 3

" --. S (5.43)
RT n.

The formulae may be simplified somewhat by noting that all

specific volumes V/n are the same at the final state. For

the environment we have the constant specific volume:

V9 0.,
V RT1

Lim - (5.44)

n O 0

Using this relation, (5.43) becomes:

N0

n co
V V.r G (T -o 0 )) r 0 S (5.45)

0 0
V V0

where v. denotes the initial molar volume of source i. In

the special case of constant heat capacities we have U. = c n.T.
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and therefore, for an infinite environment:

-,.a - " - -. - -

- "J

- , , ,

- 7- " J"](5.46)

and:

-,I E TT n c -1'( . 7

j,.

where ,(xJ) - I - ,- x is the exeryj function, cf figure 4.2.

When there is but cne source apart from the environment, the last

two formulae become:
'1

S x -- + -i - j (5.48)

i~m T n ,On ( t- +1 J/) ( 5 49 )

n -T 0 V0

This last expression is-found in literature, e g in [Eriksson,

et al, 1978] and was derived differently also in section 3.2.

Reverting to the symmetric case with all sources finite, we

investigate into the relationships valid in the case of

constant heat capacities. With constant values of c

(5.33) may be written out explicitly:
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= n "-- (5.50)

i -4

where i... whizh shows the final temperature to
1- -

be a geometrical average of the initial temperatures corrected

by a factor depending on initial specific volumes divided by

final specific volumes and by a factor taking account of the

total entropy production in all heat engines involved. The

maximal work output and exergy potential in this case are:

4N

= c.( -a) (5.51)
max i=

E = (5.52)

where i. is the value of a according to (5.50) for S = 0.

In order to study the effect of changes in parameters on the

exergy potential, we differentiate (5.33), which yields:

(C2. 6 (5.53)-. = (c. " + Rn.(- .) + 6S (.3
jzQ i= .L T. V. 7

0 73

For an isolated change in 7 by 6V.. and a simultaneous change

67 by the same amount we obtain a change in a in the same

direction, since 7 - > V _. Therefore volume increases have

an adverse effect on the exergy potential, since the final

temperature then increases. If, on the other hand, V is kept

constant and an increase in 7. by 67 is compensated for by

a decrease in 7. by ;74 - 67., we obtain that 5a > 0 when
n.V. -<n.V --and ci < 0 in the opposite case. Therefore an

increase in a volume with a small specific volume combined

with a decrease in a large volume with a high specific volume

will decrease exergy and vice versa.
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An isolated change in one single initial temperature " by

6T.. changes a by :T/12 (".) T./. and E by:

E = (1- -i - Z .. .(5.54)

E will therefore increase in T' when T. is above its geometrical

average and decrease when it is below this average, exactly

as in section (4.2).A large number of other effects of para-

meter changes are possible to analyze, but are omitted.

5.4 Exergy potential of more general systems of sources

As a final case we investigate a system, the (2+1) elements

of which are characterized by a number of different properties.

To the jth element, j = ,I,....N, is associated an internal

energy U. which is a function of its entropy S., its volume V.

its molar contents ., i = 1,2 ..... M, assuming M4 different
-V

substances, its electrical charge q. and its extent of a

possible chemical reaction z.. For an element of this kind

Gibbs' fundamental equation takes on the form (Yourgrau, et

al, 1966, p 14]:

T.dS. d . .. + d+ 4. I (5.55)J U V j = $ s , 0 j '

where a. is pressure, u.. chemical potential with respect

to substance i, l electric potential and x. affinity of

the chemical reaction.
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A chemical reaction would of course change the number of moles

of different substances, meaning that the n.. and the z. would

depend on one another. In (5.55), however, we let the dn..

denote changes in molar contents due to the exchange (and flow)

of matter, the sum of such changes for each particular substance

being zero, whereas molar changes due to reactions are covered

by the dz.. A different formal treatment would have been to in

clude both kinds of changes in the dn.. differentials alone. In

such a case, if only changes due to a chemical reaction were to

occur, we have dnj. = .jdzj. where . is the stoichiome-ric

coefficient of substance i (describing the number of moles par-

ticipating in an elementary reaction, negative numbers for the

reactants and positive for the products) and the affinity then
M

will bev. =-Z iju.j, cf [Yourgrau, op cit, pp 245-246, Wilson,

A H, 1957, pp 370 ff]. With this interpretation the third and

fifth terms in (5.55) would coincide, making one of them super-

fluous. However, in such an approach, there would be net changes

in the total molar contents of certain substances which would

make our constraints more complicated. Therefore we h&ve pre-

ferred to distinguish between the two types of changes in the

molar numbers.

The intensive properties in (5.55) are interpreted as the deriva-

tives:

3  - (5. 56)
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3:;.
-- (5.57)

~1J

___ .,(5.58)

37. .-- ;- - .(5.59)
oc.

j

- v. (5.60)3z. -'

1

The number of extenxive properties of each element is there-

fore (,+ ) and the total number of properties necessary for

determining the state of the system is (.+2(M+f).

We investigate the problem of maximizing the amount of work

to be extracted W, subject to the conditions that the extrac-

tion processes generate entropy amounting to the internal

irreversible generation dS. concerning source J , 0, 1. ';

that the total volume is given and constant V, that the molar

contents of each substance (element) are given by ni, i -

I .... ,M, that the total charge is given by i and that the

total extent of chemical reaction is given by z. The work ex-

tracted must be equal to a corresponding decrease in total

internal energy:

N
d - E dU. (5.61)

j =0 J

the integral of which is to be maximized subject to the

constraints:

N PI
Z dS. > 5- dS. = ds (5.62)

j=0 j=0

5.17

i i2



where iS is an abbreviation for the total entropy production,

and:

.11Z V. - V (5.63)
z _, . V

n.. = . , ,...(5.64)

- (5.65)

Z z . = Z (5.66)

By forming the Lagrangean:

7.(-U.+aS.-SV.+=2 Yinij'\qJ-z j ) dt (5.67)
0 j=0 1 i

where a,3 yi 3 X and e are multipliers, and the associated

Hamiltonian:

:,1 3U'. •U .. . M 3U. -

H ((a- --- S. -(3+ -- , + -(y._ __3_,). +

U U.3q. V2~

we obtain the necessary maximization conditions:

H d M

7
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-7 - - - - (5.70)
VJ

3H d9 H
- - - - ,- - (5.71)

H d 3Hq. d --' (.2

- __ - - (5.73)

As in our previous models, these conditions imply that all

multipliers are constants and therefore that the integrand

in (5.67) is an exact differential. Thus L will be independent

of the path by which the final state is reached:

Yl" - 7 +
L = E ((U.-u*.) + OL(S*.-S . S.) - 2J7*.-V(N+, 2)j=O J

M ^
+ Z (n .- n (.71) + X

'a-(+ -- ;

- z .- z(N+i) ),; (5.74)

where, as before, zero superscripts denote initial states and

asterisks denote final states, S. being the total minimal

entropy production of element J. The following Kuhn-Tucker

conditions are then obtained:

oU*.
L__ = _ = -_ T. + a = 0 ( 5

Z Tsk 3 cZ (5.75)3 3
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= - --- 3 + a . =J(5.76)

Jr 3

.'

3L = ",. - '- - y. - * - *.-7,.,> 5 7
_ - *- - 2, (5.77)

jq (5.78,fl...

;L 3

= - -a- - 9 : (5.78)

(5.79)3z*. 3z* J
J z

where we have interpreted the derivatives in the middle

members according to (5.56) - (5.60). Also we have the

additional conditions:

N S.

(S -* S S. > 0 (5.80)

L ̂  N

3 L
-- V - V!, - 0 (5.81)

3 L
Z f n* - .9 , if,2 (5.82)

9 'i j-C o

3 N

q! q =0 (5.83)

- - z z* (5.84)

j=O J

where a strict inequality in (5.80) would imply a = 0. Quite
as expected we find from (5.75) - (5.79) that all elements

must share their intensive property values at the final state.
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Since T*J " 9, we have E >9 implying an equality in (5.80)

meaning, as before, that the total entropy generated is the

least possible. Hence, all final temperatures are equal, all

pressures are equal, all chemical potentials of the same sub-

stance are equal, all electrical potentials are equal and all

reaction extents are equal. The multipliers are also directly

interpreted as these variables respectively.

By adjusting the given parameters, we find the work extraction

to change by:

nax J i=2

- ;a + E C-z (5.85)

Since a > 0, W will increase when the entropy generated isma:

made to decrease and vice versa. This-does not mean, however,
that W is linear in entropy, since a also will depend-on

ma:

parameters given. The exergy potential is therefore obtained

when solving J5.75) - 5.84) with S. = 0 for all 4.

The following set of equalities implicitly provides optimal

values of the state variables:

f"c r Z j, k (5.86)

* *

3(1. 3(1!
7o, for Z j,k (5.87)

3k

- , a, (5.88)
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"f,, . ." ,'(5.39)

< , - - (5.90)

These equations for together with (5.80) - (5.84) are

altogether (.,+-) ".V+) in number and, in general, would provide

sufficient information for solving for the unknown final

state given by the same number of variables. it is clear that

this solution is in complete accordance with the symmetry

principle, since the system of equations are invariant with

respect to any permutation of the element indices.

With the final state known, the maximum work output will be:

N

TaxJ J V 'V V '

,* * .91)

The exergy potential is given by the same equation for the

particular case that Z S. = in (5.80).

Let us also note that max 3 > 3 according to (5.83), which

would indicate that an autonomous expansion of the universe

would continuously provide new opportunities to extract use-

ful work. Therefore, from an overall cosmological standpoint,

with. an expanding universe energy might not be a scarce resource.
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Let us now stud%, the effects of making one of the .1.+.) elements,

say element 7, infinite in its extensive properties thus

departing from the symmetry principle. This will mean that

its intensive properties 7>, , u - and v will keep

their values constant when this element interacts with other

elements. These intensive properties of the environment will

therefore also coincide with the values of the multipliers.

When these properties are known, the optimal final state of

all other elements (">:. will be determined by:

T, 1 (5.92)
*

U^ (5.93)

zJ .

> _ -, (5.94)

3U* - 0 >7 (5.95)

3qU*.

S> 5.96)
Z*. J _ -

Solving these .7:'.V+4) equations for the same number of unknowns

would provide us with a partial solution, namely the final

extensive properties 3*, 7t, n* , for ....
j

j 1,2....,.V. At this state all elements will be in equilibrium

with one another and with the environment. This will provide

us with sufficient information to compute the differences in

U. in (5.91) for j > 2. The remaining term for J -, however,
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behaves like - when the environment is made infinite. Let

us therefore write this difference as the integral:

- g y: { (.. 9 20- 5V 0U, 70

sra~e s~ave

T0 1 ;Vu7 "Y

f - - ' - *'(5.97)

IjI' " j 0 Z,,

where we have used the fact that (5.86) -(5.90) also must be

satisfied for j* z ". From (5.80) - (5.84) we may solve for

the differences obtained and insert these into (5.97). This

provides us with the following expression for W Ma

,7 IY

%m x - , j _(U- U t + - / - ( - .- -

7 +.

- , - - * - "

- ,/-q 'd (z .+ z-.

3 3 , : } , 2.

z -. T z + a V' E Lia Z n.- -

N 0E q4. + 9 E Z.z* T 0 5 (5.98)
j=1 q  j=1
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where we have applied a generalized versicn of (2.67) and where
is the total entropy generation. The exergy potential is then

obtained simply by setting 3 = 3 omitting the last term, since

the level of 3 cannot affect the solution to (5.92)-(5.96) and
therefore neither affect any other term but this one. It is
readily seen here that the term T.S represents lost work due to

irreversibilities and that this amount is proportional to 5 when
the environment has infinite extension, which is not so in our
former case consistent with the symmetry principle. Hence, with
an infinite environment the exergy potential of the system is

the sum of the exergy potential of each object (not counting the

environment).

Finally, taking a more abstract look at the question of

determining the exergy potential, we may envisage any system

of sources as made up of '+') elements each having its own

set of M extensive state variables x.4 1,2,...,7,

0,2,...,.. If each element posesses an internal energy
U. depending on its current state, the elements will be in0
equilibrium at states satisfying:

-____ ' " "(5.99)

The limitations of the system and the processes available

might be given in the form:

X - 1 ' * (5.100)

where x. are given parameters (cf (52)-(5.66)). Since the

x are extensive properties, for an isolated system we would
have x except possibly for the index corresponding to

entropy, and when all processes take place reversibly also
this x. would be zero-valued. Equations (3.96) - (5.97) con-

tain altogether VY+:.) independent equations implicitly deter-

mining the values x*. and thereby also determining:
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-lax

The exergy potential would be obtained by interpreting for one

index * of the variables x. as this set of variables being

entropy and requiring the corresponding parameters x.. to

be zero.

The asymmetric case of letting extensive properties of element

0 tend towards infinity is omitted since its derivation would

exactly follow that of our previously described case.

With the generalizations given above, the results may be inter-

preted quite generally. For instance, if magnetic force fields

are to be included among the intensive properties, internal

energy obeys the differential equations [Holman, 1969, pp

181-182]:

dU = TdS + u0 HM (5.102)

where H is the magnetic density of the external field, M the

magnetic dipole moment and the magnetic permeability of

free space. Obviously one of the x..-variables in our treatment
-& j

then may be interpreted as S and the other as M.

5.5 Proof that exergy depends on changes in environmental

intensive Properties

In this section we include a proof that the exergy potential of

an X-element system with a finite environment, in general cannot

be obtained simply by replacing the intensive properties in the

expression for the constant environment case by the similar

equilibrium intensive properties in the non-constant environ-

ment case. This means that formulae of the type (5.93) or

(3.53) in general are only applicable to cases with an infinite
constant environment. This, of course, does not limit the
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applicability of the exercy concept as has been shown in se-

veral non-ccnstant environment cases treated.

Consider an 'I-element system with an invironment, the proper-

ties of which are denoted by zero subscripts. Together these

are isolated with the exception of work being extracted. The

internal energy 7. of each element j and the environment
- 9 are aiven linear homogeneous functions of M extensive

properties x.j, i = , 2, ....

M 3U. M
i. -- uj "(X X YS. -J , ,1,.... ,N

(5.103)

where the yi are abbreviations for the intensive properties
3U.
3 At the final equilibrium state, denoted by asterisks

we know from (5.99) that ytj Y. is independent of j (all

intensive properties of the same kind are equal). As before

we use zero Supermcripts to denote initial values. Let us

denote the exerqy function according to the constant environ-

ment formula by . and according to the general treatment in

the preceding section by E. Thus according to the generalized

version of (5.98) we have:

N M N
U. - z y Z Xi (5.104)

and according to (5.101):

E Z (U -ul ) (5.105)
jzO U2

Also, since the system including its environment is isolated

and since all processes are reversible, when determining its

exergy potential:
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.- x. .1 ,.. (5.106)

Taking the difference between (5.105) and (5.104) and using

(5.103) and (5.106) gives us:

i - M j= i + i:1=I .

M
/ - * X (5.107)

Hence, when the initial intensive properties of the environ-

ment y differ from the corresponding equilibrium properties

y in the general case we would have E * E. If positive and

negative terms in the sum were to cancel each other, this

would be a mere improbable concidence. Also we know for

certain, that in the one-element case there would be only one

term present, preventing any possibility of cancellation .

5.6 Concluding remarks

From the discussion in section 2. 7 , it is clear that entropy

production is inversely related to the time of duration of

the extraction process (or rather, the speed of the process).

This implies that Wma x is positively related to this time of

duration. An overall optimization would require a balance to

be struck between the amount of work extracted and the time

this would be allowed to take. If t denotes the time of

extraction, we have S S(t) and W max (). Essentiall

we therefore might view an extended problem to be to maximize

W subject to a maximum value of t. The sensitivity of Wmax
to a change in the choice of t would be given by:

dW dWvmax max (5.108)
a dS d
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which in the case of an infinite environment reduce to:

dWmax dS (5.109)F- 0 d

Some thoughts along similar lines are given in (Andresen, et al,

1977, Salamon, et al, 1977],cf also[Weinberg, 1978, p 154, and

Odum, Pinkerton, 1955]. Of particular interest are the basic

relationships, derived in [Eriksson, et al, 1976, pp IV.I-IV.2]

concerning a minimum possible entropy production rate and the

corresponding minimum exergy destruction rate for a simple

conversion process, the latter rate given by T)S x,(E) ,

where X0 is a constant and 2" the exergy power converted (cf

(2.21)). Hence, at the level E = ., we would find that all

exergy converted is used up in the process itself, and that the-1
net exergy power would take on its maximum X0 /4 at the gross

level x 1/2 (half is then conserved, half destructed). It

certainly appears essential for future research in this area

to study the actual entropy generation processes and to find

relations of the type S(t).
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CHAPTER 6. EXERGY POTENTIAL OF RADIATION

6.1. Introduction

In this chapter we shall develop some expressions for the

potential amount of work that may be extracted from incoming

electromagnetic radiation reaching a collector in which it is

absorbed.

Due to the increasing interest in solar energy utilization,

it should be of importance to carry out deeper analyses in

this area. As yet however, the topic of an exergetic (or

entropic) analysis of radiation appears to have gained little

interest in literature with a few exceptions (Thoma, 1978,

Grimm, 1978].

Our treatment to follow will be brief and elementary in nature.

Our objective is to point out some possible lines of thought,

rather than to present models that presume to be complete or

final in any sense. The originality of the ideas presented

below has not been examined.

6.2. Basic concepts and relationships

Central concepts in the theory of radiation are absorptivity a,

reflexiity and ;ransmny '--''-*iy T. Radiation meeting a surface
may be absorbed or reflected by the surface, or transmitted

through the surface. The absorbtivity measures the fraction of

the radiation that is absorbed, reflexivity the fraction

reflected and transmittivity the fraction transmitted. The

first law (the energy principle) therefore requires:

+ P + = (6.1)

For a perfectly opaque surface we have T = 0 and for a blac;k

body a = 1, P = 0.
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A surface with a non-zero temperature emits radiation. This

emission is described by the emiai'eve power or radiancy R of

the surface, measuring the total energy emitted in all

directions from the surface per time unit and per unit of area.

Since the emission usually covers a range of frequencies v

or wavelengths , the product of which is the velocity of light

in vacuum c = Xv, the radiancy wavelength distribution R dX

explaining the fraction of radiancy in the interval [X,X + dN],

is of interest. We therefore have:

R R dX (6.2)

0
In a general case, Rx will depend on , on surface temperature

on the direction of emission and on surface material charac-

teristics. For a black surface we denote its radiancy distri-

bution Rb,, which depends only on X and according to PZanck's

energyj density aw [Jenkins, White, 1975, p 434] is given by:

0.

-dA _A e d (6.3)

in which appears the two constants:

16 [W 2

S= 3.74'. 1 ] (6.4)

b 2  = 1.4383.10 - 2  C[K] (6.5)

where the value of assumes X to be measured in m. Inte-

grating (6.3) yields t bLack body radiancy:

b , (e - -) dA = aT4  (6.6)

0 A

which is the Stefan-Bolzmann 'aw and where c is the Se-an-

3o~zmann constant:
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= 5[ ](6.7)

The m i(C) of a surface is defined as the ratio be-

tween its own radiancy distribution and that of a black body

having the same temperature:

e (T) = T X (T)IR bx (T) (6.8)

Apart from temperature and wavelength (frequency), the emis-

sivity in general also depends on direction and material

characteristics.

By definition e (T) is identically unity for a black body, and

no other surface exceeds this value. For a theoretical grey
surface, its emissivity has a constant value e<I and for a
diffuse surface eX (T) is the same in all directions. The

radiancy of a surface may therefore be computed as:

R (T) R_ (T) dX = (6.9)
o o
0

where the right-hand member holds for a grey surface.

For any surface, according to irchoff's aw the absorptivity

and emissivity at any given temperature C are equal:

cXI' = s (T) (6.10)

which applies in any direction.

6.3 Work and power extraction from radiation absorbed by a

grey collector

Let us consider a collector surface facing a given incident
radiation described by its known radiancy distribution X "X.

If the surface is opaque and has emissivity (and absorptivity)

SX(T) at temperature T, the net radiancy absorbed will be:
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4R) (T) R R X (6.11)

0

For a grey surface this becomes:

4,
R(T) = e(R - aT (6.12)

If the surface is cooled and the flow of heat leaving the sur-

face is Q per time unit and its area is A, in equilibrium (no

tendency for temperature changes) we must have:

Ae(R - aT 4 ) = (6.13)

which gives us the equilibrium temperature:

7(- E- A-1 -I

*= (R- Q A Jo (6.14)

Obviously this temperature increases in the incoming radiancy

R and emissivity e and decreases with the level of cooling Q.

Therefore a black body gives a higher equilibrium temperature

than any other grey surface.

For a neither grey nor black surface, the equilibrium tempera-

ture is determined implicity by:

A (2)(R. - (T(- T)= (6.15)

0
In order to derive a first expression for the exergy potential

of radiation in a simple case, we now assume that there is

access to a finite body having a constant heat capacity c 0 and

temperature T., and that a heat engine is inserted between a

grey collector with the area A and this body, as is described

in figure 6.1.
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Grey
collector Absorbing

body

Incoming 
Heat

radiation engine

Figure 6.1. Heat engine inserted between collector and body

The net energy absorbed per time unit is:

4A (3 - CT4) (6.16)

where 1" is the temperature of the collector. We investigate how

to choose T and for how long a time period the engine is to

be operated.

We therefore maximize:

W (*9 (6.17)

0

subject to the entropy constraint:

-- + C S (6.18)

where S is a given instantaneous rate of entropy production in

the engine. The work W is to be maximized by a suitable choice
of - , 2 and t. We form the Lagrangean:

t.t

)dt + (-+ - - S)dt (6.19)
1 ~0T0 0

where a is a non-negative multiplier. The associated Nanrilto-

nian is:

T0(--C,- Si (6.20)
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and the Euler-Lagrange conditions for an extremum become:

CS 3 H 24(I +i Q "
_ - - (- 1-r (6.21)

d .c
- - (6.22)

Therefore a must be zero-valued thoughout the process and a

constant. Eq (6.21) then implies that the optimal value of T

must be constant, since depends only on 2. By integrating

(6.18) we find:

f +, -

2' TO~ (fQT +d + )c
0

T0 (T S (6.23)

Therefore the work extracted as a function of time, may be

written:

W =: O CS , -I (6.24)

If T < 2', it is easily seen that there must be a unique maxi-
0

mum in t determined by:

1W * A_-1 ~( 2t I )12Q T - ( -  + S)e 3 (6. 25)

from which we obtain the optimal value of duration =

= " Q Ic 0 2 :og• : S*) (6.26)

T20 (Q+TS*)

where S* and S* are evaluated at t. Inserting this expression

into (6.24) yields the maximum work output:
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(2+ "* ")-- S

= c 2Cgl.2.) - j.( +S*T) - -(6.27)

where g(.) is the exergy function (cf figure 4.2) and where we

find the usual lost work term 2S*. Compared with the one source,

infinite environment thermal system there appears here a second
term also in the form of an exergy function, similar to the

ideal gas case, but here it is neative. In the case of a ccn-

stant entropy rate, we have 3* *:* = 7 :**, which combined

with (6.26) gives us:

'03 (6.28)

+ ST T)T

With this expression for the optimal duration, the maximum work

output becomes:

W (T) c,1  = c'-2 T" ) (6.29)

where T' is an abbreviation for T$~<a+32) If we compare our

expressions in (6.27) and (6.29) with the corresponding ones

for thermal systems, we find the environment temperature ncw to

be interpretedas the operating temperature - in (6.27) or the
temperature 2'(<2) in (6.29),where the lost work term has

vanished, and the initial "body" temperature interpreted as the
7,0

initial sink temperature ;0

Since the function Wm (T)according to (6.29) is unbounded in T

for a reversible process S = 0, the exergy potential would be

obtained for the highest possible operating temperature in the

collector , i e for:

2* = R(6.30)
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which is the temperature of the incoming radiation. Inserted

into (6.29) with S 2, this gives us:

E = c*( *) (6.31)

Differentiating E with respect to shows E to be a decreasing

function of TO for initial values T lower than -*, just as ex-
pected.

Clearly, when T _*, this means that no incoming radiation is

absorbed. However, the limit obtained in (6.31) is finite. This

paradox is explained in the following way. When the temperature

T is raised, the fraction of incoming radiation taken care of,W,

decreases towards zero. But at the same time the optimal

duration of the process -• increases towards infinity. The time

integral over the extracted power then approaches the finite

value E although the integrand approaches zero.

Comparing (6.31) with the simplest case of a thermal system with

one finite source and an infinite environment (4.44) shows that

the two exergy potentials are equal when the radiation itself is

interpreted as "the environment".

Proceeding to the case of an infinite body able to act as a sink

for a heat engine coupled to a collector, we would then expect

results similar to the case of two infinite sources treated in

section 4.5. However, there will be a slight difference as is

shown below. Our problem is to maximize the power output:

= . .(6.32)

where Q0 is the heat flow entering the sink from the engine,

subject to the entropy constraint:

+ T- > S (6.33)
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where S is a given minimal rate of entropy production and where

, as before, depends on the temperature of the collector

according to (6.16). We choose T and , as the two decision

variables. Forming the Lagrangean:

Z ( -  + '7 5 ) S (6 .34 )

and differentiating, the following necessary Kuhn-Tucker condi-

tions for a maximal power output are obtained:

7--" - - (6.35)

+ cT0  = (6.36)

-._nT + -_ (6.37)-LQ - + Q 3

where a>0 would imply an equality in (6.37). If we require

> 0, then we must have either , > 0 or Q < 0, the

latter case demanding a "sink temperature" T in excess of

the operating temperature T, which means that the collector

acts as an emitter, i e a sink. We restrict ourselves to the

former case. Since > 3, we have = . from (6.36) which

means that T is the environmental temperature (and not .)

and that we have equality in (6.37) and therefore a minimal

entropy production. Also from (6.35) the following fifth-

order polynomial equation with a single parameter is obtained

determining the optimal collector temperature:

34 T -) = 0 (6.38)
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The expression within the parenthesis is monotonically increasing
--7

in the argument T7 , it is negative for a small enough argument

and positive for a large. Therefore there is a unique maximum

with respect to Tdenoted 7*, for any given :0

Eq (6.38) may be rewritten in the following way:

7 7, (6.39)

L4l-

where T =! R is the temperature of the radiation. This form

shows that the ratio between the temperature of the radiation

and that of the environment TT7J is a weighted average of 7'-

and (TT*-z ) illustrating that T* is in the interval [T.

Also we see that 77* is a monotonically increasing function

of TT

It appears difficult to find a more explicit analytical expres-

sion for the solution, but a numerical solution has been com-

puted and is given in figure 6.2.

Although the optimal operating temperature T* is independent

both of the emissivity & and of the entropy production S, the

maximal power output W (:*) would not be so. The exergy ofmax

radiation must therefore be defined with respect to other

characteristics of the system in which it is taken care of.

Also for Wmax(T*) it would be difficult to obtain explicit

expressions. From our basic equations (6.32)-(6.33) we have:

Wmax(r = A(1- *1) ( ) - "0 S =

- Aca(1-ToT -)(4. -T*4) - T0 S (6.40)

where 2* is given by (6.38) or (6.3&). Although 7* is only given

as an implicit function of T and T we can express Wmax(T*)
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*7j

3 9L

eihe in* =T~)o i 2,

-A~a T 59  (6.41)

The exergy power potential would thus be interpreted as:

*4T* 3 (T*-T 0 2 4-T*)

E Aea Accy,. (6.42)

T 02T +3T*
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6.4 The influence of the emissivity characteristics on power

extraction

Let us now analyse the influence the emissivity property of the

collector might have on the potential power extraction in the

case that there is access to an infinite sink. Using the same

notations as in the preceding section we wish to maximize:

W A(Z-I - J ?'RT X (2J - S (6.43)

0
This rate depends clearly on surface properties by E (T). For a

given temperature T an ideal aoZLector would have an emissivity

maximizing the integral in (6.43):

e X(T) = rA(6.44)
O, for X such -ha R < (T ()

It is therefore also clear that an ideal collector would depend

on the spectrum of incoming radiation. Using such an ideal

collector, the power extraction rate becomes:

I

W(2 = A(-T0Tf) max(O,R X-R bX(T)dA - T S (6.45)

0

Since RbX increases monotonically in -7 according to (6.3), the

integral is a monotonically decreasing function of 2, whereas

the coefficient preceding it increases degressively. The power

extraction rate is therefore the product of an increasing and a

decreasing function of 2.

-1

The coefficient (1-ToT ) is zero at T=T and the integral is
zero for a sufficiently high temperature. A sufficient condi-

tion for the existence of a positive maximum of W(T) is there-

fore that RX > RbX (T0 ) for X in some interval. Conditions for

uniquenes in such a maximum depends to a great extent on the

form that RX exhibits.
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Let us introduce the auxhiliary variable y defined by:

y = (7-T 2 ) (6.46)

Clearly y is a one-to-one mapping of T. The power extracted may

now be written:

W(y) = A r max{),' '' -. Fy))^}d (6.47)

A bY d

0
It is easily shown that yR b(Y) is a convex function of y,

since:

;Rb (y) b bb R2
3 - R. (Y) + - R (Y) > 3 (6.48)

DY X7A , buX

and repeating the differentiation would yield:

3 R b > 0 6 .4 9 )

ay
2

Therefore y(R - RbA 'Y)' is a strictly concave function of y.

This, unfortunately, does not guarantee that the integral of

max{O,y(R-R b(y))}is concave in y.

The functions R, and Rb may intersect at several points in ".
A

Denoting upper points by A and lower by A. for intervals

where R X > ?b, we may write:

A -X

W(y) Z Jy(R A-RbA(y))d6 (6.50)

6.13

-



Differentiation yields:

dy) iX (R.Rix =d.dw ('Y) ZA ( I? 'r " I -/ Y "R '+~
y Y yx- -.X +

R ( ( - b dx ) (6.51)

; (y) Xg(Y)

The first two terms vanish since R = , at intersections.

Candidates of y to maximize W(y) would therefore be found among

the solutions to:

max{O,R -Rb(-Y)}d\ -d (6.52)
0

where the domain of integration XEF covers values of X satis-

fying RX > RbX(Y).

A second derivation of (6.51) would yield several negative

terms but also two positive terms depending on at points of

intersection. This prevents a definite conclusion that W-y)

would be concave in y, but such an assumtion still appears

reasonable for simple forms of R. For all practical purposes

it therefore appears as if the solution in y and therefore in 2

is unique. In the special case when the incoming radiation

originates from a black body to be applied to solar radiation

in section 6.7 below, there will be at most one intersection X

between the spectrum of the incoming radiation R. = R. 2)

and the emission spectrum of the black collector R b (2), where

$ is the fraction of the original radiancy reaching the collec-

tor, T the temperature of the source and T the temperature of

the collector. When T < 8T there will be no intersection for

any A > 0 and when 3T < T < T there is exactly one intersec-

tion. To the left of this X z the incoming radiancy is greater

than the radiancy emitted by the collector and this relation is
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reversed to the right of \. It is also easily found that <- <

i e that the point of intersection moves to the left when the

temperature of the collector is increased. Of interest is there-

fore to study the function W(y'2)) in (6.50) where the integra-

tion is to take place over the only interval tA7].

An ideal collector combined with an optimal choice of : will

yield a maximal power per unit of collector area. Thus it seems

impossible to disregard material characteristics as well as

choice of temperature when defining the theoretically maximal

power output, ie the exergy power potential. If exergy is to be

defined in this way, it would therefore presuppose the notion

of an ideal collector.

6.5. Exergy power potential of parallel radiation

Up to now we have considered a given incoming radiation meeting

a collector directly. Let us now study the effects of concent-

rating the radiation e g by means of a parabolic reflector as

illustrated in figure 6.3 or by using an ideal convex lense.

Reflector
area A

Incoming radiation R,

Collector
area a

t
Figure 6.3. Parabolic reflector concentrating radiation

Assume that the reflector is ideal, having unit reflectivity

p=1, that the area the reflector covers perpendicularly to

radiation is A, that the effective collector area is - and that

the incoming radiation in a first case is parallel. Let us

define o as the ratio A/a of these two areas. On the average
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the radiancy distribution of radiation meeting the collector

will therefore be DR According to our previous discussion the

radiation absorbed per time unit at temperature 7 will be:

a k(TJ - = A f X ( -' ( P -RPXP ))dA (6.53)

0 0

For a grey collector to which a reversible heat engine is

applied, the extractable power at temperature T is therefore:

-1 4
W(T) = Ac(1 I /T)(.R-(,o aT (6.54)

For each given p there will be a unique T* > T'9 maximizing

W(T) determined from the solution to (cf (6.39)):

a Aea.7 0T3 T 5
smm + V ( ) - - (6 .55)

where T is the-temperatu1re of the concentrated radiation

/4(a.Sligfr s ucino T ils

aT* (4T* -3T)
(6.56)

RTO1

For T* > 3T0/5, this is a one-to-one mapping as is illustrated

in figure 6.4.

Due to the monotonic character of '(P(2*), we may use T* as an

independent variable describing the maximal power output as

an indirect function of p. Inserting D(T*) into (6.54) yields:

• 4(T*-To)

W(T*) = AER < AR (6.57)
T*(4T*-3T )

Differentiating this expression shows a positive derivative in

the interval T*> T, we are considering. This means that the
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Reflector/collector
ratio

3r 3T,

Figure 6.4. Reflector/collector ratio p as a function of

optimal temperature 7*

maximal W(G2*) is a monotonically increasing function of 9. From

(6.57) we find:

lir - W(T*) = Lr W(T*) = (6.58)

Hence when the area of the collector is made to decrease

towards zero, the maximal power output tends towards the in-

coming radiancy adjusted for the emissivity (absorptivity).

Therefore, for a black surface, theoretically all incoming

parallel radiancy may be transformed into mechanical work,

which means that the exergy power potentiaL of parallel

radiation is:

E = Ac? (6.59)
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6.6. The influence of the dispersion of the direction of

radiation on power extraction. The second law as a geo-

metrical principle

In the real world there is no truly parallel radiation. Such

radiation would have to be generated by a point source at an

infinite distance from the collector and the source would

therefore have to have an infinite power of emission. Let us

therefore investigate the opportunity to increase the radiancy

obtained from a finite emitter by means of reflection or

refraction. Throughout we assume that the source is grey (or

black as a limiting case) and that therefore Stefan-Bolzmann's

law (6.9) holds.

A source of a given temperature will emit a certain radiancy.

If the area of the source were given a special geometry, the

radiancy from different sections of the emitting area could be

made to converge towards the same small part of an absorbing

surface. Similarly, the radiancy from a section of the source

could be made to converge towards a small part of the absorber

by means of ideally reflecting or refracting devices. If the

radiancy at the absorber by such means were raised above its

level at the source, this would mean that the equilibrium

temperature of the absorber (no cooling) would be higher than

that of the source. This would clearly be in conflict with the

second law, since heat in the form of radiation would be trans-

mitted from a body with lower temperature to a body with higher

temperature. Therefore, according to the second law, it is

impossible to construct a geometry of the source, or a

reflecting or refracting device, that would account for such a

high degree of concentration. However, this limitation is in

essence a more or less geometrical question, apart from the

application of the Stefan-Bolzmann law. To show that radiation

can be concentrated up to a maximal level by means of geometri-

cal considerations, can therefore be looked upon as justifying

the second law from a geometrical principle. The relationship
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between radiation and the second law aroused interest in the

early days of thermodynamics (Cf [Gibbs(1833), 1906,

pp. 404-405]).

We assume that the emitting source is a grey surface and that

the emission is uniform in all directions from every point on

this surface. Consider a given point on the emitting surface,

a small flat surface element dA surrounding this point, and

a similar point on a receiving surface and a small flat surface

element 2A, surrounding that point. Let the distance between

the two surface elements be r and the angles between their

normal vectors and the line joining them be 0, and 0

respectively, as is shown in figure 6.5.

OD Absorbing

Emitting
surface
element

Figure 6.5. Emitting and absorbing surface elements

The amount of radiation dW(dA ) leaving dA0 and received by dA.

must be proportional both to dA0 projected perpendicularly to the

direction of dA and to the solid angel subtended by dA,, which

means that this amount of radiation is proportional to dAocosO0

and to dA~cosO r

6.19



jA.03,iAmo

W(-, 2o,,s (6.60)
r

which is an expression for Lzm.er;7 s :aw [Jenkins, White, 1957,

pp 108 ff]. Introducing spherical coordinates (r, e, (p) with an

origin at dA , we let 0D = e. A solid angle element defined by

the differential angles de, 2 , will then be dn = sinvnded .

Since the emitting surface is grey with a temperature of T,
4 .1

its total emission from dA0 in all directions is j.4.T

Integrating (6.60) over the half space above dA,, we therefore

obtain:

dAEa = cons- dA, f f cosi sine dd =

=/2

27 con' dA, 2 7T cons- dA, (6.61)

Hence the constant in (6.60) will be aT'or , which is the

photometric brightness of the source.

Let us now place the receiving element dA4 at the origin with

its normal vector in the direction of e=0 and let the emitting

surface be defined by an equation:

f(r, _, ) = r-r- (a,) 0 (6.62)

which means that we have set 6= 1 " The total amount of radia-

tion, the total 714minous fZux, received by dA1 will now be:

= TdA1  cos'ocosedA

eaT d sin2Hi 2 d9dq (6.63)
2
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where the integration takes place over the total solid angle

subtended by the emitting area .-,. Since the integrand is f

everywhere positive < it is at most i, which would be

obtained in the case when A. covers the entire hemisphere as

seen from IA,. Therefore we must have:

W4 < , (6.64)

which means that the incoming radiancy (the r7: ;2.3) is

limited by:

R w < 4
S < ,(6.65)

From (6.14) we know that the maximum temperature of an absorber

(grey) is at most 2* = /E-, where ? is the given radiancy

hitting its surface. The inequality of (6.65) means that the

temperature of the absorber is limited by:

(.6.66)

which is nothing but the second law. Hence, as expected, the

temperature of a collector absorbing radiancy is limited by the

temperature of the emitting source. This case shows that it is

impossible by manipulating the geometry of the emitting sur-

face A, to increase the incoming radiancy beyond the level of
I

the emitting radiancy (in any case for grey emitters).

We now turn to a second case in which a reflecting surface is

introduced in order to concentrate the emitted radiation

towards a collector. Thus there are three surfaces to be con-

sidered, the emitting, the reflecting and the absorbing sur-

faces. As previously, let us place an element of the absorbing

surface dA at the origin of a spherical system of coordinates

and let the direction 0=0 follow the normal vector of this

element. Furthermore, let us denote the equation of the

reflecting surface:
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S .. (6.67)

and an element of this surface iA. . The configuration is

described in figure 6.6.

Reflecting

d A

Absorbing Emitting
surface 

surface

element eleemen

Figure-6.6. Emittin, reflecting and absorbing surface

elements

Let the vector r, point out the surface element and r,
the element dA.. The vector r2-r, will then point from to

dA,. Acccrding to the law of reflection, if a ray frcm d is

reflected at r. and reaches the origin, the incident and re-

flecting angles at .42 must be the same, which, in vector

terminology, requires that the following scalar product is

zero:

( ) 2 grad g(r,,)(6.68)
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where Q) :r,, is the gradient of r, ,W and therefore a

normal vector of .A evaluated at r . For a given ,,, this

eauation will be a relationshio between the derivaties - ,

and the coordinates r, 9,p at r. . A question is the multitude

of ooints r that might satisfy (6.68) for a given r,. If the

coordinate system is directed so that r, falls on the axis ,

(6.68) turns out to have the well-known solution:

+ r, (6.69)

where ;h(Q) is an arbitrary positive function having a

magnitude of more than rij. For a fixed longitudinal angle .,

(6.69) describes elliptic arcs having the distance r,,.

between the two focal points and with the longer half axis

For a given dA) at r, placed on the axis e=J, this surface

element can at most be reflected towards A along a oath lying

on a surface (6.69) as 9 varies or a portion of or the whole of

such a surface. It should also be noted that if r. is a point

of reflection satisfying (6.68) for a given r,, then no other

r=r', ie no other :A I can emit a ray to be reflected atr,
00

since the new dA6 would either block or be shaded by the pre-

vious emitting element dA,,.

From our previous equations, the amount of radiation reaching

dA2 from dA. will be:

4'.ET dA 'osO d.4 "IsC .

dW(dA .J = (6.70)

If dA2 is suitably oriented, this amount will be reflected at
r and hit dA9 at the origin. If dA instead were chosen as an

emitting surface element with the same characteristics as dA,

(same E and T), then dA0 would receive the amount:

6.23



',' ) = (6.71)

For a given d , the two differentials W( nd must

be equal, since the two cases simply involve a reversal of the

direction of flow. This provides the following relation between

dA and A1 :

d4, ccsO, dAI cosO.
(6.72)

The total radiancy from dA at i-. would therefore be:

dW(dA4.) Ea> 2O osD :!AJ i

.4., )dA, J., 2

dA

-Eaose si-n deip (6.73)

~'2

since 0,=9 and dA2 c s JI-2 is the solid angle subtended by

dA2 as seen from the origin. The integration in (6.73) takes
place over that part of the reflecting area A2 that satisfies

(6.68). No other dA3 may be reflected by the same solid angle

already integrated over in (6.73), but well over some other

portion of the hemisphere above d.4., or emission from some other

dAI might reach dA. directly, provided there is a portion of the
hemisphere available. Taking all opportunities of reflection and

direct transmission into account, the total incoming radiancy

will be:

E Cr. 4
ff cose sin8 d9d(P < eaT4  (6.74)

where Q accounts for the total solid angle the emitting surface

covers either by reflection or directly.
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Therefore, once again we find that the incoming radiancy is at

most that of the source and that the temperature of the collec-

tor can reach no higher level than that of the emitting surface,

ie the second law explained by a geometrical principle.

Similar findings would be expected for cases of concentrating

radiation by means of refraction in ideal convex lenses, but

such considerations are omitted here.

Let us now turn to the question of power extraction from

radiation emitted by a finite source assuming this extracticn

takes place by using an ideal heat engine inserted between a

collector and an infinite environment with the constant

temperature T0' The main results from section 6.5 may now be

applied directly. There it was shown that the extracted power

per unit area of incoming radiation would increase as a

function of the reflector/collector ratio p. In the present

section it has been shown that the radiancy could be concent-

rated no more'than to that of the emitting source. This means in

the case of a black body emission at the temperature T, an ideal

reflector and a grey collector, that the reflector/collector

ratio P can be at most:

Z4
(6.75)

where R is the radiancy reaching the reflector. The optimal

operating temperature will then, as before, be given as the

unique solution to the fifth-order equation (6.55) or (6.56)

with p = max according to (6.75). Therefore the exergy power

potential from the non-parallel radiation will be given by

(6.57) with W(T*) exchanged for L:

4(T*-T )2

E= (6.76)
T*1(4T*-3T 0 )

where A is the area and c the emissivity of the collector,
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the radiancy reaching the collector and i* the soluton to (6.55).

Clearly, the exergy power potential of non-parallel radiation

must be lower than that of parallel radiation according to the

inequality in (6.57). The dispersion in direction of the in-

coming rays is therefore also a property to be taken into

account when evaluating the exergy power potential of radiation.

6.7. Solar energy

As an illustration to the ideas set forth in the previous

sections we consider radiation emitted by the Sun. The Sun is a

spherical ball of gas made up of a number of different layers.

The surface accounting for the continuous light spectrum of the

Sun, the photosphere, has an approximate temperature of 2-K'23 X

and a radius of r ? 7.1I. The distance to the Earth is

r z 1.5"101+ 2.5"10 m, the shortest distance reached in

January and the greatest in July. The Earth has an approximate

radius of r ' = 6.37.1 6m.earthz

The solid angle subtended by the Sun as seen from the Earth will

therefore be:
2

_ " sun T 7 )2 - 64- -5 ( .7

-sun . . ..4.23 [s r~dians] (6.77)r

which accounts for only a fraction i.09.10 of the total hemis-

phere visible from the Earth. Therefore the Sun may well be

approximated as a point source.

The spectrum of the Sun as measured above the atmosphere of the

Earth (figure 6.7) shows that the Sun can be approximated as a

black-body radiator. Certain wave lenghts are missing due to

absorption in the Sun's atmosphere (the Fra:znhcfer .ines).
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Figure 6.7. Radiancy distribution of the Sun above the atmo-

sphere of the Earth compared with the black body
radiation spectrum (figure adapted from [N mnden

f~r energivroduktionsforsknin, 1977, p 29].

Assuming the Sun to be a spherical black body radiator, its
total emission will be given by the Stefan-Bolzmann law (6.6):

4 r 7 4 = 317 9 ) 5. 2 9 4 924
4 r = - , •7.29 ." I I 4. 5 (W] (6.78)

the experimentally obtained value being more like 4.1024w. Of
this radiation the Earth will receive the fraction:

2 r~ 4.5"1024(6.77"1' 6) 2

2,r T4. - = 2.3.-15 [W] (6.79)4 rs~n 4 rr 4.(1.5.!)10" _

or persquare metre perpendicular to the radiation:

2

R2 1 [ (6.80)
r

which is slightly above the experimental value 1.4.103Wm-.
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This function, illustrated in figure 6.8, has a maximum of

W(*)A - = at the collector temperature T 7 = 5.K, this

solution corresponding to a value of = 419K and T, = 3.Kin

(6.39). With a black collector (the best of all grey collectors)

and no concentration of the radiation, there is only a fraction

of 6.7 per cent of the incoming radiation available for power

under ideal conditions in all other respects as well.

On a bright sunny day some of this radiation would be absorbed

by the atmosphere of the Earth, on a cloudy day it would be

reduced severely, and at night the radiation meets other parts

of the Earth. The actual radiation will therefore vary a great

deal with time of day, meteorological conditions, geographical

location etc. For the sake of illustrating our previous ideas

however, let us assume the theoretical conditions given above and

that the Earth can act as an infinite environment having a

temperature of TO=30OK.

As a first case we consider the (unconcentrated) radiation to be

absorbed by a black collector. The incoming radiation has a

radiancy given by (6.79) and the net power extracted from an

ideal heat engine will then be:

2^rs~

-1 4 sun 4W(T) = A(1-ToT-)arT4 )a 4) =
r

3 - 1
5.7.10 A'2-0T-)( 2 . 2  - C=) [W] (6.81)
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Figure 6.8. Power extraction per square metre as a function

of collector temperature for a black collector

and for an ideal collector

Let us now study consequences from introducing an ideal collec-
tor as defined in section 6.4. The radiancy distribution of the
radiation reaching the Earth, assuming no distortion to be

caused in the spectrum, will be:

r 2  br 2

3 = R. T) su 2sunl (6.82)
r 2

XT
e
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where the constants b and D, are given by (6.4) and (6.5).
The radiancy of a black collector at 2 will be:

3,

-- --- (6.83)
X 2

e -i

In order to obtain conditions for the ideal collector we need to

find the possible intersections between the curves Rx and R b.

According to section 6.4 there is only one such intersection.

Using our assumed values of r ,un, r, T, we solve for X=(T)as a

function of 2. The resulting curve is shown in figure 6.9.

2

. . . . . I . . . . . I , - . . . I . . . . . i . . . . . i

000 2000 3000 000 0 5000

Figure 6.9. Intersection \ as a function of collector tempera-

ture T
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Using an ideal collector, the power output of an ideal heat

engine as a function of collector temperature will be:

• 1

W(") C -._ - ) dX (6.84)I=1 -: 0
r

e e~

The integration involved has been carried out numerically and it

shows a maximum of W(T *)A - 150 Ym 2 at a tez-perature of

ca T*= 882K. The corresponding curve is also shown in figure 6.8.

Apparently the choice of optimal collector properties can in-

crease the amount of power available considerably, in this case

approximately tenfold, taking care of about 65 per cent of the

incoming energy flow. It is an open question, of course, what

materials that are available, now or in the future, that have

emissivity properties approximating those of an ideal collector.

Finally, let us assume that we have an ideal reflector (or re-

fractor) of an area A by which the incoming radiation may be

concentrated maximally. Using the same data as previously, if the

radiancy reaching the reflector is Ri and the reflector/collector
-1

ratio Aa- = .ax' the maximal radiancy reaching the collector

will be:

2
Sr.

R Rmax = Rb jT) (6.85)
r

which means that the theoretical maximum of the reflector/

collector ratio is:

2
- r = 4.6.104 (6.86)

sun

which is extremely high from all practical aspects. The maximal

power output from an ideal heat engine, using an ideal collector

having the temperature T, is thus:
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A .1-(2T
-- R. (J dXW9! A7_ j 3RX-max .VA

0
x¢r)

= mA x (]O0 T) dj (R , -~ lX, (6.87)

0

However, according to section 6.5, there is no intersection 71T)

between Rb(7) and Rb (T) for any T<. Hence, the question of an

ideal or a black collector would be irrelevant for solar

radiation if it were concentrated maximally. Therefore (6.87)

may be integrated explicitly, in which case we arrive at (6.40),

yielding an optimal collector temperature of T*=2540K and a

maximal power output, and therefore an exergy power potential,

of WA = = 360 Wm 9 This amounts to some 85 per cent of the

total radiation. Of course, 254)K is an impossible operating

temperature for practical reasons. However, the result obtained

points at as high a concentration of the radiation as possible

should be desired.

6.8. Exergy and radiation.

In the foregoing we have attempted to indicate that it would be

a nontrivial matter to evaluate radiation from an exergetic point

of view. Apart from environmental properties such as the heat

capacity or temperature of the environment, also emissivity
properties of the collector have an influence. Also, other

characteristics than the intensity of the radiation affects the

opportunity to extract work. In our treatment, we have restricted

ourselves to the dispersion in the direction of incoming rays

when they originate from a black-body radiator. Other properties

that might be of significance could be polarisation and coherence

of the radiation (cf Thoma, 1978, p 6 , GrUmm, 1978, pp 7-10].

Our treatment has been brief and speculative with no presumption

to provide any complete or final results, but rather to indicate
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some possible lines of thought. There appears to be ample space
for future research along a number of different oaths. A more
general treatment of the influence of the dispersion of the

direction of incoming radiation might depart from a given
density LiF(6,Q) at different points on a surface, where a and

qp are measured from such points. Also the limits of concentra-

ting radiation from a non-grey emitter might be examined.

In section 6.3 we restricted our analysis to the case that the

collector operates at a temperature above that cf the environ-

ment. The converse case, utilizing the environment as a warm

source and the collector as an emitting sink, would also be an

interesting opportunity to examine further.
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CHPTLR 7. ECONOMIC MODELS OF ENERGY EXTRACTION

7.1. Introduction

In this chapter we introduce economic entities, namelv -] ,

into our models treated in chapters 4-5, in 'Ier to derive

properties of the optimal plan for how energy should be extracted

under different ideal circumstances.

As a first model in section 7.2 we consider a system of .7

infinite heat sources, from which energy may be extracted accor-

ding to the model given in section 4.5. A variation of this model

is then given in the form of a schematic thermo-electric plant. We

then introduce prices into the thermal systems of section 4.2, in
which there are N finite and one possibly infinite source, which

is the tonic of section 7.4. The section following treats an

economic model slightly different from those previously given, in

which there are production factors which are not necessarily

energy flows as such but rather fuels and similar resource inter-
pretations. In a final section we introduce nrices into the

models of chapter 5, treating systems of ideal gases.

Throughout we attempt to show that is not energy as such that

should be considered a scarce resource, but rather the exergy

potential that a system of a given configuration is characterized

by. Although we do not depart from the concept of exergy itself

in the basic models to follow, instead choosing the second law as

a fundamental constraint, it will be found that our results most

conveniently can be interpreted in exergetic terms.

7.2. Economic model of power extraction from a system of N
infinite heat sources.

Let us consider a system of .7 infinite heat sources similar to

the thermal system in section 4.5, each source characterized by

its constant temperature Ti, .Between these sources a

set of heat engines are connected in order to extract power.
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Without any loss in generality the sources are assumed to have

different temperatures. The set of engines may be reolaced by a

single engine according to the discussion in section 4.5, this

engine characterized by a given minimal entropy production rate

3. Let us also introduce a set of prices v, ,..,p.,, where

is the price in vaiie units rer energy uniz of the energy of the

source having temperature T.. The symbol r having no index will

denote the value of pure work (or power). In order to keep the

notations as simple as possible, we refrain from using dot-

notations for rates and flows. As in section 4.5 a flow will be

positive when it approaches a source and negative when it leaves

the source.

The sign of the price of source i needs sont attention. When a

heat flow Qi of the source is positive, this means there is an

energy flow to this source. If energy is "sold" we receive a

revenue in such a case. We apply the convention that price is

negative for a positive flow yielding a revenue. If there instead

is a net cost associated with the disposal of energy to source i,

price is positive. On the other hand, when Q. is negative, energy

is received from source i. If this is obtained at a cost, price

is defined as positive, and if instead a revenue is associated

with such a flow (e g if the source is deliberately kept cold)

then price is negative. Hence we apply the convention according

to table 7.1.

> J <

< 0 ExE:;SZ', Pi-. < JRENUE . > >

Table 7.1. Sign convention on prices

Since the model most naturally is associated with a net cost for

extracting power, this net cost C is chosen as the objective

funtion:
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(7.1)

The principle problem we are to analyze in this section is as

follows. A given minimal level of power 'v is to be extracted at

as low a cost as possible, subject to a second law entropv const-

raint. Hence, ' in (7.1) is to be minimized subject to the

following contraints:

2 . + W < (7.2)

S T. < i (7.3)

We introduce the non-negative multipliers 5,i, associated with

these two contraints and form the Lagrangean:

N N N-

: - - 2 i.. + S( Z . + + ,< . .Ti) (7.4)

The Kuhn-Tucker requirements for a minimum are obtained as:

z2 - + .7n- 1.. - a T , i- *J. (7.5)

.7

_ Z . W < 1 (7 .6 )

- I- (7.7)

8, >(7.8)

where equality in (7.6) or (7.7) holds when 3 or a are positi.re

respectively and where a strict inequality in (7.6) or (7.7)

implies 3=. or )=9 respectively. Due to the linearity of the

problem, the conditions are both necessary and sufficient for a

cost minimum. If these conditions cannot hold simultaneously due

o soae specific choice of parameters pi, W and S, then a minimum

nct exist, ie it will be possible to earn infinite profits.
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We have already assumed that all temperatures T. are different

Let us combine the above conditions for two different index

values in (7.5), say i and j. This gives us:

" -j > (7.9)

- " -(7.10'7 i2.-. -""j -JJ

These two sets of inequalities have extremely far-reaching conse-

quences. Let us first divide the set of possibilities into the

two cases that either all prices r., i=1,f,...,.7, are eaual to

say p, or they are not all equal. When they are all equal we have
37

C = -p z i = W, which means that the cost would be indepen-

dent of any choice we might wish to make, and we would also have

a=O making the second law constraint ineffective and 5= , which

means that any solution satisfying (7.6) with equality and (7.7)

will be optimal.

In practice, there wculd always be some energy source, an envi-

ronment, providing heat or absorbing heat at the price zero. If

prices are equal, they would all be zero in such a case, which

obviously is unrealistic since we know of energy we are willing

to pay for.

Let us therefore rule out the case that all prices are equal and

assume in the following that at least two prices . and r are

different. This implies by (7.10) that a>9 and that when comoa-

ring any two sources a -. 3;er-tmerza'z sc>.r 2

;:i2t' vri (or lower negative price)

T > T. im rlies v . > o for aZ' i,j (7 .11)

Hence, z9x 8wt a :z ~ eprtr a u

justifiec 2 hig;er economic Vaze. Price must necessarily

increase with temperature.
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When we are dealing with negative prices (according to the

interpretation conventions previously given), a higher temoera-

ture will yield a less negative price. This may be interpreted

for instance as a lower cost for cooling an engine.

If the temperature 7. of one of the sources tends towards infini-

ty, we find from (7.9) that:

- -(7.12)

Hence, 3 is interpreted directly as the value of work. This is in

complete agreement with the effects of a marginal change in ^:

3- (7.i3)
3

meaning that a unit change in the amount of mower extracted wi7l

increase the total cost by 3-=. For a marginal change in the

minimal entropy production rate 3 we obtain:

30
-> 2 (7.14)

35S

which gives us an interpretation of this multiplier. The strict

inequality in (7.14) implies an equality in (7.7) meaning that

the actual entropy produced is at its very minimum, when costs

are minimized.

Returning once again to (7.9)-(7.10) we find that if any two

prices and the corresponding temperatures are given, then all

other prices are uniquely determined. Let us denote two such

reference sources by ( ',7') and Ip",T"). The solution to (7.5)

can then be written:

" T '- " f -P

P (1 -T T- P1( 'v-T ) T
p "(1-T'T.7) '-"T)

- + (7.15)
1- TT" 1 -T"t:'7
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which shows each price p. to be determined as a special kind of

linear combination of the t', o reference prices ;' and r". if we

now interpret r' as the price of work, ie '= and -'z-, we

obtain:

P . = 7(1-2"'2,- ) v"I".. (7.16)

or:

(7.17)

It is clear from (7.16) that if v>J, then for a sufficiently low

2.,p. must be negative since always r>o." Therefore, if we let

. change continuously, at some point the corresponding r. will

be zero. Let this temperature be used as a new (third) point of

reference denoted T*. Solving with v,.=O in (7.16) yields:

= T "7-1 " ( 7 . 1 8 )

where the right-hand member refers to the case -, .

Eliminating T" from the right-hand member and (7.16) yields the

two important equations:

= (:I- 2.1) (7.19)

D.

- (7.20)

which must hold good for all T.. This form is nothing but the
S

original optimization condition (7.5) rearranged.

If a certain source would have had a zero price, then it would

have the temperature T*. However, T* is defined by (7.18) whether

or not there actually exists a source with this particular tem-

perature.
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The right-hand member of (7.20) will be referred to as a -

- -. " (discounted with respect to temoerature 7.)

The reference temperature 7* .ay conveniently be interpreted as

the temperature of an environment from or to which energy may

be collected or disposed of free of charge.

Therefore, as a main result of this section we must conclude

that if an optimum exists, at this optimum a1 :emreravzre-

...is:onued trijes mts.3 ;-e equ&2, and in :ddiion, c " eacK ;c

t.a prie 0.: wcr. The equality (7.20) can therefore be consi-

dered as an important condition for how the values of differently

temperatured energy sources are related to one another and to the

value of work.

Temperature-discounted prices will be shown to be of great signi-

ficance in all remaining sections of this report. Therefore we

introduce the special designation D. for the right-hand member of

(7.20).

Reverting to (7.10) again, we find:

7- a T (7.21)
aS

which means that the value of the multiplier a equals the price

of work multiplied by the "environment" temperature.

Inserting (7.19) into (7.1) and using the equalities of

(7.2)-(7.3) we also obtain:

C, ( +_S) (7.22)

which shows the minimal cost as the value of power produced nW

added to the value of the lost power pT*S.

In this section we have found that when temperature alone

characterizes the quality of energy, this quality will reflect
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the value of this energy according to (7.19). A temperature may

be interpreted physically as energy density (concerning the
molecular kinetic energy, cf section 2.8). The economic value
P, of heat energy of temperature T is thus given by:

P_ = 'z r*r ) (7.23)

This function is illustrated in figure 7.1.

Energy price

Price of work D

L

Environment Temperature 7

temperature

Figure 7.1. The value of energy as a function of absolute

temperature

Up to now we have made no explicit reference to the exergy con-
cept, our results being based on the second law constraint

directly. However, we may easily make an exergetic interpretation

of the price ', expressinq the economic value Der heat unit of

temperature T. If a flow of heat limited at Q2 were obtained from
a single source outside of which there were an infinite environ-
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ment of temperature i, the exergy power potential associated

with this flow would be 5 = C.,2- 2 -. according to (4.90).

Evaluating this potential at the exergy (work) price yields the

economic value:

-' = --- * - (7.24)

This means that : r ;:

0 ex~ X- ::,7 d orrj ? j 1- *e X2:

(i eat the price of work). Although our economic model presented

does not rest explicitly upcn prior knowledge of the exergy con-

cept, apparently its results are conveniently interpreted in

terms of exergy. This indicates that exergy in fact could be

defined from the economic model as an alternative to the

physical definitions given previously. From (7.24) for instance,

we could define the ratio - as the exergy power potential.

Either way, exergy must be interpreted as t'ze orro- ac.rcze

rejoure in the system.

7.3. Example of schematic thermo-electrical nower olant.

As a fairly concrete example of the considerations given in the

previous section we shall analyze the basic economic relations-

ships of an idealized thermo-electrical power plant. This plant

is fed by a heat flux Q of temperature T_ obtained for instance

from burning fuels. Electric power (of exergy quality) is

produced at a level W and "excess heat" of temperature T may be

provided to a network for domestic heating purposes. Cooling the

plant may also take place at zero cost and at a rate , in the

environment having temperature T,. The plant produces a minimam

entropy at a given rate S. We diverge from our sign convention

as to the heat flow Q, defining it as positive when entering the

plant. The unit cost of producing Q. is given by the positive

price p,, the electricity price is denoted v and the price of

heat for domestic purposes rT" We assume that the heat influx is

limited by a capacity ceiling Q., and disregard all operating and

7.9
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capital costs apart from those incurred for purchasing Q.. The

thermo-electric plant is to maximize its profits which are

denoted V. As in the previous section, for simplicity the dot

notation is omitted for the flow quantities. The system is illu-

strated in figure 7.2.

Let us formulate our problem in the following way. The profits:

7 = nW + - (7.25)

are to be maximized by a suitable choice of W, _, C and .

subject to the constraints:

= (7.26)

. -' -I - -1 V
W++ - (7.27)

- 2 >(7.23)

W, Q, Q , > (7.29)

SFuels 1

Heat' %1,T

ElectricityW
Thermo/ I
electric Domestic heat Q
power
plant

Figure 7.2. Energy fluxes related to schematic thermo-electric
plant
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We introduce the non-negative Lagrangean multipliers , for

the inequalities (7.26)-(7.28) and form the Lagrangean:

-- , i + 3 +

' + (7.30)

The necessary and sufficient Kuhn-Tucker conditions of this

maximization problem are as follows:

- < 0 (7.31))W

-1 + (7.32)

-v + a 7.33)

-3 + < 0 (7.34)

3L0 + 0 (7.35)

.QT- + - -7.36)-- _ l - - S > -

- - (7.37)3 - 6'"

W, , .0 IJ ,8 , > 0 (7.38)

where equality in either of (7.3l)-(7.37) must hold, if the

corresponding variable in (7.38) is positive, and where the vari-

able in question has a zero value, if its corresponding const-

raint is a strict inequality. Before analyzing the solution to

this model, let us reintroduce short-hand notations for temoera-

ture-discounted prices. As we have shown in the previous section

a zero price environment temperature is determined either by the

temperature of a source that actually has the price zero (say at

7.11
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temperature 2,), or by constructing an artificial source from

two reference sources, one of which could be an infinite tempe-

rature source characterized by the exergv price p and T=-, the

other characterized by some other price p,. and a finite temoera-

ture T..

For our purposes in this model, different environmental tempera-

tures are of interest. Either we have the "natural" environment

with zero price and temperature T,, or we may construct artifi-

cial environments, .4 and B respectively, based on (p,-) and

or on (p1 ,2 ) and (p,,T). Also, when the entropy const-
raint is ineffective and therefore = we must interut the

environment as having a zero temperature T*=O (cf (7.21)). In

such a case, heat of any temperature is of exergy quality and
discounted prices take on their non-discounted values. The

environment alternative based on (p,-) and (p1,i) appears tc be

of no significance in this example.

The following designation are introduced. The temperature-

discounted price of source i having price P. and temperature Ti ,

discounted with respect to the "natural" environment T will be

written:

- -1  (7.39)

1-T 0T i

For the environment A defined by (n,-) and (p,,T-), according to

(17.18) its temperature will be:

P T
A i- ) (7.40)

and for the environment 3, it will be:

_*-(Pl1- P T) TT I
= P2 -P) (7.41)

Discounted prices with respect to these artificial environments

are denoted:
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-4 - (7.42)

O.

- (7.43)

When the entropy constraint is ineffective and therefore 7*=,

we write the discounted prices:

= ,. (7.44)

Let us now consider the three thermodynamical constraints

(7.35)-(7.37). A basic assumption of the model is that

From these conditions we can distinguish four basic cases depen-

ding on the chosen levels of S and .

Case I

- ) < S(7.45

In this case there is no solution due to the feasible set

being empty. The maximum available energy input .- does not

suffice to provide the minimal entropy production by any means.

Case II

n (7 S.46)

In this case there is the only solution C: 3-= " 7-

yielding the profits (a loss) amounting to V--,.. This is a

case of "pure resource disposal" or "pure entropy production",

since no valuable output at all is created.

Case III

Q- (T T ) < - 1 (7.47)
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This case provides a number of different solutions depending on

the chosen values of the parameters pT , and S.

Case IV

O < S < q1 (T '-T1 - (7.43)

Also this case provides a variety of solutions.

In tables 7.2-7.5 all solutions in cases III, IV of this example

are listed. As is seen, the number of different cases is quite

extensive and it is easily found by inspection that the dis-

counted prices play an extremely imoortant role for determining

the structure of the optimal plan. In order to simplify nota-

tions, the following abbreviations are used in the tables:

S (7.49)-1 -1 -=

10 T

S (7.50)
- -1

T 1

-1 -
S-QI (T-17r 1 )

(7.51)
S -1 -i

Q Q=T- - (7.52)

- max{,,x, for nry variable x (7.53)

When a variable z may be chosen freely within an interval [x,y],

ie x<z<y, the interval itself is shown.

By multiplying the optimization conditions (7.31) - (7.37) by

their respective variables and adding these equations together,

we obtain:
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(7.54)

from which the multipliers are interpreted as:

37-
L -(7.55)

(7.56)

i e as sensitivities with respect to changes in the parameter

values S and . ! . Only the signs of these multipliers are shown

in the tables. The right-most column gives the temperature of

the environment, interpreted for each case.

From the above results a number of conclusions may be drawn,

one of the more important being the necessary conditions for W,

or Q, or both W and Q taking on non-negative values. By inspect-

ing the tables, we find that in order to have W > 3, either we
-- -3need o.. < n or, in case p < v, , <pn, which means that the

price of electricity must be at least as high as the di-scounted

price of energy input. Also, in order to have 0 T we always

need p, f p,, i e the discounted price of domestic heat must reach

at least the discounted price of energy input. Furthermore, if

both W and '-1 are to be non-negative, then either we must have

= P ! or, when the entropy generation rate is sufficiently

low (case IV) either of p- < Z < __ and < P or p < p _.The

latter two subcases might be interpreted as electricity being

a side product of domestic heat.
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7.4. Economic model of energy extraction from a system of

finite heat sources.

The model to be treated below is based on the (.7+1)-source system

described in section 4.2. Apart from introducing prices, the

notations will the same as applied previously with .(.,2,i.)

being temperatures, initial temperatures (all different) and

heat capacities of source iS the given minimal rate of entropy

production, W the given minimal amount of work to be extracted,

P. the con3tant price of heat from/to source i, r the constant

price of work. Asterisks, as before, will denote final values of

the respective variables. When there is no risk for any confusion

these %ill be omitted.

Our problem is to minimize the total cost for providing at least

the work output W subject to the second law entropy constraint.

Therefore we wish to find temperatures (and possibly their time

paths) that minimize:

C = - Z Pi- C.(T.)dT. (7.57)

=00

T 0

subject to:

T
1 7

J c.(.)dT. + W < 2 (7.58)

- T dT.+ Sdt 0 (7.59)
i=O 1

Introducing the multiplier a>0 and the multiplier function

2(t) > 0, we form the Lagrangean:
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.7 A': o

L-- -. f3(T;) 'dt + s( z f' Tl7.)+.W)-

- f ( .('.) 5 - S)d (7.60)

The associated Hamiltonian function is:

H(TiT.,t) = -(r.-+ ) a.T. + i(:)S (7.61)

and the Eulerian equations then become:

aH d 3H *c.(T.)

aT --C (7.62)aTi  dt .-

exactly the corresponding result as in (4.13). However, a(t) in
this context is slightly differently interpreted due to our now

having a cost function as our objective function. Since ci,. ,

we obtain:

a=ons t (7.63)

which enables us to bring a outside of the integral in which it

appears in (7.60). This gives us the possibility to write our

Lagrangean function in the form:
i

J.,T.)dT. + W + aS (7.64)

T'.

The necessary minimization conditions will then be:

L -(o.-a+ -) c.(T.) = 0, i=O,1,., (7.65)
T.

aL Y 0
= (Ui(Ti)-Ui(T )+W) < 0 (7.66)

i=O
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3
- S < S 7 (7.67)

> (7.68)

where U. (internal energy) and S. (entropy of source) are the

monotonically increasing primitive functions of ci( T ) and
c;iT respectively, as already defined in section 4.2.

Eq (7.65) has also exactly the same implications as (7.5).

However, in our present case, we do not know in advance that all

' throughout are different, as was assumed before.

From (7.65) we easily find that o.=o. for sources i and j

implies and is implied by Ti=2'j, i e equal final temperatures,

and that p.>p. implies and is implied by i>T.. Comparing sources

of different price, and therefore of different temperature, we

can write:

B T - > 3, for aZl i," for which .p. (7.69)

2.T.
- -( ) > 3, for all iJ for which p.*. (7.70)~T.-T. -

which are the same as (7.9)-(7.10). Therefore, if at least two

prices are different we must have:

3, > 0 (7.71)

making (7.66)-(7.67) into equalities. We assume this is the case

in the following.

Inserting the solution T.=/(s-.) into (7.66)-(7.67), we obtain

the two equations:

N N 0
z U. ) T U - W (7.72)

2O 
8 Pi 2-o 2-
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7- -.. J.. I~ ) (7.73)

from which the two unknowns B,a may be solved, if the functions

J. and S. meet certain requirements. Differentiating the left-nana

members of (7.72) and (7.73) with respect to B and to , we

obtain the Jacobian:

E , '( - 2 -)

J= z z -s-- ' (3-p.)-1-(B-,.) )

j=$- jo 3-Pj

N N a. . . )
, 7 C -C(D .-

-- z Z (7.74)
- J*i = (3-p) ( 2

Hence, in the case that at least two prices differ, there will

be a unique solution in 3 and a, if such a solution exists.

In (7.58) the work output constraint is given. It is evident that

must at most be as high as the maximal work output Wm asmax

given by (4.20) in section 4.2. From that section we also know

that there is a unique solution stating that all final tempera-

tures must be equal to a function of initial temperatures T.

and total entropy production S according to (4.19). Therefore,

if we choose W=Wmax in our present model, the solution to

(7.65)-(7.67) must coincide with the solution to (4.16) (apart

from the fact that the multiplier a has aifferent connotations in

the two models). Since the equations (7.66)-(7.67) exactly

correspond to the middle condition in (4.16) and (4.20), the re-

maining equations to compare must yield identical results. That

all final temperatures are equal implies by (7.65) that all

prices r. must be equal. If this would be the case, then by

(7.57)-(7.58) we find that J= W (where n is the mutual price)

which is entirely independent of any choice, and economically

meaningsless, at least if there is some source of free energy

at an environmental temperature.

When we increase the requirement level W, the range within which
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the different prices may vary will successively be narrowed down

to a single value. This result appears to be counter-intuitive.

Treating the right-hand members of (7.72) and (7.73) as

constants, we may study how a depends on according to these

two equations. By the mean value theorem we find the solutions:

- N
= U-'( Z , (-- )-W(-p) - A,{-p) (7.75)

and:

7 :/

-= ( Z U.( .)+S)(3-[) (7.76)

where n and r are mean prices (bounded) depending in general on

Al.i n . < _,n < ,',lax n. (7.77)

and where U' and S are the inverse functions of
N N

U(x) = U.(x) and Six) = Z S.(x) and A,, A abbreviations for
i=O - i-O - -

the coefficients preceding ( -p),(8-p).

A straight-forward differentiation of (7.75)-(7.77) gives us the

following derivatives:
N

(S3-p) E .S- .

-- A (7.78)
-- I

IV -
(3-P) ( C-pi

(7.79)
T- A 2 "

Z .

-1

where the c. are evaluated at T. a(-v.) . For large values of

B the two functions will approach linear functions having the
coefficients A1 ,A2, whereas when B approaches Max p. from above,2 d,%i - 7
a will tend towards zero and behave as a(B-r*) and
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respectively, where is the maximum price

and ' the corresnonding heat capacitv of that source.

Therefore the former function will behave as .,us3.(3-v*) and

the latter as 2un~t.(3- *) for values of 3 close above :*

where c= E j.. Hence the latter function is greater than the

former for values of 3 sufficiently close to = and a sufficient

condition for intersection is therefore:

S E S S(T) +3) < 7 W) (7.80)
i=O

Since S - and U -I are monotonically increasing functions, this is

precisely the condition that W does not exceed Wm in (4.20),

as is seen from (4.19) and (4.20).

Our conclusion is therefore that if W is chosen below the maxi-

mum work output, there will exist a. unique solution to our

problem, i e a unique solution in 3 and a, although the time

path of the temperatures are irrelevant.

A complete treatment of tracing the effects of changes in given

conditions in changes in the derived results would be veryJ

extensive. We shall therefore limit our treatment to a few basic

results. The given conditions in this model are described by the

following variables: prices n., minimum work extraction W,

minimal entropy production 5, initial temperatures T., and also

heat capacity functions 2.( ) The derived results are described

by the minimum cost C, the final temperatures 2 and the multi-

pliers S and .

By differentiating the optimality conditions with respect to all

variables, we obtain the following equation describing how total

cost is affected by SC from changes in parameters by 6p. 5W,6S

and 510
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+ 'W + 53 +p..-. .' (7.81)

i = 9 V = .

Hence we obtain the following results:

- =(7.82)
aW

aC
(7.83)

3S

a:,) (7.84)

= U. T (7.85)

Therefore, costs will rise if W or S are raised and will also

rise if an initial temperature T' below the corresponding

perature T. is raised, or if the price of a source with an

initial temperature above its final temperature is raised, etc.

By performing a total differentiation of the optimization con-

ditions and collecting dependent differentials in the left-hand

member and independent differentials (of parameters) in the

right-hand member, the resulting relationships may be contained

in the matrix-vector equation:
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-, '2

':<: ; : :

7!--6-- " • - T
r- O "-

--- . --- i / a

.,-' 7 -

Al . fo whic :=.e aruet"hbe mitdae vlae

" *

(7.6)
All c. for which the arguments hay been omitted are evaluated

at the final temperatures 7. K-,.) , alatrsshvn

been omitted. Let us use the short-hand notation A' for the

symmetric bordered Hessian matrix in the left-hand member.

On multiplying both members by the row vector

("6TS" 6.r,"" "' .,d'N 3 /3'-'a/ia) and using the relations:

3

N 62T. = [ ' + (S7.88)
" 2

we obtain:

,7 a &T = -1 (N :
C .7 .

i=O T i00 TiO - "

+ 6..+6S) (7.89)
a i=O T.
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which is greater than zero, if at least one final temperature is

affected by changes in given parameters. From this relation we

therefore obtain som general results such as the following. An

individual change in W by ;' will necessarily give rise to a

change in S by -s in the same direction, as will an individual

- >] yield a sO>?. Hence:

,3 (7.90)

> j (7.91)
33

Similarly we find:

< (7.92)3.

i e that the optimal final temperature of one source will

increase with an increase in its price (or a lower negative

price) of that source. On combining (7.90)-(7.91) with

(7.32)-(7.83) we also find:

72
> 0(7.93)

(7.94,

which means that total costs will be convex (progressively in-

creasing) in work output as well as in entropy production.

Also in this model 3 may be interpreted as the (marginal) value

of work since it shows the increase in minimal cost from a

marginal increase in work output as explained by (7.90). If

some source were to have an infinite final temperature .=,

we would also find o .= for that source from (7.65).
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If the heat capacity of one of the sources (for convenience

source ) tends towards infinity,c--., by a similar reasoning

as in section 4.2 we find that 2=i<, i e that no temperature

change occurs for this source. Therefore:

I

-. (7.95)

This provides a relationship between final temperatures . and

the multiplier 3. A limit value treatment of (7.72)-(7.73)

yields:

(U.(T.) - .- ', _ _ _ _

22

(7.96)

which determines 5 implicitly. The left-hand member then

describes that portion of the exergy potential that is consumed

for extracting W and loosing 7 in producing the entropy Z.
Futher explicitness in these results dces not appear to be

found if constant heat capacities were to be assumed.

It must be pointed out that the model treated above rests on the

assumption of constant prices, which are shown to be related to

the corresponding fina4 temperatures. In our or vious model of

section 7.2 treating infinite sources (with constant tempera-

tures) it was shown that temperatures and prices had to be rela-

ted in such a way as to make all temperature-discounted orices

equal. In our present model temperatures must of course vary

during the process of extraction. Intuitively, this would suggest

that prices should vary with temperatures during the process of

extraction in order to obtain an economically meaningful model,

not only be related to the final temperatures. We shall refrain

from such an analysis until section 7.6 where the present model

will be generalized to treating a system of ideal gas sources

characterized by temperatures as well as volumes (or pressures).

There it will be shown that prices indeed need to be related to

the current temperatures during the process of extraction in

order for the model to yield economically meaningful results.
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7.5. Economic model of energy extraction from primary production

factors transformed by non-linear production functions.

The model to be treated in this section will be different in

nature as compared with those of our previous sections. Below we

shall be dealing with flows of three kinds, two of which refer to

energy. As input flows we have rrimry proa:t ,'r fXors which

might or might not be energy-related. Examples of such resources

may be fuels, manpower, capital equipment etc. These are trans-

formed by means of non-linear production functions into 2rimcr:

energyi flows, such as burning fuels in order to provide heat.

Primary energy flows in their turn, are transformed into

aecondary energy fLows, which are interpreted as flows of energy

in useful forms for industrial or domestic purposes. This latter

transformation is described by linear relationships describing

the thermodynamic transformation opportunities available.

Examples of the latter kind of process are heat/turbine power and
heat/turbine power/electricity transformations, etc.

The primary production factors in volumes X "',Kk. for

process k are purchased at a given set of positive prices

' 2,..., CK and transformed into primary energy flows

... ,M . These are then transformed into secondary energy

flows z1,z2,. . .,zN, which are sold at the given constant positive

prices plp 2,.. ., . The kth primary process is characterized by

some nor-linear production function 0.

Yk =  "k (X!k'X'k-% ''.'jX Kk) (7.97)

and it is assumed that there is only one process available to

extract each kind of primary energy. The total factor volume of

kind . is denoted x,. The amount of primary energy of kind k,

i e yk, may be transformed into secondary energy of any kind Z.
We shall use temperatures alone to describe the property defining

the kind of energy. The fraction Ykl of YZ is used for obtaining

secondary energy of kind 1 in the amount zkl. This transformation
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is characterized by a second order efficiency . _, given the

maximum amount of remaining exergy compared with the exergy

consumed:

S(7.98)

where r. =2 for a reversible process and where 7* is the single

given constant environment temperature. This model does therefore

not obey the symmetry principle.

The transformations taking place from primary to secondary energy

are therefore linear, when all k, are constant. It has been

mentioned that the secondary processes transform energy of kind k

into energy of kind Z (having temperatures T. and T/ respecti-

vely). If there is no other kind of energy output we would have

to have Tk>7 according to the second law:

SkZ kZ
S-i. k ) = S > .j (7.99)

Hence the entropy production rate S., would be given by the two

temperatures and the level of output z k,. The second-order

efficiency would then be:

T*S 27 (. -T*")
l= (1- -l )( ,100)(I- _ k T (,.!00)

which shows that the second-order efficiency in such a case would

be determined by the two temperatures together with the environ-

ment temperature and therefore cannot be chosen independentlv for

the transformation under consideration. Also we must recuire

T*<T or *>T

We shall therefore allow the secondary processes to interact

with the environment such as is shown in figure 7.3.
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, Process 
k

ronment

Figure 7.3. Flows associated with secondary process transforming

energy of kind k into energy of kind Z

Allowing for an environmental interaction (heat losses, heat

pumping energy from environment, etc) we may choose ;k7 indepen-

dently of the temperatures involved. The relationship between

entropy production Sk and efficiency kL will then read:

(1- ) '[7.101)

The entropy production rate will still be proportional-to the

input level and also to the output level z

In the following all temperatures and all efficiencies will be

given. Hence, as soon as one flow in figure 7.3 is known, so

are also the other two flows as well as the entropy production

rate.

The problem we are to study is to choose optimal values of all

x, and z,, such that the profits:

IV K
V (7.102)

=j=:

are maximized subject to the constraints:

=2 x.k x. (7.133)
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( , . (7.104)

- (7. 105)

--7 -.

7,yz. (7.106)

Z = 1 (7.107)
k-i

where we have used inequalities in (7.104) and (7.106), which

will be shown to be equalities at the optimum. Figure 7.4

illustrates the overall system treated.

Primary Primary Secondary Seconaary
production energy transformation energy
factors forms processes forms

X7 Z ,

x2  Primary 2
~~transfor- Op -' - - _

mation~~processes ID

Figure 7.4. Overview of model treated

In order to form a Lagrangean, we eliminate the variables x.,

Yk and z,, using (7.103), (7.105), (7.107) and introduce non-

negative multipliers a- and akZ for each of the inequalities in

(7.104) and (7.106) respectively:

1 M K M
L = -o - c. Z x.. +1= ' =z< j=ij k l ,.

-, - (- - -kl V+ ~
Z= k=1 =k

~i a-1 -I

£kZ. ~k(klT *T ji"  - -2~*T )z. ) (7.108)
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Writing for short 0 jk 3 , the necessary Kuhn-Tucker con-

ditions will be the following:

3L _ . + .. < 0 (7.109)
ax.. *< ;< -

aL -C, +< 5(7. 110)
.7<

L -'

y. - _k LT )_n(7.112)

7L --

p- i*C(!-T*Tkl - (:TT (7.111)L - k  - Ykl 7 1 2

x l "(7.114)Xjk, YkL kk k > 714

where equalities hold in (7.109)-(7.113) for positive values of

the variables concerned and where strict ineaualities therefore

imply zero-valued corresponding variables in (7.114).

Let us assume for simplicity th- usual production function con-

ditions that all marginal productivities are non-negative and

that the functions are concave:

Q., > j (7.115)

d-0 < 0 (7.116)

where the latter inequality holds for any non-zero displacement

in the argument of (.k" We also assume the possibility of in-

activity . ,--

Combining (7.109)-(7.111), we obtain the fundamental inequality:

PI ak  C',
._ _ - - < B. - < - C. (7.117)- k ~~(.-T*T.1, (-*

1
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which holds for all combinations of index values , . The left-

hand member is seen to be the temperature-discounted price of

energy of temperature TZ, which, as before, we write shorter as
--

If primary process k is running, then for any x.,>3 (of which

there is at least one) we have from (7.117):

k '! i (7.118)

ik

If several factors are used in running process k, their values of

cj/¢jk will all be equal and minimal. For some there will be a

secondary energy output z k>3 if process k is running, which

implies:

=- (7.119)
. k(IT*T 1 0 jk!(:-T*Tk

Hence if energy of kind 1 is produced:

C.

P Min Min 1(7.120)
mz i Oi. i!-T m)

This means that for each process m under consideration, we choose

only factors i giving a lowest ratio M, i e a highest

marginal output per amount paid, this lowest ratio being the

marginal cost of energy from process m. This marginal cost is

then discounted with respect to the temperature of the output cf

process m, by multiplying by the factor (1and also
adjusted for the efficiency m in transforming from kind 7 to

kind Z. Only such processes m can be chosen for which the lowest

efficiency adjusted temperature-discounted marginal cost reaches

down to the temperature-discounted output price.

If factor j is used at all, i e x.>O, then for some value of 2

and some value of k we must have:
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.= (7. 121)

which by (7.117) implies:

C-2. ")a .7 .122)

This shows that the highest revenues from employing factor j will

be obtained by evaluating the marginal revenue products

(:-'* ) ") for different primary and secondary processes~r nn m '77

and choosing a combination giving a greatest value. Once again

the temperature-discounted prices are shown to play an important

role.

In the special case of only having access to reversible secondary

processes we would have all =1 and therefore no entropy pro-

duction, which simplifies (7.117) slightly. In such a case the

right-hand member of (7.120) will be independent of Z, which has

the important consequence that alL ,terrp raure-discounted output

prices must be equaL if the corresponding kind o energy is to be

producad, or in other words, only energy having the lowest

temperature-discounted price can be delivered at the optimum.
As a slight variation of the model treated, let us assume that

all primary processes are linear and that the supplies of pri-

mary factors are limited. For each output unit of process k we

need factors in the fixed volumes hlk, h2k'* ..,hk, and the to-

tal need of factors when running the primary processes with

output levels y . . , will then be:

*4 7

x Z h ' < x. (7.123)Sk=1 l-1Jkj

where x. is the given supply of factor .

The production function constraint is different compared with

the previous version of the model. Introducing the multiplier Y.

for each of the constraints in (7.123), the Lagrangean function

will be:
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- K1 ". -

+ -y.( - r fkIZ +

+ ..k (:-T*,7- J - ('-.* "'-)- j (7.124)k=_ k,. ." i . .I -

This model is thus entirely linear and from the Kuhn-Tucker

conditions the following fundamental inequality is given:

Z

kZ ( -1fj j< - k! < j-2 (7.125)

Similar to our previous findings we obtain that for secondary

energy Z to be produced, its temperature-discounted price obeys:

K

j=1 t/ j
P7 = l (7.126)

~k k~ - * k "

When all secondary processes are reversible, the right-hand

member is independent of : requiring that only energy with

highest temperature-discounted price be produced in the orocess

having lowest temperature-discounted marginal cost (adjusted for

shadow prices y. with respect to limited factor suolies).

7.6. Economic r.iode! of energy extracticn frcm a system or

ideal gases

In this section we shall sketch a model based on the system treated

in chapter 5. The results below are preliminary and the inclusion

of this section has the purpose of pointing out some theoretical

difficulties that arise when the sources from which exergy is to

be extracted are characterized by at least two properties, in

this case temperature and volume (or pressure).
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The aporoach in this section will be made along the same line as

in section 7.4, where a thermal system was treated. There we

attached a constant price . to the heat taken from or delivered

to the ith source having temoerature 7.. It was then shown that

these prices had to be related to their corresponding final

temperatures in order for a cost minimum to exist, assumina a

given minimal output of work to be extracted. It was also shown

that when the work output requirement was increased up to its

maximal possible level the range of possible prices narrowed down

to a single value applicable to all sources, a consequence in

conflict with the possibility of a free environment.

Due to difficulties to be pointed out, initially we shall confine

ourselves to an extremely specialized case of the system given in
chapter 5, assuming constant prices. Adopting such simplifica-

tions, it is hoped that the structure of the problem will be made
as clear as possible, enabling us to obtain certain explicit

relationships, that however are of extremely limited generality.

In this initial model we assume constant given prices. It is then

shown that the total costs incurred during the extraction process

must depend on the path between the state departed from to the

final state in such a way that a closed loop path can be chosen
giving rise to a finite cost increase or decrease depending on

the direction of the loop followed. This indicates that prices
have to be related to current temperatures and volumes and not

held constant, and the section will conclude with an aooroach

following such a line.

Let us at first consider the following simplified system of two

ideal gas sources, each characterized by its temperature

and by its volume VV V2 , the sum of volumes being a constant unit
volume V=!. Assume also that the heat capacities at constant

volume are unit-valued c=c2 =1 and that each source contains

exactly one mole,n zn2=1. Also we let the universal gas constant

R assume the numerical value of unity, which only means that
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the temperature scale applied has undergone a prooortional

transformation (cf table 2.1).

Under these assumptions, the problem stated in chapter 5 was to

maximize:

" *f f2 - 0

subject to the entropy and volume constraints:

> (7.128)

(7.129)
I -

The solution as regards final temperatures and volumes are then

given by:

*= V =/2 = / .(7.131)

The maxL.al work outout is:

+ .(7.132)

and the exergy potential:

(7.133)

It is also clear that if we would have had to keep the volumes

constant, the raximal work output would have been ft+' - -

and the exergy potential - +T0  which t 2 low2 ! , wichboth have lower

values than those of (7.132)-(7.133), if the initial volumes

differ from 1/2.
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We now state the following economic problem. Heat from (to)

source has to be purchased (sold) at a cot. znt orice r. (ner

heat unit) and a volume displacement of source i (used e q for

moving a piston) purchased (sold) at a constant price r. (Per

volume unit). The amount of work to be extracted has to reach a

given minimal level W. This extraction is to take place at lowest

cost, subject to the entropy and volume constraints. We are

therefore to minimize the total costs:

C=-i21 1 )dt -" f (T2'+2 9 )dt +

0 0 (7.134)

+ r, r dt + r 2 dv

0 0

subject to the three constraints:

-1-+ T2 71 + "2 (715

(7.135)2 2 1

- f(:+l9 dt rvW > (7.136)
0

1-V1 -V 2 = 0 (7.137)

Of these constraints the first and third have to be satisfied

throughout the process, whereas the second is a final value

constraint.

The approach used previously for finding conditions for an

optimal path is to form the Hamiltonian of the problem and derive

the associated Eulerian conditions:

V ) + p (T+T .) +

1' 2 V V2V1i + T2 + 2 V -_ITq T - (i (7.133)

T 2 1 1 ,21 .2 1
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- - - + - (7.139)

- - " - + ("7.141)
3.: .-" -Y .3 :

.", (7.142)

where we have chosen H so as to maximize -C, and where t,3,-f

are Lagrangean multipliers.

Combining (7.137) with (7.139)-(7.140) we obtain:

+ /

-- =(7.143)

P7 7

= - .7 = (7. 144)

.p' -:.,r2

Since W has to increase uo to W, we must have iW>' for some

portion of the path the process takes. This requires y to be

identically zero along this portion of the path and therefore -,=

and so = Hence the volumes may nct be adjusted when

extracting work.

Also, from (7.141)-(7.142) we obtain:

7. T = S(7.145)

2 B (7.146)
P2

when =, which means that both temperatures have to move in the

same direction. Since S>1 in (7.135), dW>2 requires at least one
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.>', which by (7.145)-(7.146) requires both .>. in contradic-

tion with (7.133). Hence there is no path satisfying the Euler

conditions that yields v>

The very fact that the volumes should not be changed indicate a

contradiction since we know proviouslv that if W is given a

sufficiently high value, this level cannot be reached except when

temperatures as well as volumes are adjusted.

Ihen comparing the Euler conditions of this section (7.139)-

(7.140) with those of the case treated in section 7.4 where

sources were characterized by temperatures alone (7.62) we find

the conditions regarding temperature adjustments to coincide when

7=7,r3. However, the presence of the possibility to adjust

volumes in our present case gives us the second set of conditions

(7.141)-(7.142) causing the lack of optimal trajectory.

Let us now take a geometrical look upon our problem. It is clear

that our objective function C in (7.134) contains integrals over

exact differentials except for two terms that we write:

J _ , + I ' dt (7.147)

0

Hence, apart from the final state reached, the path leading to

this state will only affect - from the terms in '. Let us

introduce the abbreviation:

. , .. .. (7. 148 )

When the entropy constraint (7.135) is active, points in

(-,-,-space lie on the hyperbola:

.4e, (7.149)
7 1 1 )

where we have eliminated 7, by using (7.137). Different values

of the volume 7, will define different hyperbolas, the lowest

curve being obtained when ,.2'-7,) takes on its maximum 1/4 for
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When 3 increases the curve moves outwards and when is

made closer to the curve moves closer to the 7.,? axes

(inwards).

Constant values of total work output correspond to straight lines

at ,'- angles with the axes:

W r+r -:. -2 = (7.150)

a higher value of W corresponding to a lower line, the lowest

possible one given by (7.132):

T. #T. 4. . (7.13:)

In figure 7.5 is shown the state space of the process under con-

sideration. The process starts out from the point ,J)at

which the work line W=2 indicated by .4 intersects the initial

hyberbola. The aim is to reach a permissible point on the line

/=W indicated by 3. The hyperbola C corresponds to a value of

7.,=!12 and final entropy S. The process must therefore end un

somewhere on the segment of 3 inbetween its two intersections

with 0.

A trajectory for which the entropy constraint is ineffective can

never give a minimum to 0' in (7.147) since such a trajectory

can always be improved by choosing a higher f-, if ,>9 etc.

Let us therefore study trajectories that satisfy the entropy

constraint exactly. Let us also confine ourselves to the rever-

sible case that d2=- throughout. In such a case the hyperbola -
in figure 7.5 would lie above the hyperbola C, and the possible

change from 2 to C would correspond to an adjustment in 7,

(and V, = >.i) alone.
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= Initial state

Target level

4e .

Solution according to (7.131)

,, 4 , 7/4 "_

Figure 7.5. State space of two-source process

Differentiating (7.149) gives us:

dT1  dT2

d7 1 = A2T (7.152)
P2 /2 A

4 TIT.

and since d7,=-d7., the line integral of (7.147) may be written:

dT dr,

= - _ "( T + (7.153)

where:

12T2 -2T (7.154)
2/,- A 2

This integral may be evaluated along a closed loop beginning and
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ending in the initial state and nassing the final state. Using

Green's theorem we obtain:

'- -(7.155)

where the surface integration takes place over the area defined

by the loop and where C. and 2 r are integrals along the two

paths connecting the initial and final states.

Evaluting the integrand in (7.155) and assuming 9)>) gives us:

1 7' -P

S -2 - +>2 > 2 (7.156)

4 J

Hence,for a positively oriented loop the integral in (7.155) must

be negative, and more negative the larger the area that is defi-

ned by the loop, whereas if r <0 the integral would be oositive.

If the direction of the path followed is reversed the sign

obtained would be the opposite. This means that if a closed loop

is followed a number of cycles, the line integral can be made

arbitrarily positive or negative.

This result has been obtained in a very special case, but it

appears quite clear that a perfectly similar result would be

obtained in any more general case.

As we have pointed out above, the results obtained indicate that

prices have to depend on current values of the properties, if

economically meaningful results are to be derived. Let us there-
fore take an approach that is shown to make the path of integ-

ration from initial to final state immaterial.

Consider a system of (.7+1) sources of ideal gases as given in

chapter 5. Each source is characterized by its temperature and

volume (or pressure) i, ...,N. The heat capacities at

constant volume are functions of temuerature alone

, .,'.7. The number of moles of each source are
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given constants 7,-.,..., Work may be extracted either by

heat engines, or by piston-cylinder devices, or both.

From our foregoinrg r=.<ults we have found that the differential

costs should be an exact differential in order for the path

of integration to be imn,':erial in our optimization. Let us

therefore assume that the price of heat is a function of the

current temperature of the heat source:

p.=p( .), i = 2,1,2,.. .,(.17
P i 1 i -, : (7 .157 )

and that the price of a volume displacement purchased is a

function of volume V. and temperature T.:

r r (., V.), i = ,1,2,...,.N (7.158)

Our problem is to minimize total costs:

C Z (pi(T,)(ci(T;)T." + Rn.TiV-I.) -

0

- i(- i Ii J Vi )d t  (7.159)

subject to the entropy constraint:

i= (ci(T.T. i i + R - S)dt > 0 (7.160)

to the work output constraint:

f i)> (7.161)
i=. 0

and to the volume constraint:

7 7. = 0 (7.162)
i=0

where S is the given rate of entropy production and W the given
amount of work to be extracted.
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in ordier for the cost differential to be exact, we need to

have ,cf (2. 3)

~cjrJ) ~.(~..)R~J -r .. ,..)(7.163)

or, since the left-hand member is zero:

7, 7,,~n.7 (7.164)

This partial differential equation has the solution:

r 77'. f.(7) (7.165)

where '.is an arbitrary function of 7.alone. This relationship

we require to hold throughout the process.

The Hamiltonian of the problem to maximize -C may be written:

H . T )(C + Rn..7 V.) r .(.,)7. +

+ ,(c.2' + Rn . .- S(,'+!) )-c§..+ yV. (7.166)

where a and 6 are non-negative multipliers and Y a multiplier,

the sign. of which as yet is undetermined. The Eulerian conditions

now become:

= ~,izi21,. .,Y(7.167)

d -ak. 7;-i. + y 0, 127, ,N (7.168)

where (7.163) has been used.

During the process of extraction we must have c:W>0 giving 6=' and

therefore 3*=0. Since 2.,w*,we therefore conclude that during
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the process we have:

= - " = (7.169)

Therefore the multipliers may be brought outside of the integrals

when forming the Lagrangean:

S . ) a.R. * Rn _.2V 7. i - . j V 2V.) ) it +

f Z3 Cc T. I. + Rn7, I ), - -

0

- ' c^~d W) y(/ .

-j = Q Z C 2 . t + W ) + ( - V . (7 . 1 7 0 )0 i=O i= "

in which all differentials are exact. Therefore the necessary

Kuhn-Tucker conditions for the final state become:

=L('.(T.) +aT- 8>ai - 0 (7.171)2T- ( . - .

(fi(V,) + a)Rn V - y = a. - y - ri(T,,V i ) 0 (7.172)
$Y

3L 0 0(
E((.G.(T.) Rn zZoVV)

, = )ogV0) -S > 0 (7.173)

i=.9

where a.. is pressure, and where a> or 6>0 yield equalities in

(7.173) and (7.174) respectively. The functions U. and j. as
- I I

b efore, are primitive functions of c. and c.T' respectively.
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From (7.171) we find the usual result:

i i" - - i 7 ) (7.177)

Hence, if 2. we may interpret a as the price of work p and

a3 - an environment temperature I*:

.71I

- (7.178)

which means that all temperature-discounted prices should be

equal. Also we obtaing from (7.172) the dependence:

-7

ri(Xi'Y) = ( - yP °) (7.179)

which shows that yp can be interpreted as an "environmental

pressure" a*:

r (a i) = p(a i  - a*) (7.180)
-7

In an analogous way we therefore call r .(a.-a*) the4pressure-

discourted price. Eq (7.180) thus requires that alZ rressure-

discounted prices are equaL when trading volume displacements

(such as compressed air in tubes).

Following the usual procedure of assuming differential adjust-

ments of the given parameters we find the anticipated results:

ac

a l (7.181)

;5

ac (7.182)

(7 ow + Dr*S (7.183)

i e that the total costs are made up of the work obtained W and

the lost work 2*S priced at the exergy price n. The implications

of further adjustments of different parameters such as initial
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temperatures or initial volumes are straight forward to derive,

but are omitted here.

We now introduce an asymmetry by letting source 0 become an

infinite environment with temperature and a finite pressure §,

by having . From (7.175) we obtain:

= - (7.184)

where the v. denote specific volumes. Also we have:

.3,>) (jT. c (7.185)
, I - 0-

where c is a constant for values of ', close to 1, and similarly

.,. - ( a. - .)(7.186)

Inserting these expressions into (7.173)-(7.175) and taking the

limit n3-. , we thus obtain:

I 11

W (U.(T--.(T.) + T ,(.(2.) - G. -

0

+ 2 -+(7. 187)

For an infinite environment, differentials of volumes and

heat d1,, of temperature T'0 would be free entities. This gives us:

p(... =)(7.188)

and:

"PR ' - ) 
= C .-a (7.189)
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from (7.178) and (7.180) where -* has been forced to take on
the value and a* to take on the value = a i e the

pressure of the ambient.

In this section we have nowhere assumed the existence of an
environment with constant intensive properties until from

(7.188) and onwards. Also we have nowhere presumed the use of

the exergy concept. The results derived have been based on the

second law directly. However, looking back at (7.178) and (7.180)

we easily see that a small amount of heat 6Qi purchased from

source i would cost:

6C" = (I IT pE (7.190)

and that a volume displacement 67. similarly would cost:

6C' = -(a a*) 6V. = 6"' (7.191)

where 57' and .6E' are the corresponding exergy differentials.

Hence, once again we find that our results may be interpreted

in terms of exergy directly.

It is clear that the analysis in this section and in section 7.4

could be strengthened and developed further, but this is left

for future research.
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CHAPTER 8. ECONOMIC MODELS OF ENEPGY UTILIZATICN

8.1 Introduction

Although energy is indestructable and therefore cannot be con-

sumed, it is indeed used for providing services to households,

consumers and industries and thereby, from a second law stand-

point, it is degraded. Exeray, on the other hand, which incorpo-

rates quantity as well as quality is indeed consumed in processes

durina which energy uses up its potential for carryiny out useful

tasks.

In this chapter we present a few different models for energy uti-

lization, or exergy consumption, describing enercy transformation

processes as seen from the noint of view of the user, interpreted

as a household (consumer). It will be shown that the temperature-

discounted prices derived in section 7.2 will continue to play

an important role for determinina the optimal choice of energy

utilization plan.

Throughout this chapter we assume the existence of a given infi-

nite environment having a given constant temperature 7*. The

models introduced do therefore not obey the svrmetrv principle

given in section 1.3.

8.2 Economic model of direct energy deliveries

As a first very simple model, we consider a household requiring

energy supplies for various purposes, such as for space heating,

for cooling, or for electrical equipment.-The volumes of services

using energy that are demanded per time unit (or during some

time interval), will be denoted by q,,,q,,...,q . We shall
characterize energy by one quality only, viz temperature.

The service represented by q. requires energy amounting to
z {q.) having a temperature - of at least ,., which is a

given parameter for each i. The z.(,?) are assumed to be mo-
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notonically increasing functions of qi. Also we assume

In this first model, the household does not have access to any

energy transforming equipment apart from natural entropy produc-

tion, such as heating a space by means of a flame having tempe-

rature high above room temperature etc. We shall therefore not

take into consideration cases such as cooking at a higher tempe-

rature that can be carried out in a shorter period of time and

providing a similar result as cooking at a lower temperature during
a longer interval.

The household is assumed to evaluate its consumption of services

accordina to a utility function , ... , a) having usual

first- and second-order properties (positive marginal utilities,

concave utility function):

3U

-- > , , 2, . (0.1)

d. 7 -( 2

d = Z E a,-

where the inequality in (8.2) is valid for any displacement

(da.,du .d.) that is not identically zero-valued.

Energy of temperature 2. is purchased at a positive unit price

of p(2.) which is assumed to be a monotonically increasing func-

tion of temperature, but constant with respect to purchased

amount of energy. For purchasing energy the consumer is provi-

ded with a given budget C.

The problem to be treated is to choose values of all q. that

maximize utility:

Ii=',A, . ) ( C (8.3)
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subject to the constraints:

> i.'7 (8.4)

-f -: " . (8.3)

We introduce the non-negative multiplier N for the budget re-

quirement and v. for the ith temperature requirement, and form

the Lagrangean:

+ Z + Z (8.6)

The necessary Kuhn-Tucker conditions will then be:

dZ.

0, ,,*** (8.8)

d= . ; + V. '0, i

Ti 7 ) .( . ( 8 .9 )

- = - , . , j < , i , " . . (8.10)

I- >0' (8.11)

where strict ineacualities i4n (8.7),(8.9) or (8.10) imply

zero-valued corresponding variables and where therefore posi-

tive values of q or v. imply corresponding eualities in

(8.7), (8.9) or (8.10) respectively.

Since rict i and are positive, (8.7) recuires > ,
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1-' (T.
and this consecuence combined with :- > J in (b.8)

implies .> for all i. Therefore (8.9) and (8.10) will

be eaualities and the temperatures chosen will be lowest

possible, auite as expected. Since 7=-., we replace the

notation .) by the simpler notation r. etc. The result >,

implies that the full budcet is spent, which is quite natural

considering 0 > for all 7..

The solution to our problem is therefore a solution to:

iz.

that satisfies (8.7). This is a system of (N+C) ecTuations with

the (:1<) unknowns qj, qa- ...

Let us briefly take a look at effects of changes in given para-

meter values. If we have -;_A <0 for some i in the so-

lution, and therefore will be 2ero-valued. A small para-

meter change in C or P_. by 6C and 6p. will therefore have nc

effect on a.. We can therefore consider the system:

- 0 >0)
- Ar.-(8.13)

which contains only pcsitive variables q .> 2,7' denoting the

sum.maticn over such index values.

Taking the total differential of this system of equations and

renumbering the variables pqi,zi etc from 2 to ' for positive

values of ai and usinc the variables z1. instead of .i, we may

write:
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in which 3r and SC are considered as independent and ,:z. and

3X as dependent differentials,and where the abbreviations

. ,_ _ . - . _are used.

The bottom row equation in (8.14) aives us the usual economic

interpretation of the multiplier ,:

i : -- v(8.15)
xC

If the determinant of the coefficient macrix in the left-hand

member of (8.14) is non-zero, the equation can be inverted,

giving us the differentials , 8z.,, ... , 3z,,, SX as functions

of 6-. and 6C. The resulting equation may be interpreted in

terms of the 3>:ask] j [Lcf e a Horowitz, 1970, Z 33]:

- 7z.(3.16)

where the term refers to the s:/.,;m:': -':

assuming a change in z; and a simultaneous change in C enabling

u to remain constant. Other results may be derived and will be

identical with those included in standard micro-economic lit-

terature.

The system of equations (8.12) together with the inequality

(3.17) determines the implicit demand relationshios, i e the

dependence of demanded energy volumes z,. as functions of all

prices and the budget level C
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8.3. Economic model of household with access to energy trans-

formation equipment.

In the model to be presented in this section we introduce the
opportunity for the household to transform purchased energy of

one kind i (temperature T ),V., 2,..., into energy of a

second kind- (temperature T), j=l,, .. ,N. The equipment for

sucn a conversion produces an entropy S.. which is assumed to be

proportional to the volume of energy input. Also we allow for
the opportunity for the equipment to interact with the environ-

ment (temperature T*) making it possible to obtain energy out-

puts at higher temperatures than that of the input energy in a

similar way as described in section 7.5 (cf figure 7.3). Figure

8.1 illustrates the flows associated with such a transformation.

Z.

- .Equipment

Figure 8.1. Energy flows associated with transformation eauip-

ment

According to figure 8.1 the energy input is y. and is trans-

formed into the energy output z. The flow from the equipment
to the environment z..,, may be positive (heat engine example) or

negative (heat pump example). The second-order efficiency is

assumed constant and is given by:

":J (8.17)
)iYi

and is related to the entropy production rate .: by (cf (7.101)):

Sid = - ' )(-T* -', (8.18)
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If any f or . are known, so are the other

three. The efficiencies i.. obey >j..<. for all i and

The output energy of kind j is used for producing services

needing the temperature 7:. The volumes of such services produ-

ced >, as before, are assumed to be a monotonically increasing

functions of z., which we write in the inverse form z.(;.,,

where z.($J)= , z. being the energy requirement for the service

volume j'. The total energy of kind . purchased is written >-

and the total energy of kind j produced is written z.. Figure

8.2 illustrates the cverall system.

Purchased Transformed Services
energy energy

"I qlY2 Transfor- q
mation U Util ity
equipment evaluation

Fiaure 8.2. Illustration of flows in household having access

to transformation equipment

As in the model of section 8.2 the energy used for producing the

services cannot be used again for any additional purpose. Such

possibilities will be treated in section 8.4 below. For simpli-

city we assume that the temperature necessary for providing

service of type j is fixed at 7. in contrast to our former

model in which we initially had the opportunity to use any

temperature 7. above a given T..

The costs associated with this model are of two kinds. On the

hand we have the cost of purchasing energy of kind i, which is

represented by the given parameter r., and secondly, we have the

cost of transforming ' into :7.., which we represent by a unit

8.7
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operating and equipment cost r.., per unit of energy input. The

total costs may not exceed a given budget limit

+ . < (8.19)
-. _ - ._ ._? vJ

The preferences of the household for different services is

described by a concave utility function , .. having

positive marginal utilities > 9, = , .

The problem we analyze is the following. Given all p., r.,

and 7, the utility function is to be maximized by a suitable

choice of yu'", (giving y., z, and a,.) subject to (8.19) and

to the constraints:

:(..,'* ")v. - (>-*1 -  .. > 9 (8.20)

zi - - > (8.21)

Introducing the non-negative Lagrangean multipliers X for (8.19),

3.. for (8.20) and v. for (8.21), we form the Lagrangean:

+ z + c- Z +.+r..J . ) +

zz

:'4 ; -

2. . .- , . - - ... . .

;;M

* C .( zi--z':.)),(8.22)

dq3
The necessary Kuhn-Tucker conditions are as follows:
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- -- -- + , , (8. 25)

j... ,,

Z Z +r. )j (8.26)

-L-:- .*-

S.' '.-> (8.27)

= ' .- - . ( > J (8.28)

q . > (8.29)

where positive values of the respective variables require

equalities in (8.23)-(8.28) and strict inequalities that the

corresponding variables are zero-valued.

From (8.23) we immediately find v .>) for all j making (8.28)3
equalities. Hence by (8.25), all .. are positive making (8.27)

into equalities also. The inequality (8.24) then requires ,>;,

which implies an equality in (8.26) meaning that the budget

available is spent in its entirety. This gives us an opportunity

to eliminate many of the variables, if we so wish.

au 3 dq i

Writing u - - and combining (8.23)-(8.25) we obtainD z aqj azj.

the fundamental inecquality:

_- .. p.+r .- _: -
- < .. +,. (8.30)

which is similar in nature to (7.117) and where . is the tempera-

ture-discounted price of energy type i, ._. the discounted opera-

ting and equipment expense with respect to input temperature 7.

and u. the "temperature-discounted marginal utility" for service
$.

Since C>I, from (8.26) we obtain that there must be at least one

:i.:>', say yki>0, which implies by (8.27) and (8.28) that
and therefore q1 >3

" Hence:
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" + (8 .31)

Frcm the inequality (8.30) we find:

- -. .. .

S. -- <. ' - r (8.32)

Therefore we must have:

& ;k r;. - v. ' z .i(;+;.: =I (8.33)

where we have used the short-hand notation , since the middle

member is a function of : alone. For any positive energy output

z 1 >., the choice of optimal transformation equipment (k,l)

providing this energy will thus be guided by (8.33), which

implies that we should compare the temperature-discounted prices

including operating expenses inflat9d for the efficiency factor

i, and then choose an equipment for which this discounted and

inflated price is the lowest. In practical cases the relation

between I and the minimizing value of (ie k) would presumably

be unique, meaning that there would be only one optimal kind of

equipment for each energy use.

In the special case that all such values of i gave the same

discounted operating expense r k (e g if this term were negli-

gable) and the same efficiency (e g only reversible processes)

then p- would be independent of Z, i e n=p, for all i, which

implies that one type of input energy alone would suffice for

providing all energy the household needs.

In the case that for each Z the minimization in (8.33) is obtai-

ned for a unique izk(l), we must have:

0I.z = Iii = 0, i*k[L) (8.34)

and therefore:
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.- = .. = .(. J(8.332

F -k

Our problem would then be reduced to that of maximizing:

- ,(8.36)

subject to the single constraint:
- 2

- - <(8.37)

which is structure is identical with our model in the previous

section if , k -, , is interpreted as the price of

energy of kind L.

Let us for the sake of analysis assume that the minimization in

(8.33) does not give a unique solution for a given i1. We would

then have:

- = - (8.38)

for some m-, enabling us to choose arbitrarily between equipmaent

,k Iand (r, .) for providing energy of kind Z. If the unadjusted

prices are different, say:

+ p. +r. (8.39)

we must have:

'_,T m> T (8.40)

showing that a higher energy price may be compensated for either

by a higher efficiency m or a higher temperature >'or

both. Thus there is a clear trade-off between efficiency, tempe-
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rature and cost. Similarly, if the unadjusted unit prices are

equal we obtain:

i .- _ -i : --
" k "- ->.(8.41)

showing the higher temperature to be associated with a lower

efficiency and vice versa.

If we wish to study consequences from changing our given parameter

values, in the case of a unique solution to (8.33) the problem

(8.36)-(8.37) will have the same structure as (8.3)-(8.4). There-

fore the procedure described in (8.14) and subsequently will be
- -- - - ( - " Wr t n

valid when z. is exchanged for 6(0. , i) ."l Writing

for this difterential, we derive the following sign relation-

ships:

>- (8.42)

~r r

< (8.43)
k Z

- >(8.44)

These results may be interpreted in the following way. An in-

crease in the direct price of the energy of optimal type k,')

used for transforming it into energy of type Z to be utilized for
providing service of kind Z, has the same effect as a price in-

crease Sr->O in our former model in section 8.2. The same result

applies to an increase in operating and equipment expense rk
Also in using a higher output temperature 2> or a lower input
temperature k ') the same consequence is obtained. As for the

environment temperature T*, an increase 6iC>O will have the same
effect as a price increase, if input temperature k(Z) is below

output temperature Tand the reverse effect if output tempera-
ture is below input temperature A warmer environment
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will corresoond to a cost increase when energy temperature is

raised and to a cost decrease when energy temperature is lowered.

This result, as well as the former consequenses appear to be in

full agreement with intuition.

8.4. Economic model of household energy utilization including

opportunities to reuse energy output (feedback).

The third energy utilization model introduced is somewhat more

general in nature than those already treated, and they may there-

fore be considered as special cases of this third model.

As before, the household has the opportunity to purchase energy

flows corresponding to different temperatures from outside

sources. Flows will be positive when arriving from the environ-

ment and negative when leaving the household to the environment.

These primary energy flows may be transformed into secondary

energy flows by means of equipment 'the household has access to.

Such equipment will be described as tranaformation processes

Among these processes we have "dummy" processes available, which

leave the corresponding incoming energy flows unaffected.

Secondary energy flows are fed into other equipment also des-

cribed in the form of processes and called service processes

This equipment, when supplied with energy flows in suitable

forms, provides services to the household. The household then

evaluates the services delivered according to a utility function.

The service equipment, when in use, will have outgoing (waste)

energy flows. These flows might be of such a form that they can

be recycled as inputs into other processes. Also a transformation

process might yield as an output energy in different forms. All

of these forms might not be required by the service equipment and

residual flows can also be recycled supplementing the primary

energy inputs.

8.13
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The total number of energy forms present in the entire system is
a given number ., the number of transformation processes is .

and the number of service processes is .':. The j'* transformation

process is described by two ';-dimensional column vectors, an

input vector y. with non-negative components . and an output

vector z . with non-negative components z..:

= (8.45)

.74

z = (8.46)

These vectors describe the energy inputs and outputs of trans-

formation process j when this process is run on a unit c-ivi-y

leve7. Several of the components of y_ and Z. would usually be

zero-valued. On unit activity level, the process will require

yS yj...,y.,*idi as input flows of energy of temperatures

,2. and provide output flows z . z of tempera-

tures The input and output vectors are related

according to first and second law relationships to be described

below.

Similar applies for the service processes the activily levels of

which influence the utility function of the household. For ser-
vice process , it is described by an :-dimensional non-negative

input vector a. and an N-dimensional non-negative output vector

bV in which aik is the ith component of ak describing the input

flow and b the output flow of energy of temperature i.., when

this kth process is run on a unit activity level.
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Let us use the designation for the component sum y.. and

similar for z;, .' The first law applied to transforma-

tion processes then requires:

IY:; = z: , , , .. .K(8.47)

and applied to service processes:

a;, I., k =1, 2,.. .,M (8.48)

Let us now assume that the entropy production of the various

processes is proportional to the level of activity at which each

process is run and that ao is the given entropy production rate

of transformation process j and -. the similar rate of service

process <. Introducing the constant 2-dimensional row vector:

S '. 2 j... ..T ) (8.49)

the entropy production at unit activity level of transformation

process j will be:

-s. (8.50)

and of service process k:

- 0. (8.51)

When pure work occurs as a flow, i e a power, this corresponds to

infinite temperature and the corresponding component in r is then

zero-valued.

As we know from previous chapters, the second-order efficiency

requires reference to exergy and therefore to an environmental

temperature T*. Without specifying the origin of such a tempera-

ture, we define the second-order efficiency of transformation

process , and service process respectively as:
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_, 7* -T_ __ _

b- - - * : T ,7

-- = • = - -;~ ., (8.52)

K_ _ _ _ _ __ __ __ _ K (8.53)

;k b_ - *T S+:,j
'bk :"k k '<(.3*'. i ' <T- - - - ' - * b + * ,

which shows alternative formulations based on the relation that

input exergy equals output exergy plus the product of environ-

mental temperature and entropy production.

Let us now introduce non-negative activity levels , .

for the transformation processes and S2, 2' 5 for the

service processes. The tctaL input and output vectors of the

transformation processes as a whole may then be written:

K
y Y 2 a (8.54)

K

Z= : .z. = 75 (8.55)

where Y and Z are NxK-dimensional matrices, y and z N-dimensional

column vectors andctaK-dimensional column vector. Similarly we

obtain for the service processes as a whole:

a Z Z.a, =A (8.56)
k=I

'V

b z ck k (8.57)
k=1

where A and B are :xM-dimensional matrices, a and a ,-dimensional

vectors and 3 an :-dimensional vector.

In order for activity vector to be feasible, there must be a

sufficient supply of all kinds of energy necessary for running

the respective service processes having non-zero components in

6. Hence an important constraint is that a<z or:
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form aio prcse Ite r fuetee hs (8. 53)
The residual energy flows _'-A3 may be recycled into the trans-
formation processes if they are of use there. This flow together

with the output of the service processes will represent the

feedback in the system - .The input from external sources

into the system written as an :-dimensional column vector x thus

is the input flow of the transformation processes less the feed-
back flow:

x = CY-_' i + (B-(8.59)

By multiplying both members by 7 and using (8.50)-(8.51) we

obtain:

= - s. . - Z .8 (8.60)
j=1 " 0 k=1

and the total entropy production rate of the system (dot nota-

tion omitted) when given all activity levels in a and a will be:

- --x =s + (8.61)

where s is a .-dimensional row vector collecting the entropy

production rates of the transformation processes at unit acti-

vity levels and u similarly an M-dimensional row vector for

the service processes. Since s,ac,3 are all non-negative so

must -Tx be. Therefore whenever an irreversible.process is

running, we must have a non-zero vector x, or, in other words,

the system will always require an interaction with the environ-

ment whenever irreversible processes are running.

Figure 8.3 illustrates the various flows in the system, all

arrows representing :-dimensional vectors.
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Figure 8.3. Schematic reoresentation of energy flows in house-

hold model with recycling opportunities

We are now in a position to formulate the utility maximization

problem of the household under consideration. The service

volumes provided by the equipment k may be considered a monoto-

nic function of the activity level Bk  of that process. There-

fore the utility function being a function of the service

levels, and having positive marginal utilities, will be an

indirect function of the activity levels:

(3 , , (8 .62)

The household pays the positive price .j per unit of inout of
energy of temperature T.. The operating and capital costs for

running the processes are assumed to be proportional to the

respective activity levels. The corresponding unit costs are

denoted r=((r 1,r2,...,r K ) for the transformation processes and

=(Pl, 2... ,4 ) for the service processes. The total (net)

outlay is not allowed to exceed a given budget limit C. Collec-

ting all prices ni into a row vector p=pp .... ), the budget

constraint will be:
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- -= , i- + A-2 : -. <(8.63)

Also we have the vector constraint (8.58) The household is now

to choose optimal values of all different and 3. subject to

the constraints and given the matrices -',,, and the vectors

v,r,~ and the budget 2.

Introducing a non-negative multiplier k for (8.63) and an

:-dimensional row vector of non-negative multipliers

S,. ,...,;. 1) for (8.58) we form the Lagrangian:

" + N ( -p ( (Y-Z)a+(.4-3)J3)+r + ) + b (Zt-A (8.64)

The necessary Kuhn-Tucker conditions will be:

- -_ X(r(y'.-z .)+r,) + tc. < J (8.6 )

"- \(p(ak-b. )+ .) - 2a (3.66)

=L C - ((Z-2). +A-B) ) - ra- o > 3 (8.67)

L K M_ Z Zj( j  -r A(a3. > 3 (8.68)

, , - _ >(8.69)

or rewriting (8.65), (8.66), (8.68) in matrix-vector form:

;1Z < X(:(Y- )+r) (8.70)

7" < X(r(A-B)+-) + i. (8.71)

< Za (8.72)

where Vu is the gradient of u arranged as a row vector. Since

strict inequalities require zero-valued variables and positive

variables require equalities we also have:
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S' + ) (8.73)

= x3A-3+ , + *.-, (8.74)

C = +( r-+,'a+(A-33r + ) (8.75)

.4= (8.76)

Let us first rule out service equiment that is CPniC~i i-

If for some service process its input vector a> has

a positive requirement of energy i, i e a.. >1, and no transfor-

mation process has such an output, i e z..=: for all j, then

obviously (8.68) can only be met with 3k=9 (an electric toaster

cannot be used in a non-electrified area with no access to

donkey generators). Such infeasible equipment can easily be

ruled out of our problem, and we therefore adopt the convention

that the 3,-variables do not represent any such equipment.

We nlw show that X>3 and that therefore the entire budget is

spent. Assume by hypothesis the contrary case *=0. Then by

(8.71) A>O and for each k there exists an i depending on ,

i(k), such that ,. >O and a. k>7. Since equipment k is not

infeasible, there is at least one transformation process j

providing energy i(k), i e j'iHk)) with z.. k)j(i(,))>O. There-

fore which, by (8.70) requires X>3. Hence X>: and we

have an equality in (8.67). Furthermore we cannot have 3=:,
since (8.73), (8.75) and (8.76) would then require j=: contrary

to hypothesis. This means that the budget is spent in such a

way that some service as well as some transformation process

must be in use at the optimum, quite as expected. The trans-

formation process might however be a dummy process.

We now reformulate some of our equations in order to study

relationships between the optimal behaviour of the household and

the exergy consumption (or entropy production) that this beha-

viour gives rise to. First of all we introduce the following

diagonal matriz 7, in which T* is interpreted as an environment
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temperature -nd is assumed to be different fro: an, cther ener"'v

tempera ture:

r

(8.77)

v -

This matrix will thus have a unique inverseP which is diagonal

having the element (:-*T- in its "th diagonal position.

Using 7, the temperature-discounted prices collected in a row

vector may be written:

= 2r (8.78)

We also introduce exergy input and output measures for the

various processes by premultiplying their respective matrices by
F:

= PY (8.79)

., - ,' (8.80)

A = PA (8.8)

5 1 -B (8.821

At unit activity level, exergy input of transformation process

will then be I the exergy output z2  and the

entropy production:

Z 71r i-.Irz )T* (8.83)

and similarly for the kth service process:
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- , - -I - , -

where : is the jth column of 3 etc. Out cost constraint can

thereby be rewritten as:

C > i-)c + p (A -3) + r + (8.85)

and, if all diagonal elements of 7 are positive, our second

constraint comparing the output of transformation processes and

the input of service processes will obtain the form:

- > 9 (8.86)

Our objective function u(3) is entirely unaffected by these

substitutions. Hence, our original problem will be identical in

structure with the problem to maximize -(3) subject to (8.85),

(8.86) in which temperature-diacountad prices and exergy input/

output matrices appear rather than energy prices and input/out-

put matrices referring to energy f'Lws. Due to these simiiar.-

ties the Kuhn-Tucker conditions will be the same as previously

obtained having taken these substitutions into consideration and

therefore the solution (or solution set) will be exactly the

same in either formulation.

Up to now we have considered the prices included in p,r and o as

given. The solution in , and 1 (or =u1 ) at the optimum

will be functions of these prices.

Varying the prices will therefore result in variations of

optimal activity levels and multipliers. For a given set of

prices there will be a certain entropy production and a certain

exergy consumption:

= I (s + ) (8.87)
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These a-so depend on the prices, and price variations in the

general case, also will result in variations in exergy consump-

tion. Therefore it is of interest to inauire into the relation-

ship between the price parameters and exergy consumption, since

the latter reflects the true resource that is consumed.

As a starting point let us revert to our original problem giving

a solution based on the given prices. For this solution the

utility function :i(£) will take on its constrained maximum

level, say "( )= and the entire given budget C will be spent.

Let us now allow the prices to be adjusted (but kept non-nega-

tive) such that the utility level at optimum will not fall short

of u and the expenditure remain at , in such a way that the

exergy consumption T*S in (8.87) is minimized. Introducing new

non-negative multipliers iy and £, the latter a row vector, we

form the Lagrangean:

T*(so+ta) + wt(u-u( )) + ( +

+ . S (8.88)

Differentiating, we obtain our Kuhn-Tucker conditions written in

the following matrix-vector form:

T*s + y ( (2-7.+r) - - > J (8.89)

T*a -,7u + y(:(A-3)+Q) + E. > 2 (8.90)

y((Y-Z)= +('A-3)a) > 0 (8.91)

^ - ai( ) < 2 (8.92)

- 2(Y-ZU)- ra -pt'.-3)3 - p3 < (8.93)

a- <  (8.94)

T". + y(p(Y-)+-"-eZ 2 (8.93)
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"T (8.96)

2 -]+. BS (8.97)

w -i ( =) ) (8.98)

"- = (8.99)

- 0 (8.100)

, , > (8.101)

where (8.91) is the condition obtained by differentiating with

respect to all discounted prices. This set of conditions has

some important consequences.

Eq (8.97) is y multiplied by the total expenditure on energy

purchases. If at least one energy input used has a positive

price, we must require:

Y= (8.102)

Adding (8.95) and (8.96) and using (8.100), (8.102) amd (8.87)

yields:

: 3 =(8.103'

if at least one process in use is irreversible, 3>', which

requires w>O. Hence, utility will remain at is original level U

according to (8.98). Since the household behaves optimally

(8.70) and (8.71) are valid, which we now write on the form:

--)+r) - Z > . (8.104)

x(p(A-3)+p) - 7 + - > 3 (8.105)

8.24
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Since w, we may divide (8.89)-(8.90) by w, which, using ,

gives us:

Z > (8.106)

- 7.4 + -j > (8.107)

These two inequalitites are to be compared with (8.104)-(8.105),

which shows that if prices are chosen so as to satisfy:

+ r = (8.108)
WA

p(A-E) + .W- (8.109)

the two pairs of conditions coincide. A sufficient condition for

this to occur is (i) that all temperature-discounted pr'iees are

equal and (ii) that all operating and capitaL costs for the

equipmenv are proportional to the entropy production in each

process. To show this, we write the discounted prices in the

form:

P = . ... (8.110)

where c is a positive constant. Using (8.83)-(8.84) we then

obtain:

c-- -o T s =r (8.11i)

( T =P (8.112)

Obviously we must have c<w- x whenever r*O or P*O. These two

equations show that with a coefficient of proportionality
(-1,-1

4 -c)T*between entropy production and capital/operating

cost, where c is a constant temperature-discounted price for all

kinds of energy input, the two pairs of conditions must coincide.

Furthermore, in the case of negligable capital/operating costs
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The temperature-discounted price must obey P=c-\ -I

Combining (8.73)-(8.76) we obtain:

3 = X (8.113)

which by (8.103) means:

T*S = WAC (8.114)

Hence (8.1ll)-(8.112) may be rewritten as:

r. 3_
+ -c, ,...,:(8.115)

---k + ---- J k--

k + , = --. . ., ' (8.116)
T*S S

This means that the total energy cost per unit of activity level

in each process is made up in such a way that it equals the share

of the total cost that the entropy production of each process

represents.

The model treated above shows the following. If a household with

given irreversible equipment maximizes its utility while treating

all energy prices as given, it will minimize its use of exergy on

a given level of utility and with a given budget, when the cost

for runninc the processes exactly reflect the amount of exergy

consumed in the processes. This occurs when all temperature-

discounted prices of energy inputs are equal and all operating

and capital costs proportional to the respective rates of entropy

production. Once again, this model reminds us of the important

role played by the temperature-discounted price concept.
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3.3. Examole of a household using energy for heating and

lighting purposes

As an illustration of the theory presented in the foregoing

section we provide the following example of an interpretation of

the model. A household needs electricity for lighting its house

and heat for providing a comfortable temperature. The budget for

these purposes is C. As energy inputs, the household may ourchase

electricity and/or steam heat of temperature T9 delivered from a

utility network. The heat needed for space heating is of at least

room temperature T. and the temperature of the environment of the4o

house to which the space heat leaks is ",. The temperature of

electricity delivered is 7= When using electricity for

lighting-up purposes, heat from light-bulbs is discharged to the

space in which these bulbs are located at room temperature.

The service processes are therefore ! in number. Process 1,

space heating, has room temperature heat as an input and environ-

ment heat as an output. Process 2, lighting, has electricity as

an input and room-temperature heat as an output. Altogether there

are N=4 levels of energy quality present. Using energy input to
define unit activity level, we have the following input and out-

put matrices of the service processes:

A = K 0 (8.117)

'0 9

3 = , 2(8.118)

AS transformation processes the household needs either resistance

heating equipment (process 1) transforming electrical energy into

heat of room temperature or a heat exchanger (process 2) trans-
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forming steam heat into heat of room temperature (or possibly

both). Also we need to introduce two dummy processes, the first

(process 3) transforming electricity into electricity, and the

second (process 4) transforming heat of zoom temperature into

heat of the same temperature. These dummy processes are needed

for theoretical purposes, since there is no direct external in-

put into any service process and no direct feed-back from one

process (in this case lighting) into any other process (in this

case space heating). Thus we have a total of K=4 transformation

processes. Using energy input levels, as before, for defining

unit activity levels, we have the following input and output

matrices:

0 1 0)

= K 0 (8.119)

{0 9 0

, 0 1 Oi

1 0 1 (8.120)

Since the transformation output cannot fall short of the service

input, we have ZaAE, which in this example is written as:

K ,o 2fla1  1 K I0F%

1 1 ++4 = (8.121)

This gives us the two constraints:

a 3 > 5 2
(8.122)
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Assuming that the household cannot purchase energy of room tem-

perature from external sources, we must require x<', which indi-

cates that there might be an opportunity of an external discharge

of excess room-temperature heat, but certainly no external input

of this heat. The external flow directions of other kinds of

energy are natural consequences of the optimization procedure,

i e that electricity may be supplied x>3, steam heat may be

supplied x.,>) and environmental heat may be discharged x,< . Let

us write these inequalities in the following form for simplicity,

despite the fact that three of the inequalities are of no

importance:

>C

x -(8.123)

For these inequalities we need a set of multipliers which we

write XV = A(%1 v ,... ,), knowing X of the budget constraint to

be positive.

The household as an energy-using system may now be described as

in figure 8.4.

2 Transror-
- i 2"4- marion service

81 processes processes

Nor

'13-92

Figure 8.4. System of energy flows in household example. Tcp

four flows indicate flows in order of falling

temoerature
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The household is assumed to maximize a utility function of the

Cobb-Douglas form:

(8.124)

where 6,,S, are positive constants that satisfy 5 +62<1. The

marginal utilities collected in a row vector, the gradient of u,

will then be:

I? = U( -1 -) (8.125)
a1 32

in which the 6. reflect the relative marginal importance of the

two kinds of services provided.

The prices of electricity and network steam are denoted n_, and

where as no external price is attached neither to room tem-

perature energy nor environmental energy, p3=',,=9. The operating

and capital costs of all equipment are neglected for the sake of

simplicity r= ,p=9.

The Langrangean of this household's problem needs to be extended

with an additional term for the inequalities (8.123) as compared

to the model in the previous section:

LC-D(y-2>a-p(A-3)a) +

(8.126)
+ ;i7 -A8) - vX((Y-Z)a + (A-3)3)

The Kuhn-Tucker requirements for a constrained maximum cf :t are

now:

(2 - 3 ) + (; , u ";) <4 3 (8.127)

X,11 > J(8.130)
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C. <

(8.131)

and inequalities (8.122) and (8.123). Also a strict inequality

requires a zero-valued variable and a positive variable an

equality. Fron (8.128) we obtain that 8i, :2 both are oositive

in order for the multipliers to remain finite. Hence from (8.123)

we find v2 =V 4=0. From (8.127) we obtain 0=3=0 and therefore

from (8.128) and (8.127):

P >V.,>O (8.132)

P > V (8.133)

The first of these two inequalities, requires immediately that

~=3=, i e no resistance heating. The levels of the two dummy

processes a. and a, are only limited by (8.122). Hence ae may

choose:

O43= 3_2 
(8.134)

Higher values of these two activity levels had been permitted but

would only have represented additional circular flows of electri-

city and room temperature energy, having no consequence to the

results. From v3>0 we obtain the equalizy:

- (8.135)

showing that always a1 82.

Postmultiplication of (8.128) by 3, taking the quotient of the

two components and solving for v- gives us:
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S -(8 136)

This shows that (8.132) gives no additional information, whereas

(8.133) may be rewritten according to:

-- > .- -- ) - (8.137)

where v<j and where a strict inequality requires a,=2. We may

distinguish two possible cases, the first case I, occurring for:

- : > 2 (8.138)

This case requires 1>32 and a2>) and therefore v2. A positive

'. yields equality in (8.137):

(8.139)

which gives v3 the value:

= ... (8.140)

The second case, case II, is obtained when:

__¢_ - _ / < T(8.141)

If this is a strict inequality, then we either have equality in

(8.137) with v,<-' and therefore a, =0 or strict in equality in

(8.137) demanding a,=O. If this instead were an equality, either

3,/S,=1 and therefore a.=9 or w.<J and .. Therefore (8.141)

implies:

a..3-3 =3 (8.142)
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and by (3.13):

- (8.143)

Using the budget constraint, it is now a simple task to obtain

values of the remaining variables. The results are summarized in

table 8.1.

CASE I CASE II

5.'
-- , -,

A 5, ' *2 ~ ) '- _____

3  56

PI

U 2,

u A. 2 $

Table 8.1. Solution to model for the two possi,,"e cases given

by (8.138) and (8.141)
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Let us now take some entropy considerations. At unit activity

levels, the transformation processes will produce entrcpy at

rates given by:

-- -: 7 , -, - - - +

(8.144)
-7 -7 -= '-7 "' " - - " ", 4.7,

3 -3

and the service processes similarly at rates:

,,? .- ) (8.143)

Investigating into the problem of finding a price system that, at

a given level of utility u, minimizes total entropy Ss+3 we

fcrm tha Langrangean:

-sa - a + ;(:-') (8.146)

where a, ' and u are functions of pl'p 2 and C according to taole

8.1. Differentiating with respect to r.,p, in case I yields the

solution:

P3

Pi - - (8.147)

which shows that the two temperature-discounted prices must be

equal. Inserting these prices into the exergy consumtion -S.

yields:

-=(8.148)

In case II all variables depend on p, alone. Therefore there will

be no reference to p, enabling us to derive an optimal relation-

ship between the prices. Also in this case the exergy consumtion

is given by (8.148).
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The two cases are interpreted as follows. When the marginal

propensity to consume light is low (11, small), the household

purchases electricity and heat separately, and uses up whatever

waste heat the lighting system provides for space heating. When

is very large on the other hand, all space heating will be

provided by the waste heat and there will be no need for additio-

nal separate heat purchases. In the former case, a household will

reach a given utility level at the same time minimizing entropy

production (or exergy consumtion) when the energy price system is

such that temperature discounted prices are eaual. In the case

with a high n-value no such conclusion can be drawn. It might

be noted that lighting equipment may be used as a representative

for all such kinds of electrical equipment. The model would

easily be extended to cover additional needs of service such as

oven heating or hot water, introducing additional temperature

levels and requiring a higher value of S.

8.6. Relationship between optimal energy utilization and other

consumotion.

In the previous sections we have presented models for describing

the optimal plan for energy utilization. In these models it has

been assumed throughout the existence of a given maximal budget

^ for the purchase of energy in different qualities. This is of

course an unrealistic simplification, since the utility of

services using energy and the budget for this purpose are not

independent of other consumed commodities.

Below we introduce the energy utilization -'an as a subunit of an

overall consumption plan including other g and services. The

energy budget will then be part of a more extensive budget,

possibly including the disutility of the labour provided by the

household as well as the income from providing labour.

The following notations are used. The plan for energy inputs is

described by the column vector x and p is t e row vector of

prices associated with x. Similarly the column vector j describes
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the plan for consumption of other commuodities and r is the row

vector of prices associated with that set of consumption

variables. The vector y may include delivered services and labour

in which case such components, by convention, would be negative.

If represents unearned or any other income not accounted for by

any terms in r,, the budget constraint will be:

px + r4 < - (8.149)

Now let the preferences of the consumer or household be described

by a utility function 4'x,y) with positive marginal utilities for

commodities consumed and negative marginal utilities for absolute

values of services and labour provided. This implies that all

partial derivatives of A are positive.

In the models in our previous sections, we have made the implicit

assumption that y is given and that the budget left over for

energy purchase is given, C=--ryf. We let u(C,y) denote the

maximum utility for a given C and y., Using X for the Lagrangean

multiplier associated with this budget constraint, we have:

y (8.150)

which represents the marginal change in maximum utility when

adjusting the budget 2.

We now consider the supreme problem, which, when given an optimal

for each 2, will be to maximize u(f,y) subject to:

ry < - (8.131)

Introducing a multiplier ; for this inequality and forming the

Lagrangean:

S ) + (8.152)

we obtain the necessary optimization conditions:
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. .(8 .153)

- - (8.154)
3 C

assuming C>). We therefore find that -- at the overall optimum,

or:

(8.155)

The problem of choosing an optimal is therefore to slice the

total available budget I into two parts, the line of division

being characterized by equal marginal utilities with respect to

changes in either budget, based on the requirement that each of

these two budgets be spent in an optimal way on energy and non-

energy commodities respectively.
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CHAPTER 9. CONCLUSIONS AND DISCUSSION

9.1. Introduction

In this concluding chapter we briefly review the main results

of previous chapters and bring up some items that might have

been included above, but for one or an other reason were left

out. To tie up such loose ends may be a challenge for future

research. Some ideas for future work along lines in this spirit

conclude the chapter.

9.2. Main results of renort

The chief objective throughout this work has been an attempt

to study characteristics of energy envisaged as a szrce

i e a resource to which an economic value should

and would be attached. The basic ideas underlying our treat-

ment have been on the one hand that energy as such cannot be

scarce, since it is indestructable, and on the other, what has

been called the symmetry principle, i e that characteristics

of energy extracted from a system of sources must be symmetric

functions of the set of properties of these sources. The former

principle requires that the scarcity property of energy must be

described and explained by qualitative characteristics of energy,

its"content", or amount, would not suffice, whereas the latter

principle attaches a derived and abstract meaning to the exist-

ence of an environment.

According to economic theory a price system is employed to

attach economic values to comnodities to be produced, to

commodities to be traded, and to commodities to be used. These

values (prices) are .i,, values; in principle any multiple

of a given set of pricc-s would perform the same comparative

evaluation task. Examp.,s supr!.orting this point are, for instance,,

the * iff-rent price systems (monetary units) working in isolated



economies, or inflation under which relative prices remain

Uut the value of the monetary unit changes. There are no

absolute economic values; only values of one commodity com-

pared to the value of a "numeraire". This also applies in the

models we have been considering in which the exergy price was

shown to be able to act as a suitable basis of comparison,

and that temperature-discounted prices (etc) of energy in

other forms were to be compared with the exergy price.

A few main results of the previous chapters appear to be the

following. Chapters 4-6 were mainly technical in nature; no-

where did pure economic considerations enter. Although one

might very well take the position that maximizing a work out-

put subject to thermodynamical limitations, in essence, could

be interpreted as an economic procedure, i e achieving a desired

objective under certain limiting constraints. In any case, no

economic value units (prices) were introduced until in chapter 7.

It is felt that the symmetry principle, when applied to the

modelling of thermal and more complex systems of energy sources,

was able to yield some new insights. As an example we believe

that, for instance, the simple formulae in (4.30) and (4.28)

showing explicit relationships between properties of sources

(initial temperatures, heat capacities), the given entropy

production 3 on the one hand, and maximum extractable work

(exergy when S = 0) and final temperature on the other. The

most general extraction problem we looked into, was reported

in section 5.4, where the abstraction adopted went to the limit

that all extensive properties apart from internal energy were

left uninterpreted. The symmetry principle also determines the

final mutual temperature and other intensive properties as

averages (in simple cases geometrical averages) and these values

are conveniently interpreted as those of an artificial environ-

ment. The asymmetric case of having an infinite environment is

then easily produced by requiring the molar content of one system

element to tend toward infinity.
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The ideas presented in chapter 6 treating radiation appear to

be more oreliminary in nature. Items that might have some degree

of originality would include the definition of an ideal collec-

tor and the fifth-order polynomial ecuation (6.39), its solution

shown in figure 6.2, determining the optimal operating tempera-

ture of the collector and thereby the maximal power output. A

fair amount of space was devoted to the question of creatir.g a

9 maxi:tal concentration of radiation and thus relating the second

law to a geometrical principle. Ideas along such lines would

hardly be original, but this has not been checked. The main

models in chapters 4 and 5 were followed up by economic counter-

parts in chapter 7, whereas chapter 6 had no successor of this

kind.

The economic models of chapters 7-8 appear to have some degree

of novelty. These chapters treated energy extraction ("production")

on the one hand, and energy utilization ("consumption"), on the

other. In the basic models of sections 7.2, 7.4 and 7.6 the

symmetry principle was applied, meaning that the "environmental"

temperature was determined by the system itself, whereas other

models in chapter 7 as well as in the whole of chapter 8 assumed

a given constant environmental temperature ;*.

The most important result of chapter 7 appears to be the prin-

ciple by which is required that the economic value of energy

should be related to the corresponding amount of exergy, or using

a different wording, that temperature-discounted, pressure-dis-

counted, etc, prices, would be the relevant unit values of energy

of interest to be used as yardsticks when appraising energy in

different qualities.

According to the final result of section 7.6 the value of a unit

of heat would be determined as p(2-T*_ ), where p is the exergy

price, .'* the "environmental" temperature and T the temperature
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of thu heat; the value of a unit volume displicement by

where a* is the "environmental" pressure and : the prussure of

the volume disolacement.

These results are obviously open to further generalization.

Choosing the general version of Gibbs' fundamental equation

(5.55) as a point of departure, we would also have the following

extensive properties, namely molar contents n ., electrical charge

q, extent of chemical reaction z, magnetic dipole moment (cf

(5.102)) etc. The discounted value to be ascribed to a mole of

substance * would be p(Pi-0.,to a unit charge ,to a

unit of reaction extent p(v-v*), to a dipole moment unit

....'.*V*) and, quite generally, c yv.-, *) to a unit of extensive( -- t

property x., where u. is chemical potential of substance i, D

electrical potential, v affinity of chemical reaction, H magnetic

field density, V volume, and j. intensive property corresponding,

to extensive property of kind ,. The justification for this pro-

position would be found directly from the symmetry of the abstract

model in section 5.4. Hence apart from the already available

concept of :7pcrature- and pressture-di~oizt:_ i prices, we arrive

at the notions of a c9,emioal p~: tz -discounted price, an

ei:itrc :?oj lid-discounted price, an affin'-y -discounted price,

and so on.

Apart from these basic results, items of special interest in

chapter 8 might be the distinction made between energy deliveries

to service processes and the service levels as such produced by

these processes. In economic theory one would usually have the

volumes of commodities and services as the arguments entering into

the utility function to be maximized. For our purposes it has

appeared to be more useful to distinguish between the energy flows,

which do not enter into the utility function directly, and the

service levels, which do. This might also provide an extra stres3

on the fact that energy is not consumed whereas services are, ar,,:

utility: should be a function of consumption.
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Thi ;pcct o consumption a;:,uears to be som what in !1 ine with

.ancist~r's tho oy of "consump-tion as an activity [1'66a, 1 66b,

19,3, 1p1 13-119], according to which it is not products them-

sci.s that are desired by consumers, but rather

of products. Different products have different sets of characte-

ristics, and some characteristics are common for several products.

Therefore a consumption requirement concerning a certain charac-

teristic could be satisfied by different individual products or

* by a combination of different products. The "volumes" of charac-

teristics would enter into the utility function, and product

volumes would enter into the budget constraint. Also there would be

a need of a function (or a matrix in simplified cases) describing

for each product unit how much of each characteristic this unit

provides. There is obviously an analogy betwen this theory of

Lancaster and the ideas applied in sections 8.2-8.3 concerning

the functions z.(qi) and in section 7.4 concerning the energy in-

put vector A3 and output vector 36 of the service processes, where

z is the energy requirement to produce service level i, the

columns in A and B representing energy inputs and outputs for

different unit service levels, and 8 representing the service

levels themselves. In the arguments of the utility functions

adopted are included service levels alone. Also, to generalize

our models in order to cover sets of characteristics instead of

singular service levels, would offer no problem.

Of the models given in chapter 8, the feedback one in section 8.4

would be of greatest generality. The conclusions from this model

and the example following in the succeeding section certainly

point at the intuitively correct idea that energy produced for

processes needing energy of higher quality and discharging energy

still having a useful remaining potential, would be more valuable,

or in other words, one would be willing to pa a higher price

for a commodity that can be used for at least two purposes simul-

taneously as compared to a commodity having a single use alone.

The waste heat from radios, from light bulbs, fzom stoves, and
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from all similar equipment, should certainly not be a resource

free of charge in cases when heat is required for keeping the

surrounding space at a desired temperature level. These results

are also in perfect agreement with the passage taken from [Wein-

berg, 1978] initially referred to in section 1.2.

9.3. Large-scale energy-economic models

Let us briefly attempt to connect our theory 'iith the type ofa
large-scale energy-economic models that appea to occupy a pre-

dominant place in current literature on energy economics (cf e g
[Hifele, 1980]) but which we up to now have not touched upon.

One highly ambitious representative of this class of models is

the Sa':ford Piot EnergyiEio?,mia ModJZ [Dantzig, et al, 1978].

Essentially this model is a linear multi-period input/output

model describing the US economy with particular emphasis on the

energy sector of the economy. In its most detailed version encom-

passing 23 industrial sectors and eight five-year periods, it is

represented by some 800 equations and 2000 variables. The 23 in-

dustrial sectors are formed as aggregates of the 87 industrial
sectors included in the Leontief input/output tableau published

by the Bureau of Economic Analysis. The aggregation is based on
weights represented by prices in the base year 1967. The flows

in the model are interpreted, in this sense, as phy'sical flows.

The input/output table describes the requiremeits from different

sectors in order to produce one dollar's worth in each sector.

These coefficients thus reflect aggregate transformation pro-

cesses of the various sectors and may vary over time according

to predetermined dependences, but are independent of the flow

variables themselves. Part of the net output of the industrial

sectors may be accumulated as a capital formation and the remain-

der is used up in the form of final goods for consumption pur-

poses. The model maximizes a utility function determined as the

discounted sum of the real consumption income over the horizon.

9.6



Figure 9.1. Energy sector of the Pilot Model. Figure taken from

[Dantzig, et al, 1978, p 10]

The energy sector of the Pilot Model illustrated in figure 9.1

partitions the energy flows into four kinds, namely oil, gas, coal

and electricity. The supplies of these are either fed into other

sectors or are consumed by the population.

Although a model of this kind gives a very accurate and detailed

description of essential aspects on the role energy-oriented

factor and domestic demand flows play in the US economy, it takes

no x-I~cit consideration to the thermodynamic substitution a-,aila-

bilities and limitations in the industrial or in the domestic

sectors. The very special opportunity that transformation equip-

ment would provide in "transforming" energy of certain qualities

and quantities into energy of other qualities and quantities is

not analyzed explicitly, cf [ibid, p 11].

Although it might be difficult to introduce detailed thermodynamic

limitations and opportunities into an aggregate model of this kind

and thenexpect usable results having a sufficient accuracy for

predictive and policy purposes, at least such considerations

might prove useful for a rough estimation of the potentials that

technological developments and energy conservation might have

industrially and domestically and would also provide the physical

L9i.i7
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li:.: - . In pr inj2iplo, it would (I uite fe as i L tb , ii{r-G at

thc,:nu ynamic tr.,nsformation o[c)rtunities int, lar !f-scale

ornecv.-ucoflomic models alonj fin, s similar to I he basic pril)-

cipI, s descrLbed by the models in sections 7.5, 8.3 and 8.4 aLove.

Our 'Onclusion is therefore that concerning mo.Uls of the k. rds

presented in these three s,:cticns mentioned, althougxh simil'r

thermodynamic relationships do not appear explicitly in largje-

scale models of the type that the Pilot Model icpresents, there

should be no essential obstacle preventing such relationships

to be included. Whether or not this would be an improvement is,

of course, an other matter.

9.4. The theory of exhaustion

A second important sector of theory related to energy economics

that we have not approached so far directly, is the ;.uor- "

x.-x: a:i2. There is a substantial amount of established and

coherent research that has been carried out in :his field.

Important references are [Hotelling, 1931, Gordon, 1967, Smith,

1968, Cummings, Burt, 1969, Anderson, 1972, Schulze, 1974, Solow,

Wan, 1976, Heal, 1976, Zimmerman, 1977, Dasgupta, Heal, 1979].

Although this theory concerns non-renewable resources in general,

its current applications and interpretations often cover energy-

related resources specifically.

In a typical case, the theory of exhaustion treats the problem

to find an optimal rate over time regarding the extraction of

one or several resources, possibly of different grades such as

different mineral ores. The total stocks of these resources are

limited and usually described by given numbers. The extraction

rates being the negative of the time derivatives of the stocks

may be restricted by capacity limits. The extracted resorce

flows may enter as arguments in production functions etc. All

this depends on the number of aspects one might wish to include.
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S L ;vn: (i) (i des p rc) atth to

, eoXtr.c, inu so! (:,,ich is a demand curve d:scribi j

s , .'rsu priu-flow rl.Atio)nship) , and (ii) an extract,_n

cost that apart from the extra ction rate itself also might

da, !:nd on the cumulative airount extracted at any particular

point in time (the more a mine has been excavated, tht more

costly a continued extraction will be). The net profits dis-

counted over time would then form the objective function to be

maximized subject to flow, stock/supply, capacLt and otter

possible constraints.

A simple standard example of a one-resource case would be to

maximize the net present value of profits V:

where o(J',:)is the profit rate at -5 (interpreted as a net

cash flow) depending on the extraction rate x and the cumulative

amount extracted to date, and where " is the continuous interest

rate and : the extraction period. This maximization would bu sub-

ject to total extraction :r '. being limitud by total given supply

and extraction rate iimited to a maximum given capacity.

Conditions for a maximum of ' would thus be obtained by differen-

tiating the associated Lagrang -an and Hamiltonian functions using

the constraints and non-negativity requirements, just as in the

many thermodynamical examples investigated in cur previous chac-

ters above.

In recent research and applications the variational approach is

replaced by control theory and the ,,.,, , such as in

the interesting paper by Nissen and Randolph [1978] treating the

extraction of hydrocarbon fuels.
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In thew 1± tc- dure dcaling with the theory of L:xhausti 1, t:re
al-poars tc) hive been no expli,-it reference to thermnd'nami','al

considerations of the type we have dealt with in earlier

cnapters concerning the suLstitution opportunities between

enerjy sources of different potentials etc. (In [Das'gupta,

Heal, 1979, pp 208-213], the authors touch upon thermodynamical

efficiency slightly.) Such relationships, however, would b,:

included easily in certain cases. As an example we choose the

U penetrating work by Golabi, Scherer, et al, or questions of

extracting geothermal energy [Scherer, et al, 1977, Scherer,

Golabi, 1978, Golabi, Scherer, 1978]. Their basic problem con-

cerns the recovery of heat for domestic heating purposes obtained

frDm geothermal storages. Water is pumped out of the ground at

temperature 2 (z), then pumped through a heat exchanger having

temperature P on its cold side, and then let back into the

ground at which point its temperature has drop:)ed to f ". Back

in the ground it is warmed up to T again. .epending on :ne

distance between the resevoir in- and outlets and the flow

rate 1, there is a breakthrough period after which the tempera-

ture 1' () starts to fall. According to the auuhors, this time

dependence is given by the sum of three exponeitial functions

with negative arguments of the type - - wh,:re the 'P. are

constants.

Introducing an energy value assumed to grow linearly with time,

or alternatively, exponentially, and also various cost relation-

ships, the net present value of the heat extracted is maximLzed

by choosing an optimal flow rate Q, an optimal injector temrpera-

ture and an optimal life-span of the extraction process.

In the work referred to, the value of heat is assumed to be

independent of its temperature and follow one of the two alter-

native price development functions. According to our theory,

however, instead it would be the temperature-discounted price

of heat, possibly inflated for second-order efficiency in the
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' .; : v ,j' rice ,r i' , vuIr[em t -c,. An icl is,.on of

suc:'..z :nu. fi c.tt ion in th. m~d,-l refecrred to .. ; ars o be a
Si''".: task.

An .,luaticn over tillt, uf th,. value of enerq', e:-:tracted from
a the mal or m gr genutral system of sources c< ald jlso be in-

c:_. -:orated into our models of chapter 7. This woulld provide a

Surfuther bridge to thu theory of exhaustion. A suitable objective

function in a two-source case would be:

00

- ! (9.2)

0

where notations are the same as those of section 7.6 apart from

the interest rate o. This function would then be maximized sub-

ject to first and second law constraints. The .;olution to such

a problem would be slightly more involved due the presence

of the discount factor e -
. Also in this case the temperature-

discounted prices will fall out of the model a.; important quan-

tities. An even more complex case would be to ntroduce a depen-

dence between the entropy generation rate 3 an'. the exergy extrac-

tion rate E. If such a dependence were assumed to be quadratic,

cf section 5.6, there would be some difficulti,:s in obtaining a

reasonably explicit solution due to the presen,a of this jusdratcL

relationship. HowevF-r, to obtain numerical results front specific

cases ought to present no obstacle.

Let us take a final look at the intertemporal balance between

exerjy extraction E, exergy waste (lost power) ?S and consump-

tion of other non-energy-related resources (in which we may in-

clude saving for future consumption, also for coming generations),

and let us for simplicity use the quadratic relationship T, z

. . ~Applying the viewpoint of a single consumer, this person
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will have a utility function u(x,y) (with standard properties),

where x is exergy made available for services to the consumer

and ', the consumption of other non-energy-related commodities

(including savings). A broader interpretation according to the

treatment in section 8.6 is also possible. If p is the price of

excrgy, r the price of other commodities and I the net inccme

available, the consumer is to maximize u(x,y) subject to the

two constraints:

p + < ( C9.3)

< X (9.4)

the second term in (9.4) being lost power. Assuming an internal

solution (equalities.in (9.3)-(9.4)), the optimal consumption x

and "waste level" T o will satisfy:
!0

- 4(9.5)

43: (9.6)

where A (<I) is the abbreviation:

A au 3U (9.7)
r dy ax

If A is positive, i e at the optimum there is a positive margi-

nal utility -- for the consumption of other commodities, then

clearly the exergy provided for services is less than its maxi-

mum possible level (4X0)_ and the consumption x will be in excess

of waste by the amount A(1-A)/(2XO). Also, assuming the two mar-

ginal utilities to depend only weakly on changes in prices,
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cnisumption will decrease ouodratic illy in th,: [r:. .

con s2uenc:s, such as the rtff uct of an income incre,.e, arc

easil, derivable, but omitted. Figjure 9.2 illustratus somne

rel.tionshiips involved.

C.)nsswn.ption of
no.-unerq"-relatud
CO!'UflOi(A tieS

Iso-utility
c urv t S

Exergy powter
Budget provided for
constraint services

p P

Figure 9.2. Consumption space and optimum consumot on plan

This model can clearly be extended to multi-period, multi-

commodity cases in which total supply constraints, capacity

constraints, a discount factor etc, are included.

9.5 Thermal pollution

A third area related to energy economics is th rr.c ?oluti,)7:,

which we only indirectly have touched upon in cur preceding

chapters. Thermal pollution is the effect the heat outlet fr~om
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energy transformation and utilization has on the environmental

temperature. Several scientists feel that thi- auestion should

be f great concern in long-run considerations regarding the

technological development, two references being [Summers, 1971,

Schneider, Dennett, 1975].

.0 In essence, thermal pollution is caused by the Earth and il.

surrounding atmosphere having a limited heat capacity, or in

other words, that our environment, at least for some time, both

from an industrial and from a domestic viewpoint, is finite. The

question of thermal pollution is in perfect accordance with our

symmetry principle introduced in section 1.3.

There are two basic kinds of thermal pollution, one being '> n

o from energy transformation units interacting with

the environment, the second being 3 nri p from all

ultimate heat leakages from the industrial and domestic use of

energy for space heating, for electrical appli.inces, for trans-

portation, and from all other similar uses. In our models of

chapters 7-8, examples of primary pollution are the flows . in

section 7.3 (figure 7.2) and z.:.. in section 7.5 (figure 7.3),

and of secondary pollution the flows 2 in se2ction 8.3 (figure

8.1) and x 4 in section 8.5 (x in figure 8.4).

Thermal pollution is expected to have severe adverse effects on

the climatic balances of the Earth concerning not only the mel-

ting of ice in polar regions but also on sea currents, winds and

clouds, in their turn distorting the radiative balance, these

effects causing ecological disturbances of many different kinds.

Also fossil-fuel plants cause an increase in the atmosphere of

carbon dioxide (and other pollutants) which affects the absorp-

tivity of the atmosphere and thereby the radiative balance of the

Earth. Both thermal outlet and other pollution are entropy creating

as argued in chapter 2.

9.14



According to some authors one should make a dj.;Lintiron ietween

wh~c thi:.y call "natural" energy sources (solar, wind, water) and
"unnatural" sources (fossil-fuels, nuclear, Li:;ion . In thLr

viuw, cx<racting power from natural sources wctld be perfor:ned

Ly "invariant" energy systems, i e systems not adding to the

heat load of the biosphere.

It is not clear to the author that this statement necessarily is

true. Conseauences of power extraction from water and wind poten-

tials appear to be extremely difficult to derive. Therefore we

limit our attention to a brief comparison between a schematic

fossil-fuel plant and a similar solar energy plant as they have

been modelled in sections 7.3 and 6.5. It is of course ouite true

that secondary thermal pollution, in a short-run perspective,

would not coincide with the amount of power supplied, since a

certain portion would be transformed into potential energy and

other energy forms still possessing an exergy potential, for

instance for contruction work etc. However, in the short run this

remaining potential would presumably account for a very limited

amount in relative terms, and in the long run, when buildings are

pulled down etc, for a negligable amount. Therefore, in this brief

discussion, we disregard any residual exergy storage. Figure 9.3

illustrates the flows involved.

Let us use the following designations. In the fossil-fuel system

energy is provided as a heat flow of temperature .. from burning

fuels, this heat being transformed into electrical pDwer W by

means of a heat engine (and a generator), the overall thermal

efficiency assumed to be n T he orimary heat load delivered to

the environment is then and the secondary load from using

W is W. Therefore the total pollution will be .jW) in order

to provide the power W. In the solar energy system in.coming radia-

tion amounts to RA where R is the radiancy and A the reflector

area, of which aoj°- 4 is reemitted (assuming a arey ccllector)

an-! where is the emisslvity, :. collector area,., collector
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Fossil-fuel plant Solar plant

Figure 9.3. Energy flows pertaining to two schematic systems

compared

temperature and a Stefan-Bolzmann's constant. Assuming the

collector is connected to a heat engine with thermal efficiency
4 - 1

the primary heat load will be.(1-n2 )e(RA-aaT 2 )=W(n-2 1), and

the secondary load W, where W is the power extracted which even-

tually will dissipate into the environment as heat. The total

thermal pollution is therefore W-

Now, if both heat engines have similar thermal efficiencies, the

thermal pollution per power unit extracted will be the same in

both cases, viz n1 1 2 If the solar energy system is to pro-
duce a lower total heat load, then obviously we must have n< T2 ,

i e a thermally more efficient engine. The same applies, when

primary pollution only is considered. The question of thermal

pollution thus appears to be more of a question of conversion

efficiercy than of the choice of source.

If we take a second-law viewpoint, instead of using thermal

efficiencies, the total heat load from the fossil-fuel system
ma be wr tt n I - 1 7 J2 )
may be written lW1 (1-T*T and for the solar energy

9.16



whr -W 1 -" . is thes,'s em .. . KJ ,*., (',2 d ~ wereL W.I: .' L.(.T* -:.-
exurjy efficiency of the heat engine applied to the fossil-fuel

plant and 7. the similar efficiency of the solar energy heat

engine. Also from this point of view, the heat load per power
i-' - -' 1 -
ui trte I (!_, .) and F,"1lr*T ) respectively,

depond on the efficiencies involved, but now also on the source

temperatures and T1,. For equal efficiencies, obviously a

higher temperature provides a lower pollution and vice versa.

Thus it would be quite possible that the fossil-fuel plant would

be preferable from this point of view. In any case, it appears

as if none of the two plants should be called "invariant".

The case of comparison given above has concerned fossil-fuel

versus solar energy. Analyzing effects of water or wind power
would be more involved, no doubt, but would appear to provide

similar results.

Since thermal pollution in itself is undesirable, it might be of

interest to inquire into the effects of attaching a cost to a

heat outlet. Taking a simplified version (with no domestic heat

supply) of the model in section 7.3 and assuming a given electri-

city demand function p(W), we may study the monopolistic problem

of maximizing V:

V = 7(47)w - pJQJ (9.8)

where Q is the input heat provided (assumed to be equal to the

total thermal load) and pI the price of this heat, possibly in-

cluding a "penalty" of pollution, subject to a given second-order

constraint. A straight forward differentiation of V yields the

optimality condition:

A 1 + e (9.9)
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wherc , is the price elasticity of the demand cu've

and the temperature-discounted price of the energy in.ut. A

total differentiation of the parameters . and j, assuming .2 to

be constant gives us:

. (9.10)

Hence a relative change in the discounted input Frice by some

percentage, will change both the electricity demand and the total

heat load by the product of the same percentage and the price

elasticity. On the other hand, assuming the standard case with

e < 0, will a relative improvement in the second-order efficiency

by some percentage increase the power demand by this percentage

multiplied by the absolute value of the elasticity, whereas for

an inelastic demand (-I < e < 0) the heat load will diminish and

for an elastic demand (e < -1) it will increase. A number of
additional considerations along similar lines would be straight

forward to make, but are omitted.

9.6. Aspects on applications in practice

The title of this work "Towards a theoretical basis for energy

economics" indicates on the one hand that the objectives have

been theoretical, i e to provide propositions concerning relation-

ships having a high level of generality and therefore applicab.e

to wide, but average, sets of circumstances and phenomena, and

on the other that the theoretical modelling carried out by no

means is complete, rather the contrary; more questions seem

to have been stated than answered. There would appear to be ample

space for future research in a number of different directions.
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Although the goals have hewn theoretical, a fuw asptcts for the

practical implementation uf the ideas presented will be given

in this section.

The main ideas given in the previous chapters have led to the

introduction of discounted prices which were shown to be of

relevance when determining the economic value of energy in

different forms. Real prices are determined at the market place,
*whether this would be an organized market such as a stock exchange

or instead a two-person bilateral monopoly situation in which two

parties negotiate on some business deal. In general, prices are

thus formed in a real-world system and do not come out of paper

work. However, there are a number of instances in which more or

less theoretical computations affect the price formation process.

One such class of cases is when theoretical derivations form the

basis for giving a bid offering the price of a project etc; an

other when legislation influences the price mechanism such as

determining a ceiling for the price of electrical utilities, or

the price of gasoline in a shortage situation, or when taxes have

a substantial impact on the value of a transaction (real estate etc),

taxes essentially being determined from theoretical assumptions.

However, there is also at least one more important case and that

it when the theoretical considerations provide a source of know-

ledge to the selling and/or purchasing party involved in such a

way that this information influences their behaviour as regards

bids and counterbids, and/or their evaluation of the values in-

volved in the commodity to be traded.

In our case, it appears that this third class of circumstances

would be the most appropriate way in which our theoretical

results might be applicable. Knowing of the second law, a person

would not be equally interested in paying the price of electricity

for some delivery of 400 X steam. If he is in possession of bidding

power, he would have an instrument for arguing for a considerably

lower price. Knowledge of discounted prices as theoretical limits
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for th reative values of unergy (as compared to exergy) would

certainly influence the price formation proces.s if a sufficiently

high proportion of the population were aware of the th.rmodynamical

clements sufficient for understanding this concept, assuming regu-

latory agencies would have no objections.

When comparing energy prices, not only should they be discounted

bat also inflated for second-order efficiencies according to the

I models in sections 7.5 and 8.3, i e the relevant measure of com-

parison should be p where .2 is the discounted price and < the

second-order efficiency. If the discounted energy input price for

some kind of energy is low (compared to a second alternative),

the efficiency-inflated price might still be high when it repre-

sents an inefficient conversion process (low F), which means that

one would be willing to pay a relatively high price for an alter-

native energy source. Electrical resistance heating, for instance,

has a very low I-value, in the vicinity of 1: 2.03 (cf table 3.1)

and the input temperature is high 21= 7. If the price of electri-

city including operating expenses is $ 0.04 per watt, we obtain a
---t 2ratio amounting to 2.33 c/'.V. A heat pump with a heating

ratio of j = 3, cf (3.16), might provide space heat at a cost of

'6c/Iof input electricity and would have a second-order efficiency

of 1 0.29 (environment temperature -2 indoor temperature

+ 23 QJ) The ratio of the discounted price and t.ie second-order

efficiency would then be p2. = 2.. ciW for this equipment, which

is not competitive. However, if the price dropped below 12 a/W or

the efficiency were improved beyond 3.19 (or some combination

of price drop and efficiency improvement), it would be the compe-

titive alternative. It might be noted also that second-order im-

provements decrease the ratio at a degressive rate since the effi-

ciency measure is placed in the denominator.

The area to which the concept of discounted prices would be appli-

cable most easily, quite naturally would be processes in which
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tem[erature is the important characteristic ard this tumperature

is not too significantly far away from the environmental tempera-

ture. In [Ford, et al, 1975] a numLer of practical temperature-

dependent processes are discussed from a second-order point of

view as well as many other types of processes involving other

intensive properties than temperature alone. Domestic applications

cover space heating, refridgeration, air-conditioning, cooking,

4 and industrial applications cover combined processes, solar/caemi-

* cal energy conversion, among many other exampl-s, alac including

a penetrating analysis of combustion processes. It appears quite

feasible to apply economic reasoning of the kind presented above

to the many examples included in this reference.

A special practical problem in an energy-economic system is the

question of smoothing the production of and demand for electri-

city over the day/night cycle and over different seasons of the

year. This problem has its roots on the demand side in periodical

annual environmental temperature patterns and dayly similar

work/leisure/sleeping habits and routines. On the production

side, there are usually large economies of scale, requiring

that plants be built with high capacity and therefore operating

with high fixed costs and low variable costs. Equalling out the

possible differences between supply and demand can be carried

out either by making the capacity more flexible (introducing,

for instance, marginal gas turbines) or by smoothing out the

variations in demand (for instance, by means of peak-load pricing

combined with energy storage systems). Also windmill electricity

generation etc depending on stochastic properties of the energy

source, create the need for energy buffers for equalization purposes.

The topics of peak-load pricing, energy storage systems, electri-

city demand patterns etc, fall outside of the scope of this work.

There are of course, quite naturally, a number of items bridging

the fields. Climatic variations during the year in one region,for

instance, changes the exergy rate necessary for providing a
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comfortable indoor temperature. The closer th; outdoor and desired

indoor temperature, the luss exergy need be consumed. Supply and

demand relationships of exergy rather than energy, substitution

opportunities etc, would be a challenging field to continue in to.

9.7. Towards a general theory,

In this concluding section let us round off our treatment by intro-

ducing some more or less speculative ideas on what directions in

which a general theory might be developed. Economic theory and

thermodynamics in its broad sense have a number of basic categories

in common. Both sciences are concerned with transformations of

various kinds, both are concerned with information, and so on.

Thermodynamics provides us with relationships as to the physical

limitations of what is possible to achieve; economics treats

questions of how people and firms would or should act when faced

with such limitations, and if they act in that way, what the con-

seauences would be.

A brief summary of scme basic concepts of economic theory is the

following. There is some set of commodities or products (including

goods as well as services and labour of different skills). This

set may include products in existence, products on their blue-

print stage, products not yet invented, as well as products that

could be in existence in the future, but never will be produced,

and products that could be developed but never will be manufac-

tured. Assuming this set to be large but finite and the number of

products equal to n and that all volumes (flows etc) of products

are infinitely divisible, we may envisage an abstract io~'';iy

space r erected by one real-valued coordinate axis for each pro-

duct. For mathematical convenience it is suitable to use both the

positive and negative coordinates of the axes depending on the

direction of the product flow to be described according to some

convention adopted for different cases. A point in commodity space

will thus be given by an n-dimensional vector of positive and/or
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'I tvc rt-al numbers. Ac:cL in, to ont guil dcfi~.tton of

commodity ,;pace [ Dbr-L, 1 '91 - , thtj same ki nd of product

diffrc,_nt dates or at diffL ent locations is i ditferent product

(assuming a larg but finite number of possibLe locations and

a siimilar number of possible dates) Products are either .:--

:: ...., in simple cases provided as , by m-in, or available as

Basically there are two sets of economic agents, viz : ,:J:.J

and ' o:Lm zs. A producer represents a set of transformation

opportunities, from product flows (goods, ser-ices, labour,

natural resources) into other product flows. We choose the con-

vention that output flows are given by positive numbers and input

flows by negative numbers. A point (vector) in commodity space

for the Jth producer is either feasible, i e the outputs in ques-

tion are possible to obtain from the inputs, or it is infeasible.

The set of all feasible points form a subset of 1' denoted Y.,

called the 4th -icd, c-t-on . The total production opportunities

of all producers as a collective is determined as the set 2

-V .E Y; E j , i e the set of vectors of

net inputs and outputs, when all individual praduczion vecors

belong to their respective feasible production sets. Y is called

the -:1,-,Z pr dut;-I' sun

For each consumer a consumption set is defined analogously. The

state of the ith consumer is represented by a .

x which either is feasible or infeasible. By convention input

flows of goods to be consumed are defined as positive numbers

and output flows (such as labour) as negative numbers. An infea-

sible vector would be obtained in a case, for instance, wnen the

input of nourishment would not suffice to provide the labour

described by the vector. The set of feasible consumption vectors x.

constitutes the :'th coins:an tion sye X, which also is a subset

of F. The set ozmed as the sum of all consumption sets
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Also the jiven arc defined Ly

o.estor in commoditv space. The components of this vector are

nfonngativc.

if given a total consumption vector x, a total production vector

and the resource vector ., the vector x - - will de-

scribe the net input (net demand) of the economy as a whol. . If
U and -- both are made up of sums of feasible vectors and all

components of z are nonpositive, then the corresponding state 0

the economy is ct:.aze. This means that tht resources, the

produced volumes and the labour etc supplied by the consumers,

suffice as inputs to the consumers and producers to yield these

supplies.

A number of standard assumptions on the production and consump-

tion sets are usually stated, three imnwrtant 3nes for . eing:

(i) Y* is x i e that if and ', bch are feasible, then

so is any positively weighted average of them * L"L.'

where §1 < j < 1. If inactivity is possible, E ., then corn-

vexity implies nonincreasin; r:turns to scale.

(ii) c Y., where .' is the negative orthant, L e the set of all

vectors having nonpositive components throughout. This is an

assumption of free iiaroo:Z, since for an. nonzero input one

may always have a zero output.

(iii) . -Y. c 0 which means that if . is feasible then

is not, except if 9 : were feasible. This is an assump-

tion of i2rveuersib.iytj; the direction of input and output

flows cannot be reversed.

The characteristics of the X. and the 7. are technical (or possiiy

biological) in nature and have no direct economic meaning.
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In order to describe the tastes of consumers :'rf . ',:v-L'

dit:":.s are introduced on the sets X.. Such an ordering would

be complete, transitive and reflexive, meaning that all alter-

natives x. E X. can be compared with one another along a prefe-

rence scale. The preference preorderings are closely related to

the utility concept, and if certain conditions for the preorderings

are satisfied, the existence of a : i'y f:Ln .io. ranking the

various alternatives may be proven [Debreu, 1959, pp 56-591. For

the economy as a whole one consumption alternative x" is preferred

to a second x', if a change from x' to x" has the consequence that

no utility function decreases and at least onu increases (the
Pa a, j -op r ,a :ty r J)

A _-V:*'2 sys:em is an n-dimensional vector of nonnegative numbers

(prices) describing the economic value of each commodity. The

prfo,-s of the jth producer may be written p-.; interpreting p

as a row vector and yj as a column vector, and the (net) exren-

di zute of the ith consumer similarly as px.. The producers (firms)

are assumed to be owned by the consumers according to predeter-

mined shares, G.. being the share of producer j owned by consu-

mer i, and the profits are distributed to the consumers accor-

ding to these shares; E 0; .. yj credited to consumer i.

Also the resources are assumed to be distributed among the con-

sumers according to some predetermined rule w = -w., where .

is the vector of resources owned by consumer i.

The wealth con3traint of each consumer is given by px. < . ... +

+ Pwi' requiring that the net expenditure may not exceed the un-

earned income for each individual consumer.

Consumers and producers are assumed to behave as follows. If given
a price system p, the resource vectors w. and profit distributions

each consumer attempts to choose an x., E V. that maximizes
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his utility function. The resulting consumption vector x then

duscribes volumes of commodities to be consumed and volumes of

servicces to be provided from the consumers collectively. Given

the same price system, each producer attempts to choose a J,. E Y

that maximizes his profits. The resulting production vector

describes the desired output and input levels of all commodities

for the producers as a whole. The difference x - -- is the

exoees 2lmandi. A positive excess demand for a certain product

would tend to increase the corresponding price and vice versa

by means of some bidding process, the ma2,ket mecf2a'2zon.

A market equilibrium obtains when j + w z x. An eq'uZibri:e- 0f

the economy is given by an array of vectors x*, x*2, ... , , Y*'
4-~

., p, where the xi and y are feasible, whEre all consumers
maximize their utility subject to their resulting wealth const-

raints, and where the x and y* satisfy the market equilibrium

condition.

An optimum of the economy is obtained at a staze which is attain-

able, and no other attainable state exists giving at least one

consumer a higher utility value and all others no lower values.

Under certain assumptions on the sets X. and Y. one may prove

that an optimuxm is an equi7 1 briLm relative to rce oyJ:em,

and vice versa, where an equilibrium relative to a price system,

loosely speaking, means an equilibrium in which the individual

resources w. and shares 0.. are not necessarily specified (Debreu,

1959, pp 93-94 ]

It would go far beyond the aims of this work t. attempt to analyze

all concepts referred to above in terms of the.-modynamics. Let us

only point at a few possibilities.

In the models of our previous chapters, the items traded have

been heat, work and in a couple of cases volume displacements.
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The6 enercjy-oriented quantities have therefore implicitly been

understood as to be the commodities transferred. Gtnuralizing

this idea from a thermodynamical standpoint would uxtend this

class also to >z,!>,: !, since heat, work and matter are the three

entities that can be exchanged between elements of a thermodyna-

mic system.

From the point of view of econcmics the concept of a commodity

often would be interpreted as some system possessing certain

characteristics, such as material contents, structure, volume

etc. Some product properties would be easily interpretable in

thermodynamic terms, such as weight, whereas others would be more

difficult to translate (such as a tas;efu painting). Although a

product may be defined by its physical properties, the way in

which this product interacts with its possessor must be described

in psychological terms. Making a distinction between these differ-

ent sets of characteristics would be in correspondence with Lan-

caster's theory of "consumption as an activity" previously referred

to in section 9.2. In any case, it. appears to be an extremely

difficult task to interpret the way in which products interact

with their user in thermodynamic or information-theoretic terms.

Certain basic products, such as food to be consumed in order tc

restore biological tissues, might be more amenable for analysis

along such lines.

In an overwhelming majority of cases of production, the product

output has a more complex structure than its input components.

This would indicate that an entropy decrease of subsystems of

the Universe often is a desirable objective. In few cases, on

the other hand, product outputs are equalized mixes of inputs,

such as in tinted paint or blended tobacco. Under these circum-

stances there obviously is a desired entropy increase. On the

whole, however, production processes would be purifying resulting

in entropy decreases. From the second law, this must mean that in

some other part of the Universe, there must be a compensatory
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entropy increase of more than the decrease. This might manifest

itself in various forms of pollution: heat, chemical pollution,

smoke and other waste products. There is thus a lower physical

bound for such a contamination for any produc-,ion involving an

entropy decrease.

Product development work, by which the physical properties of the

products are simplified whilst their functional performance re-

mains (or maybe is improved) is an example in which the entropy

differential of the product may diminish giving an opportunity

to create less entropy in the dual process. If fewer screws are

needed in the improved product version, fewer holes are drilled,

less energy is needed and less dissipated into the environment,

less waste material is turned out, etc.

Using products, either for direct consumption or for a longer

wear and tear period, depreciates the product, and in general

would correspond to an entropy increase. Consumption, apart from

the build-up of biological tissues or memorizing pleasant infor-

mation when reading a good book etc, could therefore be expected

to be associated with entropy increases. Unfortunately there is

no law requiring any compensatory decrease elsewhere.

Resources is a term common to economics and thermodynamics. A

resource such as the exergy potential of a geothermal resevoir

or the presence of a mineral ore, would be simple to interpret

in either discipline. However, hutian resources in the form of

knowledge, know-how, skills etc, which often are described just

as an additional production factor in the economic context,

would be just as difficult to analyze from a thermodynamic point

of view as the consumption of a novel. An increased productivity

due to, for instance, developing better work methods, would be

described as a displacement of the surface boundary of the pro-

duction set Y.. From a thermodynamic point of view, the interaction

J
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bctw~n the individual engjinuerinq the prcduc: ion r;roccss and

th. process it:3elf would be vxtremulv complex to arial'ze, even

in a simplest possible case.

Let us consider the followinq transformation process interpreted

as a production. There are .' kinds of factors that may be trans-

formed into :i kinds of products. Viewing the factors as subsystems

of the Universe and the products in a similar way, before the

transformation we have M subsystems and an environment, and after

the transformation we have N other subsystems and an environment.

Assume that we use yS units of factor j which has an internal

energy of u' per unit and other extensive properties x .,
.e 3j

also per factor unit, that the number of products of kind k

obtained are y4' and that their unit internal energy and otherK

extensive properties are given by u!' and x'! i - 2 accor-

ding to section 5.4. We would then have the balances:

M , , N
E U' Z Y" Ulf+ Ul (9.12)jj o k:l 1 U

j=1 
=

N
- y X + "X + X. E " X + X" i (9.13)

where JU is the internal energy of the Universe apart from the

factors before the transformation, and U" apart from the productsJ

after the transformation, X! other extensive property i of the

environment before and X" after, and X. a term describing the

possible autonomous change of the supply of extensive property i.

With - representing entropy, X. > 0 describes the entropy genera-

tion taking place during the process. In a typical production case

with index i referring to entropy, the first term in the left-hand

member of (9.13) would be greater than the first term in the right-

hand member, since the products would have a lower entropy than
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the lactors. In such a case we would have V! > V + X
meani:igj that the environmental entropy has increased during

the process by more than the entropy generation, just as dis-

cussud above.

Lot us assume that all x. and x'!. are positive constants and

that the energy balance equation always can be satisfied by

exchanging heat and/or work. The left-hand member of (9.13)

represents the "supply" of extensive property i. Since the

residual X" cannot be negative, the different opportunities

to manufacture products, given the factor supplies, must satisfy:

.V

A.' > 0 i:i,2, . (9.14)2.- k Kl 2k-K- ""

where A. is the (fixed) left-hand member of (9.13). The arrays

- of :' ' satisfying this inequality obviously form a convex subspace,

see figure 9.4(a).

If instead the product volumes are fixed, the factor volumes will

have to obey inequalities of the kind:

Z u' x!. - B. > 0 , 1, 2, ... (9.15)
j:1 2 J --

These inequalities are illustrated in figure 9.4(b). In the (c)-

section of the figure the case is illustrated, when all variables

except one factor volume and one product volume are kept constant.

It is clear from figure 9.4 that the usual standard properties of

production functions come out of the inequalities, such as the

production opportunity curve (thick line in (a)) being concave

(at least not convex), the isoquant (thick line in (b)) being

convex, and the total product curve (thick line in (c)) showing

decreasing marginal returns when the single factor volume increases.
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If the number of inequalities is very large, one might expect

each broken boundary curve to approach a smoother curve. For

instance, if the index i is replaced by a continuous parameter

p representing a polar coordinate angle, then the set of inequali-

ties given by:

to + s in L < R < LP < '/

where R is constant, as a boundary curve will have a circular

arc with radius R.

The term X. when it represents entropy generation, should not be

misinterpreted as a resource increasing the opportunity to choose

higher values of the y" more freely, since at least in the stan-

dard production case this entropy is absorbed by the environment

in the term X.

1 'I

V/

(a) (b) (c)

Figure 9.4. (a) Production opportunities for given factor volumes.

(b) Factor substitution opportunities for given product

volumes. (c) One product total product curve for differ-

ent supplies of single factor

The previous discussion has indicated that there might be some

interesting relationships to be found when taking thermodynamical
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constraints into account and introducing them into the economic
context. In the case treated, it is clear that the two disciplines
are consistent as regards convexity properties of transformation
opportunities. Other properties, in particular the assumptions on
free disposal and irreversibility, would be interesting to examine
in detail. Of perhaps even more interest would be to investigate
properties of utility functions, since these functions or, equi-

valently, their corresponding preference preorderings, form the
basis from which economic theory derives the economic values of
commodities. This and many other questions are left for the future.
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